Journal of Number Theory 133 (2013) 3394-3425

Contents lists available at SciVerse ScienceDirect

JOURNAL OF

Journal of Number Theory

www.elsevier.com/locate/jnt

Multiplicity formulas for discrete series representations in
L*(I'\Sp(2, R))

Satoshi Wakatsuki *:!

Faculty of Mathematics and Physics, Institute of Science and Engineering, Kanazawa University, Kakumamachi, Kanazawa,
Ishikawa, 920-1192, Japan

ARTICLE INFO ABSTRACT

Artic{e history: Let Sp(2) denote the split symplectic group of rank 2 over Q.
Recglved 17 September 2012 Fix a prime p. Let K, be a parahoric subgroup of Sp(2,Qp). An
Revised 12 April 2013 arithmetic subgroup I” is defined by I" = Sp(2, Q) N (Sp(2, R)Ko),

Accepted 12 April 2013 _ s
Available online 13 June 2013 where Ko = K Hv<oo, vtp Sp(2,Zy). In this paper, we calculate

Communicated by David Goss Arthur's L[2-Lefschetz trace formula for Sp(2) in order to obtain

an explicit formula for multiplicities of discrete series and some
Keywords: non-tempered unitary representations in the discrete spectrum of
Multiplicity formula L2(I'\Sp(2,R)) for each such I". From them we derive explicit

The split symplectic group of rank 2
Discrete series representation
Arthur's L?-Lefschetz trace formula
Dimension formula

Siegel cusp form

Automorphic representation

multiplicity formulas for large discrete series, which are our
main results. The multiplicity formulas are applied to a study on
numbers of cuspidal automorphic representations of PGSp(2).

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

Let Sp(2) denote the split symplectic group of rank 2 over Q. Fix a prime number p. Let K,
be a parahoric subgroup of Sp(2, Qp). We set K, = Sp(2,Zy) for each finite place v # p of Q. An
arithmetic subgroup I" is defined by I" = Sp(2, Q) N (Sp(2, R)Kp), where Ko =[], _, Kv. The pur-
pose of this paper is to give a computable explicit multiplicity formula for large discrete series in
the discrete spectrum of L%(I"\Sp(2, R)) for each such I'. Let u be a finite-dimensional irreducible
rational representation of Sp(2). A single L-packet consists of discrete series whose infinitesimal char-
acters are the same as that of the contragradient representation of . Any such L-packet has four
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discrete series representations. One is called a holomorphic discrete series, another is called an anti-
holomorphic discrete series, and the others are called large discrete series. Moreover, the multiplicity
of the holomorphic discrete series is equal to that of the anti-holomorphic one and the two large
discrete series have the same multiplicity. Multiplicity formulas for holomorphic discrete series are
already known (cf. [12,14,20,38,41] and Appendix A), but those for large discrete series were not.
Therefore, we require multiplicity formulas for large discrete series. We calculate the geometric side
of Arthur's L2-Lefschetz trace formula (cf. [3,9]) for Sp(2) with respect to any p and the characteristic
function of Ky by using data about I'-conjugacy classes (cf. [10,12-14,20,39]). Then, we obtain an
explicit formula for a linear combination of multiplicities of discrete series and some non-tempered
unitary representations of Sp(2,R). If the highest weight of u is regular, then the non-tempered
unitary representations do not appear in the formula. Hence, the half of the linear combination is
the sum of the multiplicities of the holomorphic discrete series and the large discrete series. Thus,
we can derive an explicit multiplicity formula for the large discrete series with respect to I" from
them.

Using the explicit formulas we can compute differences between multiplicities of holomorphic
discrete series and large ones. The differences are expressed by multiplicities for discrete series of
SL(2, R). It is obvious that the differences can be associated with endoscopic groups of GSp(2) from
the point of view of Arthur’s conjecture. Hence, we have a conjecture on an explicit form for a stable
trace formula with respect to multiplicities of discrete series. This study is closely related to Spallone’s
works [34,36] for a stable version of Arthur’s L%-Lefschetz trace formula.

Set H =PGSp(2) and G = Sp(2). Let P@ (resp. G/(\R)) denote the set of equivalence classes of
irreducible unitary representations of H(A) (resp. G(R)), where A is the adele ring of Q. For each
T Ee H/(AT) (resp. 0 € G/(@)), we denote by my (resp. m(0, ")) the multiplicity of 7 (resp. o) in
the discrete spectrum of L2(H(Q)\H(A)) (resp. L*(I'\G(R))). We set Ki =K}, [T, . vp GSP(2, Zy)
where KI/J is a parahoric subgroup of GSp(2, Q) satisfying K, = KI’J NSp(2, Qp). Let Nn_,% denote the

space of I(é—ﬁxed vectors in ), ., v for T =), my € H/(K) Assume that o, is a discrete series of
G(R). Then, we have the equality

M(0oo, 1) =) My -dime Ny g

e

where 7w = ), 7y runs over all representations of I-T(K) such that o is a constituent of e |G(R)-
The dimensions dimc Ny, K, are determined by Schmidt in [32,33]. Our multiplicity formula provides
the numerical value of m(o., I"). Therefore, we can get numerical information about multiplicities
and numbers of cuspidal automorphic representations. Furthermore, if we take linear combinations
of multiplicities, then we obtain some formulas for numbers of cuspidal automorphic representations
satisfying some conditions at p. For an earlier study related to this work, we refer to Gross and Pol-
lack [11]. They have studied explicit computations for Euler characteristics associated with Steinberg
representations by using trace formula in general. We find two interesting numerical experiments us-
ing such linear combinations. One is that a linear combination provides only even numbers for any
parameter. In [42], we explained that it is related to class numbers and Arthur’s conjecture. The other
is that values of a linear combination for suitable parameters coincide with dimensions of spaces of
Siegel cusp forms for Sp(2, Z). The reason is unclear.

This paper is organized as follows. In Section 2, we review multiplicities, discrete series, and some
non-tempered unitary representations. In Section 3, we explicitly calculate Arthur’s L2-Lefschetz trace
formula for Sp(2). In Section 4, we give multiplicity formulas for large discrete series. In Section 5, we
consider some relations and numerical experiments on multiplicities. In Appendix A, we give some
dimension formulas which are necessary to prove multiplicity formulas in Section 4. In Appendix B,
we give two tables, which are due to Schmidt [32]. One is a classification for irreducible admissible
representations of GSp(2, Qp) supported in the minimal parabolic subgroup and the other is a table
for dimensions of spaces of parahori-invariant vectors.
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2. Preliminaries
2.1. Notations

For a finite set X, the cardinality of X is denoted by |X|. Let R be a ring. We denote by M(n, R)
the ring of matrices of degree n over R. Let diag(ay,ay,...,a,) denote the diagonal matrix whose
entries are given by aj,ay,...,a,. We denote by I, the unit matrix of M(n, R) and by O, the zero
matrix of M(n, R). For a matrix x, ‘x denotes the transpose of x. Let GL(n, R) denote the group of
invertible matrices in M(n, R), and let SL(n, R) denote the subgroup of matrices with determinant
one in GL(n, R).

Let Q, R, and C denote the field of rational, real, and complex numbers respectively. We denote
by Z the ring of rational integers. Let i denote the complex number /—1. For each place v of Q, we
denote by Q, the completion of QQ at v. The real place of Q is denoted by oo, that is, Q. = R. Let
Z, denote the ring of integers of QQ, for each finite place v. Let G be an algebraic group over Q. Let
G(Z), G(Zy), G(Q), and G(Qy) denote the group of Z-valued, Z,-valued, Q-valued, and Q,-valued
points of G respectively. Let A denote the adele ring of Q. We denote by G(A) the adelization of G.
We put G(Afp) = {(xy) € G(A) | Xoo = 1}. We set

GSp(2) = {g e GL@) ’ Hk(g) eGL(1)st. g <_0122 (1)22>tg: A(g) (9122 (1)22)}.

Let Z denote the center of GSp(2). We set Sp(2) = {g € GSp(2) | A(g) = 1} and PGSp(2) = GSp(2)/Z.
2.2. Discrete spectrum

Let G be a connected semi-simple algebraic group over QQ and let I" be an arithmetic subgroup of
G(Q). The group G(R) acts on L2(I"\G(R)) by the right regular representation. Let Lﬁisc(F\G(R))
be the subspace of L*(I'\G(R)) spanned by the closed G(R)-invariant irreducible subspaces of
L%(I'\G(R)). The subspace L% (I"\G(R)) is its orthogonal complement. L3, (I"\G(R)) is called the
discrete spectrum and L2 (I"\G(R)) is called the continuous spectrum. We have the orthogonal di-
rect sum

L(F\GR) = e (M\G®) & Ly (MG R).

It is well known that the discrete spectrum Lﬁisc(F\G(R)) decomposes into an orthogonal direct sum
Lglisc(F\G(R)) = @ M(0oo, I") - Ho,

0GR

where G/(]RT) is the unitary dual of G(R), Hs,, is the Hilbert space of 04, and m(ox, I") is a non-

negative integer. Note that there are only countably many representations o, € G(R) such that
MO0, I') > 0. We call m(o, I') the multiplicity of 04 in Lﬁisc(F\G(]R)).

2.3. Discrete series representations of Sp(2, R)

We explain the Harish-Chandra parameter of Sp(2, R). For details, we refer to [23]. We set

Ko = {(_AB ﬁ) €Sp2, R) ‘ A B eM(Z,R)} ~U().
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The group K is a maximal compact subgroup of Sp(2, R). We set

E1={li.b)eZ? |k >L >0}, Gr={(.b)eZ*|l; > -l >0},
E3 = {(11,12) GZZ | —12 >I1 > 0}, Eyq = {(l],lz) GZZ | —12 > —I] > 0}.

There exists a one-to-one correspondence between the set & = &1 U &, U &3 U &4 and the set of
unitary equivalence classes of discrete series representations of Sp(2, R). The integral point (I1, ) is
called the Harish-Chandra parameter. We assume that

(1) D(l1,1;) denotes the holomorphic discrete series representation with the minimal K-type
det?™2 @ Symy, _;, 4 if (11, 1) € &1,

(2) D(l1,1;) denotes the large discrete series representation with the minimal K-type det? ®
Symy, 1,41 if (I1,12) € &,

(3) D(l1,1y) denotes the large discrete series representation with the minimal K-type det? ! @
Symy, _y, 41 if (1, 2) € &3,

(4) D(l1,1) denotes the anti-holomorphic discrete series representation with the minimal K-type
det?™ ' @ Symy, 4, 4 if (1. ]) € Ea,

where Sym; means the j-th symmetric tensor representation of GL(2, C). For each (l1,12) € &, we
easily see that

m(D(ly,1), I') =m(D(=l, —11),T).

Hence, we have only to consider =7 and Z, for multiplicities of discrete series. From now on, we
assume

(lh,b) e &1,

that is, [; > I > 0. For the sake of simplification of description, we set
L
D% =D(,) and D" =Dy, ).

Note that the set {D}'I“_),lz, Dﬁf’e, D(l3, —11), D(—lp, —l1)} is a single L-packet.

2.4. Holomorphic Siegel cusp form

We define spaces of holomorphic Siegel cusp forms of degree two. Let o ;j = det* ® Sym;. The
representation py j is a (j + 1)-dimensional irreducible representation of GL(2, C). We set

H={ZeMy(C)|Z2="Z, Im(Z) > 0}.

The group Sp(2,R) acts on §); as g-Z =(AZ + B)(CZ+ D)~ ! for g= (’é g) eSp(2,R), Z € . Let
Sk,j(I") denote the space of Siegel cusp forms of weight o, ; for I', i.e. the space of holomorphic

functions f : $; — C/t71 satisfying

(i) f(y-2Z)=prj(CZ+D)f(Z) for all y = (g‘ g) er, ZefH,,

(i) 1ok, j(AM(2)1/2) f(Z)|gj+1 is bounded on $, where Im(Z)'/2 is the real symmetric matrix such
that (Im(2)1/2)2 = Im(2).
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Note that dimc Sy j(I") =0 if —I4 € I" and j is odd. We set

(,)=G+k—1,k-2).

Then, it is known that

m(D}°, ') = dimc Sy (I

l,l»

(cf. [43]). We have already known dimension formulas for spaces of Siegel cusp forms of degree two
in many cases (see e.g., Igusa [22], Hashimoto [12], Hashimoto and Ibukiyama [14], Ibukiyama [20,21],
Tsushima [37,38], Wakatsuki [41]).

2.5. Some non-tempered unitary representations

We will introduce some non-tempered unitary representations of Sp(2,R), which are related to
the L%-cohomology of I'\$);. We set

* ok ok %k * ok ox ok
* % ok ok 0 % % x

P1(R) = 00 % x e Sp(2,R) and P;(R) = 00 % 0 eSp(2,R)
0 0 x =% 0 % *x =x

Let My(R)Ar(R)NL(R) be the Langlands decomposition of Py(R) for k =1 or 2. Hence, we have
Mi(R) = SL*(2,R), A1(R) = R.g, Ni(R) = R3, Ma(R) = SL(2,R) x (Z/27), Az(R) = R.q, and
No(R) =R x R2,

Let D,f (resp. D, ) denote the holomorphic (resp. anti-holomorphic) discrete series of SL(2,R)
which has the minimal K-type ( cosd S'"9) > elk+D0 (resp, e~ik+1)0) The discrete series Dy of

—siné cos 6
SL*(2,R) is defined by Dilsi2,r) = D, @ D, . The quasi-character v; on R. is defined by vi(a) =a
(a € R-p). Let sgn denote the non-trivial character on Z/2Z.
Let k be an integer which is larger than 2. We denote by o, the Langlands quotient of the induced
representation

Sp2.R)
Indy, (@), @)ny @) (D2k-3 @ V1 @ 1)

The Harish-Chandra module of o, is equivalent to a certain Aq(1)-module (cf. [40, Section 6]). Hence,

0, is unitarizable. The A-packet of o, is {0}, D;jflLk_z, D(—k+2,—k+ 1)} (cf. [1]).

Let | be an integer which is larger than 1. Let a)li denote the Langlands quotient of the induced

representation

Sp(2,R) +
Indyz, Ry, RyN, ) (D) @ 58N) @ V1 ® 1).

The Harish-Chandra module of cul+ (or w;") is also equivalent to a certain Aq(1)-module. The set
{w, @[} is an A-packet (cf. [1]).

3. Explicit calculation for Arthur’s L2-Lefschetz trace formula
3.1. Arithmetic subgroups

We set

G =5p2)
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throughout this section. Fix a prime number p. Put

x1 =diag(1,1,p,p) and x, =diag(1,1,p,1).

We set

K, =Sp(2.Zp), Kb =xaM(4,Zp)x; ' NSp(2,Qp), Ky =KS NKSe,
KE' = oM (4, Zp)x, ' NP2, Zy), K5 =xaM(4, Zp)x; | NSP(2, Zp).
These comprise the five conjugacy classes of parahoric subgroups of Sp(2, Q). Therefore for the pur-

pose of computing multiplicity formulas, we may and will assume that K, is one of K,, Kp™, K&,
I(;ie, and l(iI}”a. We set K, =Sp(2, Z) for each finite place v # p of Q and

Ko = ]_[ K.

vV<oo

An arithmetic subgroup I" is defined by

I'=5p2,Q) N (Sp(2, R)Ko).

If Kp = lfp, then I' = Sp(z, Z). The arithmetic _subgroup I' is denoted by K(p) if K = l(gar, Ki(p) if
Kp= I(E“, Si(p) if Kp = l(i,‘e, and I(p) if Kp = I(B""’. We call Sp(2, Z) the full modular group, K(p) the
paramodular group, Kl(p) the Klingen congruence subgroup, Si(p) the Siegel congruence subgroup,
and I(p) the Iwahori subgroup.

3.2. L%-Lefschetz number

For each [ = (I1, 1) € &1, we denote by w(l1,l2) a finite-dimensional irreducible rational represen-
tation of Sp(2) over Q, whose contragradient representation has the same infinitesimal character as
D}'llf’ll . We define a test function h; on G(Agn) by hy =vol(Kg)~! x hg, where vol(Kp) is the volume
of Ko and hy is the characteristic function of Ko. A number %}, 1,)(hr) is defined by

(=1) X L (hr)

=2-m(D}'% , ) +2-m(D; "%, I)

l,l? Il °

0 ifl1—12>1and12>1,
-2 -m(0,2_+2, i) ifli—lhb=1andl, > 1,
) —2-m. 1 —2-m@;. 1) ifl—l>1andlp =1,

—2-m(oy, I —=2-mwy, IN—2-mw,, IN—4 ifi—h=1andL=1.

By the result of Hiraga [16,17] we find that the number .Z),(, i,)(hr) agrees with the L-Lefschetz
number .Z, (h) defined in [3] for u = u(l1,l) and h=hr.
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3.3. Explicit formulas
In order to simplify descriptions for multiplicity formulas, we define some notations first. In the
following, t = [to, t1,...,t_1;llm means that t =t, if m=n mod I. We set
Cil, )=+ Dk -G +k-1D(+2k-3), ik )= +D(G+2k—3),
Calk, =G +k—=Dk=2)(=D",  Cylk, ) =(+2k=3)(=D",
C3(k, j) = [(k ==, —( +k = 1), —(k = 2)(= 12, (j + k- 1); 4],
Cyk, )y =[(=1)I2 =1, —(=1)//?,1: 4],
Call, =[G +k=1), = +k=1),0; 3], + [(k=2),0,—(k = 2); 3]
Cy(k, j)=11,-1,0: 3] + 1,0, —1; 3] j .,
Cy(k. j)=10,-1,0;3] +[1,0,0; 3] j1¢.

Cs(k, ) =[-(+k=1),—(+k—=1).0,(j+k—1),(j+k—1),0;6],
+ [k —2),0,—(k —2), —(k—2),0, (k—2); 6] ik

Cg(k,j):[—l,—l,o,l,l,o; 6]k-|-[1,0,—1,—1,0,1;6]j+k,
Colk, j) = (j+2k=3) (=12, Cik, j) = (j + D(=1I/*,

Cr(k, j) = (j+2k=3)[1,-1,0;3];,  Cyk, ) = (j+DIO, 1, =1; 31121

[1,0,0,-1,-1,-1,-1,0,0,1,1,1; 12]; if j =0 mod 12,
[-1,1,0,1,1,0,1,-1,0,—1,—1,0;12]; if j =2 mod 12,

Catk. j) = [1,-1,0,0,-1,1,-1,1,0,0,1, —1;12]; if j=4mod 12,
’ [-1,0,0,-1,1,—-1,1,0,0,1,—1,1;12]; if j=6mod 12,
-1

[1,1,0,1,—-1,0,—1,—1,0,—1,1,0; 12]; if j =8 mod 12,
[-1,-1,0,0,1,1,1,1,0,0, -1, —1; 12]; if j =10 mod 12,

[1,0,0,—1,0,0;6]; if j=0mod 6,
Cg(k,j)Z{[ 1,1,0,1,—1,0; 6], if j=2mod6,
[0,—1,0,0,1,0;6], if j=4mod 86,
[1,0,0,—1,0;5]; ifj=0mod 10,
1,1,0,0,0; 5], if j=2mod 10,

[— ,

Crotk, )=10 if j =4 mod 10,
[0,0,0,1,—1;5], if j=6mod 10,
[0,-1,0,0,1; 5], if j=8mod 10,

1;4];, if j=0mod S8,

o 0,0 4], if j=2mods8.
Cuk, )= 1:4], if j=4mod8,
0; 4], if j=6modS8,

cm&ﬁzenm“u—Lm%, Crak, j) = (=1)72[0,1, —1; 31}y k-

We also set

Babipm={y PE
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The Legendre symbol is denoted by (x|p). Especially we use

0 ifp=2, 0 ifp=3,
(-1p)=11 if p=1mod4, (-3lpp=11 if p=1mod 3,
—1 if p=3mod4, —1 if p=2mod3.

From [13, Section 5-1] we know that the characteristic polynomials of the torsion elements of
Sp(2, Q) are as follows:

fix) =x—14 fi(—x), f10) = ®* +x+1)?%, f2(=x),
f20=@x—12x+1)2, fs@) =®+ D> +x+1), fs(—x),
f30)=x—1D2x*+1), f3(—x), fo@) =2 +x+D(** —x+1),

fa) =x =122 +x+1), fa(=x), | fio®) =&+ +x2+x+1), fio(=x),
f50)=x—12** —x+1), fs(=x), | fnx) =x+1,
fe(x) = (x*+1)2, fra(x) =x* —x2 + 1.

We denote by Hbe; the total contribution of elements of I" with characteristic polynomial f;(£x) to
(=1) x Zuq, 1) hr). If we examine the K-types (cf. [16]), then it is obvious that

m(D}'IIO,lz, ry= m(DlLlajfe, r)=0 ifl; —liseven,
m(w, I')=m(w;,I')=0 iflisodd.
Thus, Z,q,,,)(hr) =0 if Iy — I is even. Hence we may assume that [} — I is odd. We will use

the parameter (k, j) to describe multiplicity formulas instead of (l1,l;) (cf. Section 2.4). It is better,
because only j is related to the assumption that [{ —I; = j+ 1 is odd.

Theorem 3.1. Let (I1,l5) = (j +k — 1,k — 2) € E1. Assume that l; — I, = j + 1 is odd. Then, we have

12

Lef
(=) X Ly 1) (hsp.z)) = Z Ht,eSp(z,Z)»
t=1

HY 02 =235 101k, ) —27137 1 (k—2) = 272371 (j+ )+ 27,

Hyp02) =27°372Calk, ) -7 =27237Cok, )+ 271 (=1,
Hlfgp(Z,Z) =273371C5(k, j) — 271 C4 (k. ),
Hszgp(z,Z) =271373Cy(k, j) — 3_1Cj;(k, M,
HIS_?gp(Z,Z) =271372Cs(k, j) — 37 Ch (k, j),

HE .2y =273 Co(k, ) — Cok. D} +27{(= )P — (—1))/?},
HY 02y =27"1372{Catk, j) — Gk, )} +37{[0, 1, =1; 350 — [1, -1, 0; 31},
Hgpoz =37'Cok ). Hg§pnz =22 377Co(k. ),
HY 0 =225 Clotk. ). HiS g0z =27"Cruk. j).

H]fgfsp(z,z) = 2_13_1 {C12(1<7 ]) - {12(,{7 ])}
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Theorem 3.2. Let (I1,13) = (j+k — 1,k — 2) € E1. Assume thatl; — I, = j + 1 is odd. Then, we have

12

Lef
(=1) x Zuay 1) (hkp)) = Z Hr,eK(p)’
t=1

Hi ) =27°37357 1010 ) - (pP 1) 27137 (k—=2) - (p+ D - 272371 (j+ 1)-2 42712,
HYE ) =275372Co(k, ) - B(14,115 p,2) — 27237 Cy(k, j) -2 +27 1 (=D - 2,
HE ;) =272371C3(k. ) - B(2.5;p.2) — 27" C4(k. ) - 2.
HiL ) =271373Cutk, ) - B(2,10; p.3) =371k j) - 2,

HE%py =271372Cs(k, ) - 2= 37" Ci(k, J) -2,

HES ) =27°371(Cotk, ) — Cptk. 1)) - {p (~11p) +1)

+272{(—1)I2H (1)) {1 4 (~11p)),

Hipy =27 "372{Crk, ) — Gk, )} - {p (=31p) + 1}

+37110,1, =15 3] 2k — [1, =1, 0: 31} - {1+ (=3[p)}.

Hkp =37"Ca(k. ) -2, Hg, =22-372Co(k. j)- B(2.27":p.2).
2 ifp=+1modS5,
Hll-%fl((p) =2%.5""Cyo(k, j) - { 0 ifp=2,3mod5,
1 ifp=5,
2 ifp=+1modS8,
Hi{lkpy =2 Cralk, ) - { 0 ifp=3,5mod8,
1 ifp=2,

2 ifp=1,11mod 12,
Hggfl((p)=2—13‘1{C12(k,j)—Ciz(k,j)}-{‘1) iﬁng,;mod”’
yp==<,o.

Theorem 3.3. Let (I1,1b) = (j+k — 1,k — 2) € E1. Assume that |y — I, = j + 1 is odd. Then, we have

12

Lef
(—1) X Zuar () = Y HiSGp):

t=1

Hi%p) =27°372571C1(k, ) (p+ D(p? +1) —27"37 (k= 2)- 2p +2)

27371+ D-(p+3)+27 -4,
Hipy =27°372Co (k. J) - B(14p +14,33: p,2) — 27237 Ch k. ) - (p+3) + 27" (= 1* -4,
HYp =273371Cs(k, ) - B(p +2+ (<11p). 7: p.2) — 27 Gy (k. ) - {3+ (~1Ip)},
HY ) =271373Cak ) - B(p + 2+ (=31p). 13: . 3) = 3714k, ) - {3+ (=3I}

Hpy =27 1372Cs k. ) - {p+ 2+ (=3Ip)} =37 C5k, ) - {3+ (=3Ip)},
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HE S ) = 27737 {Cotk. ) — Cok. D} - (p+ D{1+ (~1Ip)}

+27H(— I ()i} 2+ 2(-11p)}.

HYpy =27 1372{Crk, ) = Chk, D} - (p+ D1+ (=3Ip)}

+37110,1, =1; 3132k — [1, -1,0: 31} - {2+ 2 (=3Ip)}.

Hi ) =37 Ca (k. j) - {2+ (= 11p) + (=3Ip)}.
HE ) =22 - 372Co(k. ) - {2+ 2(=3Ip)}.
4 ifp=1modS5,

Hig ) =2° 57 Crotk. J) : 1 ifp=5,
0 otherwise,

4 ifp=1modS8,
H]ﬁfl(l(p) =271k, j)- {1 ifp=2,
0 otherwise,

4 ifp=1mod12,

Lef g1 : ;
Hikp =23 {C”(k’])_cb(k’])}'{o otherwise.

Theorem 3.4. Let (I1,12) = (j+k — 1,k — 2) € E1. Assume thatl{ — I = j + 1 is odd. Then, we have

12

Lef
(=1) X Loy by (sip) = Y H{G )
t=1

H %Gy =27°372571C1(k, ) - (p+ D(p* +1) =273k —=2) - (p+3)

—272371j+1)-2p+2)+271 -4,

HYGp) =27°37%Catk, j) - B(7(p + 1)%,57: p. 2)
—273371C (k. j)- @p+2) +27 (-1 - 4,
H G =27237"Ck, ) - (p+ D{1+ (=1Ip)} =27 C5(k, ) - {2+ 2 (=1Ip)},
Hitlipy =271372Catk, j) - (p+ D{1+ (=3Ip)} = 37C4k. ) - {2+ 2 (=3Ip)},
HsSip) =27 1372Cs (k. ) - (0 + D{1+ (=3I} =375k, ) - {2 +2(=3Ip)}.
HEGipy =237 {Co(k, j) — Ci(k, )} - B(p + 2+ (—=11p). 7; p. 2)
+272{(—D)IPH — (—1)I2} 3+ (—11p)),
HiSip =237 {Crtk. ) = Gy, D} - B(p +2 + (=31p). 13: p. 3)

+371[0,1, —1; 3]j42¢ — [1. —1,0: 313} - {3+ (=3Ip)}.

HYL )y =371Ca k. ) - {1+ (~1Ip)} {1+ (=3Ip)}.
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HEL ) =22 -372Co(k. ) - B({1+ (=3Ip)}*. 3/2: p. 2),

4 ifp=1mod>5,
Hl{%f,Si(p):zz'S1C10(’<,j)'{1 ifp=5,

0 otherwise,
ifp=1modS8,
ifp=3,5modS8,
if p=7mod 8,
ifp=2,

4 ifp=1mod12,
ifp=5,7mod 12,
if p=11mod 12,
ifp=2,3.

Hﬁfsup) =27'Cn(k. J)-

— O N B

H S sipy = 27137 {Crz(k. ) — Clp k. )} -

- O N

Theorem 3.5. Let (I1,13) = (j+k — 1,k — 2) € E1. Assume thatly — I = j + 1 is odd. Then, we have

12
Lef
(=1 X Ly 1y (hipy) = Z ”r,eupw
t=1

HE, =27°373571C1(k. j) - (p+ DX (P2 +1) = 27137k —2) - (4p + )
—27371G+1)-@p+4+27" -8,
HY ) =27°372Ca(k. j) - (p + 1)*B(14,11: . 2)
—27237Ch (k. ) - p+4) +27 (-1 8,

HY ) =272371C3(k. ) - B2(p + D1+ (=11p)}. 9: p.2) — 27 C4(k. j) - {4 +4(=1Ip)}.
Hyl ) =271373Ca(k. j) - B2(p + {1+ (=3Ip)}. 16: p.3) = 37 C4(k. j) - {4+ 4 (=3Ip)}.
HEl ) =271372Cs(k. j) - 2(p + D{1+ (=3Ip)} = 37'C4(k. ) - {4+ 4(=3Ip)}.
HEl ) =273 {Co (k. j) — Co(k. )} - B(2(p + D{1+ (=1Ip)}. 9: p. 2)

+27 ()R — (1))} {4+ 4(-1p)}.
HYl ) =271372{Cr (k. j) — Chk, )} - B(2(p + D{1 + (=3Ip)}. 16: p. 3)
+37110,1, =1: 3]j32¢ — [1,-1,0: 31} - {4+ 4 (=3Ip)},

HYE = 371Cg(k, j) - 2{1+ (=1} {1+ (=31p)},
J1(p)
HI ) =22 -372Co(k, j) - B(4+4(~3[p). 2: p.3),

8 ifp=1mod>5,
Higup =22 -5 Crok. J) - { 1 ifp=5,
0 otherwise,
8 ifp=1mod38,
Hi{1p) =27 Crak, ) { 1 ifp=2,
0 otherwise,
8 ifp=1mod12,

H%Sfl(p) =27'37" {C12(k, D= Cratk, j)} ' {0 otherwise.
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Numerical examples of (=1) x Z);(j+k—1.k-2)(hsp2.2))-
Nk 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
0 —4 o 0 o0 =2 0 -2 2 -2 2 —4 2 —4 4 —4 4 —6
2 0 0 0 © 0 0 0 0 0 0 0 4 0 8 0 8 0
4 0 0 0 © 0 0 0 4 0 4 0 8 4 12 4 16 8
6 0 0o 0 © 0 4 0 4 4 8 4 12 8 20 12 28 16
8 0 0o 0 © 0 4 4 8 4 12 8 20 16 28 20 36 28
10 0 2 2 2 2 4 6 12 8 16 12 26 24 38 30 50 42
Numerical examples of (—1) x 2 (j1k—1,k-2) (hk@) (P =2).
RN 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
0 —4 0o -2 -2 =2 0 -4 0 -2 2 -6 0 -4 8 -6 6 -2
2 0 0 0 0 0 0 0 4 4 4 4 16 16 24 16 36 28
4 0 0 0 0 4 4 4 12 12 20 16 32 36 52 44 68 72
6 0 2 0 2 6 10 10 20 26 32 32 56 60 82 80 118 118
Numerical examples of (—1) x 2 (jik—1,k-2) (hk3)) (p=3).
ik 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
0 -4 -2 =2 0 -4 -2 =2 0 -4 6 -6 4 0 10 -2 24
2 0 0 0 0 0 4 4 8 8 16 16 32 32 52 44 72
4 0 0 2 4 2 10 14 22 24 42 36 68 72 96 102 144
6 0 2 4 10 10 22 30 40 50 76 76 112 128 166 176 242
Numerical examples of (—1) x Z2.1)(hkp)) ((11,12) =2, 1), (k, j) =(3,0)).
p 2 3 5 7 11 13 17 19 23 29 31 37 41 43 47
Value —4 —4 -6 -6 -8 -6 -8 -8 -10 -10 -10 -6 -12 -8 —14
Numerical examples of (—1) x Z2,1) (hxipy) ((h1,12) =2, 1), (k, j) =(3,0)).
p 2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 53
Value —4 —4 —6 —6 —4 —6 0 4 14 30 34 66 88 108 142 206
Numerical examples of (—1) x Z2,1) (hsip)) ((11,12) = (2, 1), (k, j) =(3,0)).
p 2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 53
Value —4 —4 -6 —6 -8 -10 -8 -8 —6 -2 -2 14 20 32 46 86
Numerical examples of (—1) x Zy.1) (i) ((1,12) =2, 1), (k, j)=(3,0)).
p 2 3 5 7 11 13 17 19 23 29 31 37 1 43
Value —4 —4 -8 -8 4 20 96 164 368 972 1272 2628 3952 4804

3.4. Proof of the theorems

In this subsection, we explain our proof. First, we review Arthur’s L2-Lefschetz trace formula for
G(Q) =Sp(2,Q) (cf. Arthur [3] and Goresky, Kottwitz and MacPherson [9]). Next, we will state an

explicit calculation for it.

Let u be a finite-dimensional irreducible rational representation of G and let h be a locally
constant, compactly supported, complex-valued function on G(Ag,). We denote by .7, (h) the

L?-Lefschetz number defined in [3, §1]. The formula for G(Q)

(=1) x Zu(h)

=S (= ndmAuAo | wE TS M )| (M) By hm(p),

M yeM(Q)

where M runs over the Levi subgroups

is

(3.1)



3406 S. Wakatsuki / Journal of Number Theory 133 (2013) 3394-3425

Mo = {diag(a1,a2,a1’1,a2’1) | ay, a2 € GL(D)},

. A 0,
Ml—{<02 [A_l)]AeGL@},
a 0 b O
0 x 0 O a b
Ma=10 0 4 o ‘(C d)eSL(Z),aeGL(l),
0 00 !

and G. We have

Amy = Mo, Awm, = {diag(a,a,a” ", a7 ") [a e GL(D)},
Am, = {diag(1,a,1,a7") |a e GL(D)},
dim(Ap,/Ac) =2, dim(Ag/Ag) =0, dim(Apm, /Ag) =dim(Apm, /Ac) =1,
Wil =8. Wy, |=[wi,|=2. [wg|=1.

The notation (M(Q)) means the set of M(Q)-conjugacy classes in M(Q). We may identify an ele-
ment y € M(Q) with the M(Q)-conjugacy class of y in M(Q), since every function in the formula
is M(Q)-invariant. Let Ty; be a maximal torus in M over R such that Ty (R)/Ap(R) is compact. We
call y e M(R) an R-elliptic element if y is M(R)-conjugate to an element in Ty (R). The function
@y (y, 1) vanishes unless y is an R-elliptic element (cf. [3, Remarks 1 in p. 261]). Hence, y € (M(Q))
runs over only R-elliptic conjugacy classes. We will later explain the functions @y (y, i) and hy(y)
in detail. Let |t (y)| denote the number of connected components in the centralizer of ¥ in M which
contain rational points. We also denote by M, the connected component of 1 in the centralizer of y
in M. If we put H=M,, x(H) is defined by

X (H) = (=11 vol (H(@) A (R)°\H (A)) vol (Ay R)\H (4)) ' | Z(H. B)|,
where q(H) = %dim(H(}R)/(K<>o N H(R))A(R)?), B is a maximal torus such that B(R) is contained
in (Koo N HR)AR(R)®, and Z(H, B) = W(G(R), BR)\W (G, B) (W (G, B) is the Weyl group of G
on B and W (G(R), B(R)) is the subgroup of elements induced from G(R)). As for vol(Ag (R)°\H(A)),
we refer to [3, p. 265 and p. 276].

For the definition and properties of @y (y, i), we refer to [3, §4 and §5]. Let y € M(R). If y is
regular and R-elliptic, then we have

Du(y, 1) =119 DG)| 2O L) + OV + O, (V) + Oty 1, ()}

where (l1,1) € &1, D,?,,(y) =det((1 — Ad(¥))g/m) (g =Lie(G), m = Lie(M)), and O, m, is the char-
acter of D(mj,my). Character formulas for discrete series are well known (see, e.g., Hirai [18] and
Herb [15]). For singular R-elliptic elements y, the function @y (y, n) was studied by Spallone [35].
Hence, we can easily get explicit forms of &y (y, n) for each such y.

Let y € M(Q) and let v be a finite place of Q. Let dk, denote the Haar measure on Sp(2,Z,)
normalized by fsmz,zv) dk, = 1. We set

Ng =

* % ¥ =
* ¥ = O
o - OO
- %X O O
* ¥ © =
* ¥ = O
o= OO0
- O O O
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Ny = eGy,

* ¥ *x =
O % = O

00
00
1 =%
01

and Py = M(N; (t=0, 1, 2). When M = M; (t=0, 1, 2), we set P =P; and Np = N;. If M =G,
then we put P =G and Np = {I4}. Let dmq, (resp. dn,) denote the Haar measure on M, (Qy)
(resp. Np(Qy)) normalized by fMy(Qv)ﬂSp(Z,Zv)dmlvV =1 (resp. pr(QV)mSp(z,Zv)d”V =1). The mea-
sure dmy on My (Qy)\M(Qy) is induced from dm;, and the Haar measure on M(Qy) normalized
by vol(M(Qy,) NSp(2, Zy)) = 1. Then, dm =], _., dm, (resp. dn =[], _., dny) is a Haar measure on
My (Afin)\M(Afin) (resp. Np(Agn)). We set

Kin= [ SP2.Zy).

v<oo

A Haar measure dk on Kgy is defined by dk =T, _.. dky. hm(y) is defined by

hM(y):5P(V)1/2f / / h(k~'m~'ymnk) dm dn dk,

Kfin Np (Afin) My (Afin)\M (Afin)

where §p(y) is the modular function of P(Agy). If h =h, then we have §p(y) =1 for any y satisfy-
ing @m(y, 1) hy(y) # 0. By the above-mentioned explanation, we see that it is sufficient to calculate
explicitly hy(y) in order to obtain the theorems.

From now on, we assume that

nw=pd,lz) and h=hr

(cf. Section 3.2). We start to explain our calculations for Arthur’s formula. We set

Tr(y) = (—)IA/ A W 11 M () 7 (M) D (v, s ()

for y € (M(Q)). Then, the right hand side of (3.1) is >, ZYG(M(Q)) Tum(y). We will give explicit forms
of Tm(y) for M # G. For an arithmetic subgroup D of M(Q) and an element § of M(Q), we denote
by Ds the centralizer of § in D and {§}p the D-conjugacy class of §. Note that the characteristic
polynomials of torsion elements of SL(2, Q) are (x — 1)2, (x+1)2, X2 +1, X2 +x+1, and x% —x+ 1.

Lemma 3.6. Let M be one of Mo, M1, and M. The M(Q)-conjugacy classes y satisfying @y (v, wWhm(y) #0
are classified as below. In the following, the double sign of Ty (y) corresponds to that of .

(I) M = Mo = GL(1) x GL(1).
(I-1) Let y = +(1, 1). We have

TM(y) =272 x hy(y) x ()77,

where hy(y) = 1if I' =Sp(2,Z), hy(y) =2 if I' =K(p), hm(y) =4 if I' =Kl(p), hm(y) =4 if
I =Si(p), hm(y) =8 if I' =1(p).
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(I-2) Let y =+£(1, —1). We have

Tm(y) =27 x hy(y) x {(=D2 — (=D},

where hy (y) = 1if I' =Sp(2,Z), hy(y) =2 if I' =K(p), hu(y) =4 if I' =KI(p), hm(y) =4 if
I =Si(p), hm(y) =8 if I' =1(p).
(1) M = M; =GL(2).
(II-1) Let y = +£I,. We have

Tu(y) =—-2"23"1 x hy(y) x Ip x (£ =271,

where hy(y) =1 if I' =Sp2,Z), hm(y) =p +1if I' =K(p), hm(y) =2p + 2 if I' = Kl(p),
hm(y)=p+3if I =Si(p), hm(y) =4p +4if I =1(p).
(I1-2) Let y be an M(Q) conjugacy class whose characteristic polynomial is x> + 1, x> +x+1, or x> — x + 1.

Weset = Z, 23 ,or % respectlvely Hence, e'? is a root of the characteristic polynomial of y.Then, we
obtain
(h+1)io _ ,—(1+b)ie _ ,(1-1)i6 —(l1—1)i6
e e e +e
Tu(y) = 0lf _ p—i0
Y is1pcony 1Dsl™! if I =Sp(2.2),
sy oy D517 if I =K(p).
X 12X Y sy, coiny AR if I =Kl(p),
2% Yisypepny IDsI™H + s, cony ID5I7if T =Si(p),
4% Y5y, cony D517 if I =1(p),
where

a b

D=GL2,Z) and D’:{(C d)eGL(Z,Z)ICEOmodp}‘

(Il M = M3 = SL(2) x GL(1).
(II-1) Let y = +(I, 1). We have

Tu(y) =—2723"" s hy(y) x (11 —l2) x (FD1 ="

where hy (y) =1if I' =Sp(2, Z), hy(y) =2 if I' =K(p), hm(y) =p + 3 if I' =Kl(p), hmu(y) =
2p +2if I' =Si(p), hy(y) =4p +4if I =1(p).
(II-2) Let y = £(Ip, —1). We have

Tu(y)==2723"" xh(y) x (=D = (=1} x (EDI =,

where hy(y) = 1if I' =Sp(2,Z), hu(y) =2 if I' = K(p), hm(y) = p + 3 if ' =Kl(p), hm(y) =
2p+2if I' =Si(p), hm(y) =4p + 4if I =1(p).

(IlI-3) Let y be an M(Q)-conjugacy class whose characteristic polynomial is (x* + 1)(x F 1), (x* £ x +
DEF1), or X2 Fx+ 1)(x F 1). For all M(Q)-conjugacy classes, we take representative elements

V=i((,°1$),12 (77 ):1) (( oD (T o) 1) (5 1) 1), and () 5). ). We

5 =5, 3,00 — respectlvely
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eih@ _ e—il19 _ eilz(‘) + e—i129 o
Tu(y) = - x (£Dh~=71

Z{S}chD]my |(D1)s| ™! ifI" =Sp2,7Z),
2 x Z{B}chDlmy |(D1)s| ! if I =K(p),

x 1 2% Xisip, cpyny [P0 ™1+ Xisyp, cpyny [(D2)s1 7 i I =KI(p),
2% Z{&}chnzny |(D2)s| ! if I =Si(p),
4 x Z{(S}chDzﬂy |(D2)s| ™! if ' =1(p),

where

D =SL2,7) x {+1) and D2={<<‘; Z),a>€D1‘CEOmOdp}.

Proof. It is sufficient to explain how to calculate hys(y). For K(p), KI(p), Si(p) and I(p), the calcula-
tions for hys(y) are not trivial. Since our calculations for all cases are similar, we give a proof for only

K(p).
We set
0 -1 0 0 00 —-10 1 0 00
wi|1 0 00 wo— |0 1 0 0 wa |0 0 01
=1lo o o -1}’ 2=“1l10 o o) 3710 o 10
0 0 1 0 00 0 1 0 -1 00
and K1 = Ko N Kgp. If we put
1000
x_a]OO
a.b,c—bclO,
c 00 1

then a set of representative elements of Kg,/K7 is

R(Kfin/K1) = {Xq,p,c, W1X0,b,c, W1W2W3Xg 0,0, W2 |0<a,b,c<p—1}.

We can easily show this result by a simple calculation.
First, we treat the cases (I-1) and (I-2). Let y = £+(1,1) or £(1, —1). Then, we have

: .
=27 D Mg, hur.e)= / hyear (¢ yng) dny,
geR(Kgn/K1) Np(Qp)

where hypar is the characteristic function of Kb
14

. By direct calculation we have

-3
-2

ifg=xXgpc,

if g =wiXqp,c,

if g =wiwawsxq 0,0,
ifg=wsy.

hy(y.8) =

=i~ =]
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Hence, we have proved the results of (I-1) and (I-2). As for (1I-1), (1lI-1), (IlI-2), we can compute them
by the same argument as (I-1) and (I-2). Hence, we omit the proofs for the cases (II-1), (IlI-1) and
(11-2).

Next, we treat the case (II-2). We assume that y is an R-elliptic semi-simple element of M(Q)
such that det(y) =1 and y # +£I,. Then, we have

1
b =——= > .9,

geR(Kpin/K7)
w(y.8= / / h,(gar (gflm*]ymng) dmdn.
NP(Qp) My(@p)\M(Qp)
By direct calculation we obtain
p*; if § =Xab.c,
” _ -1 p~° ifg=wixqp,c,
(y.8)= / hgy, (M~ ym)dm x . b,
MY 0.17( ym) p if g =w1wywsxq,0,0,
My (Qp)\M(Qp) p ]fg = W2’

where hKO_p is the characteristic function of

Kop = {(‘C’ Z) € GL(2.Zp) ‘ ce pzp}.

Therefore, the result of (II-2) follows. We can also prove the result of (IlI-3) by the same argument as
(1I-2). Hence, we omit the proof for (IlI-3). O

We can easily compute numerical values of 7p(y) by this lemma, because data of conjugacy
classes are well known (cf. [24]). Besides, we can easily reduce an explicit calculation for the term of
M = G to those of [12-14,20,21,41], since hy(y) is nothing but an orbital integral in this case. Thus,
we have completed the proofs of Theorems 3.1, 3.2, 3.3, 3.4, and 3.5.

4. Large discrete series

In this section, we give our main results which are explicit multiplicity formulas for large discrete
series.
If we assume I > 1, it follows from the definition of .Z),(, 1,)(hr) that

Large _ CY) Hol 0 ifly — b >0,
m(Dy T) = == Zua iy (hr) —m(Dy,. I) + {m(m;z, ry ifth —L=o.

Recall that m(DﬂO}Z, I') = dimc S j(I"), where (I1,l2) = (j +k — 1,k — 2). Dimension formulas for

Sp(2,7Z), K(p), and Si(p) are known if k > 5 (cf. [12,20-22,37,38,41]). We will explain dimension
formulas for KI(p) and I(p) in Appendix A. Thus, multiplicity formulas for m(DLarge I') are derived

Ll °
from the theorems of Section 3.3 and the dimension formulas if k > 5 and j > 0.

We assume that I; — I, = j + 1 is odd, since m(D;'laEe, ') =0 if l; — I, is even. In the following

Large
theorems, HF

fe(£x) to

means the total contribution of elements of I with the characteristic polynomial
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Large m(o, ,I") ifj=0,
m(Dh,lz ’F)_{O k if:;'>0.

The multiplicity formulas are as follows.

Theorem 4.1. Let (I1,13) = (j+k — 1,k —2) € &E1. Assume thatly —l, =j+ 1isoddandl, =k —2 > 2.
Then, we have

m(D;"5, Sp(2, Z)) iHrLﬁ(ez,Z) + {m(ak SPED ZE; -0
HY 2 = 27737357k, ) +27°372C) (k. j)
_ 2—33‘1(j +2k—3)— 2—43—1(]‘ +1)+ 272,
Hywe ) =277372Cak, )- 7 - 27437 Gk, ) +27° (=) -5
Hl?:?;lgDZ,Z) =27371C3(k, j) — 272 C}(k, )),
HEE, ) =27237Catk, ) — 2723724k, ) - 5+ 372C{ k. ),
Hy S =237 Gtk ) = 2737 Gk .
Y, = 27737 1Cq(k, J)-3 - 277371 Cytk, ) - 54+ 273 (— )12,
HPE, 5 = —272372Co(k. ) = 272373C) (k. ) - 2+ 2713710, 1, —1: 3]yt
Hypoz) =2 237 'Calk ). Hylgpoz=37Cotk ). Hig§oz=5"Clotk. J).

Large -3 . Large —24—1 .
Hll,Sp(Z,Z) =2 C]l(k7 ])» HlZ,Sp(Z,Z) =273 C]z(k, ])

Theorem 4.2. Let (I1,1) = (j+k — 1,k — 2) € E1. Assume thatl; —lb = j+1isoddandl =k — 2 > 2.
Then, we have

12
plaree Large m(o, ,K(p)) ifj=
m( Ii,lp ° K(p) ;HtK(P)+{ o 1f]>()

Hye, =277373571Cik, ) - (p2 4+ 1) +27°372C) (k. ) - 2

273371 +2k=3) - (p+1)—274371(j+1)- 242722,
Hyee =277372Co(k. j) - B(14.11;p. 2) —27*37'Ch k. j) - 2+ 27 (1) - {8+ 2 (=1|p)}.

Hylee) =27°37"C3(k, j) - B(2,5; p,2) —27°C4(k, ) -2,

HYTE —973373C,(k, j) - B(2,10: p, 3)

—272372C)(k, j) - {6 +4(=3|p)} +372C4 (k. j) - 2(=3|p).

L. —357— . 20— .
Hy, =27372Cs(k, j)- 2= 27%371C5(k, j) - 2,
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Hews, =—=27737"Co(k. j) - B({4— (—1p)}{p + (=1Ip)}. 7: p. 2)

—277371¢g(k, j) - B({4 + (=1Ip)}{p + (=1Ip)},9: p. 2)
SR 14 —1p))

HEe = —272373C; (k. ) - B2 3~ (=3I} {p + (=3Ip)}. 4: p.3)

—272373¢%(k, j) - B2 {3+ (=3Ip)}{p + (=3Ip)}. 5: p. 3)
+27137700,1, - 1; 3]y - {1+ (=3Ip)}.

Hgxen =27237"Cs(k. )2, Hgyen =372Ca(k, j)- B(2.27%: p. 2),
2 ifp=+1modS5,
Hiokip =5~ Crotk, ) {0 if p=2.3mod5,
1 ifp=5,
2 ifp=+1modS8,
HE %) =272 Crik, j) x : 0 ifp=3,5mod8,

1 ifp=2,
Large _ 5—24-1 . 2 ifp=1mod12,
Hipkp =273 Cualk. J)- { 0 otherwise,

2 ifp=11mod 12,
—2723371CL,k, -1 ifp=2,3,
0 otherwise.

Theorem 4.3. Let (I1,1) = (j+k — 1,k —2) € 1. Assume thatl; —l = j+1isoddandl, =k —2 > 2.
Then, we have

plaree Large m(o, ,KI(p)) ifj=
m (D} Ki(p)) ZHH<l(p)+[ Kl lﬁw

Hye) =277372571Cok, ) (p+ D(p? +1) +27°372C k. ) - (p +1)°
(j4+2k=3)-Qp+2)—2"*371(+1)-(p+3)+272.4,
HLarge

2Ky = 277372Cy(k, j) - B(14p +14,33; p,2) —274371Ch(k, j) - (p +3)
+27%(=1)* - B(18 +2(~1Ip),17; p, 2),

Hyse =27°37"Ca(k, ) - B(p+2+ (=1Ip), 7 p,2) —=273C4(k, ) - {3+ (= 1Ip)},
Hige, =27372Catk, ) - B(p+2+ (=31p), 13: p. 3)
—272372C) (k. j)- B(13+7(=3|p), 11; p, 3)
+372C)(k, j) - B(2+2(=3|p), 1; p,3),
HEMEe = 27337205k, j) - {p+2+ (=31p)} — 27237 1Chtk. ) - {3+ (=3Ip)).
HEEe = —277371Co(k, j) - 3(p + D1+ (~1|p))

—277371Ck, ) - 5(p + D{1+ (—1Ip} + 273 (=12 {2 42 (—1p) ),
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Hie, =—272372Cok, ) - (p+ D1+ (=3Ip)}
—272373C(k, ) - 2(p + D{1+ (=3Ip)}
+2713710,1, - 1: 3] j50¢ - {2+ 2(=3Ip) },

Hgii =27237'Ca(k, j) - {2+ (=1Ip) + (=3Ip)}

L _ .
Hoip =3 2Co(k, ) - {2 +2(=3Ip)}.

L 4 ifp=1mod5,
arge _ . -
H10,%<1(p)=5 'Cyo(k, ])~:1 if p=>5,
0 otherwise,
L 3 4 ifp=1mods,
arge _ . -
Hi i) =2 Cn(k,])-{l ifp=2,
0 otherwise,

4 ifp=1mod12,

Large —2+—1 .
H — 27237105k, [ .
12k, J) 0 otherwise.

12.KI(p)

Theorem 4.4. Let (I1,1;) = (j+k — 1,k —2) € 1. Assume thatl; —l = j+1isoddandl, =k — 2 > 2.
Then, we have

DL L m(o, ,Si ifj=
O S) = LW + 150D =0

Hf;ig(i,) =277373571C(k, j) - (p+ D(p? +1) +27°372C (k. j) - 2p +2)

273371 4+2k—3) - (p+3)—274371(j+1) - @p+2)+272% -4,

La L D .
Hygp =2 7372C,(k, j) - B(7(p + 1)2,57; p, 2)

—274371C(k, j) - 2p +2) + 27 (= D* - {18 +2(-1|p)},
Hy's) =27°371Cak, j) - (p+ D{1+ (=1Ip)} —=273C4(k, ) - {2+ 2(-1p)},

HEge =272372Ca(k, j) - (0 + D{1+ (=3Ip)}

—272372C) (k. j) - {10+ 10(=3|p)} +372C4(k, ) - {2+ 2(=3Ip)}.
Hy'h) =272372Cs(k, ) - (p+ D{1+ (=3Ip)} = 27237 Ci(k, j) - {2+ 2 (=3Ip)},

Hesio) =—27737"Co(k, j) - B(3{p +2+ (-1Ip)}. % p, 2)

—277371¢4(k, ) - B(53{p +2+ (—=11p)}, 23; p,2) + 23 (=123 4 (—-1|p)},

L —2H— .
Hygo) =—27237C7(k, ) - B(p + 2+ (=3Ip), 1; p, 3)

—272373C (k. j) - B(2{p + 2+ (=3Ip)}. 14; p. 3)
+2713710,1, - 1: 3] j52¢ - {3+ (=3Ip)}.
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L 2o .
Hg g =27237Ca(k, j) - {1+ (=1 }{1+ (=3Ip)},
. 2
Hy%p) =372Colk, j) - B({1+ (=3Im}".3/2; p. 2),
4 ifp=1mod>5,

L _ ) ;
H]?)f%?(p)zs 1Cio(k, j) - {1 ifp=5,
0 otherwise,

4 ifp=1modS8,
Large -3 . 2 ifp=3,5mod8,
Hitsipy =2 "Cik DY o irp =7 mod 8
1 ifp=2,
4 ifp=1mod12,
Large _ 5—2,-1 o 2 ifp=5,7mod 12,
Hisin =237 G2 DY o irp — 11 mod 12,
1 ifp=2,3.

Theorem 4.5. Let (I1,1) = (j+k — 1,k — 2) € E1. Assume thatl; —lb = j+1isoddandl =k — 2 > 2.
Then, we have

12
plaree Large m(o, ,I(p)) ifj=
( Il ° 1p ) ;Htl(P)+{ k 1f]>0

Hﬁ?{f;) =277373571C1(k, j) - (p + DA(p2 +1) +27°372C k. j) - 2(p + 1)?

273371 (j+2k—3) 4p+4) 2737+ 1) - 4p+4) +27% 8,
HYTE =277372Cy (k. ) - (p + 1)?B(14,11: . 2)
—27%371Cyk, ) - (4p +4) + 273 (=1)* - B(36 + 4 (~1|p), 34 p, 2),

H3yE =2737"Cs(k, ) - B(2(p + D{1+ (=11p)}, 9 p, 2) —=273C4(k, j) - {4+ 4(-1Ip)},

HA S =272373C4 (k. j) - B(2(p + {1+ (—3Ip)}. 16: . 3)
—272372C,(k, j) - B(20+20(=3|p), 16; p, 3)

+372C4(k, j) - B(4+4(=3|p).2; p.3),

Hgf‘{(g;) =273372Cs(k, j) - 2(p+ D{1+ (=3Ip)} —27237'CL(k, j) - {4+ 4(=3Ip)},

HEME — —277371Co(k. j) - B(6(p + D{1+ (~1|p)}. 15; p. 2)
—277371¢g(k, j) - B(10(p + D{1+ (—1Ip)},33; p, 2)

Bk a1 a-1p),

HPE = —272373Co (k. j) - B2(p + D1+ (=3Ip)}. 4: p. 3)

—272373C%(k, j) - B(4(p + {1+ (=3Ip)}, 20; p, 3)
+27137700,1, - 1; 3]k - {4+ 4(=3Ip)}.
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Large _ 5—2,—1 .
HYTE —22371¢g(k, j) - 2{1+ (—1Ip)} {1+ (=3Ip)},
Large _ -2 . .
Hg'[(p)—3 C9(k7J)'B(4+4(_3|P)»2,p,3),
L 8 ifp=1mod5,
arge _ -1 . e
H]O,I(p) =5 C10(k7 J) 1 lfP—S_,
0 otherwise,
L 8 ifp=1mod38,
arge -3 . il
H]l,I(p)_z C]](k,])' 1 lfp—z.,
0 otherwise,
Large —24—-1 . 8 ifp=1mod12,
H55p =273 Clz(k,J)'{ fp=1
’ 0 otherwise.
Numerical examples of m(Dbﬁikazv Sp(2,Z)).
RN 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22
2 0 0 0 0 0 0 0 0 0 1 0 2 0 2 0 3 1 5
4 0 0 0 0 0 1 0 1 0 2 1 3 1 4 2 6 3 8
6 0 0 0 1 0 1 1 2 1 3 2 5 3 7 4 9 6 12
Numerical examples of m(D]j-'j—rl%il,k—Z’ K(2)).
Nk 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22
2 0 0 0 0 0 1 1 1 1 4 4 6 4 9 7 12 10 19
4 0 0 1 1 1 3 3 5 4 8 9 13 11 17 18 26 23 33
6 0 1 2 3 3 6 7 9 9 15 16 22 21 31 31 40 40 55
Numerical examples of m(D]]irl%ikazv KI(2)).
JNk 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
2 0 0 0 1 1 4 3 6 4 13 11 20 14 29 22 40 32
4 0 1 2 4 4 9 9 16 14 26 26 40 35 55 53 79 71
6 2 4 6 10 11 19 21 30 30 47 49 68 67 95 94 125 124
Numerical examples of m(Dﬁfikazv Si(2)).
RN 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
2 0 0 0 2 0 1 9 3 16 6 24 10 35 17 48 24
4 0 2 1 5 3 11 7 19 12 30 21 45 31 63 46 86 63
6 1 4 4 10 8 19 16 32 26 49 41 71 59 99 84 132 112
Numerical examples of m(D]jj.rfim_z» 1(2)).
Nk 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
2 0 1 1 5 3 13 9 24 16 42 30 63 45 94 70 128
4 1 5 6 14 13 29 28 52 46 82 76 124 110 174 160 240
6 6 13 17 30 32 56 59 92 92 142 142 204 200 285 280 380

5. Applications

, ") and m(D""®¢, ")

5.1. Relations between m(D'o! P

Il

In this subsection, we will study relations between m(D,"]'Ollz, I') and m(DlLlazfe, I') from the point

of view of Arthur’s conjecture. We refer to Arthur [2,4], Flicker [8], and Weissauer [44] for the whole
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conjecture for PGSp(2), to Roberts [28] for the Yoshida type, and to Piatetski-Shapiro [27] and Schmidt
[31] for the Saito-Kurokawa type.

The discrete series Dk+ of SL(2,R) was defined in Section 2.5. Some multiplicity formulas for
m(D;", SL(2, Z)) are well known (see, e.g., [24,42]). Therefore, we can deduce the following equali-
ties from Theorems 3.1 and 4.1.

Theorem 5.1.Ifl; — I =j+ 1> 1andl, =k — 2 > 2, then we have

m(D;*°, Sp(2, 2)) = m(D}°, . Sp(2. Z))

+m(Df_, ,SL2,Z)) x m(D; ., SL(2, 7).

L1+l

Ifli—lb=j+1=1andl, =k — 2 > 2, then we have

m(Dka—riek—z’ P2, 2)) = m(D}jfll k_2 P2, 7))

m(D%;_s.SL2. 2)) +m(0p . Sp(2. D).

We easily see that these relations provide supporting evidence of Arthur’s conjecture. The term
m(D, L ,SL(2,7Z)) x m(D, +h ,SL(2,7Z)) should mean the number of cuspidal automorphic represen-

tations 7w = ®, 7y of the Yoshida type, which satisfy that e, = DLarge and 7, is unramified for any
v < oo. The term m(DZk 3,SL(2,Z)) —m(o, ,Sp(2,Z)) should mean the number of cuspidal auto-
morphic representations 7w = ), 7, of the Saito-Kurokawa type, which satisfy that mwo, = D}'l“’llz and
7y is unramified for any v < co. Of course, this statement agrees with some known results for Siegel
modular forms. It is well known that there exists the Saito-Kurokawa lifting from Sy;_5(SL(2,Z)) to
Sk.0(Sp(2, Z)) if k is even (cf. [6]). Evdokimov and Oda independently proved that a Hecke-eigen Siegel
cusp form belongs to the Maass space if and only if its Andrianov L-function has poles (cf. [7,26]).
Miyazaki constructed the lifting from Sy;_»(SL(2,7Z)) to a space of non—holomorphic Siegel modular
forms related to o, if k is odd (cf. [25]). Hence, the number m(DZk 3. SL(2,Z)) — m(oy , Sp(2, Z))
should be the dimension of the Maass space of Sk o(Sp(2, Z)).
By Theorem 5.1 we find that

1 1
1
m(D},%,. SP(2, 2)) = — 7% thspa.z) — om (D}l _1,-SL2.2)) x m(D}} . SL(2, Z))

and

1 1
m(DLalge Sp(2, Z)) Ziﬂu(ll,lz)(hsp(Z,Z)) + Em(DJr

-l

,SL(2,Z)) x m(Dferz,

SL(2,Z))
when I — I > 1 and I > 2. If it is possible to compute the full stable trace formula for Sp(2),
then the term —1$M(h5p(2 7)) should be the contribution of the stable terms and the term

zm(Dl1 e SL(2, 7)) x m(Dl] i ,SL(2, Z)) should be the contribution of the endoscopic terms. Hence,

the above equalities look like stablizations of m(D[*%! , Sp(2, Z)) and m(DlLi;fe, Sp(2, Z)). Spallone has

studied unipotent terms of a stable version of Arthur's L2-Lefschetz trace formula for GSp(2) in [36].
His calculation agrees with our conjecture.

We can also get analogues of Theorem 5.1 for K(p), KI(p), Si(p), and I(p) by using the formulas of
Sections 3 and 4 and Schmidt’s results [32,33] for local newforms (cf. Table B.2). As an example, we
will write it for K(p). As for Kl(p) and Si(p), we do not write them in this paper. Since I(p)-newforms
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are related to the Steinberg representation of GSp(2, Qp), we will mention in the next subsection. An
arithmetic subgroup I'n(p) of SL(2, Q) is defined by

Fo(p) = {(‘CJ Z) €SL2,Z) ’ ¢ =0mod p}.
We already know a multiplicity formula for m(D,f, I'o(p)) (see e.g., [24,42]). We set

m(D}*L K(p))™" =m(D*9, . K(p)) — 2m(D}"%} . Sp(2. 7))

Il

m(DZk ,SL(2,Z)) —m(o, ,Sp(2,Z)) ifj=0
0 otherwise,

m(DE K(p))"™” =m (D} K(p)) — 2m(D; . Sp(2. 7).

I, °
and

)new

m(o, ,K(p) m(o, ,K(p)) —m(o, . Sp(2,Z)).

These numbers should be the dimensions of the spaces of K(p)-newforms. The K(p)-newforms were
studied by Ibukiyama [19-21] and Schmidt [32]. If ; —l, = j+1>1 and I, =k — 2 > 2, then we have

m( ;ﬁfe K(p))new (D;.ll K(p))new
+m(Df_, . IV ()™ xm(D;f,, . SL2.2))
+m(Df_,,.SL2.2)) xm(D;f,, . Iy P (p)™".

Ifli—lb=j+1=1andl; =k —2 > 2, then we have
m(D/ta—rﬁ—z’K(p))new (Dltml] k— 2»K(p))new
+m(DY 157 ()™ xm(D3, 5,512, 2))

+ (@)
—m(Dy_3. I ' (P)

) new ) new

+m(o, . K(p)
These equalities can be interpreted similarly to those of Sp(2, Z).
5.2. Numbers of automorphic representations

We denote by Stcr2.g,) the Steinberg representation of GL(2, Qp) and by &Stcr2,g,) the twist of
StcL2.q,) Via the unramified quadratic character £ on Q;. Let n(Dyg, St, p, +) (resp. n(Dy, St, p, —)) be
the number of cuspidal automorphic representations 7 = ), 7, of PGL(2, A) satisfying that o, =
Dy, mp = St (resp. mp = &St) if (k4 1)/2 is odd, mp = &St (resp. wp = St) if (k4 1)/2 is even, and
7y is unramified for each v # oo, p. The signatures + and — of n(Dy, St, p, &) mean the e-factors of
the L-functions of such automorphic representations. Under the assumption of Arthur’s conjecture for
PGSp(2), by Table B.2, the number

Hol new 0 ifli —b>1,
m (D%, K(p) _{n(DhHZ,St,p,—) il — =1, 1)
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is equal to the number of cuspidal automorphic representations = = ), 7wy of PGSp(2) of the general
type, m = D(l1, ) ®D(—I2, —l1), ), belongs to the class Ila (see Appendix B), 7y is unramified for any
v # 00, p. Using dimension formulas (see, e.g., [24]), Yamauchi’s trace formula [45], and Casselman’s
result [5], we can explicitly calculate the number n(Dy, St, p, £). Hence, the numerical values of (5.1)
can be computed.

Numerical examples of (5.1) for p =2.

iNk[5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

0 0 0 0 0 O 0 0 0 0 0 0 1 0 1 1 1 1 2 3

2 0 0 0 0 O 1 1 1 1 2 4 2 4 5 7 6 8 9 13

4 o 0 1 1 1 1 3 3 4 4 7 7 9 9 14 14 17 17 24

6 0 0 1 0 2 2 4 3 5 7 10 9 13 14 20 19 25 27 34
We set

n(R, st, p) =m(R,1(p)) — m(R, Si(p)) —2-m(R,KI(p)) + m(R, K(p)) + 2 - m(R, Sp(2, Z))

where R = D;"Ollz D,Lﬁrlfe or o, . Hashimoto and Ibukiyama studied n(D}'}'f’,lz, St, p) as dimensions of
spaces of I(p)-newforms in [19,14]. Schmidt also studied local and global newforms of I(p) in [32]. It
follows from Table B.2 that the number n(Dﬁ?} ,St, p) (resp. n(DLélrge St, p)) is equal to the number
of cuspidal automorphic representations 7 = &), 7y satisfying 7o = D(l1,1) @ D(—I, —I1) (resp.
oo = D(l1, —13) ® D(lz, —11)), 7} is the Steinberg representation of GSp(2, Q) or its quadratic twist,

and 7, is unramified for any v # oo, p. By the multiplicity formulas we obtain

Large _ Hol n(o,,St,p) iflh—L=1,
n(D;* 5, st, p) =n(D;™° , St, k
( Il p) =n(Dy%,. St. p) + { otherwise,

forliy —l=j+1>0and I =k — 2> 2. Note that n(o;, St, p) = 0 under the assumption of Arthur’s

conjecture. Gross and Pollack have given a formula for L2-Euler characteristic related to Steinberg
representations in [11]. Their formula for Sp(2) agrees with ours.

Numerical examples of n(DH"' St, 2).

J Nk 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
0 o 0 0 0 ©O 1 0 1 1 2 1 2 2 3 4 6 5 7 6
2 0 1 1 1 1 1 3 4 6 6 6 9 11 14 16 18 20 23 27
4 1 1 2 2 3 5 6 8 10 12 14 18 22 26 30 34 39 47 52
6 1 2 3 5 5 7 10 13 17 20 23 29 34 41 47 56 62 71 81

5.3. Square integrable representation Va

We consider the number

E(l1.lp, p) =m(D{ . Si(p)) — m(D%. . K(p)) —2-m(D"} . sp(2, 2))

11,1y Il li,l»
{n(Dy,—1,,St, p, =) - (D 41,, St, p, —)

+ n(D117127 Sta p, +) : n(Dl1+127 Stv D, +)} lfIZ is even,
{n(Dy,—,, St, p, =) - n(Dyy 415, St, p, +)

+n(Dyy -1, St, p, +) - n(Dyy 44, St, p, =)} iflz is odd,

0 ifly — b >1,
— 3 n(Dyy41,,St, p, +) ifl{ —l; =1and [, is even,
—n(Dy41,, St, p, —) ifli =l =1and[; is odd.
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The following theorem was proved by some dimension formulas, Yamauchi’s trace formula [45], and
a computer.

Theorem 5.2. (See [42, Theorem 3].) The number E(l1, 12, p) is even and non-negative for any prime p and
any (11, 12), l] > 12 > 2.

Under the assumption of Arthur’s conjecture, it is proved that E(l1, [, p) is even and non-negative
for any l; > I > 0 (cf. [42, Section 5]). Note that Arthur’s conjecture includes the generalized Ramanu-
jan conjecture which is necessary to prove it. Using this property we can consider numbers of cuspidal
automorphic representations related to certain square integrable representations of GSp(2, Q). We
set

1
n(D}}%,.Va, p) =m(Djj%,. KI(p)) — > - E(ly, 1o, p) = 2-m(D}}%, . K(p))
I n(Dy,41,,St, p) ifly =l =1andl; is even,
0 otherwise,

where we set n(Dj, 4y, St, p) = n(Dy, 41,,St, p, =) + n(Dy 41, St, p, +). If we assume Arthur’s con-
jecture, then the number n(Dl"l'O,lz,Va, p) is the number of cuspidal automorphic representations

m =@,y of the general type of PGSp(2), m = D;'llf’llz @ D(—I, —I1), mp belongs to the class Va
(cf. Appendix B), 7ty is unramified for any v # oo, p.

Numerical examples of n(DE",lz,Va, 2).

jNk 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
0 0O 0 0 o0 o0 0 0 0 0 0 1 0 1 0 1 0 2 0 2
2 o 0 o0 o0 1 0 1 0 1 0 2 1 3 0 3 1 6 2 6
4 0o 0 o0 o0 1 0 1 0 2 1 3 1 4 2 5 3 8 4 9
6 0O 0 0 0 1 1 1 1 3 1 4 3 6 4 7 5 11 8 13

Numerical examples of n(DE",]z,Va, 3).

IRNLS 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
0 0O 0 0 O0 o0 0 1 0 1 0 3 1 4 0 6 2 7 2 11
2 0 0 1 0o 2 1 4 1 5 3 9 5 12 7 17 10 23 16 30
4 0 0 2 1 3 2 6 4 10 7 15 1220 16 30 24 38 32 50
6 o 0 2 2 4 5 9 7 14 13 22 20 31 28 43 39 56 54 75

For only p =2, we obtain the following relation. We can prove it by a direct calculation.
Proposition 5.3.

m(D,'jﬂLkH, Sp(2,7Z)) ifk>5andk is even,

n(D% y5-Va.2) = | mDHoL | . sp(2,2)) ifk > 8 andkis odd.
0 if4 <k <8andkisodd.

This formula makes us guess that there exists a strange correspondence between Siegel modular
forms. However, we have not known how to interpret Proposition 5.3 yet. It seems interesting to find
what Proposition 5.3 means.
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Appendix A. Dimension formulas for KI(p) and I(p)

In this appendix, we write dimension formulas for Kl(p) and I(p), which were used in Sections 4,
5.2, and 5.3. Ibukiyama and Hashimoto gave dimension formulas for the spaces of Siegel cusp forms of
weight det® (k > 4, j=0) for Kl(p) and I(p) (p > 3) in [14]. We can easily generalize their formulas to
any (k, j) (k> 5) by the result of [41]. Furthermore, it is not difficult to calculate dimension formulas
for the cases p =2 or 3 by the same method as [14]. We assume that [y — Il = j+ 1 is odd, since

m(Dl"l'Ollz, ')y =0 if l; — I is even. The notation H??l means the total contribution of elements of I”

with the characteristic polynomial f;(£x) to m(D}'llf’}z, I).

Theorem A.l. Let (l1,l) = (j+k—1,k—2) € E1. Assume thatly —l, = j+1isoddandl =k — 2 > 2.
Then, we have

12
Hol Hol
m(D}%,, KI(p) = 3 Hifip),
t=1
Hi%p =277377571Citk, ) - (0 + D(p* +1) =27°372C1(k, ) - (p + 1)

+273371G+ 1) - 2p+2) - 271371+ 1) - (p+3),

H;c;gl(p) =277372Cy(k, j) - B(14p + 14,33; p, 2)

—274371C5(k, j) - (p+3) + 27 (=1 - B(14 - 2(=1|p), 15; p, 2),

HY % =27°371C3(k, ) - B(p+2+ (=11p), 7: p, 2) —273C3(k, J) - {3+ (=1Ip)},

Hy%p =27237Catk, ) - B(p+2+ (=3|p), 13; p, 3)
—272372C, (k. j) - B(5— (=3Ip). 7; p.3)
—372C4(k, j)- B(2+2(-3|p). 1; p.3).

HES% ) =272372Cs(k, ) - {p+2+ (=3Ip)} —27237"Cy(k, ) - {3+ (=3Ip)},

HES )y =277371Cotk. ) - 5(p + D1+ (~1Ip)}

+277371C4(k, ) - 3(p + D{1+ (—1Ip)} =23 (=D {2+ 2(~1Ip)},
HY Sy =272372C(k, ) - 2(p + D{1 + (=3Ip)}
+272373C0k, j) - (p+ D{1+ (=3Ip)}
-2713711,-1,0;3]; - {2+ 2(=3Ip)},

H Sy =272371Cs(k, ) - {2+ (=1Ip) + (=3Ip)}.

He%py =372Colk, j) - {2+2(=3Ip)},

4 ifp=1modb5,
Hiwap =5""Crok, j) - {1 if p=5,
0 otherwise,
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4 ifp=1modS8,
H v =2 Ciilk, ) - {1 ifp=2,
0 otherwise,

Hol __9=2q-1p : 4 ifp=1mod12,
Hizkp =—273" Gk J)- [0 otherwise.

Theorem A.2. Let (I1,12) = (j+k—1,k—2) € Z1. Assume thatly —l, =j+1isoddandl =k — 2 > 2.
Then, we have

12
m(Df%,. 1(p) = ) Hi'iy).
t=1
HYSp =27737°571C1k ) - (p+ D (P2 +1) = 27°372C k. ) - 20 + 1)
+27371G+ 1) - (Gp+4H -2+ 1) 4p+4),
HYS, =277372Cy(k. j) - (p+ 1)*B(14,11: p, 2)
—274371C (k, j) - (4p +4) +27°(=1)* - B(28 — 4(—1|p), 30; p, 2),
HYS,) =27237"Ca(k, j) - B2(p + D{1+ (=1|p)}. 9: p. 2) —273C (k. j) - {4+ 4 (=1Ip)}.

Hiltpy =237 Catk. ) - B(2(p + D{1+(=3Ip)}. 16:p.3)

—272372C)(k, j) - B(4+4(=3Ip), 8; p,3)
—372C4(k, j) - B(4+4(=3|p), 2; p.3),
HES ) =273372Cs (k. j) - 2(p + D{1+ (=3Ip)} —27237"Cs (k. j) - {4+ 4(=3Ip)}.

et =27"371Colk. ) - B(10(p + D{1+ (=1Ip)}. 33: p. 2)
+277371Ch (k. j) - B(6(p + D{1+4 (—1]p)}. 15: p. 2)

—273 12 {4+ 4(-11p)},

HYfSlp) =27237Co (k. ) - B(4(p + D1+ (=3Ip)}. 20: p, 3)
+272373C0k, j) - B0 + D{1 4 (=3Ip)}. 4 p. 3)
—271371[1,-1,0;3]; - {4 +4(-3Ip)}.

Hgtp =277371Ca(k, ) - 2{1+ (=1Im) {1+ (=3Ip)},
HyS(p) =3 Colk. j) - B(4+4(=3Ip). 2: p.3),
8 ifp=1modS5,

Hll-lg,ll(p) =57""Cro(k. j) - { 1 ifp=5,
0 otherwise,

8 ifp=1modS8§,
Hl]-llo,ll(p) =27Cnk j)- { 1 ifp=2,

0 otherwise,
pHol  _ _9-23-1¢/ k. j) - { 8 ifp=1mod12,
12,1(p) 12k ) 0 otherwise.
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Table B.1
Iwahori-spherical representations of GSp(2, F).
Constituent of Representation Tempered L2 SK
1 X1 X X2 X o (irreducible) Xi, O unit.
11 a 12y x v 12y xo XSteLz) X O X, 0 unit.
b (X% #vE, x #vE2) Xl X0 .
11l a X xvxv-12g X X 0 Stesp(ny 7,0 unit.
b (x ¢ {1,v¥2) X X 0 1Gspar)
v a v xvxv g oStesp2) o unit. .
b L(vz, Uflo'stc,sp“))
[« L(l)3/25t(;|_(2), U73/20')
d Ulcsp(z)
v a vE x & x v 120 S(&, vE), v 20) o unit. .
b (E2=1,8#1) LW 2&StoLy, v120) B
c L(w'2ESter), v 120) .
d L(vE &€ x v 120)
VI a VX 1px XV 20 (S, v 120) o unit.
b (T, v 12¢0) o unit. .
c L' 2Ster), v™1%0) .
d L(v, 1Tpx x v~ 120)
Table B.2
Dimensions of spaces of parahori-invariant vectors.
Representation K, Ky’ KKl Ksie/ Kiy/
1 X1 X X2 X o (irreducible) 1 2 4 4 8
Il a XSteLa) X O 0 1 2 1 4
b Xl(;]_(z) X o 1 1 2 3 4
11 a XX O'Stcsp(]) 0 0 1 2 4
b XX UlGSp(l) 1 2 3 2 4
1\% a O’Stc,sp(z) 0 0 0 0 1
b L%, v~oStespary) 0 0 1 2 3
c L(3/2StgL2), v320) 0 1 2 1 3
d GlGSp(Z) 1 1 1 1 1
v a 8(1€, vEl, v™20) 0 0 1 0 2
b L('2gStera), v %0) 0 1 1 1 2
c L' 2&Storay, Ev™120) 0 1 1 1 2
d L(vE, € x v~ 120) 1 0 1 2 2
VI a (S, v 120) 0 0 1 1 3
b o(T,v"120) 0 0 0 1 1
c LOW'/2Stg12), v 20) 0 1 1 0 1
d L(v,1px x v~ 120) 1 1 2 2 3

Appendix B. Iwahori-spherical representations and dimensions of spaces of parahori-invariant

vectors

In this appendix, we give Tables B.1 and B.2 for the convenience of the reader. Tables B.1 and B.2
are the same as [32, Tables 1 and 3] and [29, Tables A.1 and A.15]. I thank Prof. Ralf Schmidt for
allowing me to write his tables.

We shall explain some notations. Note that our definition for GSp(2) is slightly different from that

of [29,32]. If we replace ] of [29,32] by (

02 Iy
—I, O

2), then our definition agrees with that of [29,32]. We
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set

G =GSp(2).

We define the Borel subgroup B, the Siegel parabolic subgroup P, and the Klingen parabolic subgroup
Q as

O O O %
O O ¥ *
* ¥ ¥ ¥
* O % *
o O ¥ ¥
O O ¥ *
* % ¥ *
* ¥ ¥ ¥
m
Q
(=]
Il
O O O %
* O ¥ *
* ¥ ¥ ¥
* O ¥ *

We set F = Q. Let x1, x2, and o be characters of F*. We denote by x1 x x2 x o the representation
of G(F) obtained by normalized parabolic induction from the character of B(F) given by

a x * *

0 b

00 ! o |Pn@rbee.
00 =« cb!

Let (;r, V) be an admissible representation of GL(2, F). We also denote by  x o the representation
of G(F) obtained by normalized parabolic induction from the representation of P(F) on V given by

(’3 cf;l) > 0 (O) (A).

Finally, we denote by o x 7t the representation of G(F) obtained by normalized parabolic induction
from the representation of Q (F) on V given by

t x * *

0 a * b a b

0 0 t~'(ad—bc) 0 ""’(t)”«c d))'
0 c * d

v denotes the normalized absolute value on F, & denotes the unique non-trivial unramified
quadratic character, St denotes the Steinberg representation, 1 denotes the trivial representation, and
L() denotes the Langlands quotient. We set

K, =GSp(2,Zp). Ky =xaM(4,Zp)x, ' NGSp(2,Qp). K3/ =K' nKS®,

Kl;li/ =xaM(4,Zp)x, ' NGSp(2.Zp), Kfje’ =xM(4, Zp)x; ' NGSp(2, Zyp)

where x; =diag(1, 1, p, p) and x; =diag(1,1, p, 1).

Table B.1 lists all the irreducible admissible representations of G(F) supported in B(F). Table B.1 is
based on the result of Sally and Tadi¢ [30]. Each Iwahori-spherical representations of G(F) is realized
as a subrepresentation of an induced representation x; x x2 < o with unramified characters 1, x2,
and o of F*. Representations in the same group I-VI are constituents of the same induced represen-
tation. The “tempered” column gives the precise condition for a representation to be tempered. The
“L2” column indicates which of the tempered representations are square-integrable. The “g” column
indicates the generic representations. The “SK” column means that the representation appears as a
local component in cusp forms that are CAP with respect to P, which are called Saito-Kurokawa rep-
resentations. The induced representation x; x x2 x o is irreducible if and only if x; # v*!, xo # v,
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and yq # v*! Xzﬂ. Neither IVb nor IVc are unitary. Any cuspidal automorphic representations of G do
not have IVd for all the finite places.

We assume that the characters x1, x2, and o are unramified in Table B.2. Table B.2 lists the dimen-
sion of the space of parahori-fixed vectors in each irreducible constituent of x1 x x2 x o. Table B.2 is
based on the result of Schmidt [32,33].
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