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gfa%aur;r:eegghogohfgﬁgig2225 By Ihara (J Math Soc Jpn 16:214-225, 1964) and Langlands (Lectures in modern analysis

Osaka University, and applications lll, lecture notes in math, vol 170. Springer, Berlin, pp 18-61, 1970), it is
Machikaneyama 1-1, Toyonaka, expected that automorphic forms of the symplectic group Sp(2, R) C GL4(R) of rank 2
Osaka 5600043, Japan and those of its compact twist have a good correspondence preserving L functions.
Aiming to give a neat classical isomorphism between automorphic forms of this type
for concrete discrete subgroups like Eichler (J Reine Angew Math 195:156-171, 1955)
and Shimizu (Ann Math 81(2):166—-193, 1965) (and not aiming the general
representation theory), in our previous papers Hashimoto and Ibukiyama (Adv Stud
Pure Math 7:31-102, 1985) and Ibukiyama (J Fac Sci Univ Tokyo Sect IA Math
30:587-614, 1984; Adv Stud Pure Math 7:7-29 1985; in: Furusawa (ed) Proceedings of
the 9-th autumn workshop on number theory, 2007), we have given two different
conjectures on precise isomorphisms between Siegel cusp forms of degree two and
automorphic forms of the symplectic compact twist USp(2), one is the case when
subgroups of both groups are maximal locally, and the other is the case when
subgroups of both groups are minimal parahoric. We could not give a good conjecture
at that time when the discrete subgroups for Siegel cusp forms are middle parahoric
locally (like FéZ)(p) of degree two). Now a subject of this paper is a conjecture for such
remaining cases. We propose this new conjecture with strong evidence of relations of
dimensions and also with numerical examples. For the compact twist, it is known by
Ihara that there exist liftings of Saito—Kurokawa type and of Yoshida type. It was not
known about the description of the image of these liftings, but we can give here also a
very precise conjecture on the image of the lhara liftings.
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1 Introduction

In this paper, we first show certain new dimensional relations between Siegel cusp forms of
degree two and automorphic forms belonging to the compact twist of Sp(2, R) C SL(4, R).
More precisely, the discrete subgroups we treat here for Siegel modular forms are mainly
those of prime level p whose p-adic completions are parahoric subgroups of Sp(2, Q,)
which are not maximal, but not minimal. On the other hand, the adelic open subgroups
of the compact twist are those which correspond with the subgroup stabilizing a fixed
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lattice in the principal genus of binary quaternion hermitian lattices over the definite
quaternion algebra over Q with prime discriminant p. We give a new dimensional relation
between Siegel cusp forms and automorphic forms of the compact twist belonging to
such groups (§3 Main Theorem). Such relation leads naturally to conjectures on corre-
spondence between automorphic forms (See Conjectures 3.2, 3.3.) In particular, we give a
precise conjecture on the image of Ihara lifts in Conjecture 3.2. The Ihara lift is a compact
analogue of Saito—Kurokara lift and Yoshida lift, though actually it appeared much earlier
in the paper [27] (See also [22]). In §4, we give numerical examples of the lifts and the
correspondence for the most cases explained in §3. In particular, Ihara gave in [27] an
example consisting of two automorphic forms of the compact twist which seem to be
very different but to have the same Hecke eigenforms. We will explain in §4.3 that both
forms should correspond to essentially the same Siegel modular form belonging to mid-
dle parahoric subgroups, and this fact supports the last claim of Conjecture 3.3, though
we do not know if this is a counter example to the multiplicity one property or not. In
§5, we give a proof of the Main Theorem, first for p # 2, 3 and then for p = 2, 3 and
j=0.

2 Definitions and notation

2.1 Siegel modular forms

We denote by H,, the Siegel upper half space of degree n and Sp(n, R) C M3, (R) the real
symplectic group of degree n. For any irreducible representation (p, V') of GL,(C), any

A B
V -valued holomorphic function f : H, — V,and any g = <C D) € Sp(n, R), we write

(flplgD(@) = p(Ct +D)"'f(gr)  (r € Hy).

For any discrete subgroup I' C Sp(n, Q) with vol(I'\H,) < oo, a V-valued holomorphic
function f is said to be a Siegel modular form of weight p of degree n with respect to I'
if flo[y] = f forany y € T, with extra condition that it is holomorphic at cusps when
n = 1, which is automatic when # > 1 by the Koecher principle. We denote the space of
such modular forms by A, (T"). For f € A,(T"), we define the Siegel ® operator by

71

0
0 it) (11 € Hy_1,t € R).

(@f)(@) = lim f (
If we have ®(f|,[g]) = 0 for any g € Sp(n, Q), we say that f is a cusp form. We denote
by S,(I") the space of cusp forms. In the paper, we mainly consider the case # = 2. Any
rational irreducible representation of GL,(C) is given by p = detk Sym(j) for some k € Z
andj € Zxo, where Sym(j) is the symmetric tensor representation of degree j and detX is
the k-th power of the determinant. For the sake of simplicity, we write A,(I") = Ay ;(I")
and S,(I") = S;(T") for such representations. When n = 2, if —14 € T, then we have
Aj(I') = 0if j is odd. For n = 1, we denote as usual by A;(T") and Si(I") the space of
modular forms and cusp forms of weight k belonging to I', respectively.

2.2 Discrete subgroups
We explain discrete subgroups of Sp(2, R) C GL4(R) that we want to treat in the paper.
We fix a prime p and define a subgroup B(p) of Sp(2, Q) by
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Z Z 7 Z
pZ 7 7 Z
B(p) = N Sp(2, Q).
) oL pl 7 p(2, Q)
7 pl 7 7

The p-adic completion of B(p) is the minimal parahoric subgroup (i.e., the Iwahori sub-
group) of Sp(2, Q). There are seven (proper) standard parahoric subgroups of Sp(2, Q,)
containing B(p). Corresponding to those local subgroups, we can define global subgroups
as follows. We define

00 —pt 0 01 0 0
01 0 0 1 000
SOZ ’ Slz )
p 0 0 0 0 0 0 1
00 0 1 0 0 1 0
1 00 0 00 0 -1
00 0 —1 0 0 -1 0
Sy = , w=
00 1 0 0 p 0 0
01 0 0 \» 0 0 0
We put

To(p) = B(p) U B(p)S1B(p),
o) = B(p) UB®)S:B(p),  To(p) = B(p) U B(p)SoB(p).

We call these subgroups the subgroups of middle parahoric type, since these are not
maximal but not minimal p-adically. More concretely, these groups are given as follows.

Z 7 7 1
Z Z 7 Z
T = NSp(2,Q),
o(®) VI pL T I p(2,Q)
\pZ pZ 7 7
Z 7 7 T
. pZ Z L 7
F = mS 2} >
o) VI sl T pl p(2,Q)
\pZ 7 7 I
Z 7 plz Z
y 7 7 @ Z
o) = |? N Sp(2, Q).
pZ  pZ Z pZ

\pZ pZ 7 L

We have Fg(p) = a)l"é)(p)a)_l. There are three other subgroups which are maximal p-
adically. Two are Sp(2, Z) = M4(Z) N Sp(2, Q) and wSp(2, Z)w ™! and the remaining one
is the paramodular group K(p) generated by F(/)(p) and Fg(p). We can write K(p) =
B(p) U B(p)SoB(p) U B(p)S2B(p) U B(p)SoS2B(p) and more concretely we have

18
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Z 7 ptz z
pZ Z Z
pZ  pZ Z pZ
7 7 Z Z

K(p) = N Sp(2, Q).

2.3 Automorphic forms on the compact twist

We fix a prime p as before. We denote by H the unique division quaternion algebra over R.
Let D be the definite quaternion algebra over Q with discriminant p. For any prime ¢, we
put D; = D ®q Qg, where Q is the g-adic number field and also put Doy = D®g R = H.
We define the group of similitudes of the positive definite binary quaternion hermitian
form over D by

G = {g € My(D); g'g = n(g)1, for some n(g) € Q%}
and call it shortly a quaternion hermitian group. Here, we denote by * the main involution
of Dand forg = (j 2) € My(D), we write ‘g = Z 2 . We denote by G4 the adelization
of G and by G, the v-component of G4 for places v < oco. For example, we have

Goo = {g € My(H); ¢ °g = n(g)1z, n(g) > 0}
and if we put GL, = {g € Goo; n(g) = 1}, then this is the compact twist USp(2) of Sp(2, R).
For a prime ¢, we also have

G, = {g € Ma(D,); g '8 = n(g)15 for some n(g) € Q)
For any prime g # p, we have

Gy = GSp(2, Q) = g € Ma(Qy); 'glg = n(g)] for some n(g) € Q;),

02 =12
1 0y ’
Now we describe a subgroup of G4 for which we define automorphic forms of G4 in

where ] =

this paper. Let O be a maximal order of D. For a prime g, we write O, = O ®z Z, where
Zg is the ring of g-adic integers. We write

GLy(Oy) = {g € GLy(Dy); g € Ma(Og) and g~ ' € Mo (O,)},

the group of invertible elements of M>(0,). We put U; = G, N GLy(O,). This is the
subgroup of G, which stabilizes the maximal lattice O2, and a maximal compact subgroup
of G4. When g # p, then we have

Uy = GSp(2, Zg) = {g € GSp(2, Qq) N Mu(Zq); n(g) € Ly }.
We define an open subgroup Uy, (p) of G4 by

Upp) =Goo [ Uy

g;prime

We explain that this group is related to the genus of maximal quaternion hermitian lattices
containing O2. A lattice L C D? is called an O lattice if OL C L. The set A of quaternion
hermitian © lattices L in D? such that L, := L ®7 Z, = Olz,gv for some g, € G, for
all v < oo is called the principal genus. Two O lattices L; and L; in A are said to be

isomorphicif L; = Lyg for some g € G. The number of isomorphism classes of O lattices
in A is finite and called the class number # = h(A) of A. The group G4 acts on A by
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<00

L — Lg = {),-00Lvgy N D?) for g = (g,) € Ga. Then the group U, (p) is the stabilizer
of the lattice ©O2. We use the subscript “pr” for Uy (p) to indicate the principal genus. We
have i(A) = #(Uy,r(p)\Ga/G) (cardinality). Here as usual G is identified with the image
of the diagonal embedding of G into G4 ([39]).

We explain weights of our automorphic forms. Let (7, V') be a (finite dimensional)
irreducible representation of the compact group G . Any such representation of G,
corresponds with the Young diagram parameter (v, v2) with v; > vy > 0, v; € Z. We
denote this representation by 1o, = 7,,,1,. We assume that 7, ,,(— 12) = idy, which is
equivalent to the condition that v; = v, mod 2. Associated with such ,,,,,, we define a
representation of G4 by

Tvy,vy

Ga — Goo — Goo/center = G /{£13}) — GL(V).

This is denoted by the same letter 7,,,,. Any V-valued function f of G4 is said to be
an automorphic form of G4 of weight t = t,,,, with respect to U, (p) if it satisfies the
following condition.

fuga) = v, ()f () foranya € G, g € G4, u € Upr(p).

We denote the space of such automorphic forms by M., ., Uy, (p)). More down to earth
description of this space is given as follows (See [27] and [10]). We take a double coset
decomposition G4 = Uleupr(p)g,(G and for each «, put I'« = G N g U, (p)gc. This is
a finite group. We put

Ve = {ve Vit =viorall y, € Ik},
Moy, Upr(p)) = ®ﬁ=1 Vi,

Then we have a following isomorphism.

mVI»VZ (upr(p)) = le,vz (upr(p))' (1)

Anexplicitisomorphism of (1) is given by mapping f € 9, ., Uy (p)) to Zﬁ:l T(ge) " (go).
We often identify these two spaces in Sect. 4. The action of Hecke operators is defined as
follows. For any z € G4, we take a double coset

upr(p)zupr(p) = Uziupr(p)-

Then the action of this double coset on f € I, v, Uy (p)) is defined by
(Upr @)U DINQ) = Y oy @) (27 'g).
i

On the element (f,) € M,,,.,(Upr(p)) corresponding to f in the isomorphism (1), the
action of Uy, (p)zUyr (p) is given by

h
(U @V2Ur @) =D Y Tuwm®fu 1<k <h),

p=1teTy, /T,
where ([Uy,,(p)zUpr (p)]f )i denotes the k component of (U, (p)zlyr (p)If in My, v, Upr(p))
and the set T, is defined by

Ten=G mgx_lupr(p)zupr(p)gu'
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For any positive integer n, we put T'(n) = Y__ Uy, (p)zUyr(p), where z runs over elements
z = (zy) € G4 N Geo ]_[q M(Oy4) with n(zg) = nZ; for all primes g. The action of T'(n)
on My, v, Upr(p)) = Moy, Upr(p)) is defined by the linear prolongation of the action of
double cosets. The Hecke algebra C[T'(n); p 1 #] is isomorphic to that of the split group
GSp(2,Q), since G; = GSp(2, Q) and U, = GSp(2, Zy) for g # p. If f is an eigenform of
all the Hecke operators T (1), we denote by A(n) the eigenvalues of T'(n) on f and define
an Euler g-factor for g # p by

1— )»(q)q_s + ()\(4)2 _ )L(qZ) _ qv1+v2+2)q—2s _ k(q)qu+v2+3—3s + q2v1+2v2+6—4s‘
(The Euler ¢ factor for g = p is given in Thara [27] and we omit it here.) We define a spinor

L function of f as the product over primes of the inverse of all these Euler factors. (See
[10,22,27].)

2.4 lhara lifts

We review shortly a theory of Thara lifts ([22,27]) to 901,,,,, Uy (p)). Although they are
compact versions of the Saito—Kurokawa lifts and the Yoshida lifts (published in 1978
and 1980, respectively), Thara’s lifts appeared much earlier (around in 1963 in Ihara’s
master thesis in Univ. Tokyo and partly published in [27]). We take a basis of H over
Ras H = R + Ri + Rj + Rk with i2 = j2 = k? = —1,ij = —ji = k. We identify
H? = R8 for (x, y) € H? by taking (x1, ¥2, ¥3, X4, Y1, 2, ¥3, ¥a) for x = x1 + x2i + x3j + x4k,
y = y1 + y2i + y3j + yak, and consider a polynomial f(x, y) in eight variables. We denote
by A,y the usual Laplacian of these eight variables:

4

> ey
Aoy=2 551255
i e g
We say that a polynomial f(x, y) is harmonic if A,/ = 0. We denote by Hmy(H?) the
space of harmonic polynomials in (x,7) € R® of homogeneous degree /. For A € H, we

denote by A;, the Laplacian of H = R* in the same sense. We assume that [ is even. For
each (g, b) witha > b > 0 and a + b = [, we define a subspace V,; of Hm;(H?) by

Vap = {f (% 9) € Hmy(H?); f(ux Ay) = n()be(x, 9, A) forany A, x, y € H,

where ¢ is a polynomial with A, ¢ = 0},

where n(A) = AX. This space is invariant by the action f — f (h(x, y)g) for h € H* and
g € G This is the representation Sym,_, ® 7,5 of USp(1) x USp(2), where Sym,_ is
the symmetric tensor representation of USp(1) = SU(2) (the compact twist of SLy(R)) of
degree a — b. So as a representation of USp(2), V,,;, is not multiplicity free unless a = b.
We denote by /g the Class number of D. We take representatives {b;} of the double coset
decomposition DX = U | (H ]_[q ‘prime OX)bDX and put O, = ﬂq;prime(b;qub,- N D)
for i with 1 < i < ho. We denote by V, ”{) =V, ’ “ the space of polynomials in V;
such that f(z(x, y)y) = f (%, y) for all (4, y) € O x FK. Then the space

v=ap ol v
is naturally identified with the tensor product of the space of automorphic forms on D}
with respect to O} = HX* ]_[q Oy of weight Sym,_j, and the space M, (U (p)). For an

element F = (Fjx)1<i<i,1<c<h Of this space V, we define a theta function of T € H; by
ho h

Op(r) =Y Y 1077 o (o),

i=1 k=1
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where

oo
2@ =30 Y Fulwe™

m=0 «x€Lj,
nic (x)=m

and L;, = b_iOng, nix(x) = n(x)/n(Ly) and n(L;,) is the fractional Z ideal spanned by all
n(x) with x € L;,. For any integer N > 1, we define a subgroup F(()l)(N) of SLy(Z) by

b
riw) = {g = (‘z d) € SLy(Z);c =0 mod N \ .

Then we see that 9¢(7) € Aa+b+4(f‘(()1)(p)) and this is also a cusp form unlessa = b = 0.
Now assume that F is an Hecke eigenform as an automorphic form F; x F; on DX x G.
The theory of Thara lifts claims that if ¥r does not vanish, then 9 is also an eigenform
and we have

L(S) FZ) = L(S - b - 1; FI)L(SJ 191:) = L(S - k + 2: Fl)L(S, ﬁF);

where L(s, F) is the spinor-type L function of Fy, L(s, F1) is usual Hecke’s L function of
the elliptic modular form of I‘(()l)(p) associated with Fj by the Eichler—Jacquet-Langlands
correspondence. Here we put k = b + 3. For more details, see [22,27].

3 Main theorem and conjectures

3.1 Main theorem

Note that we write superscript (V) always for subgroups 1"(()1) (p) of SL2(Z). By I'o(p) without
superscript, we always mean a subgroup of Sp(2, Z) C GL4(Z) defined before. We denote
by Sk(F(()l)(N )) the space of elliptic cusp forms of F(()l)(N ) of weight k and by S,?ew(F(()l)(N )
the subspace of new cusp forms.

Theorem 3.1 We fix a prime p. Notation being the same as before, for integer k > 3 and
nonnegative even integer j, we have the following dimensional identities

dim Sy (I (p)) + dim Si;(Tg (p)) — dim Sg;(To(p)) — 2 dim S (K (»))
= dim My ;3 x—3Upr(p)) — j0dk3
— (@im S () + o) x (dim SEEY, (0 () + dim Sy ;2 (SL2(2)))

under the following additional assumptions: k > 5 ifj > 2, and p # 2,3 ifj > 2. Here §jg
and 83 are the Kronecker deltas.

The condition k > 3 is essential, but the conditions k > 5 forj > 2 and p # 2, 3 for
j = 2 are technical. We believe that the same equality holds for any k > 3 with even
j > 0 for any primes p without extra conditions. We note that since I'j (p) = wI'j(p)o 1,
we have dim Sy ;(Iy(p)) = dim Sk,j(Fg (p)), and the sum of the first two terms of LHS in
Theorem 3.1 can be written as 2 dim Sk,j(FE) ().

Of course we expect that the same sort of relation as Theorem 3.1 hold also for Hecke
operators, interpreting the endoscopic part coming from elliptic modular forms into
appropriate combinations of Hecke operators of one variable, but at the moment we
do not have results for that since the trace formula is much more complicated in that case.

The proof of Theorem 3.1 will be given in the last two sections.
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3.2 Conjectures on lifts and non-lifts

After explaining the possible appearance of lifts, we give a concrete conjecture on Ihara
lifts (See Conjecture 3.2). We also give some conjectural correspondence for non-lifts (See
Conjecture 3.3). Numerical evidence of automorphic forms will be given in Sect. 4. About
local representations which have the Iwahori subgroup fixed vector, there is a work on
classification by Roberts and Schmidt [33]. The author learned more details on this from
Professor Ralf Schmidt. He confirmed author’s partly conjectural tables of the number of
local fixed vectors in the first manuscript by secure results of the classification of local
representations in [33,36,37] and made it much clearer. The author would like to thank
him for this discussion.

Forf € Sk(F(()l)(p)), we define the Atkin—Lehner involution W), x by

(FleWpi) = p~ P f(=(pD)).
For each € = + or —, define a subspace S;(I‘(()l)(p)) of Sk(I‘(()l)(p)) by

ST ) = {f € ST @if e Wi = f ).

We also put S;ew’e(r(()l)(l’)) = S,?eW(F(()l)(p)) N S;(F(()l)(p)). If f is a Hecke eigenform and
SflkWpi = €f, then the functional equation of L(s, f) is given by

Lk — s,f) = (=1)*%eL(s, f).

It is known that there exist Saito—Kurokawa type lifts to Sg(I'o(p)) from SZk_z(F(()l)(p)) for
even k, and Yoshida type lifts from Sjrfz”’e (F(()l)(p)) X S;;i’f_z(r(()l)(p)) to Sgj(Co(p)) for the
same € = £ (see [3,21].) There also exist Gritsenko lifts (an analogue of Saito—Kurokawa
lifts) to Sg(K(p)). This last lift is a little more complicated. Although this lift does not
play an essential role in our lifting conjecture compared with the former two liftings,
we review this shortly for readers’ convenience since we use this later in our numerical
calculation. We denote by ]Iz;sP(SLz(Z)) the space of Jacobi cusp forms of index p with
respect to the group SLy(Z) (See Eichler—Zagier in [6].) By Skoruppa—Zagier [40], we have
an isomorphism

REYS
TenP(SLa(2)) = Sy ™ (0§ () @ S evenSak—2(SL2(2)

where 8 even = 1 if k is even and O otherwise. There exists a lifting from Ji ,(SL2(Z)) to
Sk(K(p)) C Sk(Fé)(P)), Sk(Fg(p)) by Gritsenko (See [9]).

Now we see how both sides of the dimensional relation in the Main Theorem 3.1 are
explained for various types of liftings.

(1) Saito—Kurokawa lifts of level 1 and Thara lifts.
We consider the casej = 0 now. When k is even, for a Hecke eigenform f of Sox_o(SL2(7Z)),
there exists the Saito—Kurokawa lift from f to F € Si(Sp(2, Z)). By virtue of [36], the num-
ber oflocal (p-adic) fixed vectors belonging to this automorphic representation containing
F is as follows. (See also [33] Table A15 11 b.)

Sp(2,Z) To(p) Ty(p) = Ty(p) K(p)
1 3 2 1

So the contribution of this part to the LHS of Theorem 3.1 is

242-3-2.1=-1
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On the other hand, in RHS of Theorem 3.1, we have — dim Sy;_5(SL2(Z)), which
should cancel with the above. This means that there should not exist an Ihara lift to
M —3,k—3Upr(p)) from Sox_2(SLy(Z)) when k is even. On the other hand, when & is odd,
there is no Saito—Kurokawa lift to LHS. This means that the term — dim Sy, _,(SL2(Z)) of
the RHS should be canceled with the Thara lift in 9% _3 3y (p)), so there should exist
the Ihara lift of Saito—Kurokawa type in this case.
(2) Saito—Kurokawa lifts of level p and IThara lifts.

Again we assume that j = 0. We consider the Saito—Kurokawa lifting from S;lfvjz(f‘(()l)(p))
(See [21,36]). If we assume that k is even, then by [33] A15, the number of local fixed

vectors is given by

To(p) To(p) = Ty (p) K(p)

1 a a

Herea = 1iff € S;ZV_V’Z(_I)k(F(()l)(p)) (The case Vb of A15, loc.cit.,) and 2 = 0 otherwise
(the case VIb of A15). Anyway the contribution to the LHS is 2a — 24 — 1 = —1. So in
RHS, there should not exist an Thara lift from Sg,f”_v2(r(()1)(p)) to M3 x—3Upr(p)). If k
is odd, then there exists no Saito—Kurokara lift to LHS. So judging from the dimensional
relation, there should exist an injective Ihara lift from Sglf‘fZ(F(()l)(p)) to M3 k—3Upr(p)
if k is odd.
(3) Yoshida lifts of level p and Ihara lifts.

Yoshida constructed in [44] a lift from pairs of elliptic new cusp forms of level p to Siegel
cusp forms of degree two belonging to I'g(p), which vanishes when the signs of the Atkin-
Lehner involution are not equal, and Boecherer and Schulze-Pillot proved injectivity of
the lift in [3] when the signs are the same. More precisely, if we set € = &, there exists an
injective lift from (f1,f5) € S (TY () x S5, (0GP (p) to F € Si;(To(p)) such that,
if (f1, f2) are Hecke eigenforms, then F is also a Hecke eigenform and we have L(s, F) =
L(s — k + 2,f1)L(s, f2), where L(s, F) is the spinor L function. For a fixed pair of Hecke
eigenforms (1, f3) € s;fg(rg”(p)) x sg,fyj_Z(rg”(p)) with the Atkin-Lehner sign e; for
i = 1, 2, denote the dimensions of forms in Sk)j(Fé)(p)), in S;(K(p)), and in Sg;(To(p))
coming from lifts of the fixed pair by a, b, and ¢, respectively. Here we havea > b > 0
since F(/)(p) C K(p). So the contribution of lifts to the dimension of LHS is given by
2(a — b) — ¢, where we have ¢ = 0 and 1 when €; = —¢€; and €1 = €3, respectively.
Actually, by virtue of [37] Table (30), for Yoshida lifts, we havea = b = 1and ¢ = 0
orl,ora = b = 0and ¢ = 1. (See also [33] A 15 VIc, Vb, VIb.) The counter part of
this lift for the compact twist is the Thara lift ([22,27]). For 93k 3(Upr(p)), there is
the theory of lift from the same pair, but there is no theory how big the image of these
lifts is. It is very plausible that the image is at most one dimensional from a fixed pair. If
so, the contributions from the pair to the dimension of RHS is 0 if there exists a lift to
M+j—3k—3Upr(p)) and —1 if there does not exist. This fits the result 2(a — b) —c = 0 or
—1 for LHS. Hence there should exists an Thara lift to the compact twist if and only if the
parity of the signs of the Atkin-Lehner involution of new cusp forms of level p are not the
same.

(4) Ihara lifts from pairs of level 1 and level p.
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There is one remaining term in the dimensional relation in the Main Theorem suggesting
lifts: the term S jrfz“'(Fo(p)) X Sok4j—2(SL2(Z)). Numerical examples in Sect. 4 strongly
suggest that there is an injective Ihara lift from whole of this space to M1 ;3 k3 (Upr(P)).

Summing up all these, it is natural to propose the following conjecture on the image of

the Ihara lifting.

Conjecture 3.2 (1) When k is even, there should be no Ihara lift from SZk_z(F(()l)(p))
to My_3x—3(Upr(p)). When k is odd, then the Ihara lifting from Syr_o(SLy(Z)) +
Spev (TS (9) t0 My 343 Upr (p)) is injective.

(2) There exists an injective lhara lifting from sﬂew*(ré”(p)) X Snew’_z(r‘él)(p))

42 2k+j—
and S7Sy (00 () x SEvt (06 () to Miyj_si—sUpr(p) and no lift from
Sy (5 (p) x S5evs (TG (p) for the same sign € = =+

(3) There exists an injective Ihara lifting from S;B"(F(()l)(p)) X Sokyj—2(SLa(Z)) to
M yj—3.k—3Upr(p)).

Now we give some description of non-lifts. The local admissible representations at p
of Sp(2,Qp) which have Iwahori subgroup fixed vectors are classified by Roberts and
Schmidt [33]. If we write the dimension of vectors of a local admissible representation
fixed by F(’)(p), Co(p), K(p) by a, ¢, b and put ¢ = 2a — ¢ — 2b, then by table A.15 of
[33], we have co = —1, 0, 1, 2. As we have seen already, the case ¢o = —1 appears for
lifts in several cases. The case ¢p = 0 appears in an example in the next section for
non-lifts and there is no corresponding form in the compact twist in this case except
for lifts. Interesting cases for the correspondence with RHS is the case ¢ = 1 or 2. If
¢o = 2, which happens for Va in their table, then it means that there should exist two
automorphic forms My ;3 x—3(Upr(p)) corresponding to a form in Sy ;(I'y(p)) with the
same L function, though we do not know if two forms in 9 ; 313Uy (p)) generate
the same automorphic representation or not. Anyway, the correspondence for ¢y # —1
should be as in the following conjecture.

Conjecture 3.3 Notation being as above, for a global representation coming from a holo-
morphic Siegel cusp form such that co = 0 locally at p, there is no corresponding auto-
morphic form in My 13 k—3(Upr(p)) except for the case obtained by lifting. If co = 1, then
global automorphic representations coming from holomorphic Siegel cusp forms having
['((p) fixed vector should correspond one to one to eigenforms in M3 x—3Up (p)). If
co = 2, then a Siegel cusp eigenform in Sy j(T(p)) should correspond with two eigenforms
in My i3 x—3(Uyr(p)) having the same L function.

Here we excluded lifts for cp = 0 because of the following reason. If k is odd, then there
is no Saito—Kurokawa lift to Si(I'o(p)) but there would exist a lift to a paramodular form
in S;(K(p)) as we explained before. This lift also belongs to S (I'y(»)) and S (I'j(»)) and
the contribution to LHS of Theorem 3.1 is zero. On the other hand, there should exist an
Thara lift to 93«3y (p)) by Conjecture 3.2 (1) and the contribution to RHS is also
zero as a total. So even if ¢y = 0, there should exist a correspondence between a lift to
Sk(T((p)) and that to My _3 x_3(Uy,r(p)). Later we give concrete examples of ¢y = 2 for the
above conjectural correspondence, including an explanation of Thara’s example in [27].
There he gave two concrete automorphic forms in Mg g (U, (3)) which looks very different
but have the same Euler 2 factors, and seem to have the same Euler factors for all primes.
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We will give a corresponding Siegel cusp form concretely. It is an interesting problem
to see if these two forms in Mg g({f,-(3)) span the same representation or not. This is a
problem if the multiplicity one theorem holds for 901,,,, ., (Uy-(p)) or not.

4 Numerical examples
Before giving numerical examples, we quote the trace formula of the Atkin-Lehner invo-
lution W, for prime p on Sk(l"(()l)(p)) from [43]. For p # 2, 3, we have

_DK2-1 - _
Tr(Wp,k)z_( 1) <h( 4p) n h( p)>+8k2,

2 w(—=4p)  w(—p)

where 8y, is the Kronecker delta and w(d) is the half of the number of roots of unity in
the quadratic order of the discriminant d. We also have

(—l)k/2 _ (_1)(k74)(k72)/8
2
—1 ifk=26mod 12,
Tr(Wsg) =68+ 140 if k =4,10 mod 12,
—1 ifk=0,8mod 12

TV(WZ,k) = + 82k’

Forf(t) € Si(SLa(Z)), the signs of the forms f (t)+p*/%f (pr) w.r.t. W),k are &£, respectively,
so this part cancels in Tr(W), ;). For new forms, we have
. 1/
dim SPVET () = 3 (dlm spew(r{V (p)) + Tr(Wp,k)) .

4.1 The scalar-valued case forp = 2

In this subsection, we consider the case p = 2 and j = 0. We have examples of Euler 3-
factors in [14], though the emphasis there is on the minimal parahoric subgroups. Here we
review the results there and add some more examples. First we give a table of dimensions of
M3 k3 Upr(2) and dim My 3Upr(2)) — (dim Syp_o(SLa(2)) +dim S, (06 (2)))
k3. The latter is indicated by RHS in the following table.

k 4 5 6 7 8 9 10 11 12 13 14 15 16 17
dim 1 0 1 1 0 2 0 3 0 3 0 6 1 7
RHS 0 0 0 -1 0o -2 0 -2 0 -3 0o —4 2 =3 2

We give a table of dimensions of Siegel cusp forms and LHS of Theorem 3.1.

k 3 4 5 6 7 8§ 9 10 11 12 13 14 15 16 17
I'v2) 0 0 O 1 0 2 0 4 0 7 0 10 0 15 0
FZ)(Z) 0O 0 O 0o o0 1 0 2 1 4 0 5 2 10 2
K(2) 0 0 O 0o 0 1 0 1 1 2 0 2 1 4 1
LHS 0O 0 0 -1 0O -2 0 -2 0 -3 0 —4 2 =3 2

Of course we have LHS = RHS as we claimed in Theorem 3.1. The point is the corre-
spondence of automorphic forms. We see each k more precisely. For k < 11, all the forms
are lifts. We can check this fact by giving elements of 9x_3 x—_3(Ur(2)) concretely, but
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we omit it here since there is nothing new. When k = 12, an interesting thing happens
and we will explain that. The following table is a resumé extracted from [14], where the
column T'(3) indicates the eigenvalues of the Hecke operator 7T'(3) and the column under
the group indicates the dimension having that eigenvalue.

k T(3) r? ) r,(2) Iy (2) K(2) Lift from

6 168 1 0 0 0 Sio(T 1)(2))
8 4152 1 0 0 0 Sl+4( ())
8 1080 1 1 1 1 S )
10 21960 3 2 2 1 Sls(SLz(Z))
10 32328 1 0 0 0 siewt (i (2))
12 107352 3 2 2 1 S33(SLy(Z))
12 307800 1 1 1 1 soew—(ril(2))
12 — 88488 2 1 1 0 Non-lift

Here all the examples fit the conjecture in Sect. 3. The most interesting examples in
the above table are the non-lift case of weight 12. In dim Slz(Fé)(Z)) + dim Slz(Fg(Z)) —
dim Slg(F(()z)(Z)), the contribution of non-liftis 1 + 1 — 2 = 0. So these Siegel cusp forms
exist but should not correspond with automorphic forms of the compact twist. Indeed we
have dim 99 9(U4,,(2)) = 0 and there is no corresponding automorphic form.

We add here one more interesting example of weight kK = 15. First we give a table of
dimensions of Siegel cusp forms for each eigenvalues of T'(3).

T(3) S15(Tp(2))  S15(I5(2)  S15(I0(2))  S15(K(2))  LHS  Lift from
5360904 1 1 0 1 0 ST @)
— 4260600 1 1 0 0 2 Non-lift

Next we give a table for the compact twist 912,12 (U (2)).

T(3) Uy (2) RHS Lift from

— 4260600 2 2 Non-Lift
10362120 1 0 snew (i (2))
5360904 1 0 snew(p(D(2))
648(8849 + 324/18209) 1 0 $25(SL2(Z))
648(8849 — 32+/18209) 1 0 S25(SLa(2))

Here the case LHS = RHS =2 is an interesting new example. This is the case cp = 2 in
the notation of Sect. 3, where both eigenvalues of T'(3) are — 4260600.

Concrete automorphic forms in each of the above two tables are newly obtained this
time, so we give them here. We know that dim S11(K(2)) = dim S$1:(B(2)) = 1 and a
nonzero form x11 € $11(B(2)) is explicitly given in [17] and [24] by theta constants (See
also [1].) On the other hand, we put

Fi = X% +3Y + 3072Z + 960T

where X, Y, Z, T are Siegel modular forms of weight 2, 4, 4, 4 of B(2) given explicitly in
[17]. Then we have Fs € S4(K(2)) ([24]). We denote by ¢4 the Siegel Eisenstein series of
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weight 4 of Sp(2, Z) with constant term 1. Since dim S15(I')(2)) = 2 ([14]), we see that
@ax11 and Fyx11 spans S15(I'((2)) and Fax11 € S15(K(2)). We have Tr(W523) = 0 and
dim Sgsew(l"(l)(Z)) = 2, so we have dim S3¢" i(I’(()l)(Z)) = 1 for each +. So F4x11 should be
the Gritsenko lift from Syg" 7(1"(()1 (2)). By using Fourier coefficients, we have

T(3)¢4X11 = 57729024F4X11 — 4260600¢4X11,
T(3)F4X11 = 53609041:4)(11,

So eigenforms are Fs x11 and ¢4 x11 — 6F4x11 and we have the above table.

For the compact twist, we have dim 9115,12(U(2)) = 6 and a basis is given as follows.
For any w € H, we denote by wy, wa, w3, wy the coefficients of 1, i, j, k of w, respectively,
and n(w) = w% + w% + w% + WZ. For x, y € H, we put z = yx. For any positive integer i,
we put t; = zi + zé + zé + zi. Then a basis of M2 12Uy (2)) is given by the following 6
automorphic forms.

Proa = (2} — 23)(&] — 23)(e} — 23)(25 — 23)(25 — 23)(23 — 23),
Pioy, = 226512n(x)%n(y)® — 169884n(x)°n(y)® (n(x)? + n(y)?)
+ 70785n(x)4n(y)4(n(x)4 + n(y)*) — 15730n(x)3n(y)3(n(x)6 +n(y)°)

+ 1716n(x)*n(y)* (n(x)® + n()%) — 781(x)n(») M x)'° + n(¥)'°) + nx)'? + n(y)'?,
Proc = 279(n(x)'? + n(y)'?) /169380640 837n(x)n(y) (n(x o n(y )10y /6514640

+ 837n(x (y %)10 + n(y)19) /296120 — 1915n(x)3n(y)> (n(x)® + n(»)°)/139984

+ 6963n(x (y + n(y)*)/279968 — 137n(x (y 2 4 n(y)?)/5384

— 428n(x (y 6+ n(y )t4,/8749 + 2568n(x (y x)4 + n(y)*)ta/8749

— 428/673n(x n(y) (n(x)? + n(y Vta + n(x) n(y ta + 1070(n(x)* +n(y t4/8749
— 428/673n(x)n(y)(n(x)? + n(y)?)t2 + 330/673nx>ny*t? + 476t3 /2019

+ 1712(n(x)° + n(y)®)ts /43745 — 5992n(x)n(y)(n(x)* + n(y)*)ts /43745
+ 448/673n(x)n(y)t4ts — 12840(n(x)* + n(y)*)ts/61243
+ 5136n(x)n(y)(n(x)? + n(y)?)ts) /4711 — 7656n(x)>n(y)>ts /4711 — 336t4t3/673,

Piog = 181(n(x)'2 + n(y)'?) /215575360 — 543n(x)n(y)(n(x)*° + n(»)'°)/8291360

+ 543n(x)?n(y)? (n(x)® + n()®)/376880 — 13661n(x)>n(y)> (n(x)® + n(y)°)/1959776
— 35181n(x)*n(¥)* (n(x)* + n(y)*)/3919552 + 3753n(x)°n(y)® (n(x)? + n(y)*)/37688
— 873n(x)n(y)(n(x)® + n(y)°)ta/34996 + 20571n(x)2n(y)> (n(x)* + n(y)*)ts /69992
— 723/673n(x)* n(y) (n(x)* + n(y Ve — 2365(n(x)* + n(y t4 /69992
+ 473n(x)n(y)(n(x)? + n(y)?)t2 /2692 + 4851n(x)2n(y)t2 /1346
+ 473n(x)n(y)(n(x)? + n(y)?)e2 /2692 — 1122t5 /673 + 873(n(x)® + n(y)®)ts/43745
- (11468n(x)n(y)(n(x)4 + n(y)Mts /43745 + n(x) n(y) (n(x)? + n(y)*)ts
— 3168/673n(x n(y mﬁ + 7095(n(x)* + n(y)*)ts /122486

— 1419n(x)n(y)(n(x)* + n(y)*)ts /4711 — 2970n(x)>n(y)*ts /4711 + 2376t4t3/673,
Proe = 1943(n(x)'2 + n(y)u) /1552142592 — 1943n(x)n(y) (n(x)'° + n(y)1°)/19899264

+ 1943n(x)*n(y)?)(n(x)® + n()®) /904512

— 473225n(x)>n(y)3( x)6 + n(y)®))/70551936

— 137455n(x)*n(y)* (n(x)* + n(y)*)/15678208

+ 17305n(x n(y 2 4 n(9)?)/301504

— 3635n(x)n(y)(n(x)® + n(y) )£4/69992 + 109051 (x)%n(y)% (n(x)* + n(y)*)ts/34996
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- 3635n(x)3n(y)3(n(x)2 + n(y)?)t4/5384 + 18175(n(x)* + n(y)*)t2/139984

— 3635n(x)n(y)(n(x)> + n(y)*)t2 /5384 + 8265n(x)*n(y)*t2 /2692

— 170023 /2019 + 727( (x)° + n(y) )t6 /17498 — 5089n(x)n(y) (n(x)* + n(y)*)ts/34996

+ n(x)3n(y)3ts — 5089n(x)n(y)(n(x)* + n(y)*)ts /34996

- 1600/673n(x)n(y)t4t6 - 54525(n(x)4 + n(y)*)ts /244972

+ 10905n(x)n(y) (n(x)* + n(y)*)ts /9422 — 115951 x)zn(y )2tg/4711 + 1200t45/673),
Py = 9557(n(x)'> + n(y )12) /34147137024 — 9557n(x)n(y)(n(x)'° + n(y)'°)/437783808

+ 9557n(x)*n(y)*(n(x)® + n(y)?))/19899264

- 204145n(x)3n(y)3(n(x)6 + n(y)°))/141103872

— 73895n(x)*n(y)* (n(x)* + n(y)*)/31356416

+ 8401n(x)°n(y)>( +n(y )2)/603008

— 1655u(x)n(y)(n x)6 + n(y)®)t4/139984 + 4965n(x)2n(y) (n(x)* + n(y)*)£1/69992

— 16551(x)°n(y)> (n(x)? + n(y)*)ta/10768 + 8275(n(x)* + n(y)*)t2 /279968
1655n(x)n(y)(n(x)2 + n(y)?)2 /10768 + 1215n(x)2n(y)2t4 /1346
1655n(x)n(y)(n(x)* + n(y)*)t2 /10768 + 8275(n(x)* + n(y)*)t2 /279968
+ 2465t3 /8076 + 331( *)® + n(y)®)ts /34996 — 2317n(x)n()(n(x)* + n(y)*)ts /69992
— 2205n(x)n(y)tats/1346 + t2 — 24825(n(x)* + n(y)*)ts /489944
+ 4965n(x)n(y)(n(x)? + n(y)?)ts/18844 + 2175n(x)2n(y)2t8 /18844 — 435t,1t3/673.

Then the calculation of the Hecke operator of 7'(3) on this basis is done as in [14] and the
representation matrix is given by

— 4260600 0 0 0 0 0
24471033464
1 6514848604160 5210296565760 — 9797033000960 1484944179200
7065888393688 4894275883592 30934808064  25469246095360 300405188472832
524545376355 22231209 7403 22231209 111156045
749043686198 36811760958272 22903592184  41544307693568 2182786574336
15895314435 673673 673 673673 3368365
1059206285026  234578046469280 18952326720 283013189393288 10809831953920
28611565983 6063057 673 6063057 6063057
827764143017 186715877065360 109169658720 219950269849600 46482782141288
44961032259 9527661 7403 9527661 9527661

The eigenvalues of T'(3) are given by

— 4260600 (2 -dimensional), 10362120,
5360904, 648(8849 + 32+/18209).

The eigenvalues at 3 of Hecke eigenforms of Syg(SLa(Z)) are given by —643140 £
20736+/18209 and the eigenvalues of T'(3) of the associated Ihara lifts are given by

313 4 314 _ 643140 £ 20736+/18209 = 648(8849 + 32+/18209).

Also the eivenvalues at 3 of the Hecke eigenforms in the two-dimensional space
Sggew(F(()l)(Z)) are given by — 1016338 and 3984828. The eigenvalues of T'(3) of the associ-
ated Ihara lifts are 5360904 and 10362120. This fits the above data. So we explained all the
lifts which appears in the table. The remaining two-dimensional eigenvalues — 4260600
are non-lifts. The eigenvalue suggests that these should correspond with S15(I'((2)) and

$15(Tg(2)).

Ibukiyama Res Math Sci (2018) 5:18
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4.2 The vector-valued case forp =2andp =3

In this subsection, we consider the case (&, j) = (3, 6), (4, 6) for p = 2 and (k, j) = (3, 8) for
p = 3. These cases correspond to the cases Mg o(Uyr(2)), M7,1 Uy (2)), and Mg o(Uyr(3)).
These examples give good evidence for our Conjectures 3.2 on Ihara lifts, so we do not
explain Siegel cusp forms here. Before giving concrete examples of automorphic forms,
we explain the results. First we give a table of various dimensions.

E):)’t6,0(1/{pr(2)) i):n7,1(upr (2)) iD’t&O(upr(?’))
(& j) (3,6) (4,6) (3,8)
dim 9 1 1 3
dnngggaﬁ“@» 1+ 1+ 1+,1—
<mns§m;grgkp» 1— 0 1+
dim Szk+j,2(5L2(Z)) 0 1 1

Here we put k = vy + 3, j = v; — vy for the column 9, ., Uy (p)). For F(()l)(p), we
put p = 2 for the first two columns and p = 3 for the last one, and a+, b— means the
dimension of the Atkin-Lehner plus (resp. minus) is a (resp. b). By concrete automorphic
forms given below, we see the following results. The space M6,0(Uf,-(2)) consists of the
Ihara lift from Sgew’+([‘(()1) (2)) x S?gw’_([‘él) (2)). The space M7,1(Uy,(2)) consists of the
Thara lift from Sg eW’J“(l"(()l)(Z)) x $12(SL(Z)). The space Mg o(Uy,(3)) consists of the Thara
lifts from S™EW (T (3)) x ST (1 {V(3)) and $2¢% (T (3)) x S12(SL(Z)). More precisely
speaking, the Ihara lifts from S?SW(F(()D(B)) x S12(SL2(Z)) consist of eigenforms from pairs
of (ffg, A(t) — 3°A(31)) and (figr A(T) + 3°A(1)), wherefI% are elements in Slo(F(()l)(S))
which have =+ as the sign of the Atkin-Lehner involution. Here A(z) & 3°A(37) are old
forms in 512(1"(()1)(3)) with Atkin-Lehner plus and minus, so the signs of the pairs are
opposite in this case too.

Now we give concrete automorphic forms of 9, ., Uyr(p)) in the above cases. For
) € H, we consider a polynomial P() in four variables identifying H = R* by A1 + Aoi +
Asj + Aak with (X;). It is well known that any homogeneous polynomial P(1) is a direct
sum of products of a power of n(A) and harmonic polynomials. We can explicitly give the
harmonic projection I, of this direct sum decomposition to the harmonic part by the
following map.

_ b1
e = > 1

0<b<d/2 (b!)Z(Z)

where (”Z) is the binomial coefficient and we put d = deg(P). (See [25]).
First we give automorphic forms when p = 2. The definite quaternion algebra with

n(n)PAb(p),

discriminant 2 is given by
Dooo = Q+ Qi+ Qj + Qk
with i = j2 = — 1, ij = —ji = k. The class number of Dy, is one, and any maximal
order of Dy o is conjugate to
1+i+j+k

O=Z+Zi+Zj+Z——)

We have

tl+itjtk
OX:{iLiLiLik———l—i——}
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The class number of the principal genus in (D )? is one (See [12] I) and the automor-
phism group of O? is given by

0 0
I' = “ 5 “ ;ul,ugeOX .
0 u u; 0

First we explain the case (k j) = (3, 6). For x € H, we put

h(x) = 6(x§’ + xg —i—xg —l—xZ) - S(x% + x% + x% —i—xi)(x‘lL + x% + xg + xff)

+ 30(x2x5%3 + x7x3x7 + xTx3x7 + X3%3%7).

This is harmonic with respect to x € H. For (x, y) € H?, we put

F(x,y) = h(x) + h(y),
then we see that this is harmonic with respect to (x, y) € H? and invariant by T, and it is
obvious that f(Ax, Ay) is also harmonic for 1. So we have f € Mg (U, (2)). If we put

9p(7) = Z F(x, y)62ni(n(x)+n(y))r,

x,y€O
then we see that this is nonzero and ¥ € Si‘gw(l"(()l)@)) = S?gw’_(F(()l)(Z)). As a func-
tion of A, F(Ax, Ay) corresponds with Sglew’+(l"(()1)(2)) and this gives the Thara lift from
Se (i @) x Sie T (rgP ).
Next we explain the case (&, j) = (4, 6). We put

A y) = 28 — 15x1y7 + 15x3yT — 95,
B(x,y) = 3x1y1 IOx?y? + Bxlyi’,

flxy) = —n(y)A — 4(x, y)B(%, ),
h(x, 9, 1) = — n(y)A(Ax, )»y — 4(x, y)B(Ax, 1y),

Py 4) = Hx(h(x, % M)

Here if we put F(x,y) = ¢(x, 9 1), then we see that F is harmonic w.r.t. (x,y), and
F(Ax, ky) = n(r)p(x, 9, 1). (This can be proved directly or by an easy abstract calcula-
tion coming from the shape of IT; and /). This F(x, y) is not invariant by I, so we must
take an average over I'. We see that this average does not vanish and give a nonzero ele-
ment of M7,1 (U, (2)). We also write this average by F. By calculating ¥ as before, up to
constant we have

Or = A(r) — 64A(21).
By calculating the action of the Hecke operators on A, we see that ¢(x, y, 1) corresponds
with an element in Sgew’+(F(()1)(2)) = SgeW(F(()l)(Z)). So this gives a lift from Sg‘ew(F(()l)(Z)) X
S12(SL2(Z)).
Next we give an example for (k, j) = (3,8) and p = 3. The definite quaternion algebra

which ramifies exactly at 3 and oo is given by

D300 = Q+ Qa + QB + Qup
with @?> = -3, 82 = —1,af = —Ba. So in D3, ®g R = H, we may regard g = i,
o = +/3j, @ = +/3k. The class number of D3 o, is one, and any maximal order of D3 o, is
conjugate to
1 1
+a n Z( + o:),B‘

O=7Z+7 Z
+ZB + 5 2
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As before we identify H = R* and for x = x; + x50 + x3j + xak € H, we define

Iy (x) = 54xxaxixs — 3(xfasns + x2x3xs + xixdxg + xyxix

+ x%xgxi + x%x%xﬁf + x%x%xi + x%xéxﬁ + x%x%xi + x‘fx%xi

+ x%xéxﬁ + x%x%xﬁf) + (x‘fx‘zL + x‘fxg + x‘fxﬁf + x%xéf + xé‘xﬁ + xgxi),
ho(x) = &8 — 28x%x2 4+ 70xx5 — 28x24S + &5,
h3(x, y) = x§ — 28x?y% + 7Ox‘fy‘1L — 28x%y? + y%

o, 9, L) = T (h3(Ax, Ay)).

The polynomials /3, /1y are harmonic with respect to x, so 4;(Ax) for i = 1, 2 are also
harmonic with respect to A. The polynomial /3(x, y) is harmonic with respect to (x, y) € H?
and ¢(x, y, 1) is harmonic with respect to (x, y) and . We also have ¢(Ax, Ay, 1) = ¢(x, 9, 1).
We put

G1(x% y) = h1(x) + h1(y),
Ga(x, y) = ha(x) + ha(y),
G?)(xry) = ¢(x, Y 1)

The class number of the principal genus in (D3)? is one ([12] I), but these functions G;
are not invariant by I' = GL2(0O) N G, and we take the average

Fixy) =) Gilxyy) (i=123)
yel

Then we see that these are linearly independent and form a basis of Mg o(Ufy,(3)). If we
define

Pi(x,y) = 84F1(x, y) — 4F2(x, y) + 64F3(%, y),
P>(%,9) = 5F1(%,y) + 3F(x, y) — 48F3(x, y),
P3(x, y) = —70F1(x, y) + 6F2(x, y),

then these are Hecke eigenforms, and the associated theta functions are given up to
constant by

x12(1) = q + 78¢* — 2434> + 40364* + - - -,
A(r) + 35A(37) = q — 244> + 981¢° — 1472¢* + - - -,
A(T) — 36A(3t) =q— 24q2 — 477q3 _ 1472q4)

where szeW(I‘(()l)(S)) = Sil;w’+(F(()1)(3)) = Cyx12. On the other hand, a basis of each
Si‘gw’i(l"(()l)(?))) is given by

X104+ = q — 36q> — 81¢g° + 7844 + - - -,
X10- = q +184% 4+ 81¢°> — 1884 + - - -.
So calculating the Hecke action on the A part of P;, we see that P;, P, and P; are lifts

from pairs (10—, x12), (x10— A(r)+3°A(37)),and (104, A(r) —3°A(31)). So this gives
evidence of Conjecture 3.2 (2) and (3).

18



18 Page 18 of 36 Ibukiyama Res Math Sci (2018) 5:18

4.3 The scalar-valued case for p = 3: comparison with Ihara’s examples

In this section, we write the same sort of example as the one given in Sect. 4.1. Here we
treat the case p = 3. Ihara calculated in [27] all the Hecke eigenforms of 0t _3 k314 (3))
for k < 12 and k = 14, giving eigenvalues for T'(2), T'(4), determining Euler 2 factors of the
spinor L function. The smallest k where non-lift appears is k = 11. For k = 11, we have
dim Mg 3 (Uyr(3)) = 6. He observed that in this space 91g (U4, (3)), there are four lifts of
Ihara type, coming from the three-dimensional space SE‘SW(F((JI)(B)) and one-dimensional
space So0(SLy(Z)). These cancel with —(dim SQSW(F(()D (3))+dim Sy (SL2(Z))) of the RHS of
Theorem 3.1. The other two linearly independent eigenforms of Mg 3 ({4, (3)) are non-lifts,

having the same Euler 2 factors given by

(1—12(-9 + v1489)27° + 27%)(1 — 12(-9 — v1489)27° + 21°7%)
=1+4216-27° + 845824 - 27% 4 216 - 219735 4 238 . 938~4s

These two non-lifts come apparently from very different construction and it seems as if the
multiplicity one breaks here, though this is not known. Anyway, we will compare these two
non-lift eigenforms with one of Siegel Hecke eigenforms of weight 11 of Fé)(?;) and see that
the Euler 2-factors coincide completely. So this suggests that two forms in Sll(Fé)(S)) =
511(F8(3)) (one for each) correspond with two non-lifts of Mg (- (3)). We explain the
part for Siegel cusp forms here. We know that dim S1;(I'0(3)) = 0, dim $1;(K(3)) = 1,
dim Sll(Fé(S)) = 2. (See [11,16] and the last section of this paper.) Here we have a lift by
Gritsenko [9] from J11,3(SL2(Z)) (one dimensional) to S11(K(3)) C SH(F(,)(S)). The spinor
L function of this lift is (up to Euler 3 factor), equal to

¢(s —9)¢(s — 10)L(s, f),
where f € SZ_O(I‘(()I)(B)) = J11,3(SL2(Z)), and the Euler 2 factor is
(1—2775)(1 —2197%)(1 + 1104 - 275 +2197%),

These lifts cancel in Su(Fé)(B)) + 811 (F6(3)) — 2511(K(3)) in the LHS and no contribution
to the RHS of Theorem 3.1 (though there is the Ihara lift in 9tg g({4,-(3)) corresponding to
this Gritsenko lift). So if we take the other Hecke eigenforms in S; 1(F6(3)) and Sq; (Fg(3)),
we can expect that these correspond with two non-lifts in 98 3({4,,(3)). We will see in
this section that the Euler 2 factors of these forms coincide completely.

More concrete description of the non-lifted form in Si; (F6(3)) will be given in the
following way. We denote by I'(3) the principal congruence subgroup of level 3, which is
by definition

'3)={y € Sp(2,Z) C M4(Z) : y = 14 mod 3}.

The graded ring A(I'(3)) of Siegel modular forms of integral weight of I'(3) has been
determined by Freitag and Salvati Manni [8]. They are generated by 5 forms A; of weight 1,
and 5 forms C; of weight 3 with 1 < i < 5 with 20 relations. The action of Sp(2, Z)/T"(3) on
(A1, ..., As)and (Cy, . . ., C5) are explicitly known (at least for generators of Sp(2, Z) /" (3)).
Of course we have I'(3) C 1"6(3), so in principle we can obtain forms in Sk(l"é)(B)) by taking
invariant forms in S (I'(3)) by this action. Professor Hidetaka Kitayama kindly did this
calculation for k = 11, responding to author’s request, giving also the general dimension
formula for Sk(F6(3)) for general k by calculating the invariant part. According to him, we
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have $11(T'y(3)) = CFi1,4 + CFyyp, where

Fiiq = (AJASAZCy — ASA3AZCs — ASAZASCs + AJAZARCs + ASAGAZCS
— AJAZA3Cs — 3ATALASA4Cs + 3ATALA3A5Cy + 3ATA2A3AGCs
— 3A3A2A3A5Cy — 3A3A2A3A5C3 + 3ATA2ALAZCs — AASA3ASCy
+ AASASALCs + AASAZASCs — AASAZASCs — 4A3ASARCS
+ 4A3A3A3Cy) /2592,
Fiip = (ASA3C, — ASAZCs 4+ 243A5C5 — 243A3C5 — 2A3A45Cy + 2A3A2Cs
— AZASCs + AZASCs + ASA2Cs + 2A5A3Cy — 2A3A2Cs — AZASCy)/2592.

Here the forms A; are defined by

A = Z exp(miTr(S[G + P;/3]2)),
GeMy(Z)

where § = (21), S[X] = 'XSX and

0 0 1 0 0 1 1 1 1 -1
P = ) P = ’ P - ) P = » P = .

The definitions of C; are complicated. If we use the linear relation in [8] Proposition 10,
then C; are given by a rational function of A; and the denominator is X19 = 259219 €
S10(Sp(2, Z)) where x1¢ is the unique cusp form of weight 10 with Fourier coefficient 1 at
1172
12 1
are all holomorphic functions. Since we do not need C; and Cy, we write down only C3,

. Apparently these C; have a denominator in this expression, but actually they

Ca, Cs for the completeness.

X10C3 = — 48(—ASA3AS + 5A348A% — 4A5A% + ASASAT + 4ASAL 4 745434543
— 11A3A5A43A3 + 4A5A3A3 — ASASAS + 10ATASASAS + 4ASASAS + ASAAS
— 8A3ATAS — 1143434348 — 8ASA3AS + 5A3A5A8 4 4A3ALAS + 4A47AS
+ 4A3A3A, — AARAY + ABALAALAs — 11ASA3A3A4As + 10A2A0A%A4A5
+ ASA2A3ALAs — BAAASASALAS — 2A3 A, A8 AL A5 — 11A5A4,A2A% A5
+ 50A2A5A3A5As — 34A2A2A5AAs + 10A24,A347 A5 — 8ATAAAY
+ 16ATASAIAZ — 8A1ASA%AZ + 25ATAZASAZAL — 2841 ASA3A%A2
+ 6441 AZASA2A% 4 16ATAZA5A2 + 8A1ASASAZ — 2841 A3A5A5A2
8A1AZASAL + 748434543 — 1143454343 + 4A5A343 — ASARAS
+ 10A3ASAIAS + 4ASASAS + AJALAS — 8ASATAS + 7ASA3A3A2
— 90A3A3A3A3A2 + 1043434343 — 8ATA3A3 — 1143454543
+ 4AJASAS + 4A3ATAS — 11A5A2A3A4A2 + 50ATATASALAR — 34ATAASAL AL
+ 50A2A4,A3A5A% + 16ATAZASAS + 8A1ASAZAS — 28A1A3A3A%A2
+ 8A1AZAGAS — 11A3ASASAS — 8ASA3AS + 5ATASAS + 4A3A5A8 + 4A]AS
— 11A3A3A3AS + 4AAGAS — 8434548
+ 10A3A42A3A44A7 — 8A1AZAZAS + 4A3A3A2 — 4AZAD + 4A3A3AD),
X10Cs = — 48(7ASA3A3As — 11A3ASA3A, + 4AJA3A, — 114343454, — 8ASASA,
+ 4A3AJA, — ASA3AG + 5ASASAT — 4AAY — ASA3AL
+ 10A3A3A3A% + 4ASA3AS + 5A3ASA%

18
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X10Cs =
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+ 4ASASAT — AAJAG + ABASAL + 4ASAT + ASASAL — BASASAL + 4ASA]

+ ABApA3A% A5 — 11A3ASA3A2As + 104347 A3ATAs — 11AS A ASA2 A5

+ 50A2A5A3A% A5 + 10A2A2A5A% A5 + ASA2A3ASAs — 34ATA3A3A5As
34AIALASA5As — 2A3A2A3A8 A5 — BATASALAZ + 16ATASA%A2

8A1ASAZAL + 16ATAJASAL + 8A 1 ASATAL — 8A 1 ASASAL

+ 25ATAZAZAGAL — 2841 ASAZAZAZ — 28A1ASASAGAL + 6441 AZAZASA2

+ 7ASASALAS — 11ABASALAS + 4A5ALAS + 7ASA3ALAS — 90A3AA3ALAS
11ABASALAS + 4AJA4AS — ASALAS + 10A3A3A3A3 + 4ASAZAS

+ 10A3A3AA3 + 4ASAGAS + ASATAS — 8ASALAS — 8ASATAR — 114742434342
+ 50A2A5A3A2A% 4 50A2A4,A5A2A% — 34A3A2A3A5A% + 16ATAA2AS

+ 8A1ASAZAS + 8A1AZASAS — 28A1AZAZA3AS — 11ATASALAS — BASALAS

— 11A3434,A8 — 8ASA4AS + 5A3AAS + 4A3AGAS 4+ 4A3A5AS

+ 4ATAS + 10A7A2A3A3A7 — 8A1AZAZAS 4+ AA3ALAD + AASALAD — 4ASAD),

— 48(—8ATA3A%AS + 16ATASA%AS

8A1ASAZAZ + 16ATASATAY + 8A1ASASAL — 8A1AZASAS

+ 16ATAZAAS + 8A1ASALAS + 8A1ASATAS — 8A1A3A%AS + 7TASASASAS
11A3ASA3A5 + 4A5A3A5 — 11A3A3ASAs — 8ASASAs + 4A3A5A5 + 7ASA3AS A5
11A3ASA3As + 4A5A3 A5 + 7ASASASAs — 90A3ASASASAs — 1143454345
4A3A3A5 — 1143434545 — 8ASASAs — 1143434545 — 8ASASAs + 4A3A5A5
4A3AGAs + ABALA3ALAL — 11ASA3A3ALAL + 10A2A5A3A4A% — 11A54,A34,A2
50AA3A5A4A2 + 10A2A,ATA4A% — 11ATA2A3A5A2 + 50A2A5A3AGAY
50A24,A%A5A2 + 1042424345 A2 + 254143424243 — 284, 45434243
28A1A3A5A42A3 — 2841 A3A3A5A3 — ASASAR + 5434842 — aAAL — ASASAY
+ 1043434342 + 4ASA3A% + 5434842 1 4A3A8AY — aajAt — ASA3AL

+ 10A3A3A3A% + 4ASAGAL + 10A3A3A5A + 4ASASAL + 5A3A5A%

+ AASASAR + 4A3ASAY — AAJAL + ASALA3ALAS — 34ATATA3ALAS

— 34A3A2ATA4AS — 3443 AL A3ATAS + 6441 AZAZATAS + ASASAT 4 4ASAL

+ ASASAL — 8ASASAL + 4ASAL + ASASAL — 8ASASAL — 8ASASAL + 4ASA]

— 243A,A4344A8).

+ o+ o+ o+

We denote by f(Z) = 3.7 A(T)e*™iTr (TZ) the Fourier expansion of a Hecke eigenform
fe Sk(F(/)(B)) and for any positive integer # prime to 3, we define a double coset T'(n) by

T(n) =

U roery@).

gEM4(Z), tglg=n]

The action of T'(n) on Siegel modular forms is defined as usual (See [7] for example). We

review how to calculate the action of 7'(2) from the Fourier coefficients. For a half-integral

matrix T =

a b/2
b/2

and a Siegel modular form f, we write Fourier coefficients of f at

T by A(T) = A(f;a, ¢, b) = A(a, ¢, b). We note here that A(a, ¢, b) and A(c, a, b) might be
different. Then we have

A(TQ);(21,1) = A4,2,2) + 25 2(A(1, 2, 1) + A(4, 2, —5))

=A4,2,2) +2524(1,2,1) + A4, 1, 3)),

A(T@)f;(21,1)) = A8, 4,4) + 257 2(A(2,4,2) + A8, 4, —10))
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+ 22k=2)(A(2,4, —5) + A(11, 4, 13))
= A(8,4,4) + 25 "2(A(2,4,2) + A(8,2,6))
+ 22k=2(4(2,1, -1) + A(8, 1,5))
= A(84,4) + 252(A(2,4,2) + A8, 2, 6))
+ 2%34(2,1, 1),
A(T(2)f;(3,1,1)) = A(6,2,2),
A(TA);(3,1,1) = A(12, 4, 4).

By computer calculation, we have the following table of the Fourier coefficients of Fi1 4

and Fu,b.

(a, b, c) F11,4/2592 F11,5/2592

(1,21) 0 0

21,1) — 314928 0

21,-1) 314928 0

2 4,2) 0 0

4 1,3) 0 0

4,2, —5) 0 0

4,2,2) 2 x 34012224 0

8 1,5) 314928 0

(8,2 6) 0 0

(8,4, — 10) 0 0

(8,4, 4) 537024 x 314928 0

(3,1,1) — 3936600 — 1771470

6,2,2) — 314928 x 7020 — 765275040

(3,1,2) — 393660 — 177147

(6,2,4) — 314928 x 62 14171760
So we have

A(T(2)F11,0 (2,1, 1)) = 170061120,
A(T(2)F11,1-(2,1,1)) =0,

A(T(2)F11,0 (3,1, 1)) = — 314928 x 7020,
A(T(2)F11p, (3,1, 1)) = — 765275040,

d
T(2)F11,4\ _ (—216 1728\ (Fi14
T(F.,)] \ 0 432 ) \Fi1 )’

So Hecke eigenforms are given by fi1,, = — 3F11,, + 8F11,5 and f11,, = F11,5. We denote by
A(f, n) the Hecke eigenvalue of f at T'(n) for (1, 3) = 1. By the above Fourier coefficients,
we easily have

MfiLe 2) = — 216,
Mfila 4) = — 1061312,
A(fi1,p, 2) = 432,
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Here fi;,, corresponds with the Gritsenko lift from J11,3(SL2(Z)). More concretely, the
space EB,fioAk(I‘(()l)(S)) is generated by forms ga, g4, xe6 of weight 2, 4, 6, respectively,
where g = g2, g1 = ., 0cz 4" T3 with g = €277 (v € Hy), ga = Eq where Ey is
the normalized Eisenstein series of weight k of SLy(Z) with constant term 1, and xe is a
cusp form defined by xs = (2E¢ — 9g23 +7g2E4)/432. The ideal of relations is generated by
17286 = —9g5 + 10g3gs — g7 (See [17]). The eigenform corresponding to fi1 is given
by — (g4 — 5g5)g5 X6 + 1128¢3 (g4 — 5g7) xZ, where the eigenvalue at 2 is —1104. Here the
signs of the Atkin-Lehner involution are all minus for g, g2 — 5g7 and x6. On the other
hand, the Euler 2 factor Ly(s, fi1,4) of f11,4 is given by

(1 — 12(—9 + +/1489)27° + 21972%)(1 — 12(—9 — ~/1489)27% 4 21972%),

which is exactly the same as Ihara’s example.

4.4 Thecasep =11

The example in this subsection is essentially extracted from thesis [29] of Loschel, though
a new observation on Atkin-Lehner parity and calculation are added here. We have
dim Moo (Uypr(11)) = 5 and dim My,1(Uy,r(11)) = 1 (See [12,13] p. 51). On the other
hand, we have the following table of dimensions of Siegel cusp forms ([20]).

k dim S4(T'o(11)) dim Sy (Ty(11)) dim Sy (Ty(11)) dim S4(K(11))
3 0 0 0 0
4 7 1 1 1

So for k = 3, the LHS of Theorem 3.1 is 0. For weight 0 = k — 3, we have exceptionally
the constant function in 9%,0(4,-(11)), which corresponds with the lift from Eisenstein
series Ey of weight 4. The remaining four forms are all Thara lifts, two of which are of

Yoshita type from
sgev(rP(11)) x spevrP(a1) = s (g an) x spev Y (),

and two of which are of Saito—Kurokawa type from S}L‘ew(f‘(()l)(ll)). This can be seen
by using Loschel’s description of explicit lattices and ideal classes in [29] and using the
theory of Thara lifts in [22,27]. More precisely, this can be shown as follows. The definite
quaternion algebra D11 o of discriminant 11 is given by Q+Qa + QB+« witha? = —11,
B% = —1,ap = —Ba. The class number and the type number of D1j « are two. One of

maximal orders is given by

1 1
O=Z+Zp+1T JZF“ + 7 +2“)’3

and a right O ideal class different from O is represented by

’

l1+o 1+34+a+a
J=2Z+Z(1+B)+Z 2ﬂ+Z '84 ﬁ.
(See [29]). Representatives of classes in the principal genus in this case are also given in

[29] by
L, = O*hy, he € GLy(D) for1 <k <5,

where H, = h, h, are given by
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3 (1+3B8+a+aB)/2
(1-38—a—ap)/2 3 ’

sz( 2 (1—|—a)/2>}
1—a)/2 2

7 1+28+a+ap
1-28—a—aB 4 ’

We also need more lattices to use in the theory of Ihara lifts, and for 1 < x < 5, we define
L =7?h,.

We define theta functions associated with these lattices by

V(1) = Z eZriln(@)+n(y)r ﬁi(f): Z p2miln(x)+n(y)r
(xy)eLy (xy) EL{(

By easy computer calculation, we see

91(t) = 1+ 84 + 24q° + 48¢° + 120" + - - -,
9a(t) = 1+ 24q° + 24> + 1684* + - - -,

93(1) = 1+ 12¢* + 72¢° + 144q* + - -+,

D4(t) = 1+ 4q + 164> + 684> +128¢* + - - -,
95(7) = 14 24¢% + 244> + 1684 + - - -,

#(r) = 1+ 24> + 244° + 168¢* + - -,

90(1) = 1+ 12¢° + 724° + 144¢* + - -

9)(z) = 1+ 18% + 48¢° + 1564* + - - -,

194{(T) =1+ 6q+ 124% + 904> + 108¢"* + - - -,
9L(r) = 1412 + 364> + 124° + 1204 + - - .

These theta functions are associated with 10 = 2 x 5 dimensional space of automorphic
forms in the product of forms on DZ of weight 0 and 9,0 ({4, (11)). The space spanned
by 9i(t)/4 + ﬁl.j(r)/6 is three-dimensional space spanned by E4(t) 4+ 113E4(117) and
S4(F(()1)(1 1)), and the space spanned by ¥;(t) — 15‘{(1) is equal to S4(F(()1)(1 1)). Besides, the
firstlattice combinations come from constant function of D and the second lattice combi-
nations come from aform on D which corresponds with a cusp form of weight 2 oflevel 11
in the Eichler correspondence. Here we have dim 54(1"((]1)(1 1)) = dim SZeW’+(F((Jl)(1 1) =2
and dim Sg(l"(()l)(ll)) = dim S;ew’_(l"(()l)(ll)) = 1. By the lifting theory of Ihara, the
above facts mean that the space 9oo(Uf,r(11)) consists of Saito Kurokawa type lifts
from the Eisenstein series of weight 4 and S4(F(()1)(11)), and Yoshida type lifts from
Sgew’_(I‘él)(l 1)) x SZew’+(F(()1)(1 1)). This fits Conjecture 3.2 completely.
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For k = 4, the LHS of Theorem 3.1 in this case is 2 — 7 — 2 = —7. Here
we have dimSI*~({P(11)) = dims2ev(rP(11) = 1, dimSe(r{’(11) = 4,
dim Sgew’+(F(()1)(11)) = 1. So the above —7 in LHS is explained by forms in S4(I'g(11))
obtained by the Saito—Kurokawa lift from S6(F(()1)(11)) (4 dimensional) and the Yoshida
lift from Sgew’_(I‘(()l)(ll)) X Sgew’_(I‘(()l)(ll)) (three dimensional). On the other hand,
by [29] p. 77 and 78 (where there are several typos, in particular about the weights),
we can prove that one-dimensional space 911 1(4,(11)) is spanned by a lift from
Sgew’_(l"(()l)(l 1)) x Sgew’+(l"él)(1 1)) as predicted by Conjecture 3.2.

5 Proof of Theorem 3.1

The dimension formula for each term in Theorem 3.1 is mostly known by the trace
formula. For readers’ convenience, we first explain what is known in which reference
and what is unknown. The dimension 9, ., Uy, (p)) is known for any v; > vy > 0 for
v1 = v mod 2 for any prime p in [12] . The dimension dim Sy ;(K(p)) is known for all
primes p if k > 3andj = 0, and if k > 5 andj > 2 ([16] for kK > 5 and j = 0 and [20] for
k = 3,4 forj = 0, [19,23] for k > 5 and j > 2). The dimension dim S ;(T'o(p)) is known
for all primes p for k > 5,j = 0 by [11], for k = 3,4 forj = 0in [20], forj > 2 withk > 5
in [41]). Dimensions of Sk,]-(Fé)(p)) = Sk)j(l”g(p)) were given in [13], [20] for k > 3,7 =0
and [41] for k > 5,j > 2, but we must assume that p # 2, 3 as far as we give them by trace
formula as in [13] since some local calculations at 2 and 3 necessary for the trace formula
has never been done. When j = 0, we have another method to calculate dimensions for
p = 2, 3, which will be explained in §5.3. In §5.1 and 5.2, we prove Theorem 3.1 under the
assumptions that p # 2, 3, and that k > 3 forj = 0, and that k > 5 forj > 2.

5.1 Review on the compact twist and characters

Here for readers’ convenience, we quote the formula for dim 9 ;3 x—3(Uy,(p)) from
[12](I) p. 591-591, restricting to the case that the level is a prime p. We define polynomials
filx) for1 <i <12by

fil) = (e = 1%, o) = (x — 1)*x + 1)%,
@) = (x — 1202 + 1), fil®) = (@ — 12(* +x + 1),
fsx) = (x — 1)>(x2 —x + 1), folx) = (% 4+ 1)%,

Flw) = (2 +x+1)? fo@) = (&2 + D + 4+ 1),
@) =@ +x+ D@2 —x+1), fiolx) =at+x3 +x2+x+1,
fiilx) =2 +1, frax) =« — %+ 1.

We fix an integer kK > 3 and an even integer j > 0 and we denote by © = 71 343
the irreducible representation of G, corresponding to the Young diagram parameter
(k +j—3k—3).Foreachi (1 <i < 12), we fix an element g; € G, whose principal
polynomial is f;(x) or f;(—x). Since we assumed that j is even, we have t(g;) = t(—g;) and
we also have Tr(t(g;)) = Tr(t(—gi)), where Tr denotes the trace of matrices. The traces
Tr(z(g;)) are easily obtained by the well-known character formula in [42]. For any integer
d and a prime p, we denote by ( ) the Kronecker symbol for Q(v/—d), that is, if p # 2,
then this is the Legendre symbol and if p = 2, then this is 1 for d = 7 mod 8, —1 for
d = 3 mod 8, and 0 otherwise.
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Theorem 5.1 ([12](I)) For any prime p, and any integer k > 3, any even integer j > 0, we
have
12

AimMya4a0hy o) = 3 (H x Tr(e(e) )

i=1

¢ .
where pr are given as follows.

(p - 1)(p2 + 1))

26.32.5
1 7 j 27
HZCPZ’ (p 1)2 % l,fp ;é
26 . 32 13 ifp =2,

C| 1 -
W= o (1— (f))
=i = o0 (1- (),
HP = (1 - (_—1)) (1-82)+ 55— 1)
H;pt 221 ( (p )) + 7. 32(p ( _8p3))
=5 (-(5)0-(5)
1 -3 .
Hﬁpt|§<l(7>) p#2
18

cpt
H” =

cpt
Hg" =

ifp=2
1 ifp=5
Hcpt 1 , _
10=gx 4  ifp=4modS5,
0 otherwise,
1 ifp=2
chglat iy 0 l:prImOd 8,
23 2  ifp=35modS§,
4  ifp=7modS§,

1 -3
cpt
Me =53 (1_ (7))

In order to compare this with the split group, we need the explicit shape of the characters.
We write this down here in the way suitable for the comparison. We define that the
notation [ay, . . ., d,—1; m], means a; if » = i mod m. For 1 < i < 12 and any integers k
and j, we define notation C;(k, j) and C;1(k; ), Cj2(k; j) as follows.

Cilkj) =G+ Dk =2)( +k —1)(j + 2k — 3),

Calk j) = (= D*(k —2)( + k — 1),

Cs(kj) = [k —2)(= 1Y% —( + k — 1), — (k — 2)(=1)/% j + k — 1;41

Calkj) =G+ k—1[1—1,0;3]x + (k—2)[1,0,— 1;3],-+k,

Clkj)=G+k—-1)[-1,-1,01,1,0;6]; + (k—2)[1,0,—1,— 1,0, 1;6],»+k,
Co1(kj) = (—1Y/*(2k +j — 3),
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Conlk j) = (— 1Y/2HK(j + 1),
Cralk j) =

Cra(kj) = (+ DI0, L, — 1;3]j100

[110101_1;_1;_

(1,-1,00,—11,
[-1,0,0,—1,
[1,1,0,1,-1,0,—1,
-1
(1,0,0, —1,0,0;6];
Cotkj) =1 [1,1,0,1,
[0,—1,0,0,1,0;6]x

(1,0,0, — 1,0;5]; ---
[—1,1,0,0,0;5] ---
Crolk j) = 0
[0,0,0,1, —1;5]f - --
[0,—1,0,0,1;5] ---
[1,0,0, — 1;4]%
[—1,1,0,0;4]; ---
[—1,0,0, 1;4]%
[1,-1,0,0;4]; ---

k+j/2 .21,
(_ 1) il [11 - 11 0, 3]];

Cs(k j) =

Culkj) =

Ciz1(kj) =
Ciz2(k j) =

[-1,1,0110,1,—-1,0 —
-1,10,01,
1,-1,100,1,
-1L0,
-1,001111L00,

_1;0;6]k

1,—1,0,0,1,1,1;12]; - -
1,—1,0;12); -
— 1,12 ---
— 1,112 -
—1,1,0;12]; ---
—1,—1;12] -

-+ ifj = 0 mod 6,
ifj =2 mod 6,
-+ if j = 4 mod 6,

ifj = 0 mod 10,
ifj =2 mod 10,

-+ ifj = 4 mod 10,

ifj = 6 mod 10,
ifj = 8 mod 10,

-ifj = 0 mod 8,
ifj =2 mod §,
-ifj =4 mod §,
ifj =6 mod 8,

— (= 1Y[0,1, — 1;3]j301.

Lemma 5.2 We have the following relations.

Tr(z(g1)) = C1(k j)/6,

Tr(t(g)) = — Ca(k ) /2,

Tr(z(g3)) = C3(k j)/2

Tr(z(ga)) = Culk j)/3,

Tr(z(gs)) = Cs(k j),

Tr(z(g6)) = (Ce1(k j) — Ce2(k ) /4
Tr(z(g7)) = (C71(k j) — Cr2(k /) /3
Tr(z(gs)) = — Cs(k,j),

Tr(z(go)) = — Co(k j),

Tr(z(g10)) = — Cro(k )
Tr(z(g11)) = — Cui(k))

Tr(t(g12)) = — (Ci21(k ) + Ciz2(k

5.2 Comparison with split case

]

»

).
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ifj =0 mod 12,
ifj =2 mod 12,
ifj =4 mod 12,
ifj = 6 mod 12,
ifj = 8 mod 12,
ifj = 10 mod 12,

We review the dimension formula of Siegel cusp forms. For any discrete subgroup I' C

Sp(2, R), we may write the dimensions as a sum of contributions of I conjugacy classes
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in I, using the Selberg trace formula. We denote by H;r (1 < i < 12) the contribution
of semi-simple elements whose principal polynomials are fi(+x) and HZ# 1=<i=<?
the contribution of non-semi-simple elements (unipotent and quasi unipotent elements)
whose principal polynomials are also f; (& x). Instead of the subscript I" of H;r and Hg]bf , we
write H; o and Hfg forTo(p), H; 4 and Hfs for I'y(p), H; x and HZ;: for K (p). Since we should
compare 2 dim S (' (p)) —dim S j(Co(p))—2 dim Sy ; (K (p)) with M3 k3 (Upr (p)), and
every element is semi-simple for compact twist, we define

H} =2H;; — Hyo — 2H;x — Hf’”, H™ = 2Hf;‘ — HJ§ —2H[¢.

We review here known formulas and give values of H} and quu’*. When j = 0, the
formula for Hjo and HZ]('; are known in [11] for all primes p, for H; x and HZI? in [16,19]
for all primes, for H; ; and HZIZ in [13] for p # 2, 3. Originally these are given for k > 5
but the results for k = 3 and 4 are in [20]. For the casej > 0 and k > 5, see [41].

In order to write down the contribution of non-semi-simple elements, we prepare some
more notation. We put

1
X1 = m(j + 1)(2k +j — 3),

xo1 = 5 (1),

x22 = (= 1D¥@k +j —3),

xs = [(— 1% -1, — (= 1Y/% 1;4]s,

xa1 = [L—1,0;3] + [1,0, — 1; 3]s

xa2 = [L,0,1;3]x + [0, — 1, — 1;3]1%
xs=1[—-1-1,0,1,1,0;6]; +[1,0,—1,—1,0,1; 6]j+k.

Proposition 5.3 We assume that p # 2, 3. Then we have

H{ = Hy = H3 = Hy = H = Hy = Hy = Hyjy = Hj; =0,

ng,* — quu,* — 0.

Proof The proof is a straight forward calculation, so here we give only data to use. For
p # 2 and 3, we have

0 =Hig=Z——p+ 1@+ Dk ))
Hik = = + DIk

Hyo = 27?—32(17 +1)2Cy(k, j),

Hoa = oo+ 1Calk )
Gk

Hso = ! p+1) (1 + (;)) Cs(k j),

Hyx =

25.3

Page 27 of 36
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= (p +24 (_71)) Cath )

1 .
Hzx = 25— Gk ),

1 -3
Hyo = ﬂ(p +1) <1 + <7)) C4(k;j);

1 -3 .
Hyy = P 3 (19 +24 <7>> Cu(k j),

1 )
H4,I< = WC“(/(’])’

Hyo= oo (p+ 1) (1 + (‘73)) Csth j)

[T ot (22 Cs(k j)
S,d_23'32 p p 51])

1 )
Hsx = WCE(/G]),

o=t (1 () 1+ () o
st o () (D))o

1
H :_C k;‘;
8K =53 3(k /)

1 -3\\? ‘
Hgp = 32 (1 + (7)) Co(k, /),

2 ;
Hox = 3—2C9(k,/),

Hioo = 5 'Cio(k )[1,4,0,0,0; 5],
Higg =5 Cio(k j)[1,4,0,0,0;5],,
Hiox =5 'Cio(k j)[1,2,0,0,2;5],,
1 4 ifp=1mod38
Hiio = 2—3C11(/Gj) x 42 ifp=35mods,
0 ifp=7mod38
1 ifp=1mod§8

H L Cu(k j)
= — 5 X
1d = 5= / 0 otherwise,

1 ifp=+1modS§

1
H = —C11(kj) x
LK== 52 k) { 0 otherwise.

It is also known that

1 —1
=L (1 (2)) e

3,0 22 p

1 -1
= 3+ (5))

3,d 23 p

1
qu __ _ —
3K — 22 X3)

Ibukiyama Res Math Sci (2018) 5:18
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So the proposition is obtained by a direct calculation in each case.

Proposition 5.4 We have

* p —1 _1/-1 ‘
He =53 (<_) ) 3 (7) Co2(k /),
3 1 /-3
H;k = (( ) >C7 l(ky 52 32 (7) C7,2(k,j),
a3 ) v
5 ((5)- )( *) - 02001, 13

: p—l. (p
Hf”*:23.3(1+1) (/+1 2k +j —3),

k
Ly (—_1)),
24 p
1 —
HZM,* — —3—2[1, -1, 0; 3]1‘ X [0, 1, — 1; 3]j+2/< (1 — <7>> )
1 ; -1
HI" = — — (= 1)/? ((—) - 1),
6 23 p

1 -3
H* = ——(—)=1) x[L-10;3];
2-3 p

Proof We put

ol : ( ( 1)
’ 25.3 p
o2 : ( < 1)
’ 25.3 )4

Then we have

1 1 5 -1
Heo = (P +2+ < )) Corkj) + 7= (P +2+ (—)) Ce,1(k /),
p -3 p

Hea = -+ 1) (1+( 1)) Caoalh)) + s (p 1 ( (‘—1» Cor(k)),
p P

He,x = He,1Ce,1(k j) + He,2Co,2(K; j),

(b (3) 155500

x (Ce1(k j) — Ce2(k /).

Page 29 of 36
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So we easily see the result for HZ. We put

& : ( ( 3)) : ( < 3) 1)
’ 23.32 p 23.33 p ’
" : ( ( 3)) : < ( 3) 1)'
’ 23.32 p 23.33 p

Then we have

-3 1 1
Hyp = 2 — Crilk ) + 5—=Cra(kj) ),
70 <P+ +( » )) <2.33 71k ) + 353 Cral ]))

-3 1 1
H;y=@+1) (1 + (7)> (mcm(k;]) + mczz(k,j)),

H7x = H71Cr1(k j) + H7,2C7,2(k; ),

' = (55 (17 (52)) # 50— ) x Cuall) = Cratl

So we have the result for H7. We have

1 —1 —3 ‘
Hiyo = 7.3 (2 + <7) + (—)) Crz2(k j),

So we obtain H},.
Next we consider the contribution of non-semi-simple elements. It is known that

1 1
qu .
= ——@P+3(+1) - ) - @+
0= 3 3@ 3+ - 5=+ - +Dn
1 1 (p+1)?
HY = —@+1(+1) - 3) — )
1d =52 g @t DU+1) - = +3) 5 X1
1 1
qu .
Hig =330+ Di+1) - 53— —px

So we have

1

50+ DE — 1 —p - D

quk _
H™ =

It is known that
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-1 1
7 — - 1 5
( )) X21 = o3 3(10 + Dxa2

p

-1 1
—>> X21 — ® +3)x2,2
p

-1

p

24.3

So we have

—1
e = (1-(57)) e

It is known that

qu 1 -3 2 -3
Hyo= T3 1+ 7 X41 — 32 1+ 7 X4,2
2 3

So we have

1 -3
HI* = = (1 - (7» (a1 — 2x4,2)
1 -3
= —3—2[1, —1,0;3]; x [0, L, = 1;3]j 40t (1 — 7))

It is known that

So we have

=3 ()
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Proof of Theorem 3.1 To complete the proof of Theorem 3.1, we note that for evenj > 0,

we have

dim S7E3 (To(p) + 80 = PG+ 1)

Ly (=2 ! o ((Z3)
() )-ewn(3) )

and for k > 3, we have
dim S;‘;X/_Z(Fo(p)) + dim SZ/H—[—Z(SLZ(Z))

k+j—3) 1 o —1 1 -3 1
=%—Z(—D"“/2 — | =0 L -L3luy | — ) — =
p 3 p 2

By the way, here each term in RHS of the above two equalities is the contribution of
=+ 15, of elements of order 4, of elements of order 3 and 6, and of unipotent elements
(which is zero for the first equality) in this order. Then we see easily that the sum of the
values given in Proposition 5.4 coincides with (— 1) times the product of the above two
dimensions, and we have Theorem 3.1. More precisely, we see by direct calculation that
— H{]u’* is the product of the contribution of & 15 of the RHS of the first equality above
and the contribution of &+ 1, and unipotent elements of the second equality above. We
see — HZ"’* is the product of the contribution of order 3 and 6 of RHS of the first and the
second. We see — H."" is the product of the contribution of order 3, 6 of the first and
that of unipotent elements of the second. Similarly, — ng’* is the product of order 4 and
unipotent, —ng’* is the product of order 4 and order 4. Also — H, is the sum of the
product of order 3, 6 for the first and order 4 for the second, and order 4 for the first and
order 3, 6 for the second. Similarly, — H is the sum of the product of order 4 for the first
and =+ 1, for the second, and the product of £ 15 for the first and order 4 for the second.
Similarly — H7* is the sum of the product of order 3, 6 for the first and =+ 1, for the second,
and =+ 1, for the first and order 3, 6 for the second. O

5.3 Thecasep =2and 3 withj =0
Here we give a proof of Theorem 3.1 for j = 0 in case p = 2, 3, since these are given by
very different method from the one used in other cases.

WedenotebyI'(N) = {g € Sp(2, Z); g = 14 mod N} the principal congruence subgroup
of level N of Sp(2, Z). When p = 2 and 3, the actions of Sp(2, Fy) = Sp(2,Z)/T'(2) and
Sp(2, F3)/{£14} on Ax(T'(p)) for p = 2 and 3 are known, respectively, (See [26] for p = 2
and [8] for p = 3.) So for any group I' with I'(p) C ' C Sp(2,Z) forp = 2 and p = 3,
we can calculate the dimensions dim A (T"). The dimensions of dim S (I") is obtained for
k > 6 by the surjectivity of the Siegel ® operator by [34] and for k < 4 by checking
each case directly. Although K (p) is not contained in Sp(2, Z), the dimension of S; (K (p))
is known for all k for p = 2, 3 (See [2,4,16,20,24]). On the other hand, the dimensions
of M., v, Upr(p)) have been given in [12] (I) for all p, v1, v with v; = vy mod 2. The
dimension formula for F(()l)(p) is classical. So gathering all these, we obtain the result.
Indeed, the generating functions of dimensions of cusp forms for p = 2, 3 are given as
follows.
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o0
‘ (1+1¢t)

dim A (To(2))tF = ’
,(Z_(:) im Ay (To(2)) 1= 21 - 92(1 — 19)
I, 6 1 48 _ 414

P +t°—t

dim S (To(2))¢% = ’
; 1m k( 0( )) (1 _ t2)(1 _ t4)2(1 _ t6)
o0

| (1 1) (14 £6 4 £8 + £10 4 112 4 418

dim A, (T4 (2 tk — )
sz(:) im A (I'y(2)) (1 — £4)2(1 — £6)(1 — £12)
00 8 10 12, 416 18 _ .22 _ 28

£8 42010 4 2412 4 £16 1 2418 _ 42 ¢

. (2 k —

I;dlm Sk(Co(2))¢ (1 — t4)2(1 — £6)(1 — £12)
1+ 16+ ¢85 4 £10 4 ¢12 4 ¢19)
(1— 21 -1 —12)

> (L+ £ + ) + 1)

dim A (K (2))tF = ’
o0 8 10 12 22 24 32

A A o e 2 o Al

dim S (K (2))¢F =

](2_(:) im Sy (K (2)) (1 — £4)(1 — £5)(1 — £8)(1 — £12)

11 + £191 + £12)
(1 —£4)(1 — £6)(1 — £8)(1 — £12)’
B+ 3)1 - +8)
(1 —£2)(1 — £4)(1 — o) (1 — 12’
1+ 131+ ¢12)
(1 —2)(1 = £0)(1 — £8)(1 — £12)’
o 5+ 0

o W o))k — -
kX:;dlmSZk_z(ro (2))t - (1 _ t)(l _ t2) - (1 _ t2)2)

o0
> dim M3 Upr (22 =
k=3

If7 t7 + th
1-2)1-8) Q-1

o0
D dim Sy (SLa(Z))t* =
k=2

Gathering all these together, we have
2 dim Si(T(2)) — dim S (To(2)) — 2 dim Sg (K (2))
= dim My _s 3 Upr(2) — 83 — dim Sy_»(T'§"(2)) + dim S (SLo(2))
Since Sy(I'o(2)) = S4(SLy(Z)) = 0 and
dim 38", (T (2)) = dim Sy—»(T5(2)) — 2dim Sy_o(SL(Z),

this is exactly the statement in Theorem 3.1 forj = 0 and p = 2.
Next we consider the case p = 3. We have

o
. / k _ f(t)

kX:(:)dlmAk(Fo(g))t (1= t42(1 — £6)(1 — £12)’
00 1+ 26 4 15 4 £15(1 4 262 + £°)

dim A (To(3))¢* = ’
kXZ(:) im A4 (T'o(3)) (1 —£2)(1 — £4)(1 — £6)2
idimA Kk = LI+ 0+ 804 e 4 e1)

k = ,

k=0 (1 —t4)(1 — 9)2(1 — £12)

Page 33 of 36
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where we put
F() =1+35+ 265 + 10 412 261 4 2418 4 £
+ L‘9(1 4262 1280 4 ag8 4 £10 L op12 | 314 tzo)‘

(Calculation for Sk(FE)(?))) was done by H. Kitayama by using [8]. The other cases has been
known as explained before.) By these, we can show that

S i ! k _ fcusp(t)
kg(:)dlm STyt = 1 — t42(1 — £9)(1 — £12)’
S w2 0@t 4+ £ — 1) + £ (1 + 262 + 1)
kXZ(:)dlm Sk(FO(B))t - (1 _ t2)(1 _ t4)(1 _ t6)2 >
> K (1)
i k _ cusp
kX:;dlm SkK(3)t" = (1— £2)(1 — t4)(1 — £5)(1 — £12)’
where

Seusp(®) = 28 4+ 26% + 17 + 3610 4 26M 4 5612 4 261 4 2415 4 £16 4 44V
4 4618 4 19 4 120 4 2g?0 — 0p%2 4 373 28 4 4

.fclgsp(t) — 6 9 12 f13 04 4 15 418 4 21 4 00 25 426 427
We also have

t(1 4462 — 1)
1-2)1-) "

o0
> dim S5e,(r§P3) =
k=2

> 7 4 10
t+t
dim Sop_o(SL2(Z) = ———
> dim Su-a(SLa(E) = T,
k=2
and
> 3 8 9 12 13 21
(14265 + 7 + 1% + 2615 4+ 21
> My sisUpr(3)) = i e s S
k=3 (1 —2)(1 — t4)(1 - t0)(1 — £12)
So we have

2 dim Si(Ty(3)) — dim S (To(3)) — 2 dim Si (K (3))
= dim My _3(Upr(3)) — 83 — dim S5, (I§(3)) — dim S (SLo(2))
Since SZ(F(()l)(3)) = 0, we have the assertion of Theorem 3.1 for p = 3 and j = 0.
Correction:
In [12] I p. 5921 8, “if 6 { D(B)” should read “if 2 f D(B) and 3 t D(B)”.
In [13] p. 43 1. 6, in the explanation for f7(x), add “y3”.

2 B -1
In [13] p. 44, the right-hand side of £(J3, k) + (54, k) = (3 - (—)) /23 should read
p

()

A A -1
In [13] p. 46, the right-hand side of £(83, k) + (54, k) = <3 - <—)) /2% should read
p

-G
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In [13], p. 47, in the formula for T, the denominator should read 2° - 3 instead of 2° - 3.
In [14] p. 590 1. 8, A(q)g*"~*T should read A(q)g*"3T.

In [22] p. 321 L 3, GSp(n — 1, Z,) should read GSp(n — 1, Q,) and rzp(n)Zpi should read
le(’l)Z;; . Alsoin [22] p. 3211. 14, GSp(n — 1, Z,) should read GSp(n — 1, Q) N Moy, _2(Zp).
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