MID T — SOLuTiONS

Q1]...[10 points] Prove that the following are true for sets Aand B.
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Q2]...[10 points] Suppose that f : X — Y is a function, and that A C X and B C X.
Prove that f(AN B) C f(A) N f(B).
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Give an example to show that f(A N B) need not be equal to f(A) N f(B).
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Prove that f(AN B) = f(A) N f(B) under the additional assumption that f is an injective map.
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Q3]...[10 points] For each of the following pairs of sets, say if they have the same cardinality or not.
Give arguments (proofs) to justify your answers in each case.
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Q4]. .. [10 points] How many symmetries does the rectangle below have? Describe them, and write down
a composition table for them. Also, use the vertex labeling shown to identify each symmetry with an

element of the set of permutations Perm({1, 2, 3,4}).
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Q5]. .. [10 points] True/False.  Give reasons for your answers. In these questions, capital letters A, B,
C, X, Y denotes sets, and small letters are used to denote either functions (f, g) or elements of sets, y.

1. If |A| = 3 and |B| = 4, then |A U B| must be equal to 7.
[Fase)  |Aoe) = \A1x[8) ~]AnB) = 2ty -JAng) =7 ane) == F

F ANR +¥ |
2. H AUC = BUC, then A must equal B.
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4. If f o g is injective, then f must be injective.
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6. If f: X — Y is injective and y € Y, then |f~!({y})| must be 1.
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7. The product of permutations (1234)(234) is equal to (1243).
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8. The union of two disjoint countably infinite sets, is again countably infinite.
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9. The composition of reflections in two perpendicular lines in the plane is equal to rotation about
their intersection point.
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10. ¥ |A| = 3, |[B| = |C| =5, JANB| =2, |BNC| =3, and [ANC| = [ANBNC| = 1, then
JAUBUC| =8.
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