Fa’'10: MATH 5853-001 Topology Midterm Noel Brady
Instructions. Answer as many questions as you can. Show all the steps of your work clearly.

Q1. Let 7 denote the standard topology on R, and let 7; and 7, denote the lower limit and
upper limit topologies on R. Recall that 7; (resp. 7,,) has basis

B, = {[a,b)]a,b€R,a < b} (resp. B, = {(a,b]|a,b € R,a < b})

We saw in class (homework) that 7; is not comparable to 7,, and that each are strictly finer than
the standard topology on R.

(a) Prove that (R, 7;) is homeomorphic to (R, 7).

(b) Does there exist a homeomorphism from R with the standard topology to (R, 7;)?

Hint: First prove that the standard topology can be defined using a basis consisting of
countably many elements. Then think about the question again.

Q2. Let 2 denote the smallest uncountable ordinal, and give the set SoU{Q} the order topology.

(a) Prove that € is a limit point of the set Sq.
(b) Prove that there is no sequence in Sg which converges to 2 in the order topology.
(c) Conclude that Sq U {2} with the order topology is not a metrizable space.
Q3. Suppose that R has the standard topology. Define the boz and the product topologies on

R“. Now, consider the function f: R — R¥ : t — (¢,22,3,¢4,...).

(a) If R¥ has the product topology, say whether or not f is continuous (give reasons for your
answer).

(b) If R¥ has the box topology, say whether or not f is continuous (give reasons for your answer).

Q4. Let A € SL(2,Z). Prove that the linear map A : R? — R? induces a homeomorphism of the
quotient space A : R?/Z% — R?/Z2.

Q5. (a) Let X and Y be topological spaces, and give X x Y and Y x X the product topologies.
Is X x Y homeomorphic to Y x X? Give a proof or counterexample.

(b) Let X and Y be totally ordered sets, and give X x Y and Y x X the corresponding lexico-
graphical orders. Is X x Y in its order topology homeomorphic to Y x X in its order topology?
Give a proof or counterexample.
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