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Although there is no general formula that takes us from coefficients
€y, C1, .-+, Cp, Of the polynomial equation

o+ "+ 4, =0

to its roots x1,...xz,, there are formulas that take us from cg,cq,...c, to a
large and important class of symmetric functions. A symmetric function
of x1,...,z, is one whose value is unchanged if =1, xo, ..., x, are permuted
arbitrarily. For example, the following are symmetric functions of three
variables:
Q(:cl,azg,arg) = JZ:% + CU% + x§

1+ 22 n T2 + X3 n T3+ 21
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Certain symmetric functions serve as building blocks for all the rest. Let

O — E Ljy Lig---Tgy,

where the sum is taken over all C}' choices of the indices i1,...7; from
{1,2,..n}. Then oy is called the k-th elementary symmetric function of
Llyeeey Ty

R(‘Tl, x2, 35'3) —

Theorem 1 Fvery symmetric polynomial function of x1, s, ..., T, is a poly-
nomial function of o1, 09, ...,0,. The same conclusion holds if polynomial is
replaced by rational function.
For n =3,
01 =1 +T2+ 3
09 = T1X9 + T2T3 + X3X1
03 = X1X2X3
It is easy to check that Q(z1, z2, z3) = a{’ — 30102+ 303 and R(x1,x2,x3) =

o109—303
o3 :



Theorem 2 Let x1,xo, ..., T, be the roots of the polynomial equation

2"+ 4, =0

and let o}, be the k-th elementary function of the x;. Then o = (—1)*cg,

k=1,2,...,n.
Proof:
2"t e, = (x —z1)(x — 22)...(® — 2p)
Example 1: Find all solutions of the system of equations
z+y+z2=0
2%+ 9% + 2% = 6ab
2+ 7+ 2% =3(a® 4+ b°)

Theorem 3 Let S, = 2z + b + ... + 2h, where z1, ..., are roots of the
polynomial 2" + c12™ ' + ... + ¢, = 0. Then

S1+c¢1=0
So+c151+2c2=0
S, +c1Sn-1+...+nc, =0
Sp+c1Sp—1+ ... +cpSp—n =0,p >n

Example 2: If x +y+2=1, 22+ 9> + 22 =2 and 2% + ¢y + 2> = 3, find
a;4—|—y4+z4.

Problems:

1. If x,y,z satisfy s + y+ 2 =3, 22 + y?> + 22 =5 and 23 + 3 + 23 = 12
determine z* 4+ y* + 2%,

2. If 22 +y? = 9 and 23+ 43 = 27 determine all possible values of z# +y*.
3. Let a, b, c be real numbers such that a + b+ ¢ = 0. show that

ad® + b+ ¢ A+ +E B+




