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Abstract. In this paper we investigate the ring of Siegel modular forms of genus two and
level 3. We determine the structure of this ring. It is generated by 10 modular forms (5 of
weight 1 and 5 of weight 3) and there are 20 relations (5 in weight 5 and 15 in weight 6).
The proof consists of two steps. In a first step we prove that the Satake compactification of
the modular variety of genus 2 and level 3 is the normalization of the dual of the Burkhardt
quartic. The second part consists in the normalization of the Burkhardt dual. Our basic tool
is the representation theory of the Burkhardt group G = Ga5920, which acts on our varieties.

1. Introduction

In this paper we investigate the ring of Siegel modular forms of genus 2 and level 3.
We determine the structure of this ring. It is generated by 10 modular forms (5 of weight
1 and 5 of weight 3) and there are 20 relations (5 in weight 5 and 15 in weight 6). The
proof consists of two steps. In a first step we prove that the Satake compactification
of the modular variety of genus 2 and level 3 is the normalization of the dual of the
Burkhardt quartic.

This is a hypersurface of degree 18 which we describe explicitly. We give also a
description of the normalization map and we prove that it is bijective.

The second part consists of the normalization of the Burkhardt dual. Our basic tool
is the Burkhardt group G = Ga5929, which acts on our varieties. The representation
theory of the Burkhardt group was a strong leading guide.

In fact, we first construct an element in the normalization; then using the action of
G, we are able to construct other elements, and at the end we get a ring contained in
the field of fractions that satisfies Serre’s criterion of normality. This ring will also be
Gorenstein.

Several complicated polynomial identities will occur. It is easy to verify them using
a computer, but it is very tedious to verify them by hand. But we want to point out
that in principle this is possible because no really expensive algorithms such as Grébner
bases have to be used. (We used them to find identities, but after one has them they
can be easily verified.) Similarly, for representation-theoretic questions and polynomial
computations, respectively, we used the computer algebra systems GAP, cf. [Ga] and
SINGULAR, cf. [Si]. As before it would be possible to manage the calculations by hand
with the help of the known character tables ATLAS, see [At].

*Research partially supported by Universitit Heidelberg while the author was visiting there.
Received April 10, 2003. Accepted July 17, 2003.



26 EBERHARD FREITAG AND RICCARDO SALVATI MANNI

We did not reproduce any program in this paper. A reader, who does not rely on
our statements could write his own programs or can consult [Fr3].

The ring of modular forms with respect to the group I'g[3] has been determined by
Ibukiyama, cf. [Ib]. His ring is a subring of our ring. We do not need results from
Ibukiyama’s paper and can reprove his main results. But we want to point out that his
paper was extremely useful for us.

2. A five-dimensional space of Siegel modular forms of
genus 2, weight 1, and level 3

Let I';, = Sp(2n, Z) be the full Siegel modular group of genus n. We denote by
I [q] = Kernel (Sp(2n,Z) — Sp(2n,Z/qZ))

the principal congruence group of level ¢ and by

o] == {M €T, | M= [13 g] modq} (1)

the subgroup of I',, defined by C' = 0 mod ¢. The group

Ty /T5[3] = Sp(4, Z/37Z)

contains the negative unit matrix —F in its center. The so-called Burkhardt group

G := Sp(4,7,/3Z) /{+E}

is the finite simple group of order 25, 920.

For a subgroup of finite index I' C T';;, an integer r and a character y, we consider the
space of modular forms [T, r, x]. Its elements are holomorphic functions on the Siegel
upper half plane

H,={ZeM,(2)|Z=27,Tm(Z) >0}
with the property

f(MZ)=x(M)det(CZ + D)" f(Z), where MZ = (AZ + B)(CZ + D).

Here M is divided into four n x n-blocks as usual. In the case n = 1 the standard
regularity condition at the cusps has to be added.

We write [I', 7] if the character is trivial.

Let Ty C T be a normal subgroup of finite index. The group I" acts on [[g, r] by

= fIM, - (fIM)(Z) := det(CZ + D)™" f(M Z),

and this action factors through I'/T.
We notice that for even n the negative unit-matrix acts trivially.
We consider the graded algebra

A(F) = @rGZ [Fa T]v
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which is related to the Satake compactification

X)) :=H, /T & Proj(A(T)).

Here we use the fundamental theorem of Baily, see [BB|, which states that A(T) is
finitely generated and that its associated projective variety is biholomorphic equivalent
to the complex space X (T).

We are interested in the ring A(I'3[3]). The Burkhardt group G acts on this ring as
well as on X (T'2[3]). We recall that set theoretically we have

X(Ia3]) = Hy/Ta3] U, € UL, P 2)

Here the union is disjoint and we denote with C;, P;, respectively, the 1-dimensional

and the 0-dimensional cusps. We recall that each C; is biholomorphic to H; /T'1[3]

and we have a (40,40)4 relation among the cusps. This means that each copy of

C; & X (T1[3]) = P! contains 4 cusps P; and each P; is contained in 4 copies of X (T'y[3]).
We introduce the group

x 0 *x x
% % k%

T[] = {MEF2|M5 e modS}. 3)
0 0 0 =«

Both are subgroups of index 40 in I's and we have that the 0-dimensional cusps are
stabilized by subgroups conjugate to I's o[3] and the 1-dimensional cusps are stabilized
by subgroups conjugate to I'y 1[3].
We want to introduce certain theta series with respect to the root lattice Ay. We use
the Gram matrix
2 1
s )

Next we introduce 5 characteristics

00 0 1 10 11 1 -1
R O e R R e

They are isotropic in the sense SP = 0 mod 3. We define the theta series

0:(Z):= Y e(tr(S[G+ Pi/3]Z)) (4)

G integral
(using the notations S[P] = P'SP and e(t) = exp(mit)). Easily, from [An, p. 24], we
deduce the following.

Proposition 1. The theta series 91, ...,95 are contained in [['3[3], 1]. They span a five-
dimensional space V' which is invariant under the Burkhardt group and with irreducible
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action. The action is given by the following 4 matrices which generate I's:

0 0 1 0 1 010
0 0 0 1 01 00
=120 0 ool ®=lo 01 ol
0 -1 0 0 00 0 1
100 1 1 0 0 0
0110 01 0 1
S1=10 01 0" %200 0 1 ol
00 0 1 000 1

These four matrices act on the 9; by the following 5 X 5-matrices in the same ordering:

-1/3 —2/3 -2/3 -2/3 —2/3 1000 0
o |-13 13 —2/3 1/3 1/3 ~{ow o0 o0 o0
I:=|-1/3 —2/3 1/3 1/3 1/3|, So=10 0 1 0 o0f,
~1/3 1/3 1/3 1/3 -2/3 000 w 0
-1/3 1/3 1/3 -2/3 1/3 0000 w
100 0 0 100 0 0
o1 0 0 of _ jo1o0 00
S;=10 01 0 0|, S%=|00 w 0 0
000 w? 0 00 0 w0
000 0 w 000 0 w

with w = exp(27mi/3).

The four tilde-matrices generate G C GL(5,C), a copy of the Burkardt group. We
mention that this group acts on V from the right: Applying an element g € G to
a1 + ...+ az¥s € V is the same as multiplying the row (aq,...,as) from the right
with g. B

We mention some simple properties of G. Complex conjugation defines an outer
automorphism of G. It transforms a representation into its dual representation. We
need the formula

g— g ' =TgT ' forgeq, T =diag[2,1,1,1,1].

3. The Burkhardt—Coble invariants

We consider the polynomial ring C[4;, ..., As] in five indeterminates. We define the
action of the Burkhardt group such that the natural homomorphism

(C[Al,...,A5]—>(C[’l91,...,195], All—>19“

is equivariant. The ring of invariants C[Ay, . .., A5]“ has been determined by Burkhardt.
We use Coble’s construction for these invariants, cf. [Co]. The form ¥; belongs to
[['2,0[3],1,xs].- Here xg is the real Dirichlet character associated to the quadratic form
S; we recall, see [An, p.26], that x% = 1 and ys = 1 if we restrict to ['y[3]. This means
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that the variable A; is “quasi-invariant” under the image of B C G of 'z ¢[3]. Following
Coble, we define the invariants g,, € C[41, ..., As] by

geB\G

The normalizing constants used here have the effect that the constant Fourier coefficients
of the corresponding modular forms are 1 if they are different from 0. (Otherwise we
need no normalizing constant).

The invariants g4, g6, 910, 912, g1s are algebraically independent. They are the
so-called primary invariants, i.e.,the full ring of invariants is a finitely generated free
module over Clgy, g6, 910, 912, g18). We are interested in the corresponding modular forms
G4, Gg, G0, G12, G1s. With some patience or the aid of a computer, some Fourier
coefficients can be computed. We write the Fourier coefficient of a modular form as

F(2) =) ag(T)e(tr(TZ)).

Here T runs through a certain lattice of rational symmetric matrices. In the case of
the full modular group or I's o[3] this lattice consists of all integral matrices with even
diagonal (called even matrices). Recall that a(T") vanishes if T is not semi-positive.
We start with a list of Fourier coefficients of the thetas 9;, 1 < i < 5. Here the
matrices T have the property that 37 is even. For the following table we define

a;(T) = ay,(T/3), T even.

The following Fourier coefficients are in the range

3tg <12, t,<6, T = bt}
t to

Fourier coefficients in this range vanish when they do not occur in the following list:

ail([§8]) =1, ax([§8]) =6, aul[§§]) =6, a([_§ ~&]) =6,
ai[-§ &) =12, au([§&]) = 12, au([§8]) =6
ax[§9]) =3, ad[_§ 78]) =6, ax[§9]) =6, ax([§3]) = 6.
a3([30]) =3, as([_3 "&]) =6, as([32]) =6, as([3¢]) =6,
ax([§9]) =3, ax([_§ §]) =6, ax([§8]) =6, ax([8§]) = 6.
af[ -1 73]) =6, as([33]) =3, as([_§ ~3]) =3, au([5F]) = 6.
as([-3 73]) =3, as([3]) =6, as([_8 "3]) =6, as([§3]) =3

This table can be used to compute some Fourier coefficients ag, (T') of the invariants:
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00 00 2 —1 20 40 4 —1
T | [8s] [03] [ 73] (53] [60] [ 73]
Gy 1 240 13440 30240 2160 138240
Gs 1 —504 44352 166320 —16632 2128896
G1o 1 264 _ 261?;304 965{220 135432 9221133728
G 1 16272 16873344 199422432 11599632 20120196096
12 61 2501 2501 61 2501
G 1 16632 105153984 1446026256 26449416 60302112768
18 205 224065 224065 205 44813

4. The Burkhardt dual

The Fourier coefficients of G4 and Gg are integral. Actually they are Eisenstein
series. Inspection of the Fourier coefficients shows that the forms G4Gg, G1p as well
as G, G2, G12 are linearly independent. By a well-known theorem of Igusa, see [Ig]
or [Fr2], the ring of even-weight modular forms of genus two with respect to the full
modular group is generated by the forms of weight 4,6,10,12. This means that this
ring is contained in C[y,...,9U5]. As a consequence the ring A(T'3[3]) is integral over
C[d,...,395]. We claim that both rings have the same field of fractions. It is sufficient
to show that they have the same homogeneous field of fractions (=the field generated
by quotients of homogeneous elements of the same degree). The homogeneous field of
fractions K (T') of A(T") is nothing but the field of modular functions. We have the
inclusions

K([T9) C K(v;/9;) C K(I'2[3]).

It is known that the degree of K(I'2[3]) over K (T's) equals the index of I';[3] in T's
which is the order of the Burkhardt group (25,920). The Burkhardt group also acts
nontrivially on K (;/9;) and this action is faithful because the Burkhardt group is
simple. We obtain that the degree of K (v¥;/¥;) over K(I'2) is greater or equal to
25,920. This implies the claimed equality. We have proved:

Proposition 2. The graded algebra A(T'2[3]) is the normalization of the algebra
C[¥1,...,95).

We want to construct this normalization. The first task in this direction is to deter-

mine the kernel of
Q/JS(C[Al,...,Af,]HC[ﬁl,...,ﬁg,]. (5)

This is a principal ideal. The modular form G5 must be expressible as a polynomial in
the forms Gy, Gg, G1g9, G12. This gives a nontrivial relation and there is no relation of
smaller degree. Using the Fourier coefficients above one can compute this relation and
obtain:

Proposition 3. The kernel of the natural homomorphism
¢ : (C[Al,...,A5] —>(C[’l91,...,195]
is generated by the following polynomial of degree 18:

716696985600 Py := 173650375¢1s — 6748948596912
—205937433¢2g10 + 4148960g2 + 95627583¢3 g
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This polynomial is normalized such that it has integral coprime coefficients.

This will turn out to be a very interesting polynomial, a good reason to write it in
expanded form:
Pis(A1,...,As) = 2434248 — 2434945 — 2434849 — 18A;A2A5A5A2
— 18A1ASABA2AZ + 2434948 + A12A8 4+ AL2AS + 2434948 — 2434948
— 6A2A0A5A%A; — 2A3ASA2 — 2A2A7 — 2A3A3A12 — 6ASASAS + 2A3AG A
+ 2484349 + 2434248 + 2434948 + 8ABAZA2A3 4+ 4A3A349A3
— 18ASA2AZABA; — 10A3A3ASAS + ASASAS 4 124, A2A2ZAL1A2 — 24343412

— 6A5A8A5 — 6ASASAS + 2A8A3AY — 8AAZASAS — 6A2A4A5AL0A%
— 10A3A2ASAS — 2A3A3A12 + 4A3A3AYAS + 243A2AS + 8A3AZAGAS
— 12424, AEATAL — 108A1AJA2ZA5AZ + BABATAYAS — 1242ATA,A%A%

— 18A1ASARAZAZ — 12A5A3ATA2AY + 18ATAZA2A2A2 + T2ARA5A2A%A,
— 2A0A5A3 — 124244 AR AT AL + 2434548 + 168A3ASA3A3AT — 8ASA3ASAS
— 8AJAZASAS — 8AZASASAS — 6ASAGAS + 168A8 A3 A3 A3AS + 168A3 A3 ASA3AS
+ ASAL2 —2A9A3A8 — 18A2A2AS5A1A] — 18A2AZASA5A, + T2A3ABA5A%A,
— 315AFA2ALA2 A% — 10843 A2 AZAZA2 — 2A5A3 A9 + 8BASAJASAS — 8ASASASAS
+ AGASAS — 24343412 — 6A44A2A0 A2 A3 + 243 A5A8 — 24545 — 2A3A3A12
+ 12A1 AP AZAZAZ + AJ2AS + ASAL?Z + AL2AS + 8BAJAZASAS — 18A3A1 A§AB A2

—2A3A2A3 + 24A5A%ATATAs — 1243A5A%ATAs — 108A5AZAZATAS
+ 90A5A3ALASAs — 4ASASASAS — 6A2A5ANALAs + 24A2A4ATATA3
— 6A3A2A5A1042 4+ BAZAJASAS  — 6A3A4AsASAY  + T2A5AZA5A5A,

+ 8ATARAZAS  +  12A3A42A5A5AT  + 1241AA3A3A3  +  248A3A)
+ 4AASAZAS + 12A5A5A3AT A + 2A3A2A8 — 4ASASASAS — 2TATATAZASAZ
— 27TATAZAZASAZ — 108A1AZA3A5A% + 8A3AJA3AS + 2A5A3A45 — 243A12A3

— 2A2A9 —2A9A9 + ASASAS + 8AARA3A3 — 2484543 +  AL2AS
+ 8A3A3A3A9 + 18ATAJAZAZAZ - 18A1A3A5ASAZ  + 8AIAJASAS
— 12A2AT A3 A3 A3—10A3A3ASAS—6 A AS AL AR A3 +8ASATAZ A —18A2 A2 A5 A Ay
+ ASAL2 —  6A444,A0A2AF  +  12A3A4A%ATAs 4+ 12A0ATA4A A%

+ 90AAJA4ARAL + 12A5AT Ay A A3 + 90AT AT AT A2 AL + 2A3A5A5 — 2A3 A2 A3
— 6A8ARAL A2 A3 + ASASAS — 2412A3A3 — 4A3A8A5AS + 12AFA2AEATA3
+ 2A3A8 A% + 24A5A2ATATAs + 2A3A9AG — 6A43A3A2A10AF — 10A$AGA3 A3
+ 18ATASAZAZAZ — 10ASAZASAS + 12A5A5A5ATA3 + 12434,A3ATA;
+ 12AATA5 A3 AL —2A3A9AG —3A10A2AZA2A2—6A3AA3A5A3—6A2 A0 AL A, A3
— 2TATAZAZAZAS — 6A5 AL A2 A4 AL + 2A5AZAG — 4ASASASAT — 12A2 A3 A, AT A2
+ ASASAS — 4ASABASAT — 2AJA5AF + 18AZAZAZATAL — 4A3ASATAS + ASAL?
+ 8AJAJAZAT — BASASA3AS — 10AASATAS — 2412A3A3 + 8ASAZAJAS
+ 24ATAsATALA? — 18AZAZASASA1 — 12A2A3ATA2AY — 6A2A5AJ0A2AY

+ 12A3A2A4AAT + 12A3A4A5A5AT — 18A3A2A2A5A; — 10A$ASAZA3
+ 24ATA5 A2 ATAZ — 4A§ASASAT + 24AT A4 As ATAZ — 12A5A4 AR AT A2 +2A8 A A3
— 6A3A4 A5 AV AZ18A5A2A2A. A — 108A5A2A3A1AY — 6A2A,A4A241°
+ 168A3A3A3A3A5 — 10ASASA3A3 — 1241A3A5A2A7 4+ 90A1ALA5AA%

— 10AASASAS + 4AYASATAS — 4ASATASAS + ASALZ 4+ ASASAS + 8A3A3ASAS
— 1243 A5 ATA2 AL — 108ATAZAZA2AS + 12A2A2A%2A00A, + 1243A7 A5 A5 A%
— 2A3A3AL? — A4A3ASABAS — 24949 — 4A3AZAGAS + ALPAS — 24949 + AL2AS
— 4A3ATASAS — 4A3ASA8 A3 + 243A5A8 + 2A9A5A3 — 24A3A3A8 — 24341243
— 1049434345 -10A3A8A3A3—10ASAZASAS—6A2 A3 A, A0 AL —96 A A3 AT AS AS
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+2ASA3A9 + 2434842 — 2TAYAZA2ABA2 — 2434549 — 6A3A%A5A5A%
+ 8ABATAIAS 4+ 2A3A9AS + T2A; AJABAS A2 — 1242 A3 ASAT AL,

There is a much better description of the polynomial Pig. It is connected with the
famous Burkhardt quartic polynomial

g1 = AT +8A A3 +8A A3 + 8A AT + 8A A2 + 48A5A3A4 A5 (6)

defining the Burkhardt quartic 5. We recall that this variety has 45 double points, and
it is rational and birational to X (I'2[3]); for these and other data we refer to [Ba], [Hu],
and [Ge].

The polynomial Pjg is essentially the dual of the quartic. Recall that the dual @ of
an irreducible homogeneous polynomial P(Xq,...,X,,) is defined by

Q(grad P) =0 mod P.

Geometrically it describes the set of all tangent hyperplanes. Up to some exceptional
cases, the dual of a polynomial is unique up to a constant factor, and the dual of the dual
is the polynomial itself. The dual of g4 is also an invariant polynomial, but invariant
under the dual representation, i.e.,invariant under the group of all (¢')~!, g € G. It is
a real polynomial. Therefore it is also invariant under all g’ ~!. But as we mentioned,
this group is conjugate to GG, where the conjugation map is given by doubling the first
variable A;.

Proposition 4. If one takes the dual polynomial of Burkhardt’s quartic polynomial g4
and replaces Ay by 2A; one obtains (up to a constant factor) the polynomial Pis.

Proof. The proof is done by straightforward calculation. [J

We set
.AI: C[Al,...,A5]/(P18) (7)

and we shall denote the projective variety defined by the vanishing of Pig with BY and
call it the Burkhardt dual,
BY := Proj(A). (8)

Hunt [Hu] predicted, using general results of invariant theory, that the degree of the
dual of the Burkhardt quartic is 18. He also made some comments about the singular
locus of the dual. Actually this singular locus can be determined completely.

5. The singular locus of the Burkhardt dual
We denote by A the diagonal in Hy, i.e.,

a={zeHy; 7= {“ 0]}

0 T2

For a subgroup I' C I's of finite index denote the natural projection by
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T - H2 — HQ/F

The image 7 (A) is an irreducible subvariety of Hy/I'. We use also the notations
Af3] == mp,3(A) and  Ag[3]:= 7TF210[3](A).
We are interested in

GABl = g(a3))

e

and in its closure GA[3].

We have to determine the normalizer of A[3] in G. This normalizer Ng(A[3]) con-
tains the direct product of two copies of SL(2Z/3Z/{+E}. The whole normalizer is an
extension of index two of the direct product of the two copies. This shows that

(G : Ng(A[3])] = 45.

Therefore GA[3] C X (T'2[3]) has 45 irreducible components. They are therefore disjoint.

We denote by H the image of T'11[3] in G. The subgroups Ng(A[3]),B,H are
maximal in G; their orders are respectively 576, 648, 648 and they have been extensi-
vely studied by Burkhardt, see [Bu].

We recall that A[3] contains [Ng(A[3]) : (Ng(A[3]) N H)] = 8 boundary components
of the type C;, and vice versa each C; is contained in [H : (Ng(A[3])NH)] = 9 irreducible
boundary components. Similarly, A[3] contains [Ng(A[3]) : (Ng(A[3]) N B)] = 16, and
vice versa each cusp P; is contained in B : (Ng(A[3]) N B)] = 18 irreducible boundary
components.

We know that the intersection of two closed components of the diagonal locus consists
either of two of the 45 P! or of the four intersection points of two boundary components.
(There are no intersection points away from the boundary.)

Proposition 5. The singular locus of the Burkhardt dual has 45 irreducible compo-
nents. Each of them has codimension one. The Burkhardt group permutes the compo-
nents transitively. One of the components is defined (as set) by the zeros of the ideal

pi= (A5 — Ay, AyAy — A A3) C A (9)
This component equals the closure of the image of the diagonal under the natural maps

H, — X(I'2[3]) — Proj(A).

The whole singular locus can be described also (as set) as the zero locus of the principal
ideal
(Pio) C A, where Py :=13(gags — g10)/777600.

The normalizing constant has been chosen such that the Fourier coefficient of the cor-

responding modular form with respect to Eﬂ is 1.
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Proof. By a classical result, cf. [Igl] or [Fr1], the modular form x1¢, corresponding to P,
vanishes at the 45 diagonal components and has no other zeros. Under the normalization
map

¢ : X(T'2[3]) — Proj(A) (10)

the 45 diagonal components map to 45 different irreducible subvarieties in the variety
Proj(A). This follows from the maximality of B in the Burkhardt group. (The only
alternative that all 45 collapse to one can be excluded easily).

A direct computation shows that Pjg and Pjg are contained in the ideal p and,
consequently, also in the 45 conjugate ideals. They all are prime ideals. Hence they
define in A the minimal prime ideals containing P;o. Another direct computation shows
that the squares of the partial derivatives of Pig are contained in the ideal (Pis, Pig)
and finally that Pj, is contained in the ideal generated by Pis and the first of the partial
derivatives. This proves the proposition. [J

The proof showed that the first partial derivative of Pjg has the same zero sets (but
possibly with different multiplicities) as Py (considered in .4). We will use this later.

So the map ¢ is therefore be biholomorphic outside the locus in the variety Proj(.A)
defined by P = 0. We want to study in detail the map along this locus.

The maximality of the subgroups N¢(A[3]), B, H and the G-equivariance of the map
¢ imply that the singular locus of the Burkhardt dual not only has 45 irreducible com-
ponents, but it also has 40 one-dimensional subvarieties corresponding to the boundary
components C; and 40 points corresponding to the cusps P; (also in these cases, the
only alternatives would be that all components collapse to one, but this can be excluded
easily).

In a first step we claim that the restriction of ¢ to one of the 45 irreducible components
is injective. For example, we restrict to A[3], the closure of the image of the diagonal
in the Satake compactification.

For an accurate description of the map ¢, we need to recall some facts about modular
forms of genus 1. We introduce 2 characteristics:

=l el

and we define the theta series of genus 1 to be

Oi(r) = > e(tr(S[(G+vi)/3]7)).

G integral

We recall that 6; and 6, generate the ring of modular forms A(T'1[3]). This is a conse-
quence of the dimension formula given, for example, in [Mi, p.60]. If we denote by ¢

the restriction of ¢ to A[3], we get that

¢: A3 — P' x P! — P*, (11)
(11, 72) = (01(11)01(72), O1(71)02(72), O2(71)01(72), O2(71)02)(72), 02(71)02)(72))

is bijective.
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We have proved now that A[3] maps bijectively to the zero locus of p in the Burkhardt
dual. To get the bijectivity we need some information about their intersection behavior.
Let us consider the standard 1-dimensional boundary component C, which contains

lim 7O

we have the equation of its image is A3 = A4 = A5 = 0.
Moreover, the equation of the image of the so-called cusp

1y 0]

00 := lim {O iy

Yy—00
iSA2:A3:A4:A5:0.

We have to prove that the 45 components of the singular locus of the Burkhardt dual
have the same intersection behavior as the corresponding components in the Satake
compactification. It is easy to compute the 45 ideals conjugate to p and to verify the
intersection behavior since the images of the boundary components in the Burkhardt
dual are given by linear equations. We will not reproduce this calculation here. We
only recall that the polynomial Pig is already contained in (A4 — A5, A1 Ay — A3 As) C
C[A1,...,A5]. Hence the calculations have to be performed in the polynomial ring
C[A1, ..., As] (and not in the factor ring A).

Theorem 1. The normalization map ¢ : X (I'2[3]) — Proj(.A) is bijective.

6. A basic modular form of weight 3

We have to investigate the action of B in the Burkhardt group G on the 45 diagonal
components. From the results of the previous section, it does not make a difference
whether we consider it in Proj(.A) or in the normalization.

Proposition 6. The set of the 45 components of GA[3] decomposes into two orbits un-
der B. The orbit BA[3] contains 18 components. Consequently the other orbit contains
27 components.

Proof. This is an immediate consequence of the following well-known facts:
G =B -Ng(ABJUB-I-Ng(A[3], and [B:Ng(A[3])nB]=18.
Thus BA[3] contains 18 components and the other orbit contains 27 components. [

We now consider the polynomial of degree 17:

0Ps
—_— Ay, ..., Asl.
aAl S (C[ 1, ) 5]

This is a B-invariant polynomial. As we mentioned after the proof of Proposition 5 this
polynomial has the same zero set as Pjg. This leads us to consider

P
9Prs0A;

(in the field of fractions of \A). What we found is an element of the normalization!

F =



36 EBERHARD FREITAG AND RICCARDO SALVATI MANNI
Theorem 2. One has the following integral equations in A:

F?=P;, F’=P
with the following polynomials:

Pg(A1,...,A5) :=2743718(A0 243434+ A5 —243 43— A3 A3+ A 243 A% - A3 A3
— A3A3 + AS + 94T A2 A3 AgAs — 2AT AR — A3 A3 — A3AZ — ARAR + AD),

Py(Ay,..., As) = —2773727(2A7 — 6AA3 + 6A3 A5 — 249 — 645 A3 + 3434343
+ 3ASA3 + 64345 + 34345 — 245 —6ASAT + 34343 A3 + 34543 + 3434343
— 12A3A3A3 + 3A5A3 + 64345 + 34348 + 34345 — 24T + 2743 4,434,445
— 2TAZA3A3A4 A5 — 2TA3 A ASA A5 — 2TAT Ay A3 AT A5 + 8141 AZAZ A3 A2
— 64943 + 3434343 + 34543 + 3434343 — 12434343 1 34543
+ 3A3A3A3 — 12434342 — 12434343 + 34542 — 274245434, A% + 643 A8
+ 3A3AS + 3A3A¢ + 34348 — 243).

There is another representation of F' with the G-invariant denominator Pjg, namely
F = P13/ Py, where

Pig(A1,...,A5) = 2733713(ATA3A3 — 247A5A% + A1AAS — 24714345
— 4A1ASAS + ALASAY + ATA3AT — 247A5A3 + A AJAT + ATASAS
— 15A1A3A3A3 + 24,A543A3 — 2494543 + 24, 434543 + A A543
— 2ATA3AG — 44, ASAS — 2ATASAG + 241 A3ASAG — 44, ASAS + A ASAS
+ A1 ASAS—AY Ay A3 AL As+3AT AT A3 Ay As—2AL0 A3 Ay A5 +33AF A5 AT AL A5
+ 3ATA3A4As 4+ 3A3AATA A5 + 3A5ATA A5 — 24543104445
+ 33A3A3A3A%A5 + 3ATA3ATA; + 33A3A2A3A4%A5 — 12A3A3A14;5
+ 3A2A%ATAs  + 3A3A,A3ATAs 4+ 3A3A3A7As  +  3AA3A7A;5
— 2454341045 — 544245424242 — 54A3AZA5A%A2 — 544242424542
+ ATASAZ —2A7ASA3 + A AJAS + ATA3AS — 15ATA3A3A3 + 24, 4543 43
— 24714542 +  24,A3A843 + A A48 +  ATA3A3
— 15ATA3A342 + 24,A54343 — 1541434343 + 934,43A34343
+ 24, A84343 — 2414542 + 24,434543 + 24,434543 + A,AA3
+ 33A3A3A5A4AF + 3ATA3A4AL + 33A3A2A34,A3 — 1243A3A4A2
+ 34,ATA AR+ 33A3A4,A3A41A% — 1243A3A14% — 124,43A%4%
+ 3AA3ATAR — 544243424342 — 247A3A8 — 44,4548 — 2474348
+ 241 ASASAS — 44, ASAS — 2ATATAS + 241434348 + 24, 434348
— 4A1 ASAS + 3ATAQ A3 ALAT + 3ASA3ALAL + 3A3ASALAT + 3A3A3ATAT
+ A1 ASAD + A ASAD + A1 ATAD — 245, A3A4AL0).

An easy computation tells us the following.

Proposition 7. The zero locus of F' consists of the B-orbit of 27 diagonal components.
The multiplicities — counted in Hy — are one.

Proof. Since we have only two possibilities, it is enough to check that the zero locus of F'
does not contain the point (1,0,...,0). This is easily verified taking the representation
F=P/P. O
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We obtain more elements of the normalization when we apply the Burkhardt group to
F (and we will show that they generate the normalization). Because F' is invariant under
B, it is one of 40 conjugate elements. It can be shown that they are linearly independent.
Computations of this type can be easily managed using of a list of special points of the
Burkhardt dual. Such a list can be constructed using the classical unirationalization of
the Burkhardt quartic (zero locus of g4), see [Co],

Y1 = 311727314

yo = ai(ah +aj —aj)

ys = —xa(af + a3 +af) (12)
ya = ws(—af+ad+af)

ys = aa(z} + a3 —a3).

The partial derivatives of g4 evaluated at points (2y1, y2,ys,y4,ys) define points of
the Burkhardt dual (zero locus of Pig). It is not difficult to compute the values of the
40 conjugate forms at such special points. It is possible to find 40 different points such
that the corresponding 40 x 40-matrix is non-singular. Hence the conjugates of F' span
a 40-dimensional space which is invariant under GG. But this representation is not irre-
ducible. Its character can be computed, and it turns out that it contains a 5-dimensional
subrepresentation. Both 5-dimensional representations of the Burkhardt group contain
a B-invariant element. This element defines a modular form in [['30[3],3, xs]. It is
known that the space of these forms has dimension 3. Fortunately we have already such
three forms, namely v := F (91, ...,95), 93 and 93 + 93 + 93 + 93.

What we have seen is that there exist constants «, 0 such that the 40 conjugate forms
of

F+ oA} + B(AS + A + A + AD)
span a five-dimensional space. A numerical calculation shows that there is exactly one
pair of numbers «, 3 with this property. In this way we obtain:

Proposition 8. The element
C1 = —2°3°F — TA + 4(A} + A3 + A} + A3) (13)

is contained in a five-dimensional representation space of G. It is the unique (up to a
constant factor) B-invariant element of this space.

Here are some Fourier coefficients of Cy(d1,...,9s):
T \ (881 (891 [-173] [8%) [68] [-1-2]
& ‘ 1 —-90 3060 2160 —216 4320

We conclude this section observing that we can express the above modular forms as
linear combinations of theta series. In fact we can consider the theta series related to
the lattices Fg and E§(3). Looking at the Fourier coefficients we get

Vg, = 0%+ 2(93 + 95 + 93 + 93)
and
270 = (3) = 2505 + 2C1 (01, ..., U5) — 10(93 + 093 + 05 + 02).
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7. A five-dimensional space of modular forms of weight 3

We already mentioned that G has two 5-dimensional representations, and they are
dual. Hence the five-dimensional space, which contains C;, could be isomorphic to the
space generated by the A-s or isomorphic to its dual. One computes that the first case
happens and obtains:

Proposition 9. The element C is part of a tuple (C1,...,C5) with the same transfor-
mation law as the elements (A1, ..., As). This defines Ca,...,Cs.

We derive an explicit representation for the C; as linear combinations of transformed
F'. Using the notation of the above theorem, we introduce 5 elements of the Burkhardt

group B . . .
g1 = unit matrix, go=1, g3=1Sy, gs=151, g5=155.

We use
Ch cy
C=|:1], G=|:
Cs cy
Finally we introduce the matrix
1 0 0 0 0
—1/2 1/2w —1/2 0 —1—1/2w 0
T= -1/2 1/2w—1/2 —1-1/2w 0 0
1/2+1/2w 1+1/2w 1/24+w 1/24w -1/2—w
—1/2w -3/2-3/2w —-1/2w+1/2 —-1/2w+1/2 1/24w
Remark. One has
CcC=T. G (14)

8. Relations

We have to treat the relations between Aq,...,Cs. There must be a B- invariant
relation in weight 5 as follows from the dimension formula dim[I'; ¢[3],5, xs] = 4.

This relation can be computed by means of the technique of special points and it
can be transformed under the Burkhardt group. It turns out that it generates a five-
dimensional G-invariant space of relations.

Here is a basis:

Proposition 10. The space of relations in weight 5 is generated by

A2 242 2A3 2A3% 2A2 Ch
A3 241A5 2A4A5 243A5 243A4| |Cs
A% 24445 24145 24345 2A3A4| |Cs
A2 2A3A5 24A5 2414, 2A3A3| |Cy
A2 2A3A, 24A; 24543 2A1A5| |Cs
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A3 + 12041 Ag A3 Ay As — 104243 — 1042 A3 — 104243 — 1042 A3
—4A5 — 5A3A3 + 20A3 A3 + 20A3A3 + 20A3A3 + 3043434, A5
= | —4A4} —5A3A3 + 20A3A3 + 204342 + 20A3A3 + 30424, A4 A5 | . (15)
—4A5 — 5A3A3 + 20A3 A% + 2043 A% + 20A3A2 + 304342 A3 A5
—BA3AZ +20A3A2 + 2043 A2 + 20A3A2 — 443 + 30A245A3 A4

It is worthwhile to mention that the determinant of the above matrix up to a con-
stant equals Pjg. This is another explanation for the formula F' = Pi3/Pio from Sec-
tion 6. We remark that if we express C1,...,C5 as rational function in the A-s, using
(13) and F' = Py3/Po, the above equality gives an identity in the polynomial ring
C[A1, Ag, A3, Ay, As] and not for A alone.

We describe now relations in weight 6. The relation F'? = Pg is one. If we apply
the Burkhardt group to this relation, we obtain 40 linearly independent relations. The
40-dimensional space generated by these relations splits into a 25-dimensional and an
irreducible 15-dimensional G-invariant space of relations. Multiplying the 5 relations
in weight 5 with Ay, ..., A5, we obtain 25 relations. Actually they span the mentioned
25-dimensional space. We mention that this 25-dimensional representation contains the
trivial representation and a 24-dimensional irreducible one. We describe the remaining
15-dimensional space:

Proposition 11. There are 15 relations of the form
CiC = QN+ QY0 + QS Cy + QP Ci+ QT Cs + QU 1<i<j<5

with polynomials Q,(:j ) of degree three and QU9 of degree sixz. They are given explicitly
in the following tables:

QUD=13248 + 549 + 3249 + 3248 + 3245 + 8ATA3 + 644342 + 84343
+ 64A3AF + SATAS 4 64A3AF + SAIAT 4+ 644347 + 644343
+ 64A3A3 — 14443 Ay A4 A5 A3,

QU2 = 288424342 —24A3 A2 Ay —24A3 AT Ay —3A5 Ay +48A% A —24A3 A% A,
+ 144A3 A4 A5 A1 A2,

QU3 = 48 AL AT +288AF A2 A3 —24 A3 AB AT —24A3 AT A3 — 24 A3 AT AT —3A3A%
+ 144434, A5A1 Ag,

QU= —244,A3A3 — 24A,A2A3 — 24A3A4A7 + 288A2A2A3 — 34443
+ A8ATA? £ 144A3A3A5A1 Ag,

QU9 = 4842 AT —3A5A7 —24AF A5 A7 —24 A5 AT A3 —24A3 A5 A2 +-288A% A2 A2
+ 144A3 A4 A2 A1 Ay,

QP = 21AT A +96A3 AR A4+ 96 A3 AT A5 +24 A3 A1 A3 +24A3 A1 A3 4244, A}
+ 48A3A4A5A3 — A8A3 A4 A5 A3 + 96AS AL A5 + 24A5 A1 A3,

Q)= —24A3A1 A4 — 3A3A% Ay + T2ATAZAT — 244341 Ay + 120A3A3 A1 Ay
+ 12043 A3 A1 Ay + 144A% A4 A5 A3,

QY= —24A,A1 A — 3A4AT Ay + T2AZAZAT — 24A3 A1 Ag + 120A4A3 A1 Ay
+ 12045 A4 A1 Ag 4 144A3 A5 A5 A3,
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QPP = —24A5A1 Af + T2AZA3A% — 24A2 A1 Ay — 3A5AT Ay + 12043 A5 A1 Ay
+ 120A3 A5A1 Ag + 144A3 A4 A2 A3,

QB = 214243 +96 A3 A5 Ax+24A2AT A1 +96 A4 AR Ay +96 A4 A5 AS+24A5A,
— A8A3A A5 Ag + 24A3A3 A1 + 24A3A1 A3 + 48A4 A5 AT A,

QBY= —24A34, A, — 3A3A4 AT + T2A2ATAZ — 24A3AT A, + 12043 A4 A1 A3
+ 1204, A3 A3 A1 4 144A3 A3 A5 Ay,

QB%) = —343A5AT+72A3A2 A23—24 A3 A3 A1 +120A3A5 A1 A3+120A3 A5 A3 Ay
+ 144A3 A4, A2 A5 — 24A3A5 A,

QU= 21434} +96A3 A2 Ag+24A3 A1 A3 +24A3 AT A, +96A3 A5 A +24A54,
— 48A3A5A3A5 + 96A3A5As + 24ATA3 A 4 48A3A5A3 Ag,

QW)= 72424342 —3A4 A5 AT —24A3 A5 A1 +120A4 A5 A1 A3+ 1444 AZ A3 Ay
+ 12043 A4A5A; — 24A4A%A,,

QP =24A3A; +21A2AT + 24A2A1A3 + 96A3AA5 + 24ATAZA;
+ 96A3A5As +96A3 A Ao+ 24AFAZA; —A8AL AB A3 Ay +48A3 A4 A3 Ag.

The polynomials Qgc” ) are given in the same ordering in the following table:

4A5—4ASH4AT 124, A2 12A; A2 12A; A% 124, A2
FAABHAAR  —24A3A4As —24A5A4A5  —24A,A3As  —24A2A3 A4
3 5
_ 3_ 3_ 3
3A2A, 413 A§4f§ A34A5 —12A45 A% —12A45A2 —12A2 A2
—4A3—4A3—4A3%
3A2A —12A32A ®saaas b —1243A% —12A3A2
13 298 4 A38A3 844 345
—4A3—4A3—4A3
3A2A, —12A3A4 —1243A44 +5A? +83AZ 2 1244 A2
—4A3—4A3—4A3
3A2 45 —12A3 A5 —12A%2 45 —12A42 A5 ﬁA?+§A§ 1
_fégﬁfs 6A2 Az —12A1A445 —12A1A3A5 —12A1A3A4
—6A1A2A3  —3A%A3 —3A42A, —12A4 A2 —12A43As
—6A1A2A;4  —3A2A4 —12A43 A2 —3A%4; —12A2 A5
—6A142A45  —3A%2A;5 —1243A2 —12A42A44 —3A24,
6A; A2 9
oA Ao A, 12414445 6A2 A3 —12A41A245 —12A1A2A4
—6A1A3A4  —1242A2 —3A2A, —3A2A3 —12A3 A5
—6A1A3A5  —1242A3 —3A2A5 —12A2A4 —3A2A3
6A1Ai 2
9ApAbA, 12414345 —1241A245 6A2 Ay —12A41 Az A3
—6A1A4A5  —1242A2 —12A2 A3 —3A2A5 —3A2A,
6A; A2 2
CiodgAnA, 12414344 —12A1A45A5  —12A1 4243 6A2As5

We shall need a certain relation of weight 8, which is a consequence of the relations
of weight 5 and 6. One obtains this relation if one multiplies the first of the 5 relations
in weight 5 by C; and the replaces all the occurring C;C; by linear functions in the C-s
(relations of weight 6). The result is



THE BURKHARDT GROUP AND MODULAR FORMS 41
Proposition 12. The polynomial

Re:=5C1 A} — 5A% — 20014343 — 20014343 — 20C1 A2A3 — 200, A2 A3
—14A3A3Cy — 14A3A3C3 — 14A3A2Cs — 14A3A3C, + 3243A3A3
+ 324343 A5 + 3243A3A3 + 3243A3A3 + 32434343 + 32434343
+3243A2C5 + 32434303 + 32434%2C4 + 3243430, + 324343C,
+3243A3C, + 32434303 + 3243A%2C5 + 32434303 + 32434%C,
+3243A3C, + 3243 A2C5 — 12843 A8 + 12001 A1 A Az Ay A5 — 128A3 A
— 1284745 — 1284345 — 24343 — 24343 — 24543 — 24343
—16A3C3 — 16A53C, — 16A2C5 + 24A2 Ay Ay A5C3 + 144AT Ay Ay A5 Az
+ 24A2 Ag A3 A5Cy +24A3 Ay A3 AyCs +24A2 A3 Ay A5Co — 230443 A% A3 A2
— 288A5A3A,A5A; — 288A3A4A5A1 Ay — 288AFA3A5A1 A5 — 16A5C,
— 28843 A3A4 A1 As

is contained in the ideal generated by the relations of weight 5 and 6.

9. The ring of modular forms

In this section we will see that the elements and relations constructed in the previous
sections are enough to describe the ring of modular forms; in fact, in several steps we
shall prove:

Theorem 3. The graded algebra A(T'2[3]) is generated by the forms Ay, ..., As of weight
one and forms C1,...,C5 of weight three.

Both span five-dimensional irreducible representations of the Burkhardt group. There
are 5 relations in weight 5 and 15 relations in weight 6. These relations generate the
ideal of all relations. The Hilbert function is

idim[Fz(fi) T (14 ¢+ 12+ 615 + 664 + 5 4+ 5 4+ ¢7)
r=0 ’ (1—1t)4

=14 5t + 15t% 4 40t + 95¢* + 196t° + 360t° + 605¢t7 + 949¢% 4 1410¢° + . . ..

Proof. We take Ay, ...,C5 as 10 independent variables and consider the polynomial ring
(C[Al, .. .,A5,Cl, .. .,05].
Let J be the ideal generated by the 20 relations. We denote the factor ring by
R = (C[Al, .. .,A5,Cl, .. ,05]/3

The relations of weight 5 are polynomials of degree < 1 in the C-s. We denote them by
Ri1,..., Rs. Recall that there is an additional relation Rg of weight 8.
We also consider the polynomial ring

C[A4,...,As]

and its free module of rank 6
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F:=ClA,...,A5]®C[A1,...,A5]C1 + ... + C[A1,..., A5]Cs = C[A4, ..., As]°.
We consider the free submodule
G=C[A1,...,A5] - Ri®...®C[A1,...,As] - Rg = C[A4, ..., A5]® C F,
where Ry, ..., Rg are embedded into F in an obvious way.
Proposition 13. The sequence
0 —G¢G—F —R—0 (16)
18 exact.

Proof. The map F — R is surjective because of the relations of weight 6. The module
G is in the kernel of this map. We have to show that it is the full kernel. For this reason
it is convenient to equip F with a ring structure. We can consider F as the factor ring
of C[Ay1,...,Cs] by the ideal which is generated by the relations of weight 6. Then the
map F — R is a ring homomorphism and the kernel is generated by G as an ideal. All
we have to show is that G is an ideal (and not only a module over C[A4, ..., 45]). To
prove this, one has to consider the 30 products C;R;, i = 1,...,5,j = 1,...,6. After
replacing the occurring C;C; by means of the relations of degree 6, one gets elements
of 7. One has to prove that these are contained in R - G. This is done by explicit
calculations which we will not reproduce here. [

This proposition shows that R has a free resolution of length one; thus the “Auslan-
der-Buchsbaum formula” implies that it is a Cohen-Macaulay module over the ring
(C[Al, ey 145]7 cf. [BH]1

A well-known criterion, cf. [Ei], states: Let A — B a homomorphism of noetherian
rings such that B is a finitely generated A-module and let M be a finitely generated B-
module. Then M is a Cohen-Macaulay B-module if and only if it is a Cohen—Macaulay
A-module. If especially B is a Cohen—Macaulay A-module, then B is a Cohen—Macaulay
ring (i.e.,a Cohen-Macaulay B-module). We obtain the following.

Corollary 1. The ring R = C[44,...,A5,C1,...,C5]/T is a Cohen—Macaulay ring.

An important consequence of this fact and of Theorem 1 is that the map

Proj(R) — Proj(.A)
is a bijective, and thus we obtain:
The variety Proj(R) is irreducible (but possibly not reduced).

This argument shows even more. The localizations of the rings A and R by the
multiplicative set generated by Pjo are isomorphic. Especially we obtain:

The variety Proj(R) is nonsingular outside the locus of the ideal Pio - R.

We know that the locus Py = 0 considered in Proj(A(T'2[3]) consists of 45 irreducible
components. We obtain that the locus of the ideal PR in Proj(R) also consists of 45
irreducible components. They are transitively permuted under the Burkhardt group.

LA finitely generated module M over a noetherian ring R is called a Cohen-Macaulay
module if My is a Cohen-Macaulay module for all prime ideals pin R in the sense of [Se].
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Lemma 4. The point [0,0,0,1,1,—16,0,0,0,0] is in the zero set of the ideal J. More-
over it is in the locus of Pig - R. It is a regular point of Proj(R).

It is easy to check the equations for the point, and for an individual point it is easy
to check that it is regular. We omit the computations.

It follows from the above lemma that the singular locus of Proj(R) has codimension
> 2. The same then is true for Spec(R). From Serre’s normality criterion, [Se|, now it
follows that R is a normal ring (and especially an integral domain).

The dimension formula is an easy consequence of the exact sequence
0-G—-F—-R—0.

We mention that our dimension formula agrees with the formulas obtained by means
of the Trace formula or by the Riemann-Roch (for r big enough), cf. [Chl], [Ch2]
(there is a numerical error even in the second corrected form), [Ha], [Ya]. Moreover,
independently, Gunji has found the same expression for the Hilbert function, see [Gu],
studying in great detail the low dimensional cases. This completes the proof of the
theorem. [J

The nature of the singular locus can be described in more detail:

Proposition 14. Let A, be the homogeneous localization (local ring of the variety
Proj(A) at the generic point of p C A). There is an isomorphism of its formal comple-
tion R

A, 2 K[[X2 X3 .]].

Here K denotes the field of rational functions of the zero locus of p.

Proof. We denote by q the prime ideal of the corresponding locus in Proj(R). We know
that R is regular at the generic point of q. Hence

Rq = K[[X, X2 X°,...]]

is isomorphic to the ring of formal power series. As variable X we can take a suitable
conjugate F’ of F. (The latter does not vanish along the diagonal but only along
conjugates of the diagonal). We know that F? and F? are in A. The same is true for
F’. Hence K|[[X?2,X3,...]] is contained in .Zp. Equality must hold because this ring is
not regular. [

We recall that a Cohen—Macaulay graded algebra A is said to be Gorenstein if its
canonical module is isomorphic to A. As an immediate consequence of the results of
[St] we have:

Corollary 2. The ring A(T'2[3]) is a Gorenstein ring.

10. Final remark

The central role in our picture plays the dual of the Burkhardt quartic. In the usual
algebro-geometric approaches the quartic itself plays a central role. Classically it is
known that the modular variety Ha/I'3[3] is birational equivalent to the Burkhardt
quartic. This is in accordance with our result since a hypersurface and its dual always
are birational equivalent.
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Nevertheless one may ask whether the classical birational map is visible in our picture.
The answer is yes.

There is a modular form X5 of weight 5 with respect to the full modular group
but which picks up the nontrivial character of this group. From the zero locus it is
clear that By := X5/F is a holomorphic modular form of weight two. It can be shown
that this form is contained in a five-dimensional G-invariant space of modular forms on
I'3[3], but all with the same nontrivial character. This five-dimensional space defines
a Burkhardt quartic and yields the classical birational map between the moduli space
and the Burkhardt quartic.

The modular form B; can be expressed by means of theta nullwerte and also as
additive lift in the sense of Borcherds. We intend to come back to this subject in a
separate paper.
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