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We give a general arithmetic dimension formula for spaces of
vector-valued Siegel cusp forms of degree two. Then, using this
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subgroups of any level for each Q-form of Sp(2;R). Tsushima
has already given the dimension formulas for some congruence
subgroups of the split Q-form in Tsushima (1983, 1997) [32,33].
We obtain an alternative proof for his results by using the Selberg
trace formula and the theory of prehomogeneous vector spaces. As
for the non-split Q-forms, our results are new. We generalize the
results and proofs given in Arakawa (1981) [1], Christian (1969,

1975, 1977) [5,6], Hashimoto (1983, 1984) [12,13], Morita (1974)
[25] for the scalar-valued case to the vector-valued case using the
Selberg trace formula.
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1. Introduction

In this paper, we give explicit dimension formulas for spaces of vector-valued Siegel cusp forms
of degree two with respect to the full modular groups I"(1) and I"'*(1) and the principal congruence
subgroups I'(N) and I'*(N) of all Q-forms of Sp(2; R) and the congruence subgroup Ip(p) of the
split Q-form. The dimension formulas for the scalar-valued case are already known. Tsushima has
already given the dimension formulas for the vector-valued case for such congruence subgroups of
the split Q-form by using the Riemann-Roch theorem in [32,33]. We obtain an alternative proof for
his results by using the Selberg trace formula and the theory of prehomogeneous vector spaces. As
for the non-split Q-forms, our results are new.
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We generalize the results and proofs obtained by Christian [5,6], Morita [25], Arakawa [1], and
Hashimoto [12,13] for the scalar-valued case to the vector-valued case using the Selberg trace formula.
In particular, we obtain a general arithmetic dimension formula (Theorem 3.1), which is a generaliza-
tion of [12, Theorem 5-1]. There are two problems associated with the generalization of the proofs of
these theorems. First, we must prove the convergence of some infinite series, in order to transform
the Godement formula into the infinite sum of the orbital integrals with dumping factors, e.g., we
have to interchange the integral and the infinite sum. Next, we must explicitly calculate the orbital
integrals with dumping factors. The explicit forms for the semisimple orbital integrals have been ob-
tained by Langlands [24]. He used the limit formula for the semisimple orbital integrals. We also use
the limit formula for the unipotent orbital integrals (cf. [26,3]). Furthermore, we have to carry out
some calculations similar to those in [25] and [12], since we cannot directly apply the limit formula
to the unipotent or quasi-unipotent orbital integrals with dumping factors.

We give a formula (Theorem 5.7) for unipotent contributions, which are concerned with zeta
functions associated to symmetric matrices, by using the theory of prehomogeneous vector spaces.
Then, we obtain an alternative proof using this formula for such unipotent contributions in dimension
formulas. First, Morita has explicitly calculated the unipotent contributions. After that, Shintani has
simplified the proof by using the theory of prehomogeneous vector spaces and obtained a formula
that expresses such unipotent contributions for general degree by special values of zeta functions
associated to symmetric matrices. Special values of the zeta functions have been determined by Shin-
tani [28], Sato [27] (degree two, split case), Arakawa [1] (degree two, non-split case), and Ibukiyama
and Saito [20] (general degree, split case). We generalize Shintani’s formula to the vector-valued case
for degree two. In order to generalize his formula, we have to prove the convergence of the zeta
integrals of prehomogeneous vector spaces and explicitly calculate the integral of a certain function,
which is related to the Fourier transform of the trace of irreducible rational representations. The in-
tegral is well known in the scalar-valued case, but it is nontrivial in the vector-valued case. We can
calculate the integral by using the Fourier transform which was given by Godement [8].

Note that our dimension formulas are concrete. We can get concrete numerical values of dimen-
sions by using our dimension formulas. We give some numerical tables of dimensions in Sections 6
and 7.

Our motivations are as follows. First, we use our main result for a concrete study of the Jacquet-
Langlands-lhara correspondence for Sp(2; R). Actually Hashimoto and Ibukiyama obtained good global
dimensional relations between automorphic forms of Sp(2; R) and its compact twist in 1984 by us-
ing dimension formulas (cf. [18,15]). We generalize the dimension formula [18, Theorem 4] for the
paramodular groups K(p) to the vector-valued case by using our formula. Furthermore, we obtain
the correspondence for the vector-valued case by comparing the dimensions. Second, we investigate
dimensions of vector-valued Siegel modular forms of low weights and the surjectivity of the Witt
operator by using the dimension formula for I'(1) given in [21], where I,(1) is the index two nor-
mal subgroup of Sp(2; Z). We have explicitly calculated the dimension formula for I'z(1) by using
our formula (for the scalar-valued case, the dimension formula has been given by Igusa [22]). Third,
we study the Shimura correspondence between Siegel cusp forms. Ibukiyama has given a conjecture
for the Shimura correspondence between vector-valued Siegel cusp forms of degree two of integral
weights and half-integral weights (cf. [19]); in this case, it is essential to consider vector-valued forms.
Although we do not consider these topics in this paper, we study the traces of the trivial actions of
the Hecke operators as the first step, which are the dimensions of spaces.

This paper is organized as follows. In Section 2, we review arithmetic groups, Siegel cusp forms,
and the conjugacy classes of Sp(2; R). In Section 3, we give the general arithmetic dimension formula
(Theorem 3.1), which is one of our main results. We also give another formula (Theorem 3.2) that
is a modified form of Theorem 3.1. We need it to derive the dimension formulas for the congruence
subgroups I'(N), I'*(N) (N > 2), and Ip(p). In Section 4, we prove Theorem 3.1. In Section 5, we give
the formula (Theorem 5.7) for unipotent contributions, which are concerned with zeta functions asso-
ciated to symmetric matrices. In Sections 6 and 7, we give explicit dimension formulas, which are our
main results, and some numerical tables of dimensions. In Appendix A, we review non-cusp forms.
In Appendix B, we review a formula for elliptic contributions, which is required for the calculation of
explicit dimension formulas.
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2. Preliminaries
2.1. Notation

Let Z denote the ring of rational integer, Q, R, and C denote the field of rational, real, and complex
numbers, respectively, and i denote the complex number /—1. For z=x+iy € C, |z| is the absolute
value of z, given by /x2 + y2, and Z is the complex conjugate of z, given by x —iy. For a ring R, we
denote the ring of matrices of degree n over R by M(n; R). Let GL(n; R) denote the group of invertible
matrices in M(n; R), and SL(n; R) denote the subgroup of matrices with determinant one in GL(n; R).
Further, we denote the unit matrix of M(n; R) by I,. For a matrix x, ‘x is the transpose of x. Let
SM(n; R) denote the totality of symmetric matrices in M(n; R). If G is an algebraic group over Q, let
G(Z), G(Q), G(R), and G(C) denote the group of Z-valued, Q-valued, R-valued, and C-valued points
of G, respectively. For a subgroup C of GL(n; R), we put C = {=I,} - C/{=I,}. If H is a subgroup of a
group G, let {g}y denote the H-conjugacy class represented by g € G. Let diag(a, az, ..., a,) denote
the diagonal matrix whose entries are given by ai, ay, ..., ay. If X is a positive (resp. negative) definite
symmetric matrix over R, then we write X > 0 (resp. X < 0). We denote the gamma function by I"(s).

2.2. Q-forms of Sp(2; R)

Let Sp(2; R) be the real symplectic group of degree two, i.e.,

Sp(2;R) = {geGL(4;]R); g<_012 ’é)rgz (_(;2 Ié)}

Let B be an indefinite quaternion algebra over Q (B ®g R = M(2;R)), a+— a‘ (a € B) the canonical
involution of B. We set

G(Q):U(2;B):{<‘CJ Z)eM(Z;B): <(Z Z) (? (1)) (Zt ccjt):(? (l)>}

We know that the isomorphism ¢ : G(R) — Sp(2; R) is given by

a ap bz —b1
_ as aa b4 —b3 _ A B
¢(g)_ C3 C4 d4 —d3 ’ g_(c D) GG(R),

—1 —C —dy di

where A = (Z; gz) B= (g; Zi), C= (2 Ei) D= (g; Zi) € B®g R. By using the isomorphism ¢, we
identify G(R) with Sp(2; R). The realization Sp(2; R) is used when the matrices are written down. For
each subgroup H in G(R), we identify H with ¢ (H). The Q-rank of G(Q) is one or two, depending
on whether B is a division algebra or not. If B= M(2; Q), then ¢(G(Q)) =Sp(2; Q). It is known that
for each Q-form of Sp(2; R), there exists an indefinite quaternion algebra B such that the Q-form is

isomorphic to U(2; B).
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2.3. Arithmetic subgroups

Consider an indefinite quaternion algebra B. Let I" be an arithmetic subgroup of G(Q), i.e., I" (C
G(Q)) is commensurable with G(Z). It is known that G(Z) is commensurable with U(2;B); ={g €
U(2;B); L- g =1} for any lattice L in B2. Let © be a maximal order of B. We put G(9) = U(2; D).
If L =92, we have G(9)=U(2;B);. We can fix a maximal order O without loss of generality up to
isomorphisms, because B only has a maximal order up to inner automorphisms. When B = M(2; Q),
we fix O = M(2; Z). Then, we have ¢ (G(9)) =Sp(2; Z).

Next, we make an assumption for the arithmetic subgroup I'. Let Po(Q) = {(;:) € G(Q)},

Mo(@ ={(}°) € G@)}, and No(@) ={(}}) € G(Q)}. We have Po(Q) = Mo(Q) - No(Q). Let G(Q) =

Ur‘g):] TI'hyy Po(Q) (disjoint union) (hy, € G(Q), h1 =1,). If I' = G(O), then vy = 1. We need the follow-
ing assumption to explicitly calculate the unipotent contributions of I" (cf. (e) Unipotent in Section 3).

Assumption 2.1. There exist hy, hy, ..., hy, such that the equality Po(Q) N (h,;ll“hm) = (Mo(Q) N
(h;' i) - (No(Q) N (hy,' Thyy)) holds for each m (1 <m < vo).

2.4. Siegel cusp forms

Let o j: GL(22;C) — GL(j + 1;C) be the irreducible rational representation of the signature
(G+kK (j.keZx) ie, prj= det ® Sym;, where Sym; is the symmetric j-tensor representation
of GL(2; C). Let £, be the Siegel upper half-space of degree two, ie., $; ={Z e M2;C);'Z = Z,
Im(Z) is positive definite}. The group Sp(2;R) acts on $, as g - Z := (AZ + B)(CZ + D)~ ! for
ZeH, g= (’2 g) € Sp(2; R). Let x be a one-dimensional unitary representation of I" such that
[I" :ker(x)] < oo. Let Sy j(I", x) be the space of Siegel cusp forms of type (o j, x, 1), i.e., the space
of holomorphic functions f : $, — Ci*1 satisfying (i) f&v-2)=p1,;(CZ+D)f(Z)x(y) for all y =
(’g g) €l, Z €%, and (i) |pr jAM(Z)'/?) f(Z)|cj+1 is bounded on $),, where Im(2)!/2 € SM(2; R)
and (Im(2)'/2)? = Im(Z). We call py ; the weight of the Siegel cusp forms of Sy (I, x). If x is
trivial, Sy ;j(I", x) is simply denoted by Sy ;(I"). It is known that dimc¢ S j(I") (k > 3) is equal to
the multiplicity of the holomorphic discrete series representation of the Harish-Chandra parameter
(j+k—1,k —2) in the discrete spectrum of LZ(I"\G(R)) (cf. Wallach [35]). Our aim is to obtain
explicit formulas for dimc Sy j(I', x). Note that dimc Sy ;j(I', x) =0 if Iy e I', x(=I4) =1, and j is
odd.

2.5. Conjugacy classes

The representative elements of G(R)-conjugacy classes for G(R) have been described concretely in
[25] and [12]. Here, we give a list of these elements. Let

cos 61 0 sin 6 0
. 0 cos 6, 0 sin6y _( cos® siné
@(61,62) = —sin6; 0 cos6q 0 ’ k©) = (—sin@ cos@) ’
0 —sin6; 0 Cos 6,
a 0 O 0 1 0 u O 00 -1 0
~(ob 0 o N_|0 1 0w o1 0 o
pab=lg 5 o1 o |- Sw)=|g 41 9] T=|10 0 of
00 0 b 000 1 00 0 1

Y 0 ' 1 0 01
wz:(o th), WhereT(eGL(Z;]R))satlsﬁemr(o _1>IT:<1 0>.

Let C(y; G(R)) denote the centralizer of ¢ in G(R). The representative elements are as follows:
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(a) Central. y = +l4, C(y; GR)) = G(R).
(b) Elliptic.
(b-1) (regular) y = (i, v) (k(1)?, k()% k()k(v) 3 Iz, k(@) #k(v)), C(¥;: G(R)) = SO(2: R) x
SO(2; R).
(b-2) ¥ = (i, ) (k()? # I2), C(y: GR) = U(2).
(b-3) ¥ = (. —p) (k(w)? # I), C(y: GR) = U, D).
(b-4) ¥ = (1, 0) (k(w)? # I2), C(y: G(R)) =SO(2: R) x SL(2; R).
(b-5) y = (0, ), C(y; G(R)) = SL(2; R) x SL(2; R).
(c) Hyperbolic.
(c-1) (regular) y = B(a,b) (a®,b?,ab#1, a#b), C(y; G(R)) =R* x RX.
(c-2) ¥ =B(@.a) (a® #1), C(y: GR)) = GL2: R).
(c-3) y =+B(@, 1) (@*#1), C(y; G(R)) =R* x SL(2; R).
(d) Elliptic-hyperbolic.
(d-1) (regular) y =a(, 0)B(1,a) (k()* # Iy, a* #1), C(y; G(R)) ZR* x SO(2; R).
(d-2) (regular) y = saa(u, —ww, 'y ' B@,a) (k(w)? # I, a® # 1), C(y; GR)) =R} x
S0(2; R).
(e) Unipotent.
(e-1) (principal) ¥ = £8(u, 0)mm128(1, — D, ', ' (u==£1), C(y; G(R) = {£1} x R,
(e-2) (subregular) y =+8(u, u) (u==£1), C(y; GR)) = 0(2; R) x SM(2; R).
(e-3) (subregular) y =+8(1,—1), C(y; GR)) = 0(1,1; R) x SM(2; R).
(e-4) (minimal) y = £8(0, £1), C(y; G(R)) = {£1} x (SLZ; R) x (R x R?)).
(f) Quasi-unipotent.
(f-1) ¥ = +a(0, 7)8(0, u) (u = =£1), C(y; G(R)) = {*1} x R x SL2; R).
(f-2) y = +a(0, )8(1,u) (u==£1), C(¥; GR)) = {£1} x {£1} x R2.
(f-3) y = mmna(n, —wwy o) '8, u) (k()? # I, u ==£1), C(y; G(R)) =R x SOQ2: R).
(f-4) y = +a(u, 0)8(0,u) (k(u)® # I, u==1), C(y; G(R)) = {1} x R x SO(2; R).
(g) Hyperbolic-unipotent.
(g-1) ¥ =£8(a, D8O, u) (a2 #1, u==£1), C(y; GR)) = {£1} x R* x R.
(g-2) y = B@,a Hwdu, —ww, ' (@ #1, u==1), C(y; GR) ZR* x R.

3. General arithmetic formula

In Section 3.1, we give the general arithmetic dimension formula (Theorem 3.1) for dimc Si j(I").
In Section 3.2, we give a formula (Theorem 3.2) that is a modified form of Theorem 3.1. We use
Theorem 3.2 to derive explicit dimension formulas for I'*(N), I"(N) (N > 2), and Ip(p) in Sections 6
and 7.

3.1. General arithmetic formula for dimc Sy j(I")

We explain some notations used in Theorem 3.1. Let {y}r denote the I'-conjugacy class repre-
sented by y. Let C(y; ') =C(y; G(R)) N I'". Let y be an element of I", which is G(R)-conjugate to
one of (a) central, (b) elliptic, (f) quasi-unipotent, and (e) unipotent elements, except for the princi-
pal unipotent elements and the elements G(Q)-conjugate to j:(’g 152) det(S) < 0, —det(S) ¢ (Q*)2.

The contributions of such ys appear in the dimension formula. For each y, we will later define a
closed connected normal subgroup Co(y; G(R)) of C(y; G(R)) and a certain integral Jo(y;s) with
a parameter s. We set Co(y; ") = Co(y; GR) NI and Jo(y) = Jo(y;0). We will later fix a Haar
measure on Co(y; G(R)) for each y. The subgroup Co(y; G(R)) has the following three properties:
(i) Co(y; G(R)) does not have compact semi-direct factors, (ii) vol(Co(y; I")\Co(y; G(R))) < 400, and
(iii) [C(y; ) : Co(y; I')] < +o0. For each y, we set

Ylr={y €T vs=v. Co(y'; GR)) = Co(y; GMR)), and C(y'; G(R)) = C(y; G(R))},

where y; (resp. /) is the semisimple factor of the Jordan decomposition of y (resp. y’). We call
the set [y ], the family represented by y. Note that Co(y’; I') = Co(y; I') for any y’ € [y]r. Let ~
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denote the equivalence relation defined by I"-conjugations for each family [y ], of (e). Let [y]r/~
be a complete system of representative elements of the equivalence classes in [y]r. We set ¢, j =
27673k —2)(j+k —1)(j + 2k — 3). Let Z(I") be the center of I" and #(Z(I")) the order of Z(I").
For a subgroup C of Sp(2; R), we set C = {14} - C/{%I4)}.

Theorem 3.1. Ifk > 5 and I satisfies Assumption 2.1, then we have

dimc Sk’j(F)

Ck.j ) vol(Co(y; M\Co(¥; GR)))

T2 G € D) s Colys ]

Jo(y)

. I(Co(y; M\Co(y; GR)) . /
k. j Z:vo(o()’ NColy: GR)) lim Y Jo(r's)

M) [C(:D):Coly: )] st

vir y'elylr

Joy';s)
[C(y;T):Coly’s DT

Ck,' .
+ m [Z‘ vol(Co(y; IM\Co(y; G(R)))sllmo | 3
vir y'elylr/~

where in the first term, {y } r runs over the set of I"-conjugacy classes of (a) central and (b) elliptic elements
in I"; in the second term, [y ] runs over a complete system of representative elements of I"-conjugacy classes
of families of (f) quasi-unipotent elements; and in the third term, [y ] runs over a complete system of rep-
resentative elements of I'-conjugacy classes of families of (e) unipotent elements, except for the principal
unipotent elements and the elements G (Q)-conjugate to :I:('g 152) det(S) < 0, —det(S) ¢ (Q*)2.

Next, we provide the definitions and evaluations for Co(y; G(R)), Jo(y¥;s), and the limits in The-
orem 3.1. We set

k.j L (voZ=Z\7
Hy ' (Z)=1tr| px j(CZ+ D)™ px.j o Pr (Y |

Z:<Z1 Z12>’ X:(Xl X12>’ Y:(yl }/12>7
212 22 X12 X2 Y12 Y2
dZ =det(Y)3dXdY, dX=dxidxi2dxa, dY =dy;dy2dys,

for Z:X+iYef)2,)/:(?g

function Hg’j(ilz) (g € G(R)) is called the spherical trace function (cf. [36, Chapter 6]). We define the
integral Jo(y;s) as

) € G(R), where dx, and dy, are the Lebesgue measures on R. The

Jo(y;s) = / HY (2ywv(y: 2,9)d2,
Co(y;GR)\H2

where dZ is an invariant measure on Co(y; G(R))\$2 induced from dZ and a Haar measure on
Co(y; G(R)). We will later define the function v(y; Z,s) (Z € $2, s € R.g), which is invariant under
the actions of Co(y; G(R)) on Z € $),, for each family [y]r. The function v(y; Z,s) is called the
dumping factor. For all y of (a) central or (b) elliptic elements, we set v(y; Z,s) = 1. Hence, in these
cases, Jo(y;s) is a constant with respect to s, which we denote simply by Jo(y). We note that

H)(Z) = (=1)H}!(2) and Jo(—y:5) = (1) Jo(y: ).
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(a) Central. Co(£w(0,0); G(R)) = G(R).
Jo(«(0,0)) = c,;} x2 073 x G+ DKk =2)(G+k—1)(+2k—3).
(b) Elliptic. Let ¥ be an elliptic element in I". There exists an element g € G(R) such that g7y g =

a(u, v). We give an explicit form of Jo(a(u, v)). If we change y — ¥y~ (u — —u, v — —v), then
our descriptions will be the same as those in [24] and [12]. Let - < u, v < 7.

(b-1) p# £v. pu,v#0,7. Cola(u, v); G(R)) = {I4}.

Jo(a(pe, v))

_ -1
- Ck,j x (eiﬂ _ efip.)(eiv _ efiV)(ei(quv)/Z _ efi(,bc+v)/2)(ei(;t7v)/2 _ efi(ufv)/Z) :

elk=2)ppi(jHk=Dv _ pi(jrk—Dp i k=2)v

(b-2) pp=v. p,v#0,7. Colar(p, w); GR)) = {I4}.

B -+ ])ei(j+2k—3)lt
Jo(ar(u, W) = ¢} x

(efM _ e*ill)3

(b-3) w=—v. ,v#0,7. We set o/ (i, — ) = w2 (L, —u)w{lw]’].

a 0O0b O
0 a 0b ~

Co(e' (e, =) GR) =1 | g i o |iad—be=1p=s12R).
0 c 0 d

For o = (gs) = (:)Ll’)(gvgl)(fgisnee CS:)ZZ) € SL(2;R), we take the Haar measure da =

2v—3dudvdd on Co(e' (1, —t); G(R)).

—(j + 2k — 3)(elU+Dr _ =i+ Du)y
ZZJTZ(EW _ efi/dc)B

Jo@' (=) = x

(b-4) v=0. u#0,m.

Co(er(,0); G(R)) = cad—bc=1} ZSL(2: R).

O OO~
o o9 O
o = OO0
QU O T O

We take the measure do on Co(a (i, 0); G(R)) (cf. (b-3)).

—(j+k—1)e'E=DH 4 (k — 2)elUHk=Du
23712(ei“ _ e—iu)(eiuﬁ _ e—i,u/z)z

Jo(er(1e. 0) = i} x

(b-5) v=0. u=m.

a 0 b O
0 d 0D ad —bc=1 -

Co(Ot(ﬂ, 0); G(R)) = co0doldd-be=1(" SL(2; R) x SL(2; R).
0 ¢ 0 d
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We take the measure on Co(x(7r,0); G(R)) by the direct product of da (cf. (b-3)).

=D¥G +k =1k =2){1 + (=1}

Jo(a(m,0) =} x ST

(e) Unipotent. The notations Pg(Q), Mo(Q), No(Q), and h;, have been defined in Section 2.3. Let
y (e I') be an element that is G(Q)-conjugate to §(S) = (é 152) where S is a non-degenerate sym-

metric matrix over Q. We easily observe that {y},r has a non-empty intersection with tho(Q)h,;1
for a certain m. Here, we replace hy,, with g. Let L be a lattice in SM(2; R), which satisfies

[8(T); Tel}=NoR)Ng~'I'g.

The lattice L has a Q-structure. We have gPo(Q)g~! = (gMo(Q)g™ 1) - (gNo(Q)g™ 1), gMo(R)g~ ! =
GL(2;R), and gNo(R)g~! = SM(2;R). By Assumption 2.1, the equality gPo(Qg ' N I =
(gMo(@g™'NT) - (gNo(@g ™" NT) holds.

(e-2)

(e-3)

Consider the element y = g8(S)g~! e I' for the case where S > 0 or S < 0. Here, we write
S > 0if S is positive definite and S < 0 if S is negative definite. We set

Co(y: GR)) =g{8(X); X e SMZ; R)}g ™!
and v(y: Z,s) = det(Im(g~" - Z))"5. As a coordinate of Co(g™'yg: G(R))\$2, we fix {iY €
$2; Y > 0}. We take the Haar measure on Cp(y;G(R)) such that dZ is transformed to

(detY)~3dY by the g-conjugation. An evaluated form of Jo(y;s) is given by

pETi(—3-25)/2

(det 5)s+3/2 ’

G+1
2372

Jo(y:s) = {c,;} x +o(s)} x

where the sign is + (resp. —) if S <0 (resp. S > 0), o(s) is a function such that o(s) — 0
(s > +0) and o(s) is independent of S. The family [y ], is given by

[yl =g{8(T); TeL, T>00rT <0}g~".

We identify gMo(R)g~! with GL(2;R) under an isomorphism. Let I" = gMo(Qg~' N I,
GLL(2;R) = {g € GL(2; R); det(g) > 0}, and Iy = I' N GL;+(2; R). From the argument given in
[25, p. 242], we obtain

3 Jo(y'ss) 1, Ut vol(I'4\$1)

lim — — =Cj X 53 ——— X
T lCs D Colys O] 2% [F Ty vol(L)

s—>+0
v'el

’

where 1 is the upper half-plane {z € C; Im(z) > 0}, the measure on $); is given by y~2dxdy
for z=x+1iy, and vol(L) = fL\SM(z;R) dX. The value vol(I";\$1) comes from the residues of the
zeta functions associated to symmetric matrices of degree two (cf. Section 5). For the calcula-
tion of the residues, we refer to [28, Theorem 2], [1, Proposition 1], [12, Proposition 5-1], and
[27, Theorem 1].

Consider the element y = g8(S)g~! € I" for the case where S is indefinite and det(S) # 0. If
—det(S) ¢ (Q*)?, then the contribution of y vanishes (cf. Section 4.13). Hence, we consider
only the case —det(S) € (Q*)2. This case occurs only if G(Q) is split. Let —det(S) € (Q*)2.
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Then, we set
Co(y; GR)) = g[8(X); X e SM2; R)}g~".

We set v(y; Z,s) = (v} ' det(m(g™" - 2))) for y* <y} and v(y;Z,s) = (y; ' det(Im(g~" -
Z)))~S for y% < y%, where Im(g™! - 2) = (;:] );13)
12 72
fix {iY € $72; Y > 0}. We take the Haar measure on Co(y; G(R)) such that dZ is transformed to

(detY)~3dY by the g-conjugation. An evaluated form of Jo(y;s) is given by

. As a coordinate of Co(g~ 1y g; G(R))\$z2, we

1
|detS[3/2°

(G+1
2372

]0()/;5)={—C,;}X +o(s)}x

where o(s) is a function such that o(s) — 0 (s — +0) and o(s) is independent of S. We set
L'={T e L; T is indefinite, —det(T) € (Q*)2}. The family [¥1r is given by

Yl =g{s(T); Tel'}g".

Let By (1 <u<t)be an element in SL(2; Q) such that {8, - co; 1 <u <t} is a complete system
of I -inequivalent cusps for I} \$;. Let L'/~" denote a complete system of representative ele-
ments of I'y-orbits in L’. By [12, Lemma 5-2], there exist positive rational numbers ¢, and d,,
such that

t
L'/~ = U {,Bu (5?2 S;;) 'Buel;sipeliy, s2€ quu(sn)} (disjoint union),
u=1

where Ly, = {dyn; n € Z~q}, Lyu(s12) is a finite subset depending on sy in Q, and
(L4 (dyn)) = cyn. Then, we have

. t
’; 1 1

lim E — ]O(V_’ 9) = —ck_l. X (]:_ ) X ——— X Z C_’;
$7H0 L oy L€ D) s Co(y's 1)) 243 iy d3

u=1

If ' =Sp(2;7Z), we have t =1, d, =1, and ¢, = 2.
Let ¥ be an element of I", which is G(R)-conjugate to §(0, +1). This case occurs only if G(Q)
is split. There exist g € G(Q) and A € Q (A % 0) such that y = g8§(0, 1)g~!. We set

a 0 Db 0 1 0 0 ¢
. _ 0100 s 1t u | dd-bd=1| 4
CO(V’G(R))_g ¢ 0 d o 0 01 —s) s tuekR
0 0 0 1 000 1

and v(y;Z,s) = 1. We take the Haar measure on Co(y;G(R)), which is transformed to
dadsdtdu by the g-conjugation, where do is the Haar measure on SL(2; R) (cf. (b-3)). Then,
an explicit form of Jo(y;s) is given by

v o1 U+EDG+2k-3) 1
Jo(y:s)= G j % 2574 X W
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The family [y]r is given by

[yl =g{6(0,n); nebZ, n#0}g",

where b € Q (b > 0). Hence, we have

Jo(y'ss) 4 (DG +2k=3) 1

lim E = - =—Cp i X X —.
- . JJ 5.3..2 2
so40, LGy D) Co(ys D] 3.7 b

(f) Quasi-unipotent.

(f-1) Let y be an element of I", which is G(R)-conjugate to ¢ (0, 7)58(0, £1). This case occurs only if
G(Q) is split. There exist g € G(Q) and A € Q (A # 0) such that

1 0 0 O
o =10 ) 4
Y=%lo o 1 o |®
0 0 0 -1
We set
a 0b 0
i _ 01 0 ul dd-bd=1|
Co(y;GR)) =g o0 d ol uer
0 0 0 1
and v(y; Z,s) = (yi ' det(Im(g™" - 2)))~%, where Im(g~! - Z) = (;’,} 5;72) We take the Haar
12 72

measure on Co(y; G(R)), which is transformed to do du by the g-conjugation, where do is the
Haar measure on SL(2; R) (cf. (b-3)). Then, an evaluated form of Jo(y;s) is given by

(_1)k72(j 4+ k— 1) — (_1)j+k71 (k -2) esgn()\)rri(SJrl)/Z

2673

Jo(yss) = {C,:} x +o(s)} x

|)\|s+1 ’

where o(s) is a function such that o(s) — 0 (s — 40) and o(s) is independent of A. The family
[y1r is given by

100 0

. 0 -1 0 b(n+a) | neZ, _1

Ylr=g1lo0 o 1 o "n+a#0 (&
00 0 -1

where ae€ Q (0<a<1)and be@Q (b > 0). From the argument given in [12, p. 442], we obtain

. by D2k =) = (=) (k—2)  —1+4i-cot*ra
Jimy D Jo(r'ss) =6 > % 2 R
y'elylr

where cot* 6 =cot6 (0 ¢ Zm ), 0 (6 € Zr).
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(f-2) Let y be an element of I", which is G(R)-conjugate to o (0, 7)8(1, £1). This case occurs only if
G(Q) is split. There exist g € G(Q) and A1, A2 € Q (A1, A2 #0) such that

1 0 » O
o =1 0 x|
Y=&lo o 1 o |% -
0 0 0 -1
We set
10 u O
01 0 u _
Co(y:iGR)=81|o o 1 o |it11-u2€R g™
00 0 1

and v(y: Z,s) = det(Im(g~! - Z))~*. We take the Haar measure on Co(y; G(R)), which is trans-
formed to duj duy by the g-conjugation. Then, an evaluated form of Jo(y;s) is given by

(_1)k72 _ (_1)j+k71 +o(s) esgn()q)m'(s+1)/2 efsgn()\z)ni(erl)/Z
X X s
247-[2 |k1 |s+1 |)»2|5+1

Joy:s) = {c,;} x

where o(s) is a function such that o(s) — 0 (s — +0) and o(s) is independent of A; and A,. The
family [y]r is given by

l
[¥1r=JeR®g™" (disjoint union),

t=1
1 0 bi(n+are) 0
R(t) = 0 -1 0 ba(ny+azy) | m,nxeZ,
0 0 1 0 ny4are,ny+axe#0
0 0 0 -1

where aq ¢, az¢,b1,b2 € Q (0< ayr,az¢ <1, by, by > 0). From the argument given in [12, p. 442],
we obtain

] 3 (_-l)k—Z _ (_-l)j—H{—] 1

lim Ls)=c ! —

s—+0 Z ]O(V ) k.j x 24 x b1b2
v'elylr

I
x Y (1 —i-cot*zay ) (141 cot* waz),
t=1

where cot* 6 =cot6 (0 ¢ Zr ), 0 (6 € Zr).
(f-3) Let ¥ be an element of I', which is G(R)-conjugate to ;w2 (u, —M)wz_larf]zS(u, u)
(k(w)? # I, u = +1). There exist g € G(R) and A € Q (1 #0) such that

cos® sinf Acos® Asind

| —sinf cos® —Asing® Acos6 | _q
y=2& 0 0 cosf siné@
0 0 —sinf  cos6
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We set
1 0 u O
010 u _
Co(y:G®)=81|g o 1 o ucRpe™
0 0 01

and v(y; Z,s) = det(Im(g ! - Z))~°. We take the Haar measure on Co(y; G(R)), which is trans-
formed to du by the g-conjugation. Then, an evaluated form of Jo(y;s) is given by

_elG+10 4 g—i(j+10

27 (eie _ efi0)3

esgn(k)ni(25+])/2

Jo(y:s) = {ckj} x +o<s>} x

|)»|25+1 ’

where o(s) is a function such that o(s) — 0 (s — +0) and o(s) is independent of A. The family
[y1r is given by

cosf® sind b(n+a)cosé b(n+a)sind

. —sinf® cos® —b(n-+a)sind b(n-+a)cosh
vir=8 0 0 cosé sinf
0 0 —siné cos6

ineZ n+a#0pg ",

where ae Q (0<a<1)and b € Q (b > 0). From the argument given in [12, p. 442], we obtain

elU+10 _ o—i(j+16 1 _j.cot*a
lim 1S) =G X g ¥ ’
iy Z Jo ()/ ) k,j 2(eif —e—i0)3 b

where cot*6 =cot6 (0 ¢ Zm), 0 (6 € Zm).
Let ¥ be an element of I", which is G(R)-conjugate to o (i, 0)8(0, £1) (k(0)? # I). This case
occurs only if G(Q) is split. There exist g € G(R) and A € Q (A # 0) such that

cos# 0 sind O
B 0 1 0 |
V=8| _sing 0 coso 0]% -
0 0 0 1
We set
1 000
01 0 u _
Co(ric®)=g1|o 0 1 o | ucR{&"
0 0 0 1
and v(y; Z,s) = (yi " det(Im(g™" - 2)))~%, where Im(g~! - Z) = (;:3 5;72) We take the Haar
12 72

measure on Co(y; G(R)), which is transformed to du by the g-conjugation. Then, an evaluated
form of Jo(y;s) is given by

_ei(k—2)9 + ei(j+k—1)9 esgn()Ti(s+1)/2

27T (eie _ efié)(eie/z _ efi9/2)2

Jo(y;s)={ckf} x +o(s)] x :

|)\'|S+1

where o(s) is a function such that o(s) — 0 (s — +0) and o(s) is independent of A. The family
[y1r is given by
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cosd® 0 sind 0

0 1 0 b(n+a _
vir=g —sind 0 cosH (0 ) ineZ nta#0pg,

0 0 0 1

where a € Q (0<a<1)and be @ (b > 0). From the argument given in [12, p. 442], we obtain

ei(k72)9 _ ei(j+k7])0 1—1i-cot*a
l. ’ = _]. - — n -
S_I)Toy/g] JO(V ’ S) Ck,] x 2(310 —e—i0)(elf/2 — e—10/2)2 x b ’
r

where cot* 6 =cot6 (0 ¢ Zm ), 0 (6 € Zr).
3.2. Normal subgroups and unitary characters

Let I'' be a normal subgroup of I" such that [I": '] < +00, and x be a one-dimensional unitary
representation of I'” such that [I"" : ker(x)] < oo. Using Hz’flyg(Z) = H’)‘,”(g -Z) for any y, g in G(R)
and the Godement formula (Theorem 4.1), we can easily modify Theorem 3.1 under some conditions.

Theorem 3.2. We assume that x () = 1 for every unipotent element y € I'" and x (8~ 1y 8) = x (y) for any
yel’, §el'.Ifk>5and I satisfies Assumption 2.1, then we have
dime S (I, x)

_ [T I’ 3 vol(Co(y; IM\Co(y; G(R)))
2T L i) Cotyi D]

JoHx)™!

(rer’ 1(Co(y; I)\Co(y; G(R , ,
k| ]Zvo(o(y NCo(y ()))X(y)_1s£r£10 Z Jo(y's5)

§zam) g [Cys 0 :Colys D] Ve
Chj- [T :T7] . Jo(y'ss)
- 1(C ; IH\C ;G(R 1 = = )
F iy DG E®) I, X g

vir Y'eylp/~
where in the first term, {y } - runs over the set of I"-conjugacy classes of (a) and (b) in I"’; in the second and
third terms, [y 1+ runs over a complete system of representative elements of I"-conjugacy classes of families
of I'', same as that in Theorem 3.1. The equivalence relation ~ is defined by I” -conjugations. In (e) Unipotent,
for g =hy, of I, L is a lattice that satisfies {§(T); T e L}=No(R)Ng ' IMgand I' = gMo(Q)g~ ' N T.

Note that we can assume I’ = I" in this theorem. In the case of I’ = I', for any character , it is
clear that x(8~'y8) = x(y) for any y, & in I". On the other hand, there exist unitary characters ¥
that do not satisfy x (y) =1 for every unipotent element y € I".

4. Proof of Theorem 3.1

4.1. Godement formula

AB

For Z=X+iY e $H, andy:(CD

)eT, we set

A Zz-Z\!
H’;,’]'X(Z)=tl‘|:/0k,j(CZ+D)_l/)k,j<yT> Pk,j(y)]X(J/)_l-
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If x is trivial, then we have H’;,’j(Z) = H’;,’j’X(Z) (cf. Section 3). Let k > 5. It is known that the func-
tion HQ‘,’I’X(Z) has the following three properties: (i) Hf,”(g -7) = ’” oD for any y, g in G(R),
(ii) |ZV€F ch/,j.x (Z)| is bounded on the fundamental domain of I, and (iii Zyer |H’;,] X(Z)| < +oo.

We note that fr\f;z Yyer |Hl;,’j’X(Z)|dZ = +oo and fr\f;z dZ < +oo for any arithmetic subgroup I.
Godement obtained the following formula (cf. [8, Expose 10, Théoréme 8]). In order to prove The-
orem 3.1, we calculate the right-hand side of this formula for the trivial character .
Theorem 4.1 (Godement). If k > 5, then we have
: k,j.x
dimc S j (I, x) = / Hy " (2)dZz.
o <Z<r)> Z

mney ¥

4.2. Siegel sets

We set
* ok k% * 0 x x
* ok ok % * ok k%
Po@=1|g o » »|ecc@t. P@=3|I 5 I|ec@
0 0 % =x 0 0 0 =«

If G(Q) is Q-split, G(Q) has the maximal parabolic subgroups Po(Q) and P1(Q) and the Borel sub-
group Po(Q) N P1(Q) up to G(Q)-conjugation. If G(Q) is not Q-split, G(Q) only has the parabolic
subgroup Po(Q) up to G(Q)-conjugation. We set G(Q) = U,‘{Zl I'gn(Po(Q) N P1(Q)) (disjoint union)
if G(Q) is Q-split, and G(Q) =, _; I'g:Po(Q) (disjoint union) if G(Q) is not Q-split.

It is well known that there exists a Siegel set ¥ for I and {gy};_;. We put 2, ={Y €
SM(2; R); Y > 0}. The Siegel set X of I" is given by

Y={Z=X+iYeHy; XeW, Y eR},

where W is a compact subset of SM(2;R), R = {(y}u?)(’:)l ;/2)(1 ylz) €22 Y, €W, a< By <
y5} for certain positive constants o and 8 and a compact subset W’ in R if G(Q) is Q-split, and
R={aeR;a>a'} x W for a certain positive constant &’ and a certain compact subset W' in
{x € £2;; det(x) = 1} if G(Q) is not Q-split. We know that U;;:1 gp X is a fundamental set of I"
and contains a fundamental domain F of I' in $3. We can divide the fundamental domain into

F =Up_; Fn (disjoint union) such that g;'F, C 2.
4.3. Lemma for absolute values

By using Lemma 4.2, we can reduce the problems of absolute convergence to the scalar-valued
case.

Lemma 4.2. There exists a constant c’(j), which depends only on j, such that
k,j .
|Hy (2)| < () x [HE (2)).

The constant c’(j) is independent of y € I and Z € $);.
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Proof. We set

/ 1 g il —g 1 ih\
K(g.g)=1J(g ,llz)pk,j< 5 ) J(g i),

where J(g,Z) = oy, j(CZ + D)1 for g = (/é g) € Sp(2; R), Z € $Hr. We can easily observe that
tr(K(g 'y g, 1) = tr(K(g 'y~1, g)) = HY (g - ily) (cf. [8,24]). By using the Cartan decom-

position, for any g € G(R), we have g = hah’, where h,h’ € U(2) and a = diag(a1,a2,a1_1,a2_l),
(ay, a; € R*). Then, we have

ler(K ((hah') ™", 12))| = |er(C T, 1)1 J (', il2) i (diag((ar + a7 1) /2, (a2 +a51)/2)) 7).

From J(h,il2), J(H',il) € U(2) and |a; +a; ', lap + a5 '| > 2, we deduce

|H (1)] < ') x |det(diag((ar +a7")/2. (a2 +57)/2)) ™| =¢'(i) x [HE (i)

where g = hah’. Thus, we have proved this lemma. O
4.4. Estimates of infinite series

Let I'% =T NPy(Q) and I'L, = ' N P1(Q). If G(Q) is not Q-split, then we set P1(Q) = ¢
and 1’01o = (. Let Iy, be the image of I" N Po(Q) under the natural projection Po(Q) — Mo(Q) =

Po(Q)/No(Q). Then, I'y, is an arithmetic subgroup of Mo(Q). As a generalization of [5, Satz 1], [25,
Section 4], and [1, Proposition 6], we get the following.

Lemma4.3. etk > 5and Z = X +iY € X. We have the following inequalities:

S HY @) < Crjira x y1¥3, (4.1)
yerdnrl

Z |H,;</’j(Z)| <Crjrz x 1y2)*2, (4.2)
yerg-ri

Y HY @) < Cjrs x yiY3, (43)
yerh-rg
S @] <G [ Gt (@0

yer—(rgurl)

where the positive constant Cy j 1 (I =1, 2, 3, 4) depends only onk, j, and I". If G(Q) is Q-split, then we have
J5 ¥1'¥52dZ < +oo for a4+ az < 3 and a; < 2. If G(Q) is not Q-split, then we have [+ (y1y2)>?5dZ <
400 for s > 0.

Proof. By Lemma 4.2 we may assume j = 0. By using the proof of [25, Proposition 23], we can eas-
ily prove (4.1) and (4.2) for any arithmetic subgroups. Hence, we consider (4.3) and (4.4). If G(Q)
is not split, then we can easily prove (4.4) for any arithmetic subgroups by using the proofs of
[1, Lemma 7 and Proposition 6]. Hence, we have only to consider the case when G(Q) is split. We set
S = {(2‘ g) € I'; det(C) #0}, and S = {(’g g) € I'; rank(C) = 1}. We take a lattice L” in SM(2; R)
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such that Nj = {8(S); S € L”} and ré c Ng - I'yi,. It follows from [5, Kapitel II] and [25, Proofs of
Propositions 21 and 22] that

Z ‘H’J‘,’j(Z)| < constant
VESH

—k+3/2

xS Y |det(Y + Ulm(y - 2)'U)| |det(CZ + D)| ™ det(y)*

VG(N{)/-I"MO)\Sr Uely,

for r =1,2, where y _( ) Using [5, Hilfssatz 2 and pp. 86-87] and the method proposed by

Braun [4], for S, we see that Zye& |H], (Z)| < constant x det(Y)*X. Furthermore, for S,, we
can use an argument similar to that in [5, pp. 70-86] and [5, pp. 13-18]. Therefore, we have

ZyeSz |Hy (Z)| < constant x y3 —k 2 and Zyesz ry |Hl (Z)| < constant x y, k+7/2y§/2.

If X—Y >0 (X,Y € £,), then we write X > Y. Let u, ¢1, and ¢ be arbitrary positive constants.

We set 92(1, 61, 62) = (X +/=1Y € 92; Y > plz, y2 > g1¥1 2 621y12l}). There exist u, ¢1, and ¢
such that ¥ C $2(u, 61, 62). (4.5) is a generalization of [25, Proposition 24].

Lemma 4.4. Let k > 5 and Z = X + iY € H2(U, 61, §2). Then, there exist constants C] kit cr o and
C;/k poct.coT depending only on k, j, |4, ¢1, ¢2, and I" such that
k] 7 c 45
Z Z VIVZ()< k,j,;,61,62, 1 ()
y2e(No(@NIM\IL V1€WNo(@NI)
k j
Z Z Vle(Z)’ k 61,62, 1" (4.6)

y2€(No(@NIM\I'L ' V1€No(QNI)

Proof. Let £ be a lattice of SM(2; R) such that No(Q) N I" = {8(S); S € L}. We use a certain Poisson
summation formula to prove this lemma. For x € SM(2; C), M € GL(2; C), by using [7, Theorem XI.2.4],
we can set tr(pog, j(xM)) = th:1 al(M)AmI(g,x[g,)det(xM)", where gy € GL2;R), aq (I=1,...,t) are
polynomials for the entries of M, and Ap, are defined in Section 5.1. Here, the degree of the polyno-
mial Ap, is equal to j for x. From [7, Lemma XI.2.3], classical methods, and an argument similar to
that in Section 5.1, we obtain the following Poisson summation formula:

S trlpe(((v -2 —Z+9)/2i) 'Y€z + D))}
Sel
t

= > Y by-a(M)det(M)* - Ap (T g) det(T)* 32 exp(2rite(T(y - Z - 2))).
TeL*N$2y I=1

where M=Y(CZ+ D) !, y = (’2 g), L* is the dual lattice of £, and b; is a constant depending on |
(cf. Section 5).
First, we prove (4.5). We set

I= > l > Wz(z)‘

y2e(No(@NIN\IL Y1ENo(@NT

- ¥

Y2€(No(@QNIM\T

S tr{o (AZFA—Z +5+57)/2i) " Y LA},
SeL
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I 5’)(A 0

where y, = ( ¢ 1) (o eam

). By using the Poisson summation formula, we get

I < constant x Z Z |f(AY,T)] det(TY)¥ exp(—2m tr(T(AY'A+Y))),
AEFMO TeL*N§2;

where f(A,Y,T) is a polynomial for the entries of A, Y, and T and its degree is j for each A,
Y, and T. Since Y > uly, we have tr(T(AY'A + Y)) > tr(TY) + utr(TAtA). We put T = (;12 ‘;22).
Since T € L£* N £2;, there exists a positive constant & such that t; > & and t; > &. Hence, we deduce
lt12] < (t1t2)/2 < £71|t1t5| from det(T) > 0. We also deduce y1 > i, y2 > i, and |y12| < = [y1y2]
from Y > plp. We put A= (Z; 32) There exists a polynomial f; for |aiql, |aiz|, laz1l, lazz| such that
f(A,Y,T) < constant x (t1t2y1Y2)? x fi(la11l, lai2], laz1], lazz2|). Hence, we get

I < constant x Z (t1t2y1y2)) det(TY)¥ exp(—27 tr(TY))
TeLl*N§2,

x Y fi(lal, laial, laz1], lazz|) exp(—27 e tr(TA* A)).
AEFMO

Therefore, we can reduce this proof to the proof of [25, Proposition 24].
Next, we prove (4.6). We set

-y

Y26(No(@QNIM\IL,

- ¥

Y26(No(@NIA\TY,

y
> e

Y1eNo(@NI

S tr{oi(((r2-Z = Z+8)/2i) ' Y(CZ+ D)},
SeLl

By using the Poisson summation formula, we get

I' < constant x Z Z I£/((CZ + D)~ Y. T)| det(TY)*
y2€(No(@NIM\IL TEL*NS2,

x |det(CZ + D) ™| exp(—27 tr(T*(CZ + D)~'Y(CZ + D)~ ' + TY)),

where f’ is a polynomial for the entries of (CZ+ D)~!, Y, and T and its degree is j for each (CZ +
D)1, Y, and T. We put

V2==%

o0 ¥ Q
o O = O
oQa x T
-3 ¥ %

Then, we have

-1 11 —(cz12+n)
(CZ+ D) ' ==+(cz1 +d) (0 o )

Since Y > wul, we have

tr(T"(CZ+D)'Y(CZ+D) ' +TY) > utr(THCZ +D)"'(CZ+ D)™ ") + tr(TY).
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By direct calculation, we have
tr(T'(CZ+D)~'(cz+D)™")

= |cz1 +d|7 x {t1 — 2(cx12 + W12 + (Jcz1 +dI* + [czi2 +n|?)t2}

_ _ _ 2
=|cz1 +d]| 2 x {Czy%ztz +t, 1 det(T) + fz(n +Cx12— 1ty ltu) + |czq +d|2t2}.

Therefore, we get

I’ < constant x Z (t1t2) (y1y2)% det(TY)k exp(—27 tr(TY))
TeL*N§2,

B n+cx 1 In+cxi2 — t5 't12]?
« XX tenrartp( e Jesp(~2men 2 20,

geN"\I"" nep'Z |CZ] +d| ' |CZ1 +d| |CZ] +d|2

ab

cd

{((1) “;’”); neZ}Cr”, and f{(a,b') is a polynomial for a’ and b’ (deg(f;) < j).
We consider the infinite series

where g :( ), ' is an arithmetic subgroup of SL(2;Q), ' and w” are constants, N’ =

I = Z In+ a1/ exp(—B(n + a1 — a2)?)
new'z

for constants t € Zxg, a1, o2 € R, and g € R.o. We have

t

I} < constant x Z oz |t Z In|' exp(—ﬂnz)

1=0 nea;—o+u'7Z
by change of variable. Hence, we get
t
I} < constant x Z oz |t
1=0
|2 | (12
X { o7 exp(—1/2) (2’ﬁ +2/L/> + 18|~ HD/2 / Ix' exp(—x?) dx}.
R

Therefore, we obtain

I'<constant x Y (t1t2)* (y1y2)* det(TY)* exp(=27 tr(TY)) Y ezg +d| 7,
TeL*N$2, geN"\TI""

if we set @1 =cx12, 003 = tz’ltu, and B =2m&u|czy +d| =2 for I/l.
We shall explain an evaluation for de,\,//\pu |cz; 4+ d|~**1. If c =0, then we have d = +1 and
|cz1 +d| = 1. We also have
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B —(k=1)/2
Y. lemtd™ < 3 Y jdren? e[
gEN”\F”,C;ﬁO CeKlz,C;ﬁodEKZZ

< constant x Z |c|_kJr2 < constant
cek1Z, c+0

(cf. [25, Lemma 5]). Hence, we have deNN\r” lcz1 + d) %1 < constant. Therefore, we obtain
I’ < constant x Z (t1t2)H (y1y2)% det(TY)K exp(—2m tr(TY)).
TeL*N$2,

y1 0

A yz)' Hence, we

Since ¥, > ¢1y1 = ¢21y12|, there exists a positive constant k3 such that Y > K3(
have tr(TY) > k3(y1t1 + y2t2) and

I’ < constant x Z (titay1y2)2itk exp(—2mk3(y1t1 + yat2)).
TeL*NS2

Since t1t; > t2,, we have
I < constant x Z (t1t2y1y2) 4 exp(—27 i3 (y1t1 + Yat2)).
t1€k47~0, tr2€K5 L~

Hence, we have

2j+k+1

I" < constant x (y1y2) exp(—mk3E(y1 + y2))

x Yo @) exp(—mis s +12).

t1€k47~0, tr€K57~0
Thus, we obtain (4.6). O

4.5. Interchange of the integral and the infinite sum

We set

o= (g5 gn)y — (& ' Tgn)s  Un1= (g7 gn)les
Un2=gy ' Tgn— (g7 Tgn)o, U (gr Tan)l):
(g " F")o,s ={Z=X+iY g, Fn; y1 > exp(1/s), y2 — y7 'y, > exp(1/5%)},
(82" Fa)yy={Z=X+iY eg" Fu; ya—y7' %, > exp(1/5%)},

gn.O,szgn_l'Fn_(gn_l'Fn)oyss 3n.1,s=gn_1'Fn_(gn_l'Fn)]ys» gn,2,5=gn_]'Fn-

Note that gn‘lfgn becomes an arithmetic subgroup of G(Q), §n.2.s does not depend on s, and gn_l .
Fn, C X. The following proposition is a generalization of [25, Theorem 3].
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Proposition 4.5. If k > 5, then we have

Y Hy (2)dz = ZZSETO > /H’f,’j(Z)dZ.

r\s, Yel' VEUnrF s

Proof. Since [ |3, cf Hy'(2)|dZ < 0o, we have

> Hy (2)dz = Z/ZH I(Z2ydz=Y" / > Hy(2)dz.

rsy, Yel vel n=1 -1 f, v g

By using Lemmas 4.3 and 4.4, we have

> HY (2ydz= Z/ 3 Hy(2)dz.

gl Fy yegy ' I'g, ,T]~F yeUnr

By Lemma 4.3, for s > 0, we obtain

3 |HY (@)]dZ < .
Sn,r,s }/Ean,r

It follows from Lemma 4.4 that

lim
s—+0

(&x " Fa)r.s

s—40
(&r " Fo)r.s

Z HkJ(Z)‘dZ constant x lim f dz
yeUnr

x
< constant x lim / y’3 dy =0,
s—+40
exp(1/s%)
where r =0 or 1. Hence, it follows from Lebesgue’s convergence theorem that

/ 3 Hyl(2)dz = llm{ / 3 Hyl(zydz + / 3 H’”(Z)dz}

1 Fy yeUnr Snrs yeAnr (& -1 Fa)rs y€Unr

: k.j

= lim H .

Jm 3 [ #@az
]/GQ[,” Sn,r.s

Thus, we have proved the proposition. O
For each subset A of I, we can consider the value of
k, j
I(A H,'(Z)dZ
<>mwwzsz Y [
vEgn AgnNUnrFnrs

if I(A) is convergent. We call I(A) the contribution of A to the dimension formula.
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4.6. Semisimple contributions

From Lemma 4.2, the proof of Lemma 4.20, [25, Theorem 5], [1, Proposition 8], and [12, Section 3],
we obtain the following.

Lemma 4.6. Let k > 5. Let A(ss) be the subset that consists of all semisimple elements of I". We have
Kj
Dy eAss) fr\saz |HV](Z)|dZ < +oo.

By using Lemma 4.6, Proposition 4.5, and the Selberg trace formula, we have

I(A(ss))=;"7’; > vol(Cy: D\E(v: GR))) / HY (2)d2Z.
PEID i C(y:GR)\$:

The semisimple orbital integrals have been explicitly given by Langlands [24]. Hence, we obtain the
semisimple part of Theorem 3.1.

4.7. Vanishing case for non-semisimple contributions

Next, we consider the elements of types (e-1), (g-1), and (g-2). We prove that their contributions
are zero by Morita’s method [25]. If G(Q) is not Q-split, then I does not contain the elements of
type (e-1) (cf. [1, Proposition 7]), and the set of (g-1) satisfies the absolute convergence, which is the
same as that of Lemma 4.6 (cf. [1, Proposition 8]).

First, we consider the elements of type (e-1). Hence, we assume that G(Q) is Q-split. Let A(el)
be the subset of all elements in I", which are G(IR)-conjugate to the representative elements of (e-1).
We have

e an, XYY Y [ e

rCA(en=1r= ang {V]anmmnrgnrs

where {y}r runs over all I"-conjugacy classes in I", which are contained in A(e1). If we set By, =
{weTl; gilo lywgy € Anr}, then we have

_ ki k.j
I(A(el))_ﬁ(Z(F))sLlTo Z ZZ 2 /Hg?w-lngn(z)dz'

rCA(el)n=1r=0 weC(y; F)\%"TVSnrs

For each F—conjugacy class, we can take a representative element y which belongs to I' N
ngO(Q)gm N ng1(Q)g,;l for a certain m. We fix such y and m. Note that I" N gnPr(Q)gn—l =
gn(gnll’gn)oogn (r=0,1). By [25, Proposition 12], for any gp, we see that € g,y gme (€ €
gm 1I'g,) belongs to (g;ll’gn)go if and only if € belongs to gmll“gn N P-(Q). Hence, for any
g, o 'ywgn € (g7 I'gn), we have g, lwg, € gmngn N Pr(Q). Furthermore, we find that g, wgn
runs over all elements of U,‘1’21 gnjl -C(y; D)\I" - gn in the above sum. Hence, we can use the same
argument as in [25, Proof of Theorem 6] on the basis of these facts and Lemma 4.2, if we prove
Lemma 4.7, which is a generalization of [25, Lemma 13]. Therefore, we have I(A(e1)) =0.

Lemma4.7. Let By s = {X+iY € H2; y1 >0, y2 —y]’lyf2 > exp(1/s2)}. Let s be a sufficiently small positive
real number. Then, there exist positive constants ¢ and c¢’, which depend only on I', such that

U U ?’-‘-(gn_] ’F”)l,csCBl’SC U U é’:’(gn_] 'F”)l,c’s'

n=1¢egy IganP1(Q) n=lgegiIg,
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Proof. We can easily observe that UX:] Ugeg - Fp)1.cs C B1.s. Hence, we have only

-1
2 renpi @6 (8n
to prove By s C U,‘;=1 Usegalrgn £ (g,.,’1 -Fn)1,05. Let W =U +iV € By 5. Then, there exists an element
£ g, I'gy such that W e £ - (g, ' - Fy). We take Z = X +iY € g; ! - F such that £ - Z = W € By 5. We
have only to prove Z € (gn’l - Fp)1.¢s for a constant ¢’ depending only on g;lfgn. By the action of

E= (’C* g), we have Y V =(CZ+ D)~ 'Y(CZ + D)~1. Hence, we have V-1 =(CX+D)Y1(XIC+
tpy+Cytc.
If det(C) #0, then V~! > constant x I>. Hence, we get & - (g7 - Fn) N B1s = .

Let rank(C) = 1. If we set £ = (2 2) = (0,2 ) (A D) () ). € =(50). D'=(0§) X =

PX'P=(1"12),and Y = PY'P = (] '1?), then we get
X2 % Yi2 Y2

1 tyy—1 C]X/l-i-d] C1X/12+d2 /-1 C1X/l+d1 0 C%y’1 0 1
Voo ="H {( 0 dy Y C1X/12+d2 dy + 0 0 H

Therefore, if H ¢ {(: 2) € GL(2; Q)}, then we have vydet(V)~! > ¢” for a constant ¢” and £ - (g;! -
Fn) N By s = (. Hence, we can take & € P1(Q) and & € Po(Q) such that £ =&; x & and the compo-
nents of & and & belong to a certain lattice on Q. We know that Ef] -B1,s C By s for a constant ¢”.
We can reduce this case to the case of C =0.

Let C = 0. Then, we have V-1 =DY~1{D. We set D = (g
d3y1 > constant x yq, then we have Z = X +iY € Fy cs. By (;’112 5;122) = (l ?)(y1 y/z)((l)ll‘), we have
q%yz —2d3dsy12 +d3y1 = y1(ds —uds)® +d3y),. Since Z € g; 1 - Fy C X, we easily obtain the inequal-
ity. O

d
;di)’ If we prove d2y, — 2dsdsy1 +

Since we can also prove the vanishing of the contributions for types (g-1) and (g-2) by using an
argument similar to that of type (e-1), we omit the proof for types (g-1) and (g-2).

We shall explain the reason for I(A(e1)) = 0 shortly. Using the argument in [25, p. 230] and the
above mentioned argument, we can express the contribution I(A(e1)) as

I(A(e1)) = sgm

no> /H’;f(Z)dz,

VIrCAEDE, |

where Fy s is a certain domain satisfying lims_, 1o F, s = F,, and F) is the fundamental domain of
the centralizer of y. Furthermore, we have

/ Hy (2)dz = > / { / (f1(W)W+f2(W))_mf1,m(W)WldW}dW,

Fys l,meZ>0,l+5§m<j+sz _'00

where Fy 5 = (—00,00) x Ds, dZ =dwdW, f1, f2, and f;, are polynomials of W, and fi(W)w +
f2W) #0 (Y(w, W) € (=00, 00) x D). Using [0 (fi(W)w + fo(W))"™dw =0 and the induction
via

o0

T W’ Wl o0 lW171
/ (aw + b)ym dw = |:_a(m — (aw + b)m-1 i|,oo * / a(m—1)(aw + bym-1 dw

(a, b are constants and aw + b # 0), we find that the contribution is zero.
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4.8. Limit formulas and orbital integrals

Before we calculate the contributions for unipotent and quasi-unipotent elements, we explicitly
calculate some orbital integrals. We use limit formulas for unipotent orbital integrals on real semisim-
ple Lie groups. Barbasch, Vogan, Rossmann [26], and BoZicevi¢ [3] have studied limit formulas for such
orbital integrals. We need these formulas for the cases of SL(2; R) and Sp(2; R). As for Sp(2; R), we
use the limit formulas given in [26] and [3]. Since they gave these limit formulas on Lie algebras,
we need to lift these formulas from the Lie algebras to the groups. As for the lift, we refer to [36,
Chapter 8]. A

Let n(u) = ((1)11’) k@©) = ( cosd Slrl9) a(v) = (0 ,1) We define the Haar measure on SL(2; R) by

—sinf cos6
do =2v—3dudvdd and o =n(u)a(v)k(0). We denote the space of C-valued C*®-class compactly sup-
ported functions on an analytic group H by Co, (H).

Lemma 4.8. For f € C3,,(SL(2; R)), we have

6—0, GECH(U)

oo T
lim e ) /ff ((a(w)k(o k(@)(a(v)k(@’)))z(l—v‘4)vdvd9’
10

2

:Kn(u)X//f aw)k(0)) " @) (a(v)k(6)))2v>dvde’,
00

where Ky = ui, Cpy =1{0 > 0} if u > 0, and Cyyy = {0 < 0} if u < 0. On the left-hand side, the measure
on SO(2; R)\SL(2; R) is given by du\do where SO(2; R) = {k(w)}. On the right-hand side, the measure on
N\SL(2; R) is given by du\dc, where N = {n(u); u € R}.

For f € Con(G(R)) and y € G(R), we set @f(y) = fc(y;G(R))\G(R) f(&g~1y&)dg, where dg is the
invariant measure on C(y;G(R))\G(R), which is induced from the Haar measures on G(R) and
C(y; G(R)). For all regular elliptic elements c (61, 6,), we take the Haar measure (277)~2dw;dw;
on the compact Cartan subgroup C(x (61, 62); G(R)) = {a (w1, wa)}.

Lemma 4.9. We set

(1) 0000
0 0 0 ¢t
V=19 0 0 0) (t==%1),  pu(61,62) = (61 —62)(61 + 62),
0 00O
Ch={61>6,>0} (t=1), Ch={61 <6 <0} (t=-1),
2 0 S
@ v=(5 5) =%l P =0-0

Co={01>6>0} (S=12), Co={h1<b2<0} (S=-I).

For f € C¥m (G(R)), we have

li 31, B)A01, 02)D r (a(61, 62)) = @ ,
(91’92)%(071()13?(91’92)%pu(1 2)AB1,62)Pf(0e(61,62)) =Ky x Pr(exp(v))

where K, is a constant, which is independent of f, 8 = 8/86; (i =1, 2), and A(6y, 62) = (i1 —e~i01)(eif2 —
e 102)(el1H02)/2 _ o—i(01+62)/2y (pi(1—62) /2 _ o= i(61-02)/2)
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Proof. We must prove a condition for the nilpotent elements of (1) in order to use Rossmann’s limit
formula (cf. [26, Section 5]). Because the case of (1) is not considered in [3] (the minimal nilpotent
orbits are not Richardson). For the nilpotent element v € gg of (1), we show that G(R) - v = (G(C) -

V) N (Npee, N NGR) -Riw)), where N is the nilpotent cone in g and

0 0 6, 0
, ]l o o o 6]
C\) - —6] 0 0 0 ’ (017 02) € Cl) )
0 -6, 0 O

under the adjoint action. We can easily find a sequence {1} (C G(R)-RJ u) such that ; — v. Hence,
we have only to prove that —v does not belong to (G(C)-v) N (ﬂﬂecv N NGR) -Ri,u)). We ob-

serve that C} = C{J, where C] = {diag(61. 02, 01.02); (61.02) € C), J2 = ( 5. %

gCltg J,. Hence, G(R) -Ri,u is contained in {x € gg; x]z_1 is half-positive definite} if t =1, {x € gg;
)(]2’1 is half-negative definite} if t = —1.If t =1 (resp. t = —1), then 1;]2’1 is half-positive (resp. half-
negative) definite and —v J, is half-negative (resp. half-positive) definite. Thus, we have proved the
condition for (1). For the case of (2), we can prove the condition similarly (the case of (2) is consid-
ered in [3]). O

), and gC,g7! =

We need the following lemma to use the above mentioned limit formulas for the calculations of
Jo(y;0) (cf. [24, Section 6]), because the support of H’;,”(Z) is not compact.

Lemma 4.10. Let y be an element of type (e-2), (e-4), (f-1), (f-2), (f-3) or (f-4) in I'. The integral Jo(y;0) is
absolutely convergent.

Proof. For (e-2) and (e-4), we can prove the absolute convergence of Jo(y;0) by using Lem-
mas 5.1 and 4.13. In the case of (f-1) and (f-2), we can easily obtain the absolute conver-
gence of Jo(y;0) by direct calculation (cf. Sections 4.14 and 4.15). It follows from Lemmas 4.23
and 4.25 that fl‘\i)z Zwe{y}r |Hfo’j(Z)|dZ < oo for (f-3) and (f-4). Hence, by using the equality

vol(Co(y; M\ Co(y;G(R))) . _ k,j :
Co DGt D] Jo(y;0) = Zwemr fF\Y)Z H,’(Z)dZ, we obtain the absolute convergence of

Jo(y;0) for (f-3) and (f-4). O

From the values of orbital integrals [25, Theorems 8, 9] (j = 0), we know the following.

Lemma 4.11. Let v be a nilpotent element in Lemma 4.9. We take the measures dg, which are the same as
those described in Section 3. The centralizers are given by C(y; G(R)) = {xl4} x Co(y; G(R)) in (1) and
C(y; G(R)) = 0(2;R) x Co(y; G(R)) in (2). The measures on Co(y; G(R)) have been defined in Section 3.
We assume that the volumes of {£14} and 0 (2; R) are equal to one. In case of (1), we have k, = —2% . 74, In
case of (2), we have k, =2*m2 (S =13), Kk, = =2%n2 (S = —1I,).

By Lemma 4.10, we can apply the limit formulas (Lemmas 4.8, 4.9, 4.11) to the calculations of the
integrals Jo(y; 0), similar to [24, Section 5]. Thus, we obtain the following result.

Lemma 4.12. Let y be an element of type (e-2), (e-4), (f-1), (f-2), (f-3), or (f-4) in I". Then, from the limit
formulas, we obtain the explicit form of Jo(y; 0), which has been described in Section 3.

We note that we cannot apply the limit formula to the integral Jo(y;s) for (e-3) — det(S) € (Q*)?,
because it is not an orbital integral.
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4.9. Unipotent contribution of (e-4)

If G(Q) is not split, the elements of (e-4) do not appear in I". By Lemma 4.2 and [25, Theorem 8],
we get the following.

Lemma 4.13. Let k > 5. Let A(e4) be the subset of I", which consists of all elements of type (e-4). Then, we
k,j
have Y, ot aoarg, Jot r, 1Hy’ (D)1dZ < +o00.

From this lemma and Lemma 4.12, we can easily deduce the result for (e-4) given in Section 3.
4.10. Contributions of (e-2), (e-3), (f-1), (f-2), (f-3), and (f-4)

Let A(xx) be the subset of I', which consists of all elements of type (x-*), where (x-x) indicates
(e-2), (e-3), (f-1), (f-2), (f-3), or (f-4). Let A(e3)’ be the subset of A(e3), which consists of the elements
G(Q)-conjugate to £38(T), det(T) < 0, —det(T) € (Q*)2. We set A(e2)’ = A(e2)U (A(e3) — A(e3)’). For
y =28(S)g7" € A(e2) (g € G(Q)), we set

&, r={gs(Mg ' er; det(T) #0, —det(T) ¢ (QX)Z}.

For —y = —g8(S)g™! € A(e2), we set &y r={-wel;we®y, r}. We have a one-to-one corre-
spondence between &, r and [y]r for y € A(e2). We require the following transformation in order
to calculate the contribution of each family. Note that there exists only a finite number of I"-conjugacy
classes of families for them.

Proposition 4.14. If k > 5, then we have

I<] k
1) =2z ZZ [ X o

g;l'FH weUy’eQ’)y'r v'ir

where &,,  runs over subsets which correspond to a complete system of representative elements of I'-
conjugacy classes of families of (e-2). Let A be one of the subsets A(e3)’, A(f1), A(f2), A(f3), or A(f4).
Ifk > 5, then we have

Ck] ki
1A (Z(F))ZZ / > / H o g, (D42,

gn—l -Fn wEUy’e[y]I- {J/ ir

where [y 1 runs over a complete system of representative elements of I"-conjugacy classes of families which
are contained in A.

Proof. We set Jny = U, o, 8 ' {¥/}rgn for y € A(e2). We also set Jny = Uy ery), 82 ' {V/}rgn
for y € A(e3)’, A(f1), A(f2), A(f3), or A(f4). It is sufficient to prove

> Hy (Z)' dZ < 400 (4.7)
gn1 F, 8€Jn,yNAn,r

for r =0, 1. By using Lemmas 4.4, 4.13, 4.15, and 4.16, we get (4.7) for A(e2)’ and A(e3)'. For A(f1),
by using Lemmas 4.20 and 4.21, we have (4.7) if we prove f 1 p |Zy HE ](Z)l dZ < constant, where
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y runs the set

100 %\/1 0 0 0

0 1 % = * =1 0 O 1
loo10]lo o 1 « |€8& AUDE
0001/ \o 0o 0 —1

We can prove this convergence by replacing —Q(Z;y) — (2i) ls;yq + (2i)‘1s/2y1 + y1y2 +
Q@) T'yi(((D?21 — 2¢tz1z) — (X2 — (2D) 7N (C'tz1 + cs12))* and —47'|'tz) + csi2f* — |z12 —
2-1(c’tz1 + cs12)|? in the proof of Lemma 4.16. For A(f2), we can prove (4.7) by using the results in
Section 4.15. For A(f3), we can prove (4.7) by using Lemma 4.23, A(f3) N P1(Q) = ¢, the coordinate
given in Section 4.16, and an argument similar to that in Section 4.15. For A(f4), we can prove (4.7)
by using Lemma 4.25, A(f4) N Po(Q) = @, the coordinate given in Section 4.17, and an argument
similar to that in Section 4.15. O

4.11. Convergence of unipotent terms

Before we calculate the contributions of (e-2) and (e-3), we require some lemmas for studying
the convergence of some unipotent terms. In the case of non-split Q-forms, we do not require the
following lemmas. By Lemma 4.2 and the proofs of [25, Lemmas 14, 15, 16], we get the following,
which is a generalization of [25, Lemmas 14, 15, 16].

Lemma 4.15. We set

_ _ 1 _ 0
Crn1=g, (AE2)UA@3))g. N ((g ' I'8n),, — (87" T'gn),):
_ 0 _ 1 2
Cra={8(S) e (g, ' I'gn) N (8 ' I'gn); —det(S) e (Q*)7},
_ _ 0 _ 1
Cn3 =g, 'AE3) g ((g; 11"gn)oo — (g 1I"gn)m).
Ifk > 5, then we have fgn—]'Fn Zyeén,l |H'f,’j(Z)|dZ <+4ooforl=1,2,3.
The following lemma is a generalization of [25, Proposition 25].

Lemma4.16.Letk >5and Z = X +iY € H2(, 1, $2). Leta, d’, a’, ¢, ¢’ € R . Then, there exists a constant

,/c”j pocr.crad a e depending only on k, j, it, <1, ¢2,a, d, a”, ¢, and ¢’ such that

2 X

k., j "

shea'Z, |sh|<a’ t.s12€Z s2€aZ
where
1 0 O cS12 1 00 O
_ |0 1 csi2 s2+5, dt 1.0 0
Y=lo 0o 1 0 0 01 —ct
00 O 1 0 0O 1
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Proof. The above mentioned sum is equal to

-1
1 1 0 1 c't 0 cS12 =\ /(1 —c't
tr[p’”( <(ct 1)Z<0 1 >+<cs12 s+s) o 1 P (¥)

N det(V)*H2(Q(Z; ) +det(Y) — 47 |ctz1 + csip*) N
= 2. Q(Z; y)ktirth

J1.0220, j1+2j2=]

)

jit det(Y)k+iatP24-P3|c'tzy 4 c515]2P3
= 2 G )

1py!ps! Z: y)ktir+tiz—m
J1,0220, j1+2j2=] P1,p2,p320, p1+p2+p3=ji P1:P2:P3 QZY)

where Q (Z; y) = 2) Ts2y1+ Q2D 7 'shy1 +y1y2 + Q)T y1 ()21 +2¢'tz12) — (Y12 + D) Ntz +
cs12))2. Hence, we have only to prove

- ¥

t,S12€Z

< constant.

det(Y)¥TP(c'tzy + cs12)%
Z Q(Z: y)l<+j2+l7+q

syearz

Furthermore, by using the Poisson summation formula for s;, we have

det(Y)XtP|c'tzy + cs12]2P

~ constant x 3 4
I = constant prS—
t,S12€Z yl

oo
x Z mktiztp+g-1

m=1

X exp(2na’1mi{s/2 + 2iy) + (C/t)221 +2ctzyp — (2iy1)*1 (2iy12 +ctz1 + CS]z)z})

2p)! det(Y)XTP|c'tx1 + cS1 |2~ Tmk+i2+p+a—1
constantxz 2p)! Z Z (V)" Pctx 12|

r"2p —r)! k+j2+p+q—r
( p ) t,s12€Zm=1 y]

x exp(—4ma~'m{y, — y;'yd, +47! (c/t)2y1 +4 7y (ctx + cs12)2})

det(Y)"‘H’mk‘HZ‘H’ 241/2

2p
@p)!
< constant x Z 12p—r1)! Z Z k+]2+P 1-1/2
r=

teZ m=1

x exp(—4ma~'m(y2 — y7'y3,) — na’1m(c’t)2y1).

We can reduce this proof to the proof of [25, Proposition 25]. O
4.12. Unipotent contribution of (e-2)

We assume that Assumption 2.1 holds. For {hm}" in Assumption 2.1, we may assume {hm}m 1 C
{gn} _; and g, satisfies the equality of Assumptlon 21 for each n. Under Assumption 2.1, we have
(gn I'gn)my = 8n g, N Mo(Q). We use the same notations and conditions for (e-2) as those men-
tioned in Section 3. We treat the family [y]; for y = g8(S)g~! € A(e2), where S >0 or S <0. It
follows from [25, Proof of Theorem 9], Assumption 2.1, Proposition 4.14, (4.7), Lemmas 4.15 and 4.16
that

Joy'ss)
[C(y; ) :Coly; M1

I( U {)/f}r> jj(Z(F))VOI(CO(y F)\Co(y G(R)))simo Z

+
y'elylr v'elylr/~
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We use the following two properties to prove this equality. Let § be an element of g;lA(eZ)gm n
(g7 'gm)%.. One is that € '8¢ (¢ € g,'I'gy) belongs to (g;'I"gy)S, if and only if € belongs to
g,;”“gn N Po(Q). The other is that det(Y) is multiplied by a positive constant under the action of
g,#l“gn N Pp(Q) on $3. Note that there exists an element h € Pg(Q) such that gnﬂ]“gn = gnjl r'gmh
if g,;ll“gn N Po(Q) # @. Therefore, we have only to calculate the integral Jo(y;s). We easily get

Joly:s) = / tr{n j (12 + @)Y 71S) ' (det(v)) T dy.
Y>0

We consider an element h € GL(2; R) such that S = 4h'h. If we transform Y — hY ‘h, then we have

Jo(y:s) =det($) /2 / tr{ e (12 = 20~y T H(det(v)) > dy
Y>0
Z (2det(Y) £ (2)~ 1 tr(Y))J1 det(y)Jz+k=3-s

— det(S —s—3/2 ai —
( ) J1.J2 (det(Y) + (21)—1 tr(Y) _ 4—1)Jl+12+k
Y>0

J1+2j2=], j1,j220
i
e 1! _
= det(S) 53/ > G, X Y U g2
J1+2j2=], j1,j220 pHq+r=j1 ’

det(Y)jZ+k*3*5+q g
— Y,
(det(Y) & 2i)~1tr(Y) — 4-1)ji+ia+k—p
0

Y>

where we define the constants aj, j, by tr(pg j(2)) = Zj1+2j2=j,j1,j2>oaj1.jz tr(z)71 det(z)/2 for z €
M(2; C). It follows from [25, Proof of Theorem 9] that

Jo(yss) =det(s)"*73/2 x 22+
x> G )
J142j2=], j1,j220 p+q+r=j1

F +1=T ATk -k —3/2+5 K +3/2 =T (K -k —2+5)
x rk)IK —1/2) :

j1!

x exp(£(1r/2)i(3 + 25 +2r))
plq!r!

where k' = j; + jo +k —p and k” = j, + k — 3 +q. Since I'(s) is continuous, we have I'(a, & s) =
I’ (a;) + o(s) uniformly for a finite set {a;}; (ar > 0). Hence, we get

Jo(y; s) =det(S) ™" exp(Esi)
x {23 det(s)~>/2 Z‘ aj, i, Z
J1+2j2=], j1,j220 pHq+r=ji

F& + DA/ TK — K —3/2)T K + 3/ K — k' —2)
x Tk —1/2)

J1!
plq!r!

exp(£(7/2)i(3 + 2r))

+o(s)}.

From this we have Jo(y;s) = {Jo(y;0) + o(s)} x det(S)~° exp(zsmi). Thus, we obtain the result for
(e-2), given in Section 3, by using Lemma 4.12.
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4.13. Unipotent contribution of (e-3)

First, by [25, Proof of Theorem 9], Proposition 4.14, Lemmas 4.15 and 4.16, and the arguments in
Sections 4.7 and 4.12, we find that the contribution of A(e3) — A(e3)’ is zero.

Next, we treat the family [y]r for y = g8(S)g~1 € A(e3)/, where S is indefinite and — det(S) €
(Q@*)2. If G(Q) is not split, then such elements do not appear in I". We may set g, = g for a cer-

tain m, and [y]r/~= {gmB(S)gml, Se Uu 1 Lu}, where L), | (s12) is a certain subset of L ,(s12) and
Ly = {ﬂu(S?2 55122 ) tBuel’;sip€liy, s2€ Lzyu(512)}- It follows from Proposition 4.14 and Lemmas 4.15

and 4.16 that

’( U {V/}r>=ﬁ(;'z}))zz f > 3 Hy (Z)dZ.

y'elylr/~ n=lu=1,-1p S€Lus'cg; (gnd(S)gm Iren

Hence, we have only to calculate the contribution for u = 1. We can assume fi = I, without loss
of generality. Hence, we consider the contribution of (Js ., {gm8(S)gn1}r, where £ = {(S?2 55122) €
L'; siz €Ly, s2 €L)(s12)}. We set

10 0 sp2 100 0
’ [0 1 s12 s w10 0
F6129=10 o0 1 0 and nwW)=1 o o 1 _w

00 0 1 0 00 1

For an integer N’, we set

={8'(s12,52)n(W); w,s12 € N'7'Z, s e N'7*Z, w #0}.

Then, there exists an integer N’ such that A’ contains the set of all element of U;L] g;ll’gn, which
are of the form &'(s12, s2)n(w). Fix such an N’.

Lemma 4.17. (See [25, Proposition 18].) For any h € A/, there exists an element & € Sp(2; Z) N P1(Q) such
that e~ 1he = §'(s12, s2) for certain s13 (s12 # 0), S2.

Lemma 4.18.1f U ( 0 s12 )iu = (s? Ss‘,z) (s12 #0) for U € GL(2; R), then s}, = = det(U)s12.
12 °2

S12 S2

For an element s1p € L1,1 (S12 # 0), let A5, denote the set of all elements y in g, 11"gn na
such that there exist & € g,;ll’gn and sy € L 1(s12), which satisfy £y &~ T =§'(s12,52) € &m I gm. For
a#0,b#0, we set

a 0 0 O 0 a0 O
0al! 0 o0 al 00 o0
¢1 (a) - 0 O a*] O ’ ¢2 (a) - O O 0 a*] )
0 0 0 a 0 0a O
b 0o 0 0
0b 0 O
¢3(b) 00 b' o0
00 0 bt
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Lemma419.Forany £ € g, ' I'gy and y € Ans,, such that Ey£~1 = §'(s12, 52) € g, " gm, e can express
£ as n(—271s],) 52)€ = €1€2€3€4€5, where €1 = ¢1(a) or $2(a), €2 = $3(b), €3 = 8(S), €4 = n(t'), and €5 €
Sp(2; Z) N P1(Q). If we fix s12, then there exists a finite subset 7 in R? such that the pair (a, b) belongs to J
for any such €1 and €.

Proof. We have n(—2"'s;,'s2)éy£ 1027 "s,)'s2) = 8/(512,0). By ¥ € Ans,, C A’ and Lemma 4.17,
there exists €5 € Sp(2;Z) N P1(Q) such that 65y6;1 = 8'(s}5, 55). Since y = 65’18’(5/12,5/2)165T:
£718'(s12, 52)&, we have €s& '8/ (s12, S2)E€5 | = 8/(5),, 5,). Hence, we can set €56~ = (g rUO,l ) 12).
It follows from Lemma 4.18 that s}, = *det(U)s;;. We set €4 = n(—s’2(2|det(U)|512)*1) and
€2 = ¢3(|det(U)|V/?). If s}, = |det(U)|s12, then we get &'(s12,0) = exesesyes '€;'e; ' If s}y =
—|det(U)|s12, then we get §'(s12,0) = 62646&]/6{5_164_162_1 for e; = diag(1,—1,1, —1)es5. Since
diag(1, —1,1, —1) € Sp(2; Z) N P1(Q), we may replace €, with €s. Since

€2€4€5Y €5 64 62 _8(512,0)

=n(=27"s; s2)EvE (27 sy, 52),

there exists an element h € C(8'(s12, 0); G(R)) such that n(—2‘151’21$2)$ =h x €2€4€5. Thus, we get
the first assertion of this lemma. Since h x €3 belongs to a certain lattice in M(4; QQ), the second
assertion follows. O

let Z=X+iY e X and y; — y;lyfz > c(s12), where c(sq2) is a constant. We set Z' = X' +iY' =

( ¥i y12)
12

a’b?a~' g and y, — y|"'y'3 = a=2b%c(s12). The constants o and § have been used for the defining ¥

(cf. Section 4.2). If €1 = ¢o(a), then we have y, <a 2b?a~'8 and y, — y,'y'2 > a®b’c(s12). Let
C(s12) =Maxy ¢ v A, {a*a~1B, a~*a~'B). Then, the domain €1er€3€4€5-{Z € T3 y2 — ¥ 'y3, >
c(s12)} is contained in {y; > y1} (resp. {y1 > y2}) if €1 = ¢1(a) (resp. €1 = ¢2(a)). Therefore, we
can use the argument in [25, Proof of Theorem 9] for the calculation below. We note that there
exists only a finite number of g, 'I"g,-conjugacy classes in g;'I"g, which have intersections with
Ansy-

F]1§< si2 and sp. Let ce R and t' =1 or 2. Let Ty, 5, ¢ denote the subset of Co(8'(s12,52);
g ' gm)\&,' ['gn, which consists of all elements £ such that £718'(s12,52)6 € Aps, and
yl’] det(Y) — c - y[’,] det(Y) via the action of &. Note that we can apply Lemma 4.16 to the set
(E718'(s12,52)€; £ € Tn.s1a.50.c.t'}- Therefore, from Lemmas 4.16 and 4.19, we deduce

€162€3€465 - Z and Y = for €1€3€3€4€5 in Lemma 4.19. If €1 = ¢1(a), then we have y’l <

. Kk, j -1 —S
SLITOZ / > Hey'(Z) (v det(Y)) " dz

g1 Fy @01, Ngn {gmd (512.52)8m' ) gn

=[C(gmd'(s12.52)&m"s I') : Co(gmd' (512, 52) & s 1")]71

. kj -1 —S
M Y Y X[ @ )

t'=12 ¢ 56‘3?,151252”Eg,1 F

where c runs over a finite set in R. It follows from the above mentioned arguments, Proposition 4.14,
Lemmas 4.15 and 4.16, and the argument in [25, Proof of Theorem 9] that
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1( U {gms(S)g,;l}p>

Selq

_ iy kj
“Taam s L 2 { 2 / Aoz

n=1s12€l11s526l) 1(512) " wegy  (gmd' (512.52)8m' )r&n—Bnsyy g1,

+ 3 / HYI(z)dz

WA, N8y (g (512.52)8m' )1 8n (=1 FoNyy " det(Y)<c(s12))

ki

+ lim > / _H'@ dZ}
s—>+0 L . (v7 ' det(Y))s

WEAs ;NG {8md'(512.52)8m }r&n (gn - Fa)N{y ! det(Y)2c(s12)}

1
I(C I\C G(R —_
n(Z(F))VO( oy: PNCo(y: GC )))slzezh_] 3

= — = — -1 .
x> [Clemd'12,508m" 1) : Co(gnd' (512, 5208 " )] x lim_ Jo(8'(1,0);5).

s2€L) 4 (512)

From this we have

' Jo(y; s)
1<V/EL[£] {r }p) ﬁ(Z(F))vol(co(y \Co(y: G(B))) LlTOy/e[Z Fo B Tl
r ~

Hence, we have only to calculate the integral Jo(8'(1,0);s). First, we have

Jo(8'(1,0); 5)

-1
=2 / tr{,ok,j<12+(2i)_]Y_1<? é)) }det(Y)_3(y1’1det(Y))7SdY

0<y1<y2

Z ai / 2y1y2 — 2y%, + iy12)71 det(y) 2 tk=3-sys
J1:J2

(V1Y2 — Y3y + iy12 + 1/4) 1tz tk

J1+2j2=], j1,72>0 0<y1<y2

=49 det(Y)J2tk=3-stays
=2 Z Ajy,ja Z T / - ‘1

Iq!r! —y2 +i 1/4)j1+iatk=p
b signiz0  prarr=p PTG =yip Ty + 174

By an argument similar to that in [25, Proof of Theorem 9], we have

( 4) TX22k —2k" — /

Jo(8'(1,0);5) = -2 Z aj1.52 Z

J1+2j2=j, j1,j220 pHq+r=j

F( + 1)K —k' —3/2)T K +3/2) T (K —k" —2)
x Tk —1/2)

p! q'rl

+0(s),
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where k' = j; + j» +k — p and k" = j, + k — 3 + q. Therefore, it follows from the calculation of
Jo(8(I2); 0) in Section 4.12 that

Jo(8'(1,00;5) = = Jo(8(12); 0) x i +0(s) = = ;27> 2 (j + 1) + 0(5).
Thus, we obtain the result for (e-3) given in Section 3.
4.14. Quasi-unipotent contribution of (f-1)

If G(Q) is not split, then the elements of type (f-1) do not appear in I".

Lemma 4.20. Let k > 5. We have [,_1, > IHY(2)]dZ < +o00.

yegn  AUF1)gnNAn o

I 5)(U 0

Proof. By Lemma 4.2, we may assume j=0. Let y = ( 01, gy

U are 1, —1, rank(S) = 1. Let U = (‘;Z) (b #0).

First, we assume a # £1. If we set V = (tg _bb), then we have VUV ™1 = ((1) °) =1 We note

that a+d =0 and ad — bc = —1. Hence, we have

vV o vl o\ _ (I, VStv\(I' © e Sy Shy
(0 fv”)’/( 0 fv)‘(o L J\or) VSV=ls, &)

s = (14a)s1 +2b(1 +a)s12 + b?sy,

) € Un.0, where the eigenvalues of

shy = (1 —a?)sy — 2absyy — b%s,,

sh=(1— a)%s1 — 2b(1 — a)sq2 + b2ss.

From this we have s’1 =0 or 3’2 = 0. Therefore, s, is determined by s1, s12, a, and b. Hence, we can
reduce this proof to the proof of [25, Theorem 4].

Next, we assume a = 1. We easily find ¢ =0 because ad = —1 and ad — bc = —1. If we replace
— —1p2 -1
V= (1-27"b), then we get VS!V = (51709124 D52 51222702 ‘Hoence, we can reduce this case also
0 1 $12—27 bsy 2
to that of [25]. O

Lemma 4.21. Let k > 5. For

a 0 b =
1 % x _ a b

Ca=1y == c 0 d x eﬂn,1;)/€gn1A(f1)gn, <C d>7é_12 s
00 0 1

we have [,1p ) ce, IHS (2)|dZ < +o0.

Proof. Let
10 0 sp\ /1 00 0O a 0b O
_ 01512 S2 a3100 0100
y=%lo0 1 o0 0 01 —as||c 0o d o€
00 0 1 000 1 000 1

Then, we easily find that s, is determined by s12, as, a, b, ¢, and d, since (‘CJ Z) is unipotent. Hence,
we can reduce this proof to the proof of [25, Theorem 4]. O
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Let y be an element of A(f1), and &, 5 = grj]A(fl)g,, N An1 — &y 4. It follows from Proposi-
tion 4.14 and Lemmas 4.20 and 4.21 that

(Ur-sihlE, 3. J o

v'elylr n=1 SEUy’e[ylr{V’}r»5¢@n.5gn—1.Fn

+ lim 3 / HY(2)(y7 ! det(y)) ™

— !
n=1sel, e V11 566"‘5&?1-51

We may assume that y belongs to I" N (gmém,sg,gl) for a certain m. For any element § of & 5, we
find that €8¢ € €5 (¢ € g, 'gy) if and only if € € g.' "'gy N P1(Q). Hence, by using (4.7), for
20"V &m € €ns, We get

I( U {V/}r>

y'elylr

_ ki . .
_ﬁ(Z(F)){ > 2 > / Hg_fl, (2)dz

y'elylr n=1 tSEg,;lC(V';r)gm\an,4,y’6g;]-Fn

+s£n—:0 Z Z Z / k—Jl Ve (Z)( det(Y))

y'elylr n=1 SEg,ﬁlC(}//ir)gm\mnﬁ,y’sg;lfn

where Q5 ={8 € g I'gn; 87185 v/ 8md € €5} and Qp 4, = g ' 8n — Qn5,,7. We get the fol-
lowing by using the argument in [25, p. 240].

Ck,j vol(Co(y; I\ Co(y; G(R)))
(U )= s & > ol
yelylr T)s@@m) 10 D) Coly; D = y'elyIr

Hence, we have only to calculate the integral Jo(y;s). From Hashimoto’s calculation [12, p. 447], we
deduce

Jo(y:s) = dtdv,

(_1)]1+]2+k((2i)71)»)]1V2]2+2k73725t
ajy, 12//
2= 111 j220 00

(v2 + v2t2 — (2i)—1)\)j1+j2+k

where y is the same form as that in (f-1) of Section 3. Therefore, we can evaluate this integral by
using the argument in Section 4.12, Lemma 4.12, and Hashimoto’s calculations [12, p. 447].

4.15. Quasi-unipotent contribution of (f-2)

If G(Q) is not split, then the elements of type (f-2) do not appear in I". Let y be an element of
A(f2), which satisfies

1 0 X O
o =10 ) 4
Y=&lo o0 1 o

00 0 —1
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for certain g € G(R), A1, A2 € R, A1,z # 0. As a coordinate of Co(g~'yg; G(R))\$H2, we take
i 5 0

{(mfi},]2 X”}:y”) € $92; Y >0, x12 € R}. Hence, we have Z = ( X“)—HY and dZ = det(Y) 3 dxq2dY.

On the coordinate, we have

1 1 ; -1
1 0 y1+ Q)7 1X12
Hy yg(Z)‘”[p’”{(o —1> ( ixi2 yz—<2i)”kz) Y”

3 (=12 (20 71 (Y142 + yar1)))1 det(Y)i2Hk

Ajy,ja (X2 F (21')’1)»1)(}/2 _ (Zi)*])uz))jﬂrjz*k .
j1+2j2=j, j1,j2>0 12

Fix positive constants ¢; and cy. We set

0 A 0
-1 0 | 4

Using Lemma 4.2 and

[H50,, 5 (2)] < constant x det(V)* (v} +23) "2 (v3 + (2 + (eho21) (0} +47) 7)) ™%,

for —1/2 < u <k —3/2, we have

/ /|H§Lj1yg(2)| det(Y) 3" dxi,dY < constant x |Ajiz| " .

Y>0 R

Therefore, for a small ©« > 0, we have

> / /\Hg,1 ) (Z)]det(Y) HdZ < +oo.
v €[V]I—‘Y>0 yi1<c1,y2<c2 R
For A7 =A% 44} and a small u > 0, by the Poisson summation formula for 1%, we have

>oox [T e

AQEng, |)\.Ll|<b4 )»/Zebzzf{o}Y>0’ y1>c1, y2<c3 R )»/ ebi1Z

det(Y) "dZ < +oo.

In case of A} =0, we have |Hg71y,g(2)| < constant x |x{, + y2y3 +471y22/2|=%/2_ Hence, for A} =0,
we also have

> / /|H"f (2)|det(Y) " dZ < +oo.

) gy’
)LZEbZZ {O}Y>O y1>c1,y2<c2 R

For A} =, =0, we have fy>0 V1€t VoG |H (Z)|det(Y) "M dZ < +o0 (> —1). For A, =0, by

g‘ly g
/ k J

the Poisson summation formula for 1}, we have /Y>0,y1>c1,y2>cz fR|ZM g (Z)|dZ < 4o00. It

follows from these facts and the Poisson summation formula in the proof of Lemma 4.4 that
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k.j -1
> > Hg,ly/g(g 8g-Z)|dZ < 0,
Y>0, y1>c1, y2>Ca SM(Z:R) /¢ V' EVIr 8€Co(y: I\gNo(R)g™INI"

where £ is the lattice such that No(R)Ng~'I"g = {8(T); T € £}. We also have

> /!Hg_ly (D] dxiz < +00

v'elylrp

by simple calculation. Therefore, by these inequalities and Proposition 4.14, we obtain

(U )

v'elylr

__Ckj  vol(Co(y; M\Co(y; G(R))) / Z k]
8(Z(I)  [C(y; ) :Coly; ]

(2) dxiz det(Y)~3dY.
S0 V'elvlrg

Lemma 4.22. Let k > 5. For a family [y 1 of type (f-2) and a small s > 0, we have

det(Y) 375 dY < +o0.

> / HY (Z)dxr;

g lv'g

y>0 Y'elvlrr

Proof. By direct calculation, we have

/ gq g (Z)det(Y) 3= SdX12
R

3 . (=1 HRFRQ2D) T (Y122 + yar1)) 1 det(Y)i2Hh=3=s
= J1.J2

— dx
(2, + (V1 + @)1 A)(y2 — @) Tag)yirtitk

J1+2j2=], j1,j220
Z a ra/2)yrgi+j+k—-1/2)
k2 (i+j2+k)

J1+2j2=], j1,j220
(=D 2K (20) " (y1 22 4 y2r1))) det(Y) iz k=375
1+ (21')71)\1)]‘1+j2+k71/2(y2 _ (21')71)L2)j1+j2+k71/2 .

By substituting (2i)~1(y122 + y2r1) = y2(¥1 + i)~ 'A1) — y1(y2 — (20)~112), we have

3 a0 FA/DC G+ 2 +k=1/2)
12 L1+ j2+k)

J14+2j2=j. j1.J220
Z L! (_1)j1+j2+ky§(_y1)q det(Y)J2+k=3-s
pq! (y1 + (20)~1Aq)J1+i2+k=1/2=p(y, — 2i)~1hy)i1+]2+k=1/2—q"

p+4=j1

Thus, we have proved this lemma. O
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From Lemma 4.22, we deduce

Ck,j vol(Co(y; IM\Co(y; GR))) .
I( U {y’}r> = J Z O lim Z Jo(v'ss).
VeI {(VAC ) o [Cs ) Colys 1] ERAENn

Hence, we have only to calculate the integral Jo(y;s). We can evaluate the integral Jo(y;s) by using
the argument in Section 4.12, the proof of Lemma 4.22, Lemma 4.12, and Hashimoto’s calculations
[12, p. 445].

4.16. Quasi-unipotent contribution of (f-3)

Let y be an element of A(f3), which satisfies

cos® sinf Acos® Asinf

. —sin® cosé —Asinf Acosf | _q
y=2& 0 0 cosé sinf
0 0 —sinf  cosf

for certain g€ G(R), A € R, A #0, siné # 0.

Lemma 4.23. For the I"-conjugacy class {y }r, there exists a constant Cy_j ., f3 depending only onk, j, I',
and y such that

> HE @ <Cjrysx vy
y'ely)rngPo(R)g!

Proof. For y’ € {y}r NgPo(R)g~!, we have

1 (K7 I, T\(L A2\ [(k®) I, —T\(h
et a) (" ) () ) (") ),

where h € GL(2;R) and h™! - k(9) - h € (g7 I"g)m,. Hence, if we set ' = ('2 ISZ)(A[A,l), then S
belongs to a subset of

U h1 My + i e ) th=le Lty t1peRY,
tiz —f

h=1k(6)-he(g T gm,

for a certain lattice £’ in SM(2;R). From this, for S = (SS1 5;22), we find that s, is determined by

s1, sz, and A. Therefore, we reduce the proof of this lemma to that in [25, Theorem 4] by using
Lemma 4.2. O

From this lemma, for s € R0, we get

/ |H’;’,jlyg(2)| det(Y)™*dZ < constant x |A|17%.

Co(g~ 1y g:G(R)\$2
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Hence, it follows from Lemma 4.23, Proposition 4.14, and (4.7) that
Ckj vol(Co(y; IN\Co(y; G(R)))
'( U mr) B

AR lim Y Jo(y'ss).
Vel (Z(I)  [C(y;T):Coly; M) o0 o

Therefore, we have only to calculate the integral Jo(y;s). As a coordinate of C(g™'yg; G(R))\$2,
we take {(’“;'zyl _Xffiyz) €910 <y < y}. We take the measure (27)~'dfd on SO(2;R) =

(k(0); 0 <0 <2m) = Co(g lyg; GR)\C(g~ 'y g; G(R)). The measure on the coordinate is given by
(y2 — yl)(y1y2)*3 dx1 dx12 dy1dy,. For the above mentioned coordinate, we have

k,j —3—s
HYS, (2) det(Y)

N—J k+j1+j2—s-3
= D> G x @) x ()t
J1+2j2=], j1,j220

X {2X12 Sin@(y]_] — yz—l) +Ac059(y1_1 +y2—1) + 4 COSQ}jl
x {X2sin?0 + (x125in0 + 27 'icosO(y1 — y2)* + 47 (1 + y2 — 02} I

By using [12, Lemma 3-5], we have

: F'k+i1+i—Hrd o
Joly:s) = > ajp.jp x D)7 x ( Fill+1'2+ ?)) Q) s (singy 222k
J14+2j2=j, j1,j220 J1t ]2
i Gimpf2 , ,
r(i+0Dr(Gr—p)/2+1)
X Z Z

0 & TG DIGi—p+ D@+ D1 = p)/2=q+1)

Fk+ji1+j2—q-1)Ira1/2)
Fk+j1+j2—q-1/2)

x (25in6)2/172P (cos 9)P

x f 1Y) 253 (1 4+ y2)P (v — y) TP (1 4 y2 — i) H T2 dy dy,.
0<y1<y2

Lemma 4.24. Let a = A /|A| and k1 € R~o, k, k3, k4 € Z, ka — 2k1 — 2ky — k3 — 3 > 0. Then, we have

/ V1y2)"1 (2 =y (y1 + y2)B (1 + y2 — @) dy1 dy,
0<y1<y2

— (ia)k4—2k1 —2k2—k3—3 X 2—2k1 -2 NS 1

ki +1D)ICka+1) I' (kg — 2k1 — 2ky — ks — 3)I" (2kq + 2k + k3 + 3)
X .
Ik +ka+2) I (kq)

Therefore, we can evaluate the integral Jo(y:;s) by using the argument in Section 4.12 and
Lemma 4.12.
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4.17. Quasi-unipotent contribution of (f-4)

If G(Q) is not split, then the elements of type (e-3) do not appear in I". Let y be an element of
A(f4), which satisfies

cos® 0 sinfd O
B 0 1 0 x| 4
Y=&| _sino 0 coso 0%
0 0 0 1

for certain g € G(R), L e R, A #0, sinf # 0. We can deduce the following lemma from [25, Theo-
rem 4], Lemma 4.2, and an argument similar to Lemma 4.23.

Lemma 4.25. For the I"-conjugacy class {y }r, there exists a constant Cy_j ., f4 depending only onk, j, I"
and y such that

> H (D] < Cjry.ga x v
y'elyirn(gP1(®)g™1)

From this lemma, for s € R0, we get
7 —1-s
/ |Hg_1yg(2)\ "det(Y)) *dZ < constant x ||
Cog™ 'y &;GRN\H2

Hence, it follows from Lemma 4.25, Proposition 4.14, and (4.7) that

Cj_ Vol(Coly: M\Co(y: GR))) |
l< U {y/} )= -] Z .]0 y S)
yeg ) BEI)(C D) Coly: D] L Y

Hence, we have only to calculate the integral Jo(y;s). As a coordinate of C(g~'yg; G(R))\$2, we
take {(X'J:lzy1 :Z) €| x1 €R, x12 >0, y1,y2 > 0}. We take the measure (2)~1d# on SO(2; R) =
(k(0); 0< 0 <2m} = Co(g 'y g; GR)\C(g~ 1y g; G(R)). The measure on the coordinate is given by
x12¥1(¥1y2) 3 dx1 dx12 dy1 dy;. For the above mentioned coordinate, we have

g,l Nes det(Y)73(y; ! det(v))
- 142 Kktj2a=3 k+iz—3—
= Y @)y
J1+2j2=J, j1,j220

x {2235 (1 = cos 6 + iy1 sin6) + (2iyz + 2) (X2 sin6 + y? siné + 2iy; cos@ +sing)} 7172

x {x3,y15in0 + y1(2iy2 + 4) + y2(x3 sin6 + y$ sin6 + 2iy; cos6 + sin@)}j1

By simple calculation, we get

oo P k
(8x3, + w) X1y dxiy i Ik +DI(p+ DIk —p— 1)a—p—]ﬂ—k]+p+15pwk2—p.
J (axd, + )l = M+ DI (ke —p+ DI (k)
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Therefore, we have

]0()/;5)=/ //dX1dy1dyz
R

~0R-0 R
x]Zl]S FGi+1) Ik+ji+j2-p-1 rGi—-p+1)
S 2rGi—p+h)  Thk+jit+j)  T@+DIGi—-p-q+D

x Yk T2 P k207378 L 5mp=1 o (1 — cos6 + iy sing) P!
X (2iyy + 1) KT TRFPTAH (32 5ing + y2 sing + 2iy1 cosd + sin 9)71{7]'27“1.

Thus, we can evaluate the integral Jo(y;s) by using the integral for y;, the argument in Section 4.12,
and Lemma 4.12.

5. Prehomogeneous vector spaces

In this section, we give a formula (Theorem 5.7) for the contributions of (e-2), (e-3), and (e-4),
which is a generalization of Shintani’s result [28, Section 3] to the vector-valued case. By using this
formula, we obtain a different proof for the contributions of (e-2), (e-3), and (e-4). The space SM(n; C)
is a prehomogeneous vector space, i.e., SM(n; C) has a Zariski dense open GL(n; C)-orbit by the action
x+— gx'g (x e SM(n; C), g € GL(n; C)). The contributions of (e-2), (e-3), and (e-4) coincide with zeta
integrals of prehomogeneous vector spaces of symmetric matrices of degree one or two for certain
test functions.

5.1. Poisson summation formula

We assume that r is equal to 1 or 2. We set V, =SM(r;R) and £, ={x € V,; x> 0}. For x € V,,
we set

. -1
fr*<x)=tr[pk,j<lg”‘ ?) } r=1). ol —in"] ¢=2).

For x € £21, we set f1(x) = Yi_Qm)* Ik + 1)~ 1x*H-Texp(—27x). For x ¢ 21, we set fi(x) = 0.
The spherical polynomial @, (x) for m = (my,my) € Z»o9 (mq = mp) is defined by @p(x) =
fSO(Z;]R) Am(tgxg)dg, where Ap(x) =x'1"‘7mz det(x)™2 and dg is the Haar measure on SO(2; R) nor-
malized by [SOQ;R) dg =1. Since tr(p, j(x)) is invariant under the action x tgxg (g € SO(2; R)), we
can express tr(pog j(x)) as the linear combination tr(oy, j(x)) = Zm1+m2:2k+j, my >k AmPm(X) (am € R)
(cf. [7, Proposition XI.3.1]). For x € £27, we set

Qm)y~W+mi+myq

2= 2 [ (my — 271)

mq+my=2k+j, my >k

D (x) det(x) /2 exp(—27 tr(x)).

For x ¢ £2,, we set f,(x) = 0. Let dx denote the Lebesgue measure on V;. For the scalar-valued case
(j =0), the following lemma is obtained from the works of Shintani [28] and Siegel [29].

Lemma 5.1.

(i) If =1 < Re(s) < k —r, then the integral fvr fF(x)|det(x)|* dx is absolutely convergent.
(ii) Ifk > (r — 1)/2, then we get er fr(x)expmitr(xy))dx = f7*(y). This integral is absolutely convergent.
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Proof. For r = 1, the proofs of (i) and (ii) are trivial. Hence, we consider only the case r = 2. By
the proof of Lemma 4.2, we may assume j =0 for the absolute convergence of fvz 5 ()|det(x)[* dx.

Hence, (i) is proved by [28, Lemma 19]. The integral [, ®m(x) det(x)~3/2 exp(—2 tr(x))dx is ab-
solutely convergent if my — (3/2) > —1. Hence, if k > 1/2, then the integral of (ii) is absolutely
convergent. From [7, Lemma XI.2.3], we know

/ @ (x) exp(— tr(xy)) det(x) >2dx =2 (m1) [ (my =27 ) @p(y 7).
2
Thus, we have proved the equality in (ii). O
We use the following lemma to prove Theorem 5.7.

Lemma 5.2. Suppose k > 2. Then, we have

fo0) = { 2‘5+2’<+jc,;} tr(,ok,j(x)Hk_,}) det(x) 32 exp(—2m tr(x)) (x € £22),
0 (x ¢ 22),

where

Hy j= / Pk, j (%) exp(—7 tr(x)) det(x) > dx.
§2;

Proof. By [8, Expose 6, Théoréme 6], for y € £2,, Z € $)7, and k > 2, we get

Chj- Prj(Z/2D) 7" = 2/ Hy j(4y) ' exp(2mitr(yZ))dy,
2

where Hy j(y) = sz Pk, j(X) eXp(—7T tr(yx)) det(x)~3dx. Since tr(pk,j(x)ka}) is a SO(2; R)-invariant
polynomial, we get the above mentioned lemma by substituting Z =2i(I; —ix). O

We identify V, with its dual vector space via the symmetric bilinear form (x, x*) = tr(xJ1x* J1),
Ji= (_01 (1)) (x,x* € V). We also identify V1 with its dual space via the symmetric bilinear form
(x,x*) = xx* (x,x* € Vq). Let L, be a lattice for a Q-structure of V; and L} be the dual lattice to L,
ie, LF ={x*eVy; (x,x*) € Z (Vx € L;)}. We denote the volume of the fundamental parallelogram of
Ly by vol(Ly).

We get the following Poisson summation formula by the proof of Lemma 5.2 and the trace of
the formula [8, Appendix of Expose 10]. For the scalar-valued case (j = 0), the following lemma is
obtained from the works of Siegel [29] and Braun [4].

Proposition 5.3. (See [8, Appendix of Expose 10].) Suppose k > 2. For any Z € £, we have

Y FaMexp(rite(T2)) =vol(ly) ™ " tr(or j((Z +$)/i) ).

TelyNs2, SEL;
where Fo(T) = fo(T) exp2m tr(T)).

In the proof of Lemma 4.4, we have already used a Poisson summation formula, which is an
analogue of this formula. By Lemma 5.1 and Proposition 5.3, we get the following.
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Proposition 5.4. If k > r, we have

Z fr(x) = vol(L,) ! Z fF(x) (both sides are absolutely convergent).

xeLr xeLf
5.2. Zeta integrals

Let O be the unit group with norm 1 of ©, where © is a maximal order of an indefinite division
quaternion algebra B over Q. Let D be an arithmetic subgroup of a Q-form of SL(r;R), i.e., D is
commensurable with SL(r; Z) or O! (r=2). We assume that L, is invariant for D. We define the zeta
integral Z(P;, Ly, s) as

Z(Py, Ly, ) = / det(e)® ) Pr(gx'g)dg.

G4/D xeL;

where L. =L, — {x € V;: det(x) =0}, P, is a function on V,, G = {g € GL(r; R); det(g) > 0}, and dg
is the Haar measure on G defined by det(g)‘r]_hg,-,jgrdgij. By Lemma 5.1 and Proposition 5.4, we
can discuss the convergence, functional equation, and meromorphic continuity of the zeta integral
using arguments similar to those of the scalar-valued case in [28] and [1].

Proposition 5.5.

(i) The integral Z(f:, Ly, s) is absolutely convergent if Re(s) > (r + 1)/2 and Re(k + s) > r. The integral
Z(fr, Ly, s) is a meromorphic function of s on C.
(ii) Suppose that D is commensurable with SL(r; Z). If

k>1, Re(s) <k (r=1),
k>4, 2Re(s)<k (r=2)

and Re(s) > (r — 1)/2, then the integral Z(f}, L}, s) is absolutely convergent. The integral Z(f}, L}, s)
is a meromorphic function of s on C.

(i) Suppose that D is commensurable with O1. If 0 < Re(s) < k — 1/2, then the integral Z(f5.L5,s) is
absolutely convergent. The integral Z(f5, L3, s) is a meromorphic function of s on C.

(iii) We have the functional equation Z(f;, Ly, s) = vol(Lr)*lz(f,*, Ls, (r+1)/2—5).

Proof. We easily get (i), (ii) r =1, (ii), and (iii) by Lemma 5.1, Proposition 5.4, and the arguments
of Shintani [28] and Arakawa [1]. Hence, it is sufficient to prove (ii) r = 2. Let D be an arithmetic
subgroup of SL(2; Q). We set

R:{I{(S ag)(; ?)eSL(Z;R);keSO(Z;R), aza’, ueWW}

for a constant «” and a compact subset YW of R. We may assume that R is a Siegel set of D. Then,
there exist elements h’,h),... k!, in SL(2; Q) such that a fundamental domain of D on SL(2; R) is

v
contained in | J},_; Rhy. From the arguments in [28], we have only to show that the integral

det(@® Y f5 (gxtg)’ dg

R xR, det(g)>1 xe(hwLa hy)’
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is convergent for k > 4, where (h},L;'h),) = h),Ly'h}, — {x € V,: det(x) = 0}. We use the following
lemma, which is proved in [28, Lemma 20] because we may assume j =0 by the proof of Lemma 4.2.
We slightly modified the result of [28, Lemma 20].

Lemma 5.6. Let m1, my, and m1y be positive real numbers and D be a relatively compact subset of GL(2, R).
Then, there exists a positive constant ¢, which depends only on my, my, m12, j, k, and D, such that

—my2

1£5(gxtg)| <’ x (1+1x11) " (14 Ix20) 2 (1 + [x12) (for any g € D)

ifk>mq +my+m (XZ(X1 Xlz)l

X12 X2

By using this lemma and the argument in [28, Proof of Lemma 21], we prove the convergence
of the above mentioned integral. We set h/, Ly th, — {det(x) = 0} = My, U Ny, My = {x1 #0}, Ny, =
{x1 = 0}. We consider the absolute convergence for each the summation part of M,, or N,. As for
the summation part of M,,, by using Lemma 5.6 and the argument in [28], we have

/ det(g)* Z f5(gx g)‘dg<+oo

RxR-o xeMy,

if there exist positive real numbers my, my, and mqy satisfying mq,my,miz > 1, 2s <my + my +
my2 <k, and 0 <my —my + 1. Next, we evaluate the summation part of Ny. We write fJ(x) =
f5(x1, %12, x2). It follows from the argument in [28] that

1
/ det(g)* Z fj(gx[g)‘dg<constantx/du
0

RxR-o XeNw

X / tit)° Y >

(t1.6)ER! leby Z—{0} 0<bsm<2b |I|

> £3(0.tatal, 5 {m + bal + 20(u + )} |t dt1 dtz,
nebyZ

where R’ = {(t1,t2) € R>0, tity > 1, t1/ta > b}, b, by, by, b3, and by are positive constants. We also
have

fz*(O’P"J)Z Z ajljz~(2—«/_lq)j1(‘l+p2_\/__‘lq)_k_jl_j2

J1+2j2=], j1,j220
< i k—j'—j
/ 2 2 —K—=J—=J2
= > DGy (1=p) (1497 = V10) :
J1+2j2=], j1,j220j'=0

where a}lm, is a constant depending only on (j1, j2, j’). By using the Poisson summation formula
for n, we find that the absolute convergence is reduced to that of

/du / (tit)* Z Zt] 62|  nH  exp(—mrn (7152 +162)) 672 diy di

0 (t1,t2)eR’ lez—

(0 < j' < j). Thus, we have proved the absolute convergence. O
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5.3. Unipotent contribution of ((e-2) and (e-3)) or (e-4)

We consider the contribution of ((e-2) and (e-3)) or (e-4). Let y; be an element of I, which
is G(Q)-conjugate to §(S1) (rank(S1) = 1). Hence, y1 is of type (e-4). We set A; = Uy/e[yl]r{)//}[‘.
Let y, be an element of I', which is G(Q)-conjugate to §(S3) (det(Sy) # 0). For y, = g8(S3)g ™!
(g € G(Q), we set Uy, r = {g8(T)g~ 1 € I'; det(T) # 0} and A, = Uy,eun'r{y/}p. The set iy, r

contains the two families for (e-2) g8(T2)g™" (det(T2) > 0) and (e-3) g8(T3)g~' (—det(T3) € (Q*)?).
Weset D=7, and Ly =L ifr=2, D={1} and Ly =Z if r=1 (cf. (e) Unipotent in Section 3). Using
[28, Section 3] and Proposition 4.14, we have

Ck, j

I(A) = —51
40 2(Z(I)

xcr) x Z(fF L2 =271 = 1),
where

c(1) =2°7~" x vol(Co(y; M\Co(y; G(R))),

c2) =277 x8(Z() x [ : T417! x vol(Co(y; M\ Co(y; G(R))).
It follows from Proposition 5.5 that

Ck,j

I(A) = —2)
“An) g(Zm)

x c(r) x vol(L}) x Z(fr, Ly, r—2).

For x € L} N 2, we set Gy ={g € G4 | gx'g =x} and Dy = D N Gy. For any bounded domain Uy
such that Uy C Uy C £2y, let Wy ={g € G, | gx'g € Uy}. Put

p(x) = / dg/ / det(y)~ D2 dy.
WX/DX UX

The number w(x) is finite and independent of the choice of Uy. Let L¥ N §2,/~" denote the set of
D-orbits in L N §2,. We define the zeta functions &(L}, s) as follows:

‘) px) 14r
£(Lr.s)= Y Jet X <Re(s)> 5 )

xeLfng2y/~"

These zeta functions are called zeta functions associated to symmetric matrices. Since SM(n; C) is
a prehomogeneous vector space, they are examples of prehomogeneous zeta functions. (L}, s) is a
meromorphic function of s on C and has a pole at s = (r+1)/2 (cf. [28,1,27]). If D is commensurable
with SL(2; Z), £(L%, s) also has a pole at s =1.

Theorem 5.7. The contribution of A; for ((e-2)(e-3), r =2) or ((e-4), r = 1) is given by

I(A,) = :1(271]“)) x c(r) x vol(L}) x Z(fy, LE.r —2)
= ﬁ(;zi})) x c(r) x vol(L}) x &(L¥, 7 — 2) x P(r),

where P(1) = 2m)2(j+ D(k—2)"1(j+k—1)""and P(2) = 2*%,;}(]‘ +1).
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Proof. It follows from the relations between zeta integrals and zeta functions (cf. [28, Proof of Theo-
rem 5] and [1, Proof of Proposition 1]) that

Z(fr Lfr =2) =§(Lf, T —2) x P(n),

where the integrals P(1) and P(2) are given by

P(1) = / fi (X)x—2 dx, P2)= / fa(x) det(x)—3/2 dx.
2 &

By direct calculation, we get P(1) = 2m)2(j + 1)(k—2)"1(j + k — 1)~!. By using Lemma 5.2, we get

PQ2) = 2’5“"”6,3 /tr(pk,j(x)Hk_’}) exp(—27 tr(x)) det(x) > dx
27

= 2‘2c,;}. / tr(,ok’j(x)Hk_’}) exp(—7 tr(x)) det(x) > dx
2

= 272Ck_,} tr{ (/ Pk, j(X) exp(—1 tr(x)) det(x) > dX) Hk_} }

22

= 2*%,;} tr(Hk,jH,;}) = 2*2ckj} (G+1. O

If r=1, then we have L} =Z and &(L}, —1) = —1/24. If D is commensurable with SL(2; Z), from
[28, Theorem 2] and [27, Theorem 1], we know

#(z) _ vol(D\Hy1)  m-vollla) o Xt: Cu

(15,0 x ——="2; 263

If D is commensurable with O, from [1, Proposition 1], we know

8(Z(I")) _ vol(D\$1)
x.0) x = .
E( 2 ) 2 24
From Theorem 5.7 and these results for special values, we obtain an alternative proof for the unipotent
contributions, mentioned at (e) Unipotent of Section 3.

6. Q-rank one case

Let B be an indefinite division quaternion algebra over Q, £ be a maximal order of B, and D(B)
be the discriminant of B. Then, G(Q) is a non-slit Q-form of Sp(2; R). We set I'*(1) = G() and
*(N) = {(gz) er*();a—1,b,c,d—1eNO}.

As for the scalar-valued case (j = 0), the dimension formula for Sio(/"*(1)) has been derived
by Hashimoto [13], and that for Sk o(/"*(N)) (N > 3) has been derived by Arakawa [1] and Yam-
aguchi [37] (Yamaguchi used the Riemann-Roch theorem). In this section, we generalize their results
to the vector-valued case. From [14, Section 5-1], the characteristic polynomials of the torsion ele-
ments of G(Q) are as follows:
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10 = (x =1 fi(—x), fr(0 = (@ +x+1)%, f7(—x),
fr0)=x—1%x+1)7?, fs@) =+ D +x+1), fz(—x),
f3®) =x—12x*+1), f3(—x), fo) =& +x+ D> —x+1),

fa00 = x =122 +x4+1), fa(—x), | fro®) =&+ +x2+x+1), fro(—x),
fs)=x—1D** —x+1), fs(—x), | fux=x*+1,
fe() = +1)2, fla(x) =x* — x> + 1.

In the notation ]_[p‘D(B), p runs over only prime numbers. The notation t = [tg,t1,...,t_1;1m
implies that t =t, if m =n (mod [). We denote the Legendre symbol by (%) We note that
dimg Sk j(I'*(1)) = 0 if j is odd. The following is a generalization of the result obtained by
Hashimoto [13] (j =0).

Theorem 6.1. If k > 5 and j is even, then we have dimc Sy ;(I"*(1)) = 11:21 H;, where H,, being the total
contribution of elements of I"*(1) with the characteristic polynomial f;(£x), are given as follows:

Hi=27335"1G+ k-G +k-D(G+2k-3)x [[ @-D(p*+1)

pID(B)
+27237G+ ) [ -
p|D(B)
s o 5 7 if2¢D(B),
Hy=2732(-Df(j+k-Dk-2) [ (-1 X{B if2| D(B).

PID(®)
H3=273"1(-1)/2(k-2), (G +k =1, (=D/* k-2), j+k—1):4],
—1
< [ (p—l)(l—(—)).
PID(®) P
Ha=273{[(+k =1, =(+k—=1,0:3], +[(k=2),0, =k —2); 3], }
-3
Je-()
pID(B) b
Hs=2733"{[-(j+k-1),—(+k=1).0,(G+k—1),(j+k—1).0:6],
+[(k—2),0,—(k —2), —(k—2),0, (k — 2); 6]

Tol-(3)

p|D(B)

e 1 (=)

p|D(B)

+2737 PGy Y [la-nx ] (1—(_—1>>xf\
PI2D(B)/Do P

Do|2D(B) q|Do

+27737 =12 G+2k-3) > JJa-vx ] (1—<_—1>>x3,
pI2D(B)/De p

De|2D(B) q|De

j+k}

where
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3 if2¢D(B), 2| D*,
A(resp.By=1{5 if2|D(B), 2| D*; or2{D(B), 21 D*,
11 if2|D(B), 24 D*

and D* = Dy (resp. D) runs through the set of divisors of 2D (B), which are the product of odd (resp. even)
number of distinct primes.

ae -3
H7=-27137"11,-1,0;3]; [] (1—(7»

p|D(B)

+27373G+ D01, -1 3] x Y [Ja-Dx J] (1_<__3))XA
pI3D(B)/Do

Do|3D(B) q|Do

+27373( +2%k-3)[1.-1.0:3;x > [Ja-Dx ] <1—<_73>>x3,

De[3D(B) q|De pI3D(B)/De

where

1 if3|D*,
A (resp.B)y=1{4 if3tD(B), 31D*,
16 if3|D(B), 31D*

and D* = Dg (resp. D) runs through the set of divisors of 3D (B), which are the product of odd (resp. even)
number of distinct primes.

Hs=272371Co(k, ) x [ (1 - <_71)><1 - <_?3>)

p|D(B)
[1,0,0,-1,-1,-1,-1,0,0,1,1,1;12]; if j=0mod 12,
[-1,1,0,1,1,0,1,—1,0,—1,-1,0;12]; if j=2mod 12,
Catk. j) = 1,-1,0,0,-1,1,-1,1,0,0,1,—-1;12], if j=4mod 12,
881)=11-1,0,0,-1,1, 1,1,0,0,1, 1,1;12]; if j=6mod 12,
[1,10,1,-1,0,—-1,-1,0,—-1,1,0;12]; if j=8 mod 12,
[-1,-1,0,0,1,1,1,1,0,0, -1, —1; 12]¢ if j =10 mod 12.
o—1q-2 2 if2¢D(B),
Hg =271372Cq(k, j) x ( ( )) [5 2| D(B),
pID(B),p#2
[1,0,0,—1,0,0:6]y ifj=0mod86,
Cok,j)=14[-1,1,0,1,—1,0;6]; ifj=2modB6,
[0,-1,0,0,1,0;6]y if j=4mod6.

0 if Ui, D(:5) #9,
w0w=2""5"Cok. Hx [[ 2x [] 2x31 ifUL, D5 =05 D®),
pID(B)  peD(~1:5) 2 ifUl,D(@;5) =%, 5/D(B),

where we set D(i; j) = {p | D(B); p =i mod j},
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[1,0,0,-1,0;5]; ifj=0mod 10,
[-1,1,0,0,0;5]; ifj=2mod 10,
Ciok,j)=130 if j=4mod 10,
[0,0,0,1,—1;5]; if j =6 mod 10,
[0,-1,0,0,1;5]; ifj=8mod 10.
3 : 0 ifD(1;8) £,
Hu=27Cnk px [] 2x ] 2x [1 D1 8) .
pID(B),p#2 peD(-1:8)
[1,0,0,—1;4], if j=0modS,
] [-1,1,0,0:4]; ifj=2modS8,
Cuk D=11_10014] ifj=4mods.
[1,—1,0,0;4];, ifj=6modS8.
Hi2=0 ifD(1;12) #40,
otherwise
Hiz=2723""J] 2x [] 2x1/™1,-1,0:3];xA
pID(B) peD(—1;12)
+27237 [T 2x  J]  2x(=1)/%[0,-1,1: 3] j2 x B,
pID(B) peD(-1;12)
where
(i) if21D(B), 31 D(B),
1/2 ifD(—1;12) £ 0,
A (resp. B) = {0 if D(—1;12) =@, gD (5;12) is even (resp. odd),
1 if D(—1;12) =0, gD(5; 12) is odd (resp. even),
(ii) if 21 D(B), 3| D(B),
3/4 ifD(—1;12) #9,
A (resp. B) = { 1/2 if D(—1;12) =@, 8D(5; 12) is even (resp. odd),
1 if D(—1;12) =@, #D(5; 12) is odd (resp. even),
(iii) if2| D(B), 31 D(B),
3/4 ifD(—1;12) £,
A (resp. B) = { 1 if D(—1;12) =@, gD(5; 12) is even (resp. odd),
1/2 if D(—1;12) =@, #D(5; 12) is odd (resp. even),
(iv) if6 | D(B),
9/8 ifD(—1;12) #4,
A (resp. B) = {5/4 if D(—1;12) =@, gD(5; 12) is even (resp. odd),
1 if D(—1;12) =@, 4D(5; 12) is odd (resp. even).
1 0 ifp=2, _3 0 ifp=3,
(—):{1 ifp=1(mod4), (—):(1 ifp=1 (mod 3),
b —1 ifp=3(mod4), p —1 ifp=2(mod 3).
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Proof. We can generalize the proof of [13, Theorem 4-1] by using Theorem 3.1. Note that Theorem B.1
is used in the proof of this theorem (cf. Appendix B). O

Numerical examples of dimc Sy, ; (I'*(1)).

(i) D(B) =2 x 3.
J\\k 4* 5 6 7 8 9 10 11 12 13 14 15 16 17
0 2 0 4 2 8 5 15 10 25 15 34 26 53 38
2 2 2 5 7 15 17 33 34 53 58 91 96 138 140
4 4 6 14 19 35 42 67 77 114 126 179 200 264 287
6 9 17 30 40 65 82 118 145 195 224 299 341 432 484
8 19 27 49 67 106 131 188 223 298 346 448 514 642 717

(ii) D(B) =2 x 5.

ik 4* 5 6 7 8 9 10 11 12 13 14 15 16

0 4 2 13 5 26 19 56 41 98 70 149 123 232
2 9 12 28 39 82 99 170 185 285 316 470 513 714
4 23 33 76 99 180 227 346 408 587 675 926 1051 1364
6 46 83 150 203 330 423 607 742 1004 1173 1534 1771 2228
8 88 141 246 347 532 684 955 1157 1522 1805 2302 2669 3298

(iii) D(B) = 3 x 5.

j\k 4* 5 6 7 8 9 10 11 12 13 14 15

0 9 8 34 29 86 85 183 178 331 318 536 531
2 30 52 117 170 311 405 640 775 1120 1324 1821 2100
4 84 149 298 431 703 934 1357 1694 2316 2789 3644 4283
6 174 323 574 834 1281 1702 2373 2985 3936 4757 6044 7136

8

330 575 979 1416 2091 2756 3752 4681 6044 7305 9117 10746

* Our theorem is not valid for k = 4. We formally substitute k =4 in the formula of our theorem. When D(B) = 6, we know
dimc S4,0(I"*(1)) =2 from [16, Theorem 4.4]. We conjecture that the dimension of Sy ;(I"*(1)) is given by substituting k =4
in the formula (cf. [12,13]). We also conjecture the same for other arithmetic subgroups.

Theorem 6.2. k > 5. j is even. If 21 D(B), then we have

dim S (r*@) =237+ Dk =2)(G+k=DG+2k=3) [] (0= D(p*>+1)
pID(B)

+27%2.3.5G+1) [] -1
pID(®)

+272 5D G +k=Dk-2) [] (0—D*
pID(®B)

If2 | D(B), then we have

dim Sy j(I*2) =375+ Dk -2) G +k—D(+2k=3) [] - D(p*+1)

pID(B)
+2:3-G+D) [ @=-D+ DG +k=Dk=2) ] (0-D*
pID(B) pID(B)
Proof. Let r be even, and pq,...,pr, and q be primes. The prime g satisfies ¢ =5 (mod 8) and

(q/pm) = —1 for all py # 2. Let « = p1---pr and B = q. We define the quaternion algebra B by
B=Q+ Qa+ Qb + Qab, a*> =, b®> = B, ab= —ba. Then, D(B) = p1p> - -- pr. We set

1 1
O=7+7 erb+za( ;b) +Z(a+qy)b
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where y2? =« (mod q). Ibukiyama constructed this integer ring O and proved that this integer ring
9 is maximal (cf. [17]). We set

g1=<(1’ é)¢r*(2> and gzz(g ‘2(f’b“))er*(2>,

where b? = 8 =q =4l + 1) + 1. It follows from H, = I{g1}r=a)) + 1({g2} r=@1)) that the conjugacy
classes {g1}r+1) and {g2}r+) are all the I"*(1)-conjugacy classes whose eigenvalues are 1 and —1.
Thus, we have obtained the dimension formula for I"*(2) by using Theorem 3.2. O

Using Theorem 3.2, we get the following dimension formula, which is a generalization of the result
obtained by Arakawa [1] and Yamaguchi [37] (j =0).

Theorem 6.3.Ifk > 5 and N > 3, then we have
dim Sy (I (N)) = [I'*(1) : T*(N)]

x {2—83—35—1<j+1><k—2>(j+k—1><j+2k—3> [T ®-D@*+1)
pID(B)

+27371G+ DN ] (p—l)},
p|D(B)

where [I'*(1) : I'*(N)]1 = N T, x pioy (1 =P~ A = p D Ipin, poey(1 =2~ HA+p7).
7. Q-rank two case

We can obtain the dimension formulas for some congruence subgroups of Sp(2; Z) by using Theo-
rems 3.1 and 3.2. We also use Theorem B.1 (cf. Appendix B) or the classifications of the I'-conjugacy
classes (cf. Gottschling [9], Ueno [34], and Hashimoto [12, Sections 6 and 7]). In this paper, we do not
describe the classifications and local factors. Our proofs are different from Tsushima’s proofs [32,33].

Let I'(1) =Sp(2;Z) and I'(N) ={y € I'(1); y = I4 (mod N)}. As for the scalar-valued case (j =0),
the dimension formulas for Sk o(I"(N)) (N =1,2) have been derived by Igusa [22], Hashimoto [12]
and Tsushima [31], the dimension formula for Sg o(I"(N)) (N > 3) has been derived by Christian [6],
Morita [25], and Yamazaki [38] (Gunji also derived a formula for N =3 in [10]).

Theorem 7.1. If k > 5 and j is even, then we have dimc Sy ;(I" (1)) = 211:2] H,, where H;, being the total
contribution of elements of I (1) with the characteristic polynomial fj(£x), are given as follows:
Hi=2"7335"1G+ Dk—2)(G+k—1)(j + 2k —3)
27372+ D(+2k—3)+27437 1+ 1).
Hy=2773727(= DX+ k= 1)(k —2) — 27371 (=) + 2k — 3) + 2723(=1)¥.
H3=—273[(-=1)/2, -1, (-1)I**1 1; 4],
+27337 (=) k= 2), —(j+ k= 1), (=D (k= 2), j+ k- 1): 4],.
Hy=—-2"237"2{[1,—1,0; 3] +[1,0, —1; 3]s} — 372{[1,0, 1; 3] + [0, =1, —1; 3]sk}

+27372{[(+k =D, = +k=1.0;3], + [(k=2),0, =k = 2): 3], ).
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Hs=-2"23"1{[-1,-1,0,1,1,0; 6] +[1,0, =1, 1,0, 1; 6] 4}
+272372{[-(+k=1,—(+k—1),0,(j+k—1), (j+k—1),0;6],
+[(k=2),0,—(k=2), —(k=2),0, (k- 2): 6], }.

He=—273(=1)/2 +2773715(=1)12(j + 2k — 3) + 277 (= 1)/*T*(j + 1).

H;=-271371[1,-1,0; 3; j]
+271373(j 4+ 2k = 3)[1, —1,0;3]; + 272373 + 1[0, 1, —1; 314 2k-

Hs=272371Cs(k, j),  Ho=372Co(k,j),  Hio=5"Ciolk, J),
Hi1=273Ciik, j),  Hiz=2723"1(=1)/2[0, -1, 1; 3] j32«,

where Cg(k, j), Co(k, j), C1o(k, j), and C11(k, j) are given in Theorem 6.1.

Numerical examples of dimc Sy, ; (I' (1)).

jN\k | 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
0 0 o 0o o0 o0 o0 1 0 1 0 1 0 2 0 2 0 3 0 4 0
2 0 o o0 o0 o0 o0 O 0 0 0 1 0 2 0 2 0 3 1 5 1
4 0 o o o0 o0 o 1 0 1 0 2 1 3 1 4 2 6 3 8

6 0 0o 0 o0 1 0 1 1 2 1 3 2 5 3 7 4 9 6 12 9
8 0 0o 0 o0 1 1 2 1 3 2 5 4 7 5 9 7 13 10 17 13

* Our theorem is not valid for k = 4. Igusa has calculated the dimensions for (j, k) = (0,4) in [22]. For (j,k) = (2,4), (4,4),
the values are trivial, because we can prove them by using dimc Sg(I"(1)) = dimc Sg 4(/"(1)) =0 and the multiple of the
Eisenstein series of weight 4. For (j, k) = (6, 4), (8, 4), Ibukiyama has calculated the dimensions by using the Witt operator.

Theorem 7.2. If k > 5 and j is even, then we have

dime S j(I'(2) =272371G + Dk —2)(j +k = 1)(j + 2k — 3)
—273.5(j+1)(j+2k—3)+273.3.5(j+1)
+273. 5=k —-2)(j+k—1)
—273.3.5(=D*(+2k—=3)+273.32.5(—1k,

Theorem 7.3. Ifk > 5 and N > 3, then we have

dime Sy j(F(N)) = [I(1) : T(N)] x {278373571(j+ 1) (k= 2)(j +k — 1)(j + 2k — 3)
—2785372(j+ 1)(j + 2k —3)N2 + 275371 (j+ YN 3},

where [I'(1) : I'(N)] = N'TT, ime. yn(1 — P21 — p~4).

For a prime p, we set Ip(p) = {(? [B)) € I'(1); C=0 (mod p)}. Let x be a Dirichlet character

modulo p. Let x(y) = x (det(D)) for (’2 g) € Ip(p). We can prove x(y) =1 for any unipotent el-
ement y € Ip(p) by simple calculation. Hence, we can apply Theorem 3.2 to the calculation of
dimc Sk, j(I'o(p), x). Hashimoto has not classified I'p(p)-conjugacy classes for p =2 in [12]. Since
I'p(2)-conjugacy classes can be classified by using the same argument as that in [12], we omit the
proof for p = 2. For a polynomial f(x) with Z-coefficients, in the notation f(a)=0» @ TUNS over all
solutions of f(a)=0 mod p on Z/pZ.
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Theorem 7.4.Ifk > 5, j is even, and p is prime, then we have dim¢ Sy ;(Io(p), X) = 211:21 H,, where Hj, be-
ing the total contribution of elements of I'y(p) with the characteristic polynomial f;(£x), are given as follows:

Hi=2""33571G+ Dk - 2)(j +k—1D(j+2k—3)(p+ 1 (p* +1)
— 27372+ DG +2k=3)(p+ 1) +27237 1+ 1).

oTa=20 k(i 1\ B 7(p+1? ifp#2,
Hy=277372(=1)*(j + k — 1)(k — 2)x ( 1)x{57 ifp_2

— 2733 LR+ 2k = 3)(p+ Dy (=1) +2‘4(—1)’<X(_1)<7 - (7»'

Hy = —272[(=1)I12, =1, (=1)I/>*1 1 4]:<< 2. X(a)>

a2+1=0
+2737 (=) k—2), —(+k = 1), (=D k—2), j+k—1); 4],

X <p+1>< > x(a))-

a’+1=0

Hy=-2""3"2{[1,—-1,0; 3] +[1,0, —1; 3]j+,<}< > X(a))

a?+a+1=0
—2-3—2{[1,0,1;3]k+[0,—1,—1;3]j+k}< > x(a)>
a?+a+1=0
+2737[G+ k=1, =(+k=1),0:3], +[(k=2),0, =(k —2); 3], }
x<p+1>( > x(a)).
a?+a+1=0
Hs=-2"'3""{[-1,-1,0,1,1,0; 6] + (1,0, —1,-1,0, 1; 6] 44}
x( > x(a)>
a2—a+1=0
+27337 [~ +k =1, =G +k=1),0,( +k=1),(j+k—1),0:6],
+[(k—2),0,—(k —2), —(k — 2),0, (k — 2); 6]

X (p+1)< > x(a)>.

a2—a+1=0

He = —2*3(—1)1/2{2 + X(—1)<1 + (%))}

23 LI 2k — 3) x {5{p+1 +XEDA+GH)) ifp#2,
23 ifp=2
2T ()G 1) x {p+1+x(—1)(1+(‘71)) ifp#2,
3 ifp=2.

j+k}
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H7:—2*13*1[1,—1,0;3]j<2+ > X(a))
a?+a+1=0
+2—13—3(j +2k — 3)[1, —1,0; 3]] % p+ 1+ Za2+a+1EOX(a) lfp #3’
7 ifp=3
+273373(+ DI0.1, -1 3]
P—1+ (g2 as1=0 X (@) ifp=1mod3,
Xy yp+1 if p=2mod 3,
1 if p=3.
Hg =2—23—‘cs(k,j)( > x(a)>< > x(6)>-
a2+a+1=0 c2+1=0
_ . _ _ ] 2
Ho = 2 I (Zaz_a.l,_l:()X(a))(ZC2+c+]=0X(C)) lfp 7é ’
9=3 C9(<,J)X{3/2 ifp=2.
Hio=5""Cio(k, j) > X(a)>~
at+a3+a?+a+1=0
2X (=D + > 2110 x(@ ifp=1mod8,
2x(=1) if p=3modS8,
Hin=272Crik. j) x § o120 X @ ifp=5mod8,
0 if p=7mod 8,
1 ifp=2.
) -1
H]z=2_23—1(_])J/2[0,—17113]1+2k{X(_1)<1+<_>>+ Z X(a)
p a24+a+1=0
Cs(k, j), Co(k, j), C1o0(k, j), and Cq1(k, j) are given in Theorem 6.1.
Numerical examples of dimc Sy, j (Io(3)).
iNk| 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
0 1 0 2 0 5 0 10 0 16 0 23 1 35 3 47 4
2 0 o0 2 0 7 3 16 6 26 12 44 24 67 37 92 54
4 1 0 5 3 14 10 29 20 49 36 79 61 116 90 163 130
6 3 4 11 11 27 25 51 46 84 74 128 116 187 168 258 232
8 5 7 18 19 42 43 77 74 123 118 187 181 269 256 365 349
Numerical examples of dim¢ Sy, j (I'o(3), (%)).
iNk| 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
0 0 1 0 4 0 7 0 12 0 20 1 29 1 39 4 55
2 0 1 0 5 1 10 321 10 36 17 53 28 79 47 112
4 0 2 2 9 6 20 14 38 29 63 47 95 74 139 111 191
6 1 7 7 19 17 38 33 66 59 106 94 156 138 220 199 301
8 3 10 14 29 30 56 56 98 97 154 148 223 214 314 304 426

# Our theorem is not valid for k = 4. Tsushima has calculated the dimensions for (j,k) = (0,4) in [33]. For k =4, j > 0, the
values are conjectural.

Appendix A. Non-cusp forms

In this appendix, we explain some properties of non-cusp forms for I"(1) and I'*(1). A Ci*1-
valued holomorphic function f on $); is called a Siegel modular form of weight o ; for I' if f
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satisfies f(y - Z) = p ;(CZ+ D) f(Z) for all y = (’é g) eI and Z € §;. Let My j(I') be the space of
Siegel modular forms of weight oy j for I". Let Ny ;j(I") be the orthogonal complement of Sy ;(I") in
M j(I") by the Petersson inner product. We have My j(I") = Sg j(I") @ Ny j(I"). From [23,2], we know
the following results for I"(1). We also obtain the following results for 7"*(1) similarly.

Theorem A.l. Let k > 5. j is even. If k is odd, then Ny ;(I"(1)) = Ni j(I'*(1)) = {0}. If k is even,
we have dimg Nio(I'(1)) = dimc Mi(SL(2; Z)), dimc Ny j(I"(1)) = dimg Sk4j(SL(2;Z)) (j > 0),
dimg Ni,o(I"*(1)) = 1, and dimc Ny j(I"*(1)) = 0 (j > 0), where My (SL(2; Z)) (resp. Si(SL(2; Z))) is the
space of modular forms (resp. cusp forms) of weight k with respect to SL(2; 7).

Thus, we obtain the dimension formulas for My ;j(I"(1)) and My ;(I"*(1)). The Eisenstein series
span the spaces Ny ;(I"(1)) and Ni j(I"*(1)). For details of the Eisenstein series, we refer to [23,2]
(split Q-form case) and [16] (non-split Q-form case). For details of the L-functions of vector-valued
Siegel modular forms, we refer to [2] (split Q-form case) and [30] (non-split Q-form case).

Appendix B. Elliptic contributions

Here, we describe the formula for elliptic contributions used in the proofs of Theorems 6.1 and 7.1.
The formula was obtained by Hashimoto (cf. [11-13]). If H is an algebraic group defined over Q, we
denote the p-adic completion (resp. the adelization) of H by H, (resp. Hy). We set

~ L L
c:(@):{g:(‘; Z)eM(z;m; (‘g Z) (? (1)) (gt gl)zn(@(? é),n<g>e@>o}

and Z(g) ={ze M(2;B) | zg = gz} for g € G(Q). We assume that I" satisfies the following conditions:
(i) there exists a Z-order R of M(2;B) such that I" = R* N G(Q) and (ii) n(R; NGp) = Z; for all p.

Theorem B.1. (See [12, Theorem 2-4].) The elliptic contribution in Theorem 3.1 is equal to

aj Y. Jo@ Y Me(MD)] Jep(g Ry, Ap).

The notations are defined below.

(1) The first sum is extended over the conjugacy classes in G(Q) of the elements “with fi-
nite orders, which are locally integral (cf. [12, Theorem 1-3]). (2) Lz(A) runs over the G-genera

of Z-orders in Z(g). The f;—genus Lz(A) containing A consists of all Z-orders in Z(g), which
are conjugate in Z(g); N Cp with A, for all p. (3) We decompose the group (Z(g)* N G), into
the disjoint union (Z(g)* N G)a = UL, (Z(2)* N GQ)yk(AX N Ga), Ap = A @7 Za. Let Ay =
ykAy, = Np(WpAp(Yi), ' N Z(g)). Then, we define Mg (A) =vol(Ag N Co(g; GR)\Co(g; G(R)))
ZZZl[AkX NGQ): A NCo(g; G(Q))]7 !, where Ag is a fixed Z-order of Z(g) (Mg(4) is the G-Mass
of A)L(4) We set cp(g, Rp, Ap) =8((Z(&)* N G)p\Mp(g: Rp, Ap)/(Rl);( NGp)), where M, (g, Ry, Ap) =
{x € Gp; x"1gx € R, there exists an a € (Z(g)* N G)p such that Z(g)p N kRpx~1) = aApa~1}.
(5) Jo(&) = Jo(g) if —I4 ¢ Co(g: G(R)), and Ji(g) =2""Jo(g) if —I4 € Co(g; G(R)).

The explicit calculations of the local factors ¢, for R, = M2(9p) have been carried out by
Hashimoto and Ibukiyama [14].
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