MATH 2433-006
Exam II
ANSWERS

INSTRUCTIONS

Show your work on all problems.

1. Find a power series representation for the following function. [Use the geo-
metric series.|

Answer: The geometric series is

1 oo
*Zr”for |r|<1
n=0

1—r
So
2 2 1 2e=,T\n = 2 .
3—x_§(1—(x/3))_§;(§) _7;)3"“9”

2. Find the Taylor series for f(x) centered at the given value of a.
f(z)=¢e", a=3

Answer: The Taylor series is

3. Evaluate the following indefinite integral as an infinite series

/z cos(z®)dx

using
e r2n
cosx = Z(—l) @)l
n=0



Answer: From the given series for the cosine,

xcos(z?) = ix(—l)" (22 = i(—l "
n=0 (2%)' n=0 (271)'
Thus
6n+1 o0 x6n+2
[ restatiae = 3 [ e =€+ 200" g

4. Approximate f by a Taylor polynomial with degree n at the number a:
fx)y=2?3 a=1,n=3

Answer: f(x) and its first three derivatives are

fOx) = 2

F0(a) = <2/3>x—1/3

I () = (~1/3)(2/3)0~ /3

FO() = (~4/3)(~1/3)(2/3)a" /3

1)
7o) =1
FP) =2/3
7o) = —2/9
®a)=8/27
thus
Ta(w) = 1+ (2/3) (e — 1) + (~2/9) (w17 + (8/27) 5y (a — 1)
:1+—(x—1)—§(:c—1)2+%(x—1)3

5. Eliminate the parameter to find a Cartesian equation of the curve

r=e* y=t+1

2t

Answer: Since e** =z, 2t =Inx sot = %lnx and so y = %lnx—i—l



6. Find an equation of the tangent line to the curve at the point corresponding
to the given value of the parameter

c=t"+1, y=t3+t t=—1

Answer: when t = —1, z =2 and y = —2. Also

dxr
— =4
dt
dy 2
= =3t 1
dt +
sofort=—1
dx
— =4
dt
dy
= =4
dt

So the equation of the tangent line is 4(x —2) — (—4)(y — —2) =0, 0or y = —x
7. Find the exact length of the curve

r=14+3t2 y=4+23, 0<t <1

Answer: The length is given by the integral

! dx dy
)2 “ZN24¢
/0 G @)

Since here
dx
— =6t
dt
dy 2
— =06t
dt

the integral is
1 1
/ V3612 + 36t4dt = 6/ V14 t2tdt
0 0

If u =1+t so tdt = 1du then

1 1
/x/l—&-t?tdt: /ul/zidu: ~u3? 40

3



SO

1
1
6/0 mtdt = 65(1 + t2)3/2|é = 2(23/2 —1)

8. Set up an integral that represents the exact area of the surface obtained by
rotating the given curve about the x-axis

=t} y=t*0<t<1

Answer: The area is given by the integral formula

b
dx dy
/ 2my (E)2+E)2

Here
dx
— =3¢
dt
dy
— =2t
dt

so the formula becomes

1
/ 2t/ 94 + 4t2dt

0

9. Find the slope of the tangent line to the given polar curve at the point
specified by the value of 8

r=2sinf, 0 =

E

Answer: x = rcosf = 2sinfcosf and y = rsinf = 2sin’#. Then

dr _ 2(—sin@sin @ + cosd cos 0)
do
and p
YW _ g ;
0= 4sinf cosf

For 6 = (7/6), cosf = (v/3/2) and sinf = (1/2) so dz/df = 1 and dy/df = /3
and the tangent slope is given by

dy _ G _ V3
=& _
dx =< 1

10. Find the area of the region that is bounded by the given curve and lies in
the specified sector
r=sinf, /3 <6 <2x/3



Answer: The area is given by the integral formula

A1
L §T2d9

which here is

using

the integral becomes

27

which gives



