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Abstract

Let F be a characteristic zero differential field with an algebraically
closed field of constants C, E D F be a no new constant extension by
antiderivatives of F and let vy, -- -1, be antiderivatives of E. The an-
tiderivatives 91, - , b, of E are called J-I-E antiderivatives if y} € E
satisfies certain conditions. We will discuss a new proof for the Kolchin-
Ostrowski theorem and generalize this theorem for a tower of exten-
sions by J-I-E antiderivatives and use this generalized version of the
theorem to classify the finitely differentially generated subfields of this
tower. In the process, we will show that the J-I-E antiderivatives are al-
gebraically independent over the ground differential field. An example
of a J-I-E tower is iterated antiderivative extensions of the field of ra-
tional functions C(x) generated by iterated logarithms, closed at each
stage by all (translation) automorphisms. We analyze the algebraic
and differential structure of these extensions. In particular, we show
that the nth iterated logarithms and their translates are algebraically
independent over the field generated by all lower lever iterated loga-
rithms. Our analysis provides an algorithm for determining the differ-
ential field generated by any rational expression in iterated logarithms.
These results ultimately rest on the Kolchin—Ostrowski theorem and
it applies to antiderivatives and exponentials of integrals. Regarding
the latter, in Part II of this paper we will present similar results for
iterated exponentials closed under all (scaling) automorphisms.

*This work is a part of the author’s PhD thesis; email: varadhu_raviQou.edu
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1 Introduction

All the fields considered in this paper are of characteristic zero. If F is a
field and ' : F — F a linear map satisfying the condition (uv)’ = w'v + uv’
for all u,v € F then we will call the map ’, a derivation of F. A differential
field is a field F with a derivation. If F is a differential field then one can
easily see that C := {c € F|¢’ = 0} is also a differential field. We will call
C, the field of constants of F. Let E and F be differential fields and let
E DO F. We say that E is a differential field extension of F if the derivation
of E restricted to F is the derivation of F. A differential field extension E
of F will be called a No New Constants (NNC) extension of F if the field of
constants of E and F are the same.

Let E D F be a NNC extension. If t € E and ¢/ € F then we call ¢t an
antiderivative of an element (namely, t’) of F, and if E = F(zy--- ,1,) for
some antiderivatives r1,---,t, € E of F then we will call E an extension
of F' by antiderivatives. If ¢ € E and %’ € F then we call ¢ an exponential
of an integral of an element (namely, %/) of F, and if E = F(e;--- ,ey,) for
some exponentials of integrals e;--- ,¢,, € E of F then we will call E an
extension of F by exponentials of integrals.

In section 2 we will give a new proof for the following well known theorem:
Let F be a differential field with an algebraically closed field of constants C
and let E D F be a NNC extension. Let 1, ,tn, € E, e1,--- , ¢, € E where
1;’s are antiderivatives(r; € F) and ¢;’s are exponentials of integrals(i—% eF).
Then r1, -+ ,tn, €1, - , &y are algebraically dependent over F only if there
are ¢; € C, not all zero, such that Y " | ¢;r; € F or there are n; € Z, not all
zero, such that [, ¢ € F. Thus the algebraic dependence of r1,--- ,tn,
1, -+, ey over F becomes a non trivial linear dependence of r1,--- ,x, over
F or there is a non trivial power product relation among ey, - - , e, over F.
This theorem is known as the Kolchin-Ostrowski theorem and it appears as
theorem 2.3 in this paper. A short note about the history of this theorem

is also provided in the beginning of section 2.

In section 3 we will give an algorithm to compute the differential subfields of
an extension E of F by antiderivatives or by exponentials of integrals. The
extension E of F' is assumed to be purely transcendental over F. Moreover,
when F can be realized as the field of fractions of a polynomial ring over
C that lives inside F then for any given intermediate differential subfield
E D K D F, our algorithm also computes the subgroup of differential auto-



morphisms of E over F fixing K. We complete section 3 by proving that if
E D F is a NNC extension and E \ F contains an antiderivative of F then
there is an infinite tower of extensions by antiderivatives with the ground
field F and not imbeddable in any finite tower of Picard-Vessiot extensions
with the ground field F.

We will investigate in section 4 a special tower of extensions by antideriva-
tives, namely the J-I-E tower. We classify the finitely differentially generated
subfields of this tower. A J-I-E tower exist for any differential field F that
has a proper antiderivative extension and it may contain non-elementary
functions.

A tower of extensions by iterated logarithms is an example of J-I-E tower.
For a vector ¢ := (¢1,---,¢,) € C", where C is an algebraically closed-
characteristic zero differential field with a trivial derivation, we call ¢[¢, n] :=
log(log(- - -log(x + ¢1) - - - 4+ ¢cp—1) + ¢p) an iterated logarithm of level n. In
section 5, we give meanings for these iterated logarithms and produce an
algorithm to compute the differential subfields of differential field extensions
by iterated logarithms. In the process, we will also show that the iterated
logarithms are algebraically independent over C(z), where x is an element
whose derivative equals 1. In Section 6 we will provide some examples of
extensions by iterated logarithms and show how our algorithm works.

Picard-Vessiot Theory: Here we will recall some definitions and state
several results from differential Galois theory. One may find proofs for these
results in [7]. Let (F,") be a differential field with an algebraically closed field
of constants C and let E be any differential field extension of F. The dif-
ferential Galois group G(E|F) is the group of all differential automorphisms
of E fixing every element of F, that is, G(E|F) := {0 € Aut(E|F)|o(v/) =
o(u) Yu € E}. Sometimes we denote G(E|F) by G without referring to
ground differential field F and its extension E. Let L(y) be a monic homo-
geneous linear differential operator of order n over a differential field F. A
differential field extension E D F is called a Picard-Vessiot(P-V) extension
of F for L(y) if the following conditions holds:

1. E is generated over F as a differential field by the set V' of solutions
of Liy) =0in E (E=F <V >)

2. E contains a full set of solutions of L(y) = 0 (there are y; € V,1 <i <
n, with the wronskian w(yi,--- ,yn) #0)

3. Every constant of E lies in F.



A Picard-Vessiot extension exists for a given monic homogeneous linear dif-
ferential operator L(y) in the case that the field of constants C of F is
algebraically closed and it is unique up to differential automorphisms fix-
ing F. If E is a P-V extension of F then the set of all elements fixed by
the differential Galois group G(E|F) is F, that is, E® = {a € E | o(a) =
a for all 0 € G} = F. The differential Galois group of a P-V extension is an
algebraic matrix group over the field of constants.

If E; is a Picard-Vessiot extension of F for 1 < ¢ < n then there is a Picard-
Vessiot extension E of F such that E D E; O F and E is the compositum
of its subfields E;.

There is a Fundamental theorem in this context. Let F be a differential
field with algebraically closed field of constants C, and let E O F be a P-V
extension. Then the differential Galois group of E over F is naturally an al-
gebraic group over C and there is a lattice inverting bijective correspondence
between

{E D K D F | K is an intermediate differential field}

and
{H < G | H is a Zariski closed subgroup of G}

given by

K — G(E|K) and H — E&,
The intermediate field K is a P-V extension of F if and only if the subgroup
H = G(E|K) is normal in G; if it is, then

G
G EH _

Let G° be the connected component of the identity in G(E|F), and let E°
be the corresponding intermediate field. Then E° is the algebraic closure of
F in E, EC is a finite Galois extension of F with Galois group SEF). - nd

GO(EF)’
the transcendence degree of E over E° is dim(G°(E|F)).

Analogous to the algebraic closure of a given field, we may define a Picard-
Vessiot closure of a given differential field F. The Picard-Vessiot closure F
of Fg := F is a differential field extension of F( such that

e F'; is a union of Picard-Vessiot extensions of Fy

e Every Picard-Vessiot extension of F(y has an isomorphic copy in Fj.



The Picard-Vessiot closure F; of Fy need not be “closed”. That is, there
are linear homogeneous differential equations over F; whose solutions may
not be in Fy (see theorem 3.10). This leads us to consider a chain of Picard-
Vessiot closures of Fg. A finite tower of Picard-Vessiot closures of Fy is a
chain

FoCF, CF,C--- CFy,

where Fg := F,n € N and F; is the Picard-Vessiot closure of F;_1, for all
1 < ¢ < n. Finally we define the complete Picard-Vessiot closure Fo, of F
as the union U;2 F;. The differential field F, is “closed”. If E is a normal
differential subfield of F, then every automorphism of ¢ € G(E|F) extends
to an automorphism ® € G(F|F) and every automorphism ® € G(F|F)
also restricts to a ¢ € G(E|F). We also note that the fixed field of G(F|F)
is F. For details see [9].

2 The Kolchin-Ostrowski Theorem

Throughout this paper, F denotes a characteristic zero differential field with
an algebraically closed field of constants C. Sometimes we will denote the
field of constants C of F by Cg. Let us recall some definitions from section
1

Definition 2.1. Let E D F be a differential field extension of F. An element
r € E is called an antiderivative of an element of F if ' € F. A No New
Constant(NNC) extension E D F is called an extension by antiderivatives
of F if for i = 1,2,--- ,n there exists r; € E such that t; € F and E =

F(M,Iz’ e 7xn)

Definition 2.2. Let E C F be a differential field extension of F. An element
¢ € E is called an exponential of an integral of an element of F if %, eF. A
NNC extension E D F is an extension by exponential of integrals of F if for

1=1,2,--- ,n there exists ¢; € E such that % € Fand E = F(eg, ¢, ,¢).

In this section we will prove the Kolchin-Ostrowski theorem, which states

THEOREM 2.3. (Kolchin-Ostrowski) Let E D F be a NNC differential

field extension and let p1, -+ ,tn € E, e1,--- ,ey € E\ {0} be such that

i is an antiderivative of an element F for each i (¥, € F) and ¢; is an

exponential of an integral of an element of F for each 1 (z—] € F). Then ei-
J

ther xi,- -« ,In,e1, - ,em are algebraically independent over F or there exist



(c1,--+,cn) € C"\ {0} such that Y ;| citi € F or there exist (ri,--- ,Tm) €

2"\ {0} such that T[j-, e;j eF.

2.1 Algebraic Dependence of Antiderivatives.

In his paper [10], A. Ostrowski proves that a set of antiderivatives {z1,-- -,
tn} of F is either algebraically independent over F or there are constants
¢; € C not all zero such that 2?21 i € F. In his setting, F is a differential
field of meromorphic functions and C = C, the field of complex numbers.
Later, Ostrowski’s result was generalized by Kolchin [6] to theorem 2.3. In
their papers [4] and [11], J. Ax and M. Rosenlicht also presented proofs of
theorem 2.3. The proof we are going to present is elementary and differ from
the proofs listed above.

THEOREM 2.4. Let E D F be a differential field extension and let ¢ € E
be an antiderivative. Then either ¢ is transcendental over F orxr € F.

Proof. Let Cg denote the field of constants of F and suppose that r is
algebraic over F. Then there is a monic irreducible polynomial P(z) =
> paiz’ € Flz] such that P(r) = 0. Note that (P(x)) = 0, that is ¢ is a
solution of the polynomial

n

Z(iaix’ —a,_y)z""t € Flz].

i=1

Since the degree of the above polynomial < n, it has to be the zero polyno-
mial. In particular ny’ = a),_;, that is (r — b)’ = 0, where b := =L € F.
Observe that r—b is algebraic over F (since ¢ and b are algebraic) and there-
fore there is a monic irreducible polynomial Q(z) = >_1" bz’ € Flz] such
that Q(xr —b) = 0. Again taking the derivative of the equation Q(r —b) = 0,

we note that ¢ — b is a solution of the polynomial
m
> b2t € Fla).
i=1

Since the degree of the above polynomial is < m, it has to be the zero poly-
nomial. Thus b; € Cg and therefore the polynomial Q(x) has coefficients in
C. Since Cy is algebraically closed and ¢ — b is a zero of Q(z) we obtain
t— b€ Cg. Now b € F will imply that t =b+ ¢ € F, where ¢:=¢ —b.



Note that we do not require the constants of F and E to be the same to
prove this theorem. The above theorem is also proved in [5], page 23 and
[7], page 7. O

Let E D F be an extension by antiderivatives r1,--- ,1, € E\C of F . That
is, E = F(t1,--- ,tn), &, € Fand r; ¢ Cfor all 1 < i < n. Since E is a
NNC extension of F, the differential subfield E; = F(g;) of E is also a NNC
extension of F. Let f; :=t; € F and observe that

/
n__ Jia
L =75
[

Thus g; is a solution of a second order linear homogeneous differential equa-
tion over F. Moreover, if V; is the vector space spanned by the unity 1 € C
and r; over C then E; = F(V;)-the differential field generated by F and
V;. The full set of solutions of the differential equation Y = fTIY’ is the
vector space V;. Thus we see that E; is a Picard-Vessiot extension of F.
Since a compositum of Picard-Vessiot extensions is again a Picard-Vessiot
extension(see [7], page 28-29), E := E; - E5---E,, is also a Picard-Vessiot
extension of F.

Assume that r; ¢ F for each i. If 0 € G(E;|F) then

o) = o) =o(fi) = fi = x5 (2.1.1)

Thus o(x;)" = r,, which implies (a(yi) —pi)/ = 0. Since E is a NNC extension
of F, there is a ¢;, € C such that o(x;) —t; = ¢, that is, o(z;) = i +¢is- On
the other hand, for any ¢ € C, the automorphism o;. : E; — E; defined as
0ic(ti) = ti+cand o(f) = f for all f € F can be readily seen as a differential
automorphism. Thus G(E;|F) injects into (C,+) as an algebraic subgroup
for each i. Note that (C,+) has no non trivial algebraic subgroups and
since t; ¢ F, from the fundamental theorem, we see that G(E;|F) ~ (C, +)
and that the extension E; of F has no intermediate differential subfields.
Any automorphism of E fixing F is completely determined by its action on
I, ,n and thus we have a map o — (ci4,- - ,Cno), an algebraic group
homomorphism from G to (C, +)". This map is clearly injective. From this
observation, we see that the differential Galois group G(E|F) is isomorphic
to an algebraic subgroup of (C,+)". Note that G(E|F) could be a proper
algebraic subgroup of (C, +)"; depending on whether all the antiderivatives
are algebraically independent over F or not. We will discuss about the
nature of the algebraic dependence of antiderivatives in the next theorem.



We will do a similar analysis for the extensions by exponentials of integrals
of F in subsection 2.2.

THEOREM 2.5. Let E D F be a NNC differential field extension and
for1=1,2,--- ,n let r; € E be antiderivatives of F. Then either r;’s are
algebraically independent over F or there is a tuple (c1,--- ,c,) € C™\ {0}
such that 37" | cit; € F.

Proof 1. First we will present Kolchin’s proof. Observe that E = F(r1, 2, ,tn)
is a Picard-Vessiot extension of F and for every ¢ € G(E|F) we see that
o(r;) = i + ¢ig. Thus, as noted earlier, G(E|F) imbeds into (C",+) as an
algebraic subgroup. Suppose that the r}s are algebraically dependent and

say 11 is algebraic over F(za,r3, -+ ,rn). We may also assume that r;’s¢ F

for any ¢ (otherwise there is nothing to prove).

Since r1 is an antiderivative of an element of F and r; is algebraic over
F(r2,13, -+ ,n) from theorem 2.4 we obtain 1 € F(r2,13,- - ,tn) and thus
G(E|F) — (C",+) is not a surjection. In particular, if 0 € G(E|F) fixes
I2, - ,In then o fixes r; too. Therefore

G(E‘F) = {(d17d27 e 7dn) € Cn’Li(d17d27 T 7dn) = 07 1 S 1 S t}?

where L; is a linear form over C for each i. Now for any o € G(E|F) and
Le{L;]1 <i<t},

o(L(z1,x2, -+ ,tn)) = L(o(r1),0(x2), - ,o(tn))

(

= L(x1 +di,ro +da, - xn + dy)

= L(?l??Qa to 7?%) + L(dla d27 T 7dn)

= L(r1,22, -+ ,&n) since L(dy, -+ ,dn) =0
and thus L(r1,re, - ,tn) € ECEF)  From Galois theory we know that
ECEF) — F. Since L is a linear form over C, we obtain L(zi,x2,--- ,In)
= Z?:l ciLi € F. ]
Proof 2. This proof does not require Galois theory. For every tuple (c1,- -, ¢p)

€ C"\ {0} let us assume that Y., ¢;r; ¢ F . Theorem 2.4 and our assump-
tion that > ;" | ¢;r; ¢ F guarantees us a nonempty algebraically independent
subset S of {r;|1 <1i < n} over F. We may assume that S = {r2,13, -+ ,tn}-
Again from theorem 2.4, we see that r; is transcendental over F(S) or
11 € F(S). We will show that the latter case is not possible and this will
prove the theorem.



Suppose that r1 € F(S) and let ¢ be the largest positive integer such that
t
> cini € F(Sy),
i=1

where ¢; € C,¢y =1 and S; := S\{xi|2 <i<t}

Since |S| < oo and ¢t > 1, such a t exist and since >, c;it; ¢ F, St # 0.
In particular, t < n and thus 1441 € S;. For notational convenience let
r:=14+1. Then

>ew=F
it = A
i=1 Q
where P := Y"1 ja;x’, Q == > i obir', bs = 1, ap # 0,0a;,b; € K :=F(S; \
{r}) and (P, Q) = 1. Differentiating the above equation, we get > \_, c;t} =
% and thus

fQ*=PQ - PQ, (2.1.2)
where f:= St c;it). If f =0 then (3'_, cit;)’ = 0 and since E is a NNC
extension of F, Zle cr; € C CF, a contradiction to our assumption that
S citi ¢ F. Thus f # 0. Now suppose that deg@ > 1. From the above
equation we see that @ divides P'QQ — PQ’, which implies @) divides PQ’
and since (P,Q) = 1, @ divides Q'. Thus s =degQ < deg®’. But then
deg@'=deg((st’ +b._)x* 1+ -+ b1’ + b)) < s—1, a contradiction. Thus
deg@ = 0, that is Q € K.

Hence we may assume that Ziﬁ:l c;x; = P and note that

f=P. (2.1.3)

Case 1: deg(P) =0, that is P € K =F(5: \ {r}).

Then Y'_ ¢t = P € F(S; \ {r}). Since t = r¢11, we obtain Y. ¢y €
F(S¢ \ {zt+1}), where ¢;41 := 0. This contradicts the maximality of ¢.

Case 2: deg(P) > 1

From equation 2.1.3 we see that

f=ax + (ra,;x’ + a’r_l);T_l + -+ ar + aj). (2.1.4)

10



Thus comparing the coefficients of " we get a,. = 0, that is a, € C. Since

r — 1> 1 comparing the coefficients of " !, we get
ra¥ +a,_; =
—Ap—1y\/
f— ,:
v=( )
—
== r—1 T
T
for some ¢; € C and thus ¢ = % + c¢1 € K, a contradiction to the

assumption that r is transcendental over K.
Case 3: degP =1

Finally if degP = 1 then P = a1x + ag = Zle ¢;r; and therefore taking the
derivative we have

air + a1’ +ag = f.
Thus comparing the coefficients, we obtain @) = 0 that is a; € C and
air’ + af, = f. Now letting ¢;1 = —a; and substituting 1,41 for r, we
get Zfii citi = ag € K = F(S; \ {ri+1}) and this again contradicts the
maximality of ¢. Hence the theorem. O

2.2 Exponentials of an Integrals.

Here we will prove theorems analogous to theorems 2.4 and 2.5 for the
exponential of an integral setting.

THEOREM 2.6. Let E D F be a differential field extension. If there is a
¢ € E such that % € F then either e is transcendental over F or there is an
n € N such that e™ € F.

Proof. Suppose that e is algebraic over F, %/ = f € F and let P(x) =
> pa;z’ € Flz] be the monic irreducible polynomial of e. Then P(¢) = 0
and therefore (P(e))’ = 0, which implies ¢ is a solution of the polynomial

n—1

P :=nfa" + Z(a; —ia;f)z’ € Flz].
=0

Since P is the monic irreducible polynomial of ¢, we have nfP = P;. Thus
comparing the coefficients of nfP and P, we obtain nfap = aj, and since

11



nfe™ = (e"), we obtain (%)/ = 0 (P is irreducible so ag # 0). Note that e
and ag are algebraic over F so % is also algebraic over F. Since (%)’ =0, as
in the proof of theorem 2.4, we obtain % = c € Cy and thus ¢"” = cag € F.

This theorem is also proved in [5], page 24 and [7], page 8. O

THEOREM 2.7. Let E D F be a NNC differential field extension and for
i=1,2,--- ,nlete; € E\ {0} be such that %/ € F. Then either e, --- ,e,
are algebraically independent or there exist (ki,--- ,kyn) € Z™\ {0} such that
the power product [} M e F.

=13

Proof. The proof of this theorem very much mimics the proof of theorem
2.5. Let us assume that [/, ¥ ¢ F for any (k1,--- , k,) € Z"\ {0}. Then
from theorem 2.6 we see that there is a nonempty algebraically independent
set S C {e;|]l < i < n} and we may assume that S = {e2, -+ ,¢,}. From
theorem 2.6 we see that either e¢; is transcendental over F(S) or there is a
k1 € N such that e’fl € F(S5). We will show that the latter is not possible
and this will prove the theorem.

Suppose that there is a k1 € N such that e’fl € F(95). Let t be the largest
positive integer such that the power product

t

H efi S F(St),

i=1

where k; € Z for 2 <i <t and Sy = S\ {e;]2 <1 < t}. Since [[}-, ef" ¢ F
we obtain S; # (). Indeed e; 41 € S;. Let e := ¢;41 and write

t

I =

i=1
where P := Zé:o aiei, Q = ZZO bz-ei, (P, Q) =1by =1, a; # 0,a;,b; €
F(S; \ {e}). Differentiating the above equation, we get

., P'Q-PQ
([T =5

Let f; := %, g = %” P = 22:0 a;e’ and Q = > 1" be’. Note that g, f; € F

12



and

which implies
(T = (ks ITer (2.2.1)

and thus (g), = (25:1 kjfj)g. Hence

QP — PQ' = (D> kif;) PQ. (2.2.2)

Since
QP — PQ' = ((a) + lagg)e!™ + - - - + ahbo)
— (magge™™ + - + agb})
= (a} + (I — m)ayg)e!™™ + - - + ahby — agb),
and
PQ = aie™™ + (aiby—1 4+ ai—1)e T 4 agbo,

substituting in equation 2.2.2 we get

t
(af + (L= m)ag)e"™™ + -+ apbo — aoby = (Y kyfj) (e ™™
=1

+ (abm—1 + a—1)e ™ 4+ agbo).

The LHS and RHS are polynomial in e with coefficients in F(S;\ {e}). Since
E D F is a NNC extension and []'_, ef" ¢ F we have >.'_ k;f; # 0 and
therefore both the LHS and RHS are of degree [ + m. Thus comparing the
coefficients of ¢!t we get

t
CL; + (l - m)alg = (Z kjfj)al
=1

= aj =Y _kif;) + (m—lgla.
i=1

13



We observe that

t+1

ap= (O kify)a, (2.2.3)
i—1

where kiyq1 :=m —1 and fi41 :=g.

We also know that Hfi} efi is also a nonzero solution of the equation 2.2.3
t+1 kg

!/
and therefore (%%el) = 0. Since E and F have the same field of con-
stants, there is an a € C\{0} such that [T'7] ¥ = aq;. Now a; € F(S;\{e})

i=1%
will imply [T:E] e?i € F(S:\ {et+1}), a contradiction to the maximality of .
Hence the theorem. O

The Kolchin-Ostrowski Theorem

Proof of theorem 2.3. Let us assume that r1,--- ,z,, 1, - , ¢, are algebraically
dependent over F and also that ey, - - - , ¢, are algebraically independent over

F. (Note that if e, - - , ¢y, are algebraically dependent over F we may apply
theorem 2.7 to prove this theorem.) Let us prove that there are constants

¢; € C not all zero such that Y, ¢ir; € F.

It is clear from our assumption that g1, - - - , &, is algebraically dependent over
K := F(e1, -+ ,em). Since r1,- -,y are antiderivatives of F they are also
antiderivatives of K and thus theorem 2.5 is applicable with K as the ground
field. Thus there are constants ¢; € C not all zero such that Y ;" | cir; € K.
Choose a subset S C {er,-, ey} so that >, ¢ir; € F(S) but not in any
of the subfields F(S1), where S is a proper subset of S.

We claim that S = () and this will prove that ;" ; ¢;r; € F. Suppose not.
Then there is a ¢ € S and we may write

n

D e = 27 (2.2.4)

=1
where P,Q € F(S \ {e})[e], (P,Q) = 1 and @ a monic polynomial. Let
[ =02 cri). Note that f € F and if f = 0 then (3., ¢;iz;)’ = 0 and
since the extensions are NNC, we see that Y ;" | ¢;t; = o € C C F and we

are done. So we assume f # 0 and note that this condition also says that
P # 0. Now Differentiating the equation 2.2.4 we obtain

fQ*=PQ-QP. (2.2.5)
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Hereafter one can complete the proof by precisely following the part of the
proof of theorem 2.5 that follows after equation 2.1.2. Here I will give an
alternate argument which is also applicable for the part of the proof of
theorem 2.5 that follows after equation 2.1.2.

Note that deg(P'Q — Q'P) < r + s and deg(fQ?) =deg(Q?) = 2s.
Case 1: deg@) >degP.

In this case we see that r +s < deg(Q?) = 2s. Since the leading coefficient f
of the LHS of 2.2.5 is nonzero, we obtain that e is algebraic over F(S\ {e}),
a contradiction.

Case 2: deg(Q) <deg(P)

Let %/ =geF, P=Y" qa;¢, ar #0, Q = > bie’ and by = 1. Note
that P'Q — Q'P = (al. — (r — s)ayg)e"™* +---. If (a] — (r — s)a,g) # 0 then
r+s = deg(P'Q — Q'P) and since s < r, deg(Q?) = 2s < r + s, which
implies ¢ is algebraic over F(S\ {¢}), a contradiction to our assumption that
¢;’s are algebraically independent over F. Thus a, — (r — s)a,g = 0, that
is a. = (r — s)ga,. Note that a, # 0 and since (¢"*) = (r — s)ge"* and
r # s, there is a constant a € C\ {0} such that ¢"™* = aa, € F(S5\ {e})
again contradicting the algebraic independency of ¢;’s over F.

Case 3: deg(P) =deg(Q)

Since deg(Q?) = 2s, deg(P'Q — Q'P) < 2s and f # 0, we have f = a/. —
(r — s)ga, and this equation further reduces to f = a/. since r = s. Now the
facts (31, ¢iri) = f and K is a NNC extension together will imply that
oy citi = ar +« for some a € C. Thus )", ¢t = ar + « € F(S\ {e}),
a contradiction to the minimality of S.

Thus S has to be the empty set and hence the theorem. O

3 Extensions by antiderivatives and by exponen-
tials of integrals

Let E D F be an extension by antiderivatives ri,--- ,z, of F. We know
from theorem 2.5 that the set of antiderivatives {g;|]1 < i < n} is either
algebraically independent or there are constants ¢; € C not all zero such
that >" | ¢;r; € F. Also note that if ¢1,--- 1, is algebraically dependent
over F then we may chose a transcendence base S C {r1,--- ,r,} of E over
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F and this makes E algebraic over F(S). But then each ¢ € {r1, -+ ,zn} \ S
becomes algebraic over F(S) and therefore from theorem 2.4 we obtain ¢ €
F(S) which implies E = F(S). In other words extensions by antiderivatives
are purely transcendental. Thus, to study an extension by antiderivatives
I, ,In of F, we may very well assume that gy --- ,z, are algebraically
independent over F.

In this section we will prove the following theorem

THEOREM 3.1. Let E = F(xr1,- - ,tn) be an extension by antiderivatives
I, ,tn of F and let r1, -+ , 1, be algebraically independent over F. Let
u € E and u = g, P,Q € Flr1, - ,tn] and (P,Q) = 1. Then there is a
t € N and F — linear forms D; € Spang{t1, - ,tn} for 1 <i <t such that

Fu) = F(D;|1 <i<t).

Moreover these linear forms D; can be explicitly computed for P and Q.

A much stronger result can be obtained using Galois theory and that is, if
K is an intermediate differential subfield of E|F then

K=F(Ljl<i<t), (3.0.6)

where the linear forms are over C. That is L; € Spanc{r1--- ,tn}. This
follows immediately from the following three facts 1. The extension E D F
is a P-V extension with a differential Galois group (C,+)". 2. There is
a bijective correspondence between the algebraic subgroups of (C,+)" and
the intermediate differential subfields of E|F; see the fundamental theorem
stated in section 1. 3. The algebraic subgroups of (C,+)" are solution sets
of linear forms over C.

Though we know the structure of intermediate differential subfields of E|F
it is not clear how to obtain those linear forms for a given intermediate dif-
ferential subfield. The theorem 3.1 shows that there is a way to figure out
linear forms(not over C but over F) for singly differentially generated sub-
fields of E containing F' and since a finitely differentially generated subfield
is a compositum of singly differentially generated subfields of E containing
F, we may generalize the theorem 3.1 for any finitely generated differential
subfield of E containing F. We will prove a similar result for extensions
by exponentials of integrals and will also prove a similar structure theorem
for NNC extensions of the form F(gi, - ,tn, €1, -+ ,¢y), where ¢, € F and

E—Z € Fand 1, - ,tn, 1, , ¢y, are algebraically independent over F.
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To prove theorem 3.1 we need some results about several variable polynomi-
als over a commutative ring with unity, which will be dealt in the following
section.

3.1 Multivariable Taylor formula

Let R be an integral domain with Q C R and let R[y1, - - ,yn] be the poly-

nomial ring over n—indeterminates y1,- - ,y,. Let P := P(y1, - ,yn) €
R[yh' . 7y7l] <T17 o TTL)E R™ and denote P(yl + T1," s Yn + Tn) by P
Let 5 - denote the standard partial derivation on the ring Rly1,- -, ynl.

From the Taylor series expansion of P, we have

P= P+Zn P ﬂay]ayz - 3L
=1 7j=1 =1

Proposition 3.2. Let P e Rlyi, - ,yn) and for 1 < i < n let r; € R

Suppose that P divides P := P(y; + 71, -+ ,Yn + 7). Then P = P and

Yo 1881{ = 0 for every homogeneous component H; of total degree j of

P. In particular H; = H ; for every j and > 7", ri 9 ay =0.

Proof. Rewrite the equation 3.1.1 as

P—P= ;n ngzwayﬁ% > (3.1.2)

If P € R then the proposition follows immediately. Assume that P has
a monomial whose total degree is > 1. We observe that the operator
Yoy ria%i is applied to a monomial of P reduces the total degree of that
monomial by one and the operator E?zl Yoy Tirjﬁgyi applied to a mono-
mial reduces its total degree by two and so on... Thus the total degree of the
RHS of equation 3.1.2 is less than the total degree of P. Clearly, P divides
P implies P divides the LHS of equation 3.1.2 and therefore P divides the
RHS whose total degree is less than that of P. Thus RHS of 3.1.2 equals 0,
that is

"9
Zrz P ;ZZr”a =0 (3.1.3)

7j=11=1 yjayz

and hence P = P.
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Let P = Z?:o H;, where H; is the homogenous component of total de-

gree j of P. Again we observe that when the operator » ., ria%i is ap-
plied to a monomial of H;, the degree of that monomial goes down by one.
Therefore, if this operator is applied to a homogenous component H;, either

Yo %Z = 0, as cancellation of monomials may occur, or the total degree

of >0, r 2 a 2 has to be one lesser than that of Hj.

Now consider the homogeneous component Hi. We know that the ZZ 1T %IZ b —

0 or the total degree of " Ti5 8H’“ is k — 1. The latter cannot happen since
from equation 3.1.3 we have

n k—1 n

OH, 6H 1
N B R DI IUL v

=1 =1 7j=11i=1

and the RHS of the above equation is of total degree < k — 2. Thus

2
S laaH’“ = 0. Note that > 17‘2 6 = 0 implies Y30 DI 7 j(%]gyl =
0 and so on... Therefore from equation 3.1.1 we get Hj, = Hy.

Now substituting

n n k—1 n n

Tirj e o Z vy
1 Gyjay 1=0 j=1 i=1 ay?ay’

=1 1i=

and Y, Z%H’“ = 0 in equation 3.1.4, we get

n k=1 n n

k=2 n
_Z (9Hk 1 ZZ”@I‘Q_}_ 1'2
=0 i= yl 2! =0 j=

1

. 0?2 Hl
n jay]ayz

1:i=1

By comgarmg the total degrees of the LHS and RHS, we conclude that
Zl \TiTay, = 0 and thus Hi_1 = Hk_l. Similarly we can show that

Sy Z%IZ 0 for every 7. From this equation it is easy to see that
H; = H; and 31", rlay = 0. O

Proposition 3.3. For every homogeneous polynomial P € R[y1, ", yn]
there is a system {D;} of linear forms over R such that P = P for some
(ri,--«,rn) € R™if and only if (r1,--- ,7,) € R™ is a solution of the system

{D;}.
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Proof. Suppose that P = P for some (ri,-++,rn) € R™ then from proposi-

tion 3.2 we see that
oP

By grouping all the monomials, we could rewrite Y ;" ; rig—j as

Dj(rlf T ,’I”n)ij,

t
=1

J

where {D;} is a system of linear forms over R and X“7 represents a primitive

monomial that appears in ;" ; rig—;;. Thus equation 3.1.5 becomes

t

ZDj(?"l, s ,Tn)Xw]. =0
j=1

and clearly P satisfies equation 3.1.5 if and only if the the tuple (ri,---,

rn) € R™ satisfies the system {D;}. O
Proposition 3.4. Let R := C[zy, -,z be a polynomial ring and let
D(y1, -+, yn) be a linear form over the ring R with variables y1,- - , yn.
Then there is a system {L;} of linear forms over C such that D(cy,--- ,¢y) =

0 for (e1--+,¢n) € C™if and only if (¢;---,¢,) € C" is a solution of the
system {L;}

Proof. By viewing the polynomial D(y1, - ,yn) € Rly1, -+ ,yn] as a poly-

nomial over the ring Cly, - - - , y,] with variables x1, - - , x,,, we obtain vec-
tors w; = (wj1, - wjm) € W™, where W := N U {0} and linear forms
Li(yi, - ,yn) € spanc{x1, --- ,Tm} such that

t

D(yla"' 7yn) = ZLJ(ylv ayn)Xquv
7=1

. . oy . wq Wi . . oy .
where X, is the primitive monomial x;’ '...zp/™. Since primitive monomi-

als are linearly independent over constants, we see that D(cy, -+ ,¢,) =0 if
and only if (c1,---,cp) is a solution of the system {L;|1 < j <t} of linear
forms over C. O
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Proof of theorem 3.1. Let G := G(E|F) and let H < G be the group of all
automorphisms that fixes F(u). Then for any 0 = (¢i5, - ,Cny) € H we
have o(u) = u, that is

o(P) P
o(Q) Q
and thus
o(P)Q =o(Q)P. (3.1.6)

Since (P,Q) = 1, from equation 3.1.6 we see that P divides ¢(P) and @
divides 0(Q). Note that o(P) = P(r1 + Cigy -+ ,In + Cno) and o(Q) =
Q(r1 + Cigy +* ,In + Cno) and therefore from proposition 3.2 we obtain

o(P)=P and o(Q) = Q. (3.1.7)

If both P,@ € F then G fixes u and thus F(u) = F. Let us assume P ¢ F
and denote P(r1+ Cig, -+ yEn + Cno) by P. Now apply propositions 3.2 and
3.3 with R := F to get linear forms {4;|]1 < i < s} C Spang{r1- - ,tn}
such that A;(cis, -+ ,cne) = 0 iff o(P) = P. We also see that A; is fixed
by all 0 € H. Therefore from the fundamental theorem we conclude that
P e F(41 < i < s) C F(u). Similarly if @ ¢ F then one can find
these linear forms for @ say {B;|1 <i <t} C Spang{ri---,tn} such that
Q € F(Bi|ll <i <t)C F(u). Now u = g € F(D;|1 < i < r), where
{Di|1 <i<r}={A41<i<s}U{B;|l1 <i<t}. On the other hand, both
the fields F(A;|1 < i < s) and F(B;|1 < i < t) are subfields of F(u). Thus
we see that
F(u) =F(D;|]1 <i<t).

O
Remark 3.1. (Algorithm)
Let F(r1, -+ ,rn) be an extension by antiderivatives gi,---,z, of F and
assume that r1,--- ,x, are algebraically independent over F. Let u = g,

P,Q € Flry,--- ,1p) and (P,Q) = 1. To compute the differential field F(u)
we do the following:

1. Observe from equation 3.1.7 that o(u) = u if and only if o(P) = P and
o(Q) = Q-

2. Find all tuples (c1, - ,c,) € C" such that P = P(x+c1,- -+ ,tn + Cn)
and Q = Q(xr+c1,- -+ ,n + ¢n). Steps 2a, 2b and 2c computes the same.
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2a. From proposition 3.2, we see that P = P(x+c1, -+ ,n +¢y,) if and only
if

and similarly @ = Q(r + ¢1,- - ,tn + ¢) if and only if

2b. We rewrite the above equations as

t
ZAj(Cl, ce ,Cn)ij =0
7=1

and
S

ZBj(Clv T 7cn)ij =0,
=1

where {4;|1 < j <t} C Spang{ri,--- ,tn} is a system of linear forms over
F and X“ represents a primitive monomial that appears in ) 1", rlg—; and
{Bj|1 <j <s} C Spang{ri,--- ,tn} is a system of linear forms over F and
Y'“ represents a primitive monomial that appears in )", cig—i
2c. Observe that the displayed equations from 2b holds if and only if A;(c1,
scn) = 0 for all 1 < j <t and Bj(Cl,--' ,cp) =0forall<j<s
Thus o(u) = u if and only if 0 := (¢15,- - , Cne) is a solution of the system
{Di|l1 <i<r}={A]1<i<s}U{B;|]l <1<t}

3. Thus the algebraic subgroup of all automorphisms of G that fixes u
also fixes {D;|1 < j < r} and vice versa. Therefore from the fundamental
theorem we conclude that F(u) equals the differential field F(D;|1 < j <r).

4. Finally, if F is a fraction field of a polynomial ring R := Clzy,- - ,z5] C F
then from proposition 3.4 we see that each of the D;’s can be reduced to a
finite set of linear forms Lj;, 1 <i < m; over C and thus F(u) = F(D;|1 <
j<r)=F(Ll <i<m), where {L;|1 <i<m} = ngl{Lji|1 <i<mj}.

Proposition 3.5. Let F(r1, -+ ,1;) D F be an extension by antiderivatives
1, ,x of F and suppose that rq, - - - ,x; are algebraically independent over
F. If R € Fl1,- -+, is an irreducible polynomial then the polynomials R
and R’ are relatively prime.
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Proof. Let R € F[r1,---,x] be an irreducible polynomial. Suppose that R’
and R are not relatively prime. Then R, being irreducible, has to divide R’.
Observe that the total degree of R is < the total degree of R and since R
divides R’, the total degree of R equals the total degree of R'. Thus

R =fR

for some f € F. Let G be the differential Galois group of F(z1,---,1;)
over F and let 0 € G. We observe that o(z;) = 8; + ¢y, civ € C and
therefore o(R) = R(t1 + ¢y, + 1) We also observe that R = R
implies 0(R) = ¢, R for some ¢, € C*. Then R divides ¢(R) and thus from
proposition 3.2 we obtain o(R) = R. Thus every automorphism of G has to
fix R and since F(r1,--- ,1;) is a Picard-Vessiot extension of F, we obtain
R € F, a contradiction. ]

THEOREM 3.6. Let F(r1,--- ,11) D F be an extension by antiderivatives
t1,c- 8 of F. Let S,T € Flr1, -+ ,tn| be relatively prime polynomials and
assume that T has an irreducible factor R € Flxy,--- 1] such that R* does
not divide T. Then there is no vy € F(z1,--- , 1) such that y' = %

Proof. Suppose that there is a y € F(r1, -+ ,x;) such that v’ = % There
are relatively prime polynomials P,Q € Fg1, -+ , 1] such that y = g. Thus
taking the derivative we arrive at

Q*S=T(P'Q—-Q'P). (3.1.8)

Note that R is an irreducible factor of T' and therefore from the above
equation R divides Q?S. Since S and T are relatively prime, R has to
divides @2, which implies R divides Q. Let n be the largest integer so that
R"™ divides Q. Then R"*! divides Q? and again from the above displayed
equation, R"*! divides T(P'Q — @'P). Note that R divides T' but R? does
not and thus R" divides P'QQ — Q'P. Since R" divides ), and P and Q
are relatively prime, we obtain R" divides Q'. Let H € Fr;--- ,1;] be a
polynomial such that @ = R"H. Note that R and H are relatively prime
polynomials. Then R™ divides Q' = nR" 'R'H + R"H’ implies R divides
R’, which contradicts proposition 3.5. O

3.2 Extensions by exponentials of integrals

Let F be a differential field with an algebraically closed field of constants
C. Let E D F be an extension by exponentials of integrals e1,--- , e, of F
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and G the group of all differential automorphisms of E over F. Since f; :=

% € F, ¢; satisfies the first order linear homogeneous differential equation
e, = fie;. For any o € G, o(e;)) = fio(e;) and thus (%ﬁl))’ = 0. Since E is
a NNC extension of F, there is a ¢;, € C\ {0} such that %?) = ¢js. Thus
o(e;) = cize;. Also note that the action of o on the elements e; completely

determines the automorphism o. For any ¢,0 € G,
P(o(ei)) = d(Cioti) = CigCioei = CigCigei = 0(P(ei)). (3.2.1)

Thus G is a commutative group and also the map o — (c14, -+ , o) is an
injective algebraic group homomorphism from G to (C\ {0}, x)".

If E = F(e), %/ € F then G is an algebraic subgroup of (C\ {0}, x). Thus
if G is non trivial then it has to be a finite subgroup of (C\ {0}, x). Note
that G could be a finite subgroup of (C\ {0}, x); for example, let F = C(z)
and let E = F({/x), n > 2. Then we have the equation

(2) = ¥

Thus E is an extension by an exponential of an integral {/z of F. Clearly
/x ¢ F(therefore G is not the trivial group) and for any automorphism
ceG

o( (L/E) =coVx
= (o(V)" = cg(Vx)"
= o(z) =z
—1=cy

In fact one can also show that G is the group of nth roots of unity (follows
from the fact that the ordinary Galois group and the differential Galois
group are the same if the extension E of F is finite).

Let 9 := {J["_, ™ |m; € Z*}, the set of all power products of {e;]1 < i <

i=1%
n}. We will now prove the following theorem

THEOREM 3.7. Let E = F(ey,--- ,¢,) be an extension of F by exponen-
tials of integrals e1,--- , e, of F and let eq,--- , ¢, are algebraically indepen-
dent over F. Let u = g, P,Q € Fley, -+ ,e,] and (P,Q) = 1. Then there
are power products p; € M, 1 < j <t such that

F<u> = F(plv to 7Pt)'

Moreover, we may explicitly compute the power products p; from P and Q.
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Proof. Let G := G(E|F) and let H < G be the group of all automorphisms
of G that fixes u. So, for 0 € H we have o(u) = u and therefore o(P)Q =
o(Q)P. Thus P divides o(P)Q and since (P,Q) = 1, P divides o(P) and
similarly @ divides o(Q).

We may assume either P or @) is not in F; otherwise the differential field
F(u) = F. Assume that P ¢ F and write

P=>" fum, (3.2.2)
=1

where m; are primitive monomials and fn,, € F. Note that
T
o(P) = fmmi(cis -+ s Cno)mi
i=1

and since ¢;r € C\ {0}, mi(cip, - ,ne) # 0. Thus P and o(P) have the
same number terms and every monomial that appears in P also appears in
o(P) and vice versa. But P divides o(P) and therefore there is a d, € F
such that o(P) = d,P. In fact mj(co1, -+ ,Con) = do for all ¢ and thus
d, € C\ {0}.

This shows that n% is fixed by every ¢ € H. Thus, from fundamental
theorem, we obtain C(u) D F(1t[1 < i < r). Since @ also divides o(Q),
writing Q) = ijl gn,;nj similar to equation 3.2.2, we conclude that there is
a e, € C\ {0} such that o0(Q) = ¢,Q. Since o(£) = g, we have d, = e,

Q
and thus o fixes :1—31 Thus C(u) D F(:,‘—Jl|1 < j <t). Now we have

m;

C@>3F( ,Eﬁlgignlgjgs)

mpmy
On the other hand we could write
" P _ Dzt foi
Q i, gﬂj:Ti
for all 1 <4,j <r. Hence from fundamental theorem it follows that
F(u) =F(p1,- - ,pt),
Where{p1,~~,pt}:{%,;—ﬁ\lgigr,lgjgs}. O

Now we will prove a theorem which is a combination of theorems 3.1 and
3.7.
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THEOREM 3.8. Let E C F be a NNC extension and let E = F(x1,- -+ ,tn,
e1 - ,ep), wherer, € F, 2 € F and r1,--+ ,In, €1+ , ¢y are algebraically
independent over F. Let U E E and suppose that u = g, where P,Q €
Flri, - ,tn,e1- yem] and (P,Q) = 1. Then fori = 1,2,---,t and j =
1,2,--- s there are F— linear forms 0; over the set {g;|1 < i < n} and power
products p; over the set {¢;|1 < i < m} such that

F(u) =F(0;,pj[1 <i<t,1<j<s).

Moreover these forms can be explicitly computed from the polynomials P and

Q.

Proof. Let u # 0 and u = g €Flr1, - ,tn e, em), (P,Q) = 1. Rewrite
P and @ as polynomials over the ring Flgy,--- ,ztp]le1- -+, em]. That is P =

Zf:o Am,m;, Q = Ei’:a by, i, where am,, by, € Flr1,--- ,1n] and am, and by,
are non zero. Now divide through P and @) by am,. Thus we obtain
k Am,
P Z 0 am, MV
-0 # (3.2.3)
Zz =0 amk

and now the polynomials P,Q becomes polynomials over the ring KJe,
em), Where K :=F(r1, - ,tn). Hereafter we will call Zf_o o tm; as P

and Zz 0 n; as Q. Note that P and @ are relatively prime in the ring
Kley,--- ,em].

We observe that E O F is a P-V extension and let G be the group of
differential automorphisms of E O F. Thus there is a subgroup H < G such
that F(u) is the fixed field of H. Let o € H. Then o(u) = u and therefore

we obtain

o(P)Q =0(Q)P. (3.2.4)
Since (P,Q) =1 in Kley, - ,¢p], P divides o(P) and @ divides ¢(Q).
We observe that

k U
Z O' mz Clgy - 7cma)mi7
1=0 mk
~ o(ba)
U(Q) = o ni(clo'a c 7Cma')ni



and that (( k)) € K since K is a normal extension of F, and m;(c14, -+, ¢mo) €
C. Therefore o(P),0(Q) € Kler, -, ep].

Claim: o(52) = 72, a(%) - 5:»2’ o(M) = Mg g(R) = N

From the facts that P divides o(P),

PZ

we see 0(P) = mg(cig, -+, Cmo)P. Since m; are linearly independent over
K, for each 7, we have

k
ol
‘m; and of E mz (Cloy s Cmo )My,
i=0 mk

q

a
mg i

olams) _ Mh{Cios s Cmo) dmy
o(am,) Mi(Cloy  * , Cmeo) Qmy
Observe that am, € Flr1--- ,1n] g:Z’
a;i’ 9i = (am;, am,,) and P, := a;k Thus we have

Clearly (oum,,fm;) = 1 and since j € C, we have o, divides

rﬂi(clay”'ycma

o(am,;) and By, divides o(fm,;). Apply proposition 3.2 and obtain o(amy,) =
Oy, 0(Bm;) = Bm, and thus from equation 3.2.5 we have

mi(c].0'7 te acma)

=1.
mk(cla) ce 7cma)

From this equation it is clear that

m; m;
o\—)=——- 3.2.6
Goe) = e (3.2.6)
Since a(gmi) = g“”, we have U(Z“” )= Zmi for each i. The claims o((f“i )=
my m; mp mp my

b, ny o i
i and o(3%) = 1t follows similarly.

We may apply theorem 3.1 for each oy, and By, and obtain F— linear forms
over {r1, -+ ,In} so that the differential fields F({aum,) and F((n,) equals the
field generated by their corresponding linear forms. Thus we have linear
forms {D;1,- -, Di, } such that

F<g:> Fam,, fm;) = F(Din, -+, Dit,)-
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Note that g"’i = Zm" and therefore
mE

my

.
F(—%) = F(Dj1, -+, Dy,).

7

azmk
Similarly we can obtain linear forms {Fj1,--- , Ejs,} so that
bu,
F(—2) =F(Ejp, - Ejs,).

Ay,

Let {Dz|1 < t < t} = {Dila"' 7Diti} U {E_jl; 7Ej3j}a {pla"' 7135} =
{m;|1 < i < Ek}U{n;|1 <j <1} and p; := my. Then writing

S e
=0 Qmy, My

Zl bn,b- ﬁ’
=0 amk my

u =

we immediately see that

o(u) = u & o(d;) = v, 0(20) = 2.
P1 P1

Hence the theorem. O

3.3 Tower of Extensions by Antiderivatives

Let F be a differential field with an algebraically closed field of Constants C
and let Fo, be a complete Picard-Vessiot closure of F (every homogeneous
linear differential equation over F,, has a full set of solutions in F,, and
it has C as its field of constants and F, is minimal with respect to these

properties). All the differential fields under consideration are subfields of
Foo.

A differential field extension E of F is called a tower of extension by an-
tiderivatives if there are differential fields E;, 0 < i < n such that

E=E,2E, 12 ,2E DEj:=F
and E; is an extension by antiderivatives of E;_1 for each 1 <17 < n.
THEOREM 3.9. Let M D F be differential fields and let
E=E,DE, 1D>---DE; DEy:=F
be a tower of extensions by antiderivatives. Then u € E is algebraic over M

only if u € M.
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Proof. We will use an induction on n to prove this theorem. Consider the
tower
M-E=M-E,OM-E, 1D2---ODM-E; OM.

Clearly, the above tower is a tower of extension by antiderivatives. Suppose
that u € E is algebraic over M.

Observe that u € M - E and assume that if u € M - E,_; then u € M(this
is our induction hypothesis). Now, M - E is a Picard-Vessiot (extension by
antiderivatives)extension of M- E,,_; and the differential Galois G(M-E|M-
E,_1) is isomorphic to (C,+)™ for some m € N. Note that u is algebraic
over M- E,,_1 since M-E,, 1 2 M. Thus [M-E,,_1{u), M- E,_4] < cc.

Then from the fundamental theorem we should have a finite algebraic sub-
group of GIM - EM - E,,_;) = (C,+)™ fixing M - E,_1(u). Since the
only finite algebraic subgroup of (C,+)™ is the trivial group, we obtain
M:-E,_1(u) =M-E,_; and thus u € M - E,,_;. Now we apply our induc-
tion hypothesis to prove the theorem. O

Thus the above theorem shows that if E O M D K O F are differentials
fields and E is a tower of extension by antiderivatives of F then M is purely
transcendental over K.

THEOREM 3.10. Let E DO F be a NNC extension. If there is ant € E\F
such that ¥’ € F then for any n € N and distinct oy, ,a, € C, the
elements v; € Foo such that vy, = I‘i’%z are algebraically independent over
F(r). Moreover, the differential field F(y4,1), where y' = % and a € C is

o+
not imbeddable in any Picard-Vessiot extension of F.

Proof. Let there be an ¢ € E \ F such that t' € F. Suppose that there are
distinct constants aq,--- ,a, € C such that the elements y; € U are alge-
braically dependent over F(r). Since y; are antiderivatives, by the Kolchin-
Ostrowski Theorem, there are constants ¢; € C, not all zero, such that
Yoy € F(r). Let P,Q € Flx], (P,Q) = 1 and @, a monic polynomial
such that

n

P
D emi = g (3.3.1)
=1

Taking the derivative of the above equation, we obtain
n

2 Ci _ ply /
Q(;Hai)—PQ QF'
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We rewrite the above equation as
Q*F = G(P'Q - QP), (3.3.2)

where F'= 37" | [Ti_ ;4 ci(r + ;) and G = ][ r + a;. Note that not all
¢; are zero and assume that ¢; # 0. Then y := ¢ + ¢; divides G, y? does not
divide G and (F,G) = 1. Thus y divides Q2 and since y is irreducible(and
F[r] is a UFD) y divides Q). Now let [ € N be the largest number such that
y! divides Q. Then 32 divides @2 and therefore y'*! divides G(P'Q — Q'P).
Since 3! divides @, y divides G and (P,Q) = 1 we obtain ¢ divides Q’.
Writing Q = y'H for some H € F[r] and observing that Q' = ly'y' "1 H +
y'H', we obtain y divides H, contradicting the maximality of [. Thus the
elements v, - -+ , 1, are algebraically independent over F(z).

Suppose that there is an o € C such that E D F(y,,1) D F for some Picard-
Vessiot extension E of F. Note that F(r) is a Picard-Vessiot sub-extension
of E D F with differential Galois group G(F(r)|F) = (C,+), and every
automorphism of F(r) fixing F lifts to an automorphism of E over F. In
particular, there is an automorphism o € G(E|F) such that o(zr) =t + ¢ for
some ¢ # 0. Observing that

o o=
o r+a
1

e i /:7

and that o € G(E|F), we obtain 9,1 := 0'(9,) € E. Since a + ic are dis-
tinct for 1 =1,2,--- ,m, the elements Yqoic, Vat2c, - € E are algebraically
independent over F. Thus we obtain a contradiction to the fact that E,

a Picard-Vessiot extension over F, has a finite transcendence degree over
F. O

Remark 3.2. Thus if E O F are differential fields such that r € E\ F
and ¢/ € F then the differential field F(y,,1), v, = ;J%a and a € C is
not imbeddable in any Picard-Vessiot extension of F and thus vy, ¢ F;.
We may apply the above theorem again for the element y, with F; as the
ground field. Then for any 33 € Fo such that 32} = Ua%ﬁ’ 8 € C, we
obtain that the differential field F(33,94) is not imbeddable in any Picard-
Vessiot extension of F; and thus 33 ¢ Fa. A repeated application of the
theorem proves the following: If F is a differential field that has a proper
extension by antiderivatives then for given any n, F,, has proper extensions
by antiderivatives.
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Let E D F be differential fields and let r1,--- ,1; € E be algebraically
independent antiderivatives of F'.

Definition 3.11. An antiderivative y of F(x1, - - , ;) is called an Irreducible-
explicit(I-E)antiderivative if y’ = %, where A, B,C € Flt1,--- ,ul, (4, B) =
(A,B) = (A,B) =1 and C is an irreducible polynomial.

Definition 3.12. For each ¢ = 1,2, --- ,m let y; € U be an antiderivative
ek, where Ci, Ai, B; € Flr, -+ ,1),(4,B) =(4,B) =(4,B) = 1, and
satisfying the following conditions;

C1: C; is an irreducible polynomial, C; 1 C; if i # j and C; { B; for any
1<4,5 <m.

C2: for every 1 < z' <m there is an element tc; € {r1, -, 1} such that
=0.

5Ic - 3?0

We call vy, - - -, 9y, a J-I-E(Joint-Irreducible-Explicit) antiderivatives of F(x1, - - ,17).
We call the differential field F(91, -, 0m, k1, , 1), a 2-tower J-I-E exten-
sion of F.

The following theorem shows any set of antiderivatives 1, - -+ , 9, of F(x1, -+, 11),
y, = C 5 s algebraically independent over F(;l, -, ¥;) once it sat-
isfies Cl(see theorem 3.13) and thus J-I-E antiderivatives of F(g1,--- ,1;)

are algebraically independent F(ry, - ,17).

THEOREM 3.13. Let E DO F be differential fields, r1,--- ,51 € E be an-
tiderivatives of F and assume that g1, ,1; are algebraically independent
over F. For each i = 1,---,m let A;,B;,C; € Flr1,---,ul, (4, Bi) =
(A;,Cy) = (B, C;) = 1 be polynomials satisfying the following condition

Cl: G is an irreducible polynomial, C; 1 C; if i # j and C; { B; for any
1<i,j<m.

Let 91, ,9m € U be antiderivatives of F(r1,--- 1) with v, = Cl?éi' Then
V1, , O are algebraically independent over F(xy1, -+ ,1).

Proof. Suppose that vy, --- , 9, are algebraically dependent over F (g1, --- ,17).
Then the Kolchin-Ostrowski theorem guarantees constants aq, -« , ¢, € C,
not all zero, such that » ;" a;n; € F(ry,--- ,x). Assume that a; # 0.
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First we note that if > 7", a;p; € C then ) ", ai% = 0 and now writing

Yo, ai—c‘?éi =L, F,G€F[r, - 1), we obtain
Ay F
a0 = ——
‘C\B G

- OélAlG = —-FC1B;.

Since A1 # 0, we obtain F' # 0 and thus we may assume F' and G are rela-
tively prime polynomials. Clearly, C; divides A1G and since A; and C are
relatively prime, C; divides G. On the other hand ", ai% = g implies
G divides [[;*, C;B;, which implies C; divides []}", C;B; contradicting the
condition C1. Thus ) ", a;9; € F(r1,--- ,1) \ C.

Let P,@Q € F[r1,--- , 1] be relatively prime polynomials such that
= P
D aini = . (3.3.3)
i=1 Q

Let S,T € F[r1,- -+ ,x] be polynomials such that % = (g)’ =>" ai%.

We know that )", a;9; ¢ C and therefore S # 0 and thus we may assume
S and T are relatively prime. Since aq # 0, we see that C; divides T'. And,
T divides []", C;iB; and Cj, B; satisfies condition C1 implies 012 does not
divide T. Thus P, Q, S and T satisfies the hypothesis of theorem 3.6. But,
taking the derivative of equation 3.3.3 we obtain (g)’ = %, which contradicts

theorem 3.6. ]

4 Differential Subfields of the J-I-E Tower

In the next section we will prove a structure theorem for the differential
subfields of a certain tower of extensions by antiderivatives, namely J-I-E
extensions. These towers are made by adjoining antiderivatives that appears
in theorem 3.13.

As usual, let C be an algebraically closed-characteristic zero field, F be a
differential field with field of constants C and let F, be a complete Picard-
Vessiot closure with C as its field of constants.
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4.1 Automorphisms of J-I-E towers

Let 911, - ,91n, be algebraically independent antiderivatives of F and for
=1, 2, s ,k, let E; = Ei—l(Uilu i, 7Uini)a where Ey:=F and for s > 2
Dit, iz, Yin; are I-E antiderivatives of E;_1, that is, nj; = C:jjéij and for
each2 <i < kandforall1 <j <mn;, A;j, Bi;,Cij € Ei_a[0i—11,- -+ ,%i—1n,_,]

are polynomials such that (A;;, Bij) = (Bij, Cij) = (A4ij,Ci;) = 1 and satis-
fying conditions C1 and C2. Let I; := {y;;|1 < j < n;}, Ay :== SpancUl_, I,
Ao = {0} and E := Ej. We will also recall the conditions C1 and C2 here

C1: Cjj is an irreducible polynomial for each i, j. For every i, Cjs t Cj (that
is, they are non associates)if s # t and Cjs 1 By for any 1 < s,t < n;.

C2: for every 1 < j < n; there is an element yo,; € {Di—11," ", Vi—1n;_, }
such that the partial gfcljj # 0 and 5‘;402 :gnBcZ =0.
Definition 4.1. We call
E=E;DE;,_1D---DEysDE; DEy:=F (4.1.1)

a tower of extensions by J-I-E antiderivatives. Note that E; is an ordinary
antiderivative extension of F.

Let Goo := G(F«|F), the group of all differential automorphisms of the
complete Picard-Vessiot closure Fo, of F. We will show that the group
of differential automorphisms G(E|F) is isomorphic to the additive group
(C,+)% for some § < tr.d E|F. Moreover, the action of G(E|F) on E is
given by o(9i;) = 9ij + Cijo, Cijo € C.

Lemma 4.2. For any 0 € Gy and t > 2 the elements of I;, namely,
De1, 912, + 5 Oin, are J-I-E antiderivatives of the differential field E;_ (o (E;—1)),
the compositum of differential fields E;—1 and o(E;_1).

Proof. We observe that E;_1(0(E;)) = E;—1(U;_,0(I;)) and since o(y1;) =
D1j+Cjo, Bi—1(0(l1)) = By—1. For2 < s <t—1,let I7 C o(/,) be a transcen-
dence base of the differential field E;_1(0(Es)) over E;_1(c(Es—1)). Note
that o(I5) consists of antiderivatives of E;_1(0(Es—1)) and that E;—1(c(Es-1))
(0(Is)) = Ei—1(0(Es)). Thus E;_1(0(Ey)) is an extension by antiderivatives
of E;_1(c(Es—1)) and therefore E;_1(c(Es_1))(I7) = E;—1(0(E;)) for each
1<s<t—1.
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Thus Et—l(U(Et—l)) = Et—l(Ug;}Ig)- Since Et—l = Et—2(t)t—117 s 7Ut—1nt71)7
Ye—11,° - ,Di—1n,_ , are algebraically independent over E;_o(because they are
J-I-E antiderivatives) and the set Uf;%[f is algebraically independent over
E;_ i, we obtain that ©;_11,--- ,9¢—1n,_, are algebraically independent over

Et_Q(Ut_IIg). Also note that

=171

Eio(UiZ117) = E20(Ei—2)(I74)

i=1"

and that the elements of I7 ; are antiderivatives of E; 90(E;_2). Thus
Et,g(Ug;%If ) is a differential field which is also a fraction field of the poly-
nomial ring E,_o[U!Z117].

We will now show that v:1,9¢2, -, 9, are J-I-E antiderivatives of the
compositum E;_; o(E;_1). Since 91,02, , e, are J-I-E antiderivatives
of E;_1, there are polynomials A;_1;, B;—1j, Ci—15 € Ev—a[9—11,91—12, - ,
Utfl,nt,l] such that (Atflj, Btflj) = (Btflj, thlj) = (Atflj, thlj) = 1and
satisfying conditions C1 and C2. We observe that all the above conditions
on Ay_1j, Bi—1; and C;_1; holds in the polynomial ring E;_o [UE;% 17, 9¢—11,
Yi—12, -+ > Di—1m,_,) as well and therefore by “Gauss’ lemma” these condi-
tions hold in the ring

Etd(%jﬁ)[‘)t—n, Di-1,2, " s Di—Tmy_1)-
Thus 941,942, -+, De,n, become J-I-E antiderivatives of the field
Eio(UZ 17,96 11,0612, s D10 1) = Bro10(By_1).
O

THEOREM 4.3. Let M be a differential subfield of Foo, t1,- - .41 € Foo
be algebraically independent antiderivatives of M and fori=1,2,--- ,m let
;i € Fo be J-I-E antiderivatives of M(x1,--- , 1) ( that is, v, = B’?&, where
Ai, B; and C; satisfies conditions (A;, B;) =(B;, Ci) =(4;,C;) =1, C1 and
C2). Suppose that there is a subgroup H of Goo of differential automorphisms
fizing M and an element s :== Y7 a;9; € M(91,-++ .0, £1,- -+ ,81), & € C
such that for every o € H, o(s) € M(v1, -+ ,0m, &1, - ,&). Then every
o € H fizes A;, B; and C; whenever «; # 0, that is o(v;) = 9;+ ¢io, for some
cie € C. In particular, for every o € H there is a ¢, := s(C14, - ,¢15) € C
such that o(s) = s+ ¢

Proof. 1f H is the trivial group then the proof is trivial. Assume that H is a
nontrivial group. Since ¢, € M, M(zy, - - ,¥;) is an extension by antideriva-
tives of M and thus the differential field M(zy, - -« ,x;) is preserved by H. In
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particular a(c‘?éi) € M(z1,- - ,x1). Then M(y1, -+ ,9pm, 21, , &) hasm+1
antiderivatives Y ;| oo (1), 91, -+ ,9m of M(z1, - -+ , 1) and therefore the
antiderivatives has to be algebraically dependent over M(r1,- - ,1;). Now
from the Kolchin-Ostrowski theorem we have constants v;, 1 <¢ < m+1
not all zero such that

D il Ymr1 > aio(n;) € M(z1, -+ 1) (4.1.2)

i=1 i=1

Note that if v,,+1 = 0 then y;’s become algebraically dependent over M(zq, - -
which is not true. so vp,+1 # 0 and thus we may assume ,,4+1 = 1(dividing
through the equation 4.1.2 by y,,41).

First we will show that o(C;) = C; for all 0 € H whenever o # 0. Then we
will use this to show that H indeed fixes A; as well as B; whenever a; # 0.

Suppose that there is a p € H and an 4,1 < ¢ < m such that «; # 0 and
p(C;) # C;. For convenience, let us assume that ¢ = 1. The automor-
phism p acts on the ring M1, -+ ,1;] by sending r; — r; + ¢;p and if p
is nontrivial then clearly p has an infinite order. Thus we have p(Cp) =
Ci(x1+cip, -+ su+cyp). From proposition 3.2 we see that C divides p(C1)
only if C7 = p(C1) and thus p(Ci) and C; are not associates (over M).
In fact, for any i,j € NU {0}, i # j, the elements p*(C;) and p/(Cy) are
non-associates. Since every polynomial in Mgy, -+, ] has finitely many
(non-associate) irreducibles and p?(C1) is also an irreducible for each i € N,
there is a j € N such that

p’(C1) 1 BBy By,

We also note that p/(Cy) 1 p/(B;) for any 1 < j < m and p/(Cy) 1 p/(C;)
for any i # 1; otherwise C1|Bj, or C1|C; for some i # 1 and in either case,
contradicts the condition C1. Thus

P’ (Cy) does not divide B ﬁ Bip (B;)p’ (C;). (4.1.3)
=2

The equation 4.1.2 is true for all ¢ € H and thus there are polynomials
A7B S M[xb T 72:l]

m e ] A
D i+ ipd (n) = B
=1 i=1
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Let S,T € Mgy, -+, 1] be relatively prime polynomials such that

p’ (A1) -~ A< PA) 8
OB T 2 aB T oy T (Y

aq

and let F,G € M|t1,--- , 1] be relatively prime polynomials such that

F = — S . Az © ﬂ
G Z;V CiB: z; OB (4.1.5)
Note that N
G divides B [] Bip’ ()7 (C) (1.1.6)
=2

Suppose that S = 0. Then

g PA) _F
LpI(C)p(Br) G
— a1’ (A1)G = p/(C)p (By)F. (4.1.7)

Since A is a non zero polynomial, so is p/(A;) and thus a; # 0 implies
F # 0. From equation 4.1.7 we obtain p/(C}) divides G and now equation
4.1.6 contradicts equation 4.1.3.

Thus S # 0. Substituting equation 4.1.5 in equation 4.1.4 we obtain

o PA) F_S
Yi(Cypi(B1) G T
(a1p? (A1)G — p? (C1)p? (B1)F) T = SGp (C1)p (By). (4.1.8)

From the above equation 4.1.8 we obtain p’ (C}) divides a1 p’(A4;)GT. Again
equations 4.1.6 and 4.1.3 guarantees p’/(C}) does not divide G and clearly
p’(C1) does not divide p/(A1). Therefore p/(C;) divides T, which implies
that p?(C1) is an irreducible factor of 7. Thus we have produced polynomials
A,B,S,T € M[z1,- - ,tn) contradicting theorem 3.6. Hence o(C;) = C; for
all o € H.

Now we will show that H fixes A; and B; for every 1.

Assume that «; # 0 and pick a o € H. Note that ¢(Cy) = C; and that o is
an automorphism, therefore Cy # o(Cj) for any j # 1. If P € M1, , 1]
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is a polynomial and C; divides o(P) then o~!(Cy) divides P. But o(C;) =
C; implies 071C} = C; and therefore C; divides P. Hence we note that

Cy does not divide By || Bio(B;)o(Ch). (4.1.9)
=2

Take the derivative of equation 4.1.2 to obtain

2 Ay J(‘41) / ’
; — BA'—AB.
(ZVCB +Z ( +71CBI+O‘1010(BI)>
(4.1.10)

Let F,G € M[t1, -+ , 1] be relatively prime polynomials such that

7

- A; - U(Az) F
i o) 4111
;7 CiB; ;0‘ o(Co(By) G (.11

and let S, T € Mz, -+ , 1] be relatively prime polynomials such that

A1 U(Al) F S
A =2 4.1.12
"o TYCemy TETT (4.1.12)
Note that (4)' = 2 and that
G divides [ [ Bio(Bi)o(Cy). (4.1.13)

i=2
We rewrite equation 4.1.12 as

TG (’ylAl(J'(Bl) + ala(Al)Bl) + TFCla(Bl)Bl = SGClo'(Bl)Bl (4114)

Again, we will split our into two cases; S # 0 and S = 0. In both the cases,
we will show that C divides y1 A10(B1)+a10(A1)B1. Assume for a moment
that we proved C; divides y1 410(B1) + a10(A1)B1. Then from C2 we have

to, € {r1,--- ,1} such that 88;6;11 # 0 and g;él —gf; = 0. Since o(x;) =i +
cie for some ¢;; € C, 0 is an automorphism of the ring M[{r1, -+, 1} \{rc, }]

and therefore y1410(B1) +a10(A1)Br € M[{r1,---,u} \ {tc,}]. Thus C;
divides vy A10(B1) + ayo (A1) By implies y1 A10(B1) + a10(A1) By = 0, that
is, o (gl) = —g—ll%. Then A; divides o(A;) and By divides o(B;) and
therefore from proposition 3.2 we obtain o(A;) = 4; and o(B;y) = By.
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Let us show that C divides y1 A10(B1) + a10(A41)B;.
Case S # 0O:

From equation 4.1.14 we observe that C divides TG (y1A10(B1) + a10(A1)B1)
and from equations 4.1.13 and 4.1.9 that C does not divide G and therefore
(4 has to divide T'(y1A10(B1) +a10(A1)By). If C1 divides T then the poly-
nomials A, B, S,T € M[t1, - , 1] contradicts theorem 3.6. Thus C divides
’ylAla(Bl) + Oéla(Al)Bl.

Case S = 0: From equation 4.1.14 we have
G (m1A10(B1) + ano(A1)Br) = —FCio(B1)By.

As noted earlier, C; does not divide G and thus C; divides v Aj0(By) +
ala(Al)Bl.

Thus we see that for every o € H, 0(A;) = A;, 0(B;) = B; and ¢(C;) = C;

and therefore 4 4
Y % _ )

Since v} = C?éi7 we obtain o(;) = v; + ¢ for some ¢;, € C. Clearly, for
every o € H, o(s) = s + ¢, where ¢, := s(c15, -+ ,¢1s) € C. O

Before we classify the differential subfields of a general J-I-E tower we will
first work with a two step tower.

THEOREM 4.4. Let F(z1,--- ,1;1) D F be an extension by algebraically in-
dependent antiderivatives t1,--- ,x; of F. Letvy,--- 9, be J-I-E antideriva-
tives of F(x1,- -+ ,11). Then every differential subfield of F (91, ,9m, ¥1, " ,Im)
is of the form F (S, T), where S and T are finite subsets of spanc{yi, -+ , Hm,
1,58} and spanc{ri, - ,tm} respectively.

Proof. Let E :=F(91,--+ ,0m,11,---,8), L:=F(r1,--- ;1) and ED K D
F be an intermediate differential field. Note that L is an extension by
antiderivatives of F and L O KN L D F is an intermediate subfield. Thus
there is a finite set T C spanc{ri,--- ,1}, algebraically independent over F
such that KNL = F(T). Let T C {r1,--- ,5} be a transcendence base of L
over F(T). We observe that F(T,T) = L, |T|+|T| = [, and T is algebraically

independent over K; otherwise, T becomes algebraically dependent over
K NL = F(T) which contradicts the choice of T.
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Thus K(z1,---,1) = K(T). We observe that E O K(T) D L and that
E is a (Picard-Vessiot) extension by antiderivatives of L. Thus there is
a finite set S* C spanc{vi,---,0m} such that K(T) = L(S%). We may
also assume that S* is algebraically independent over L. Since K(T) is a
(Picard-Vessiot) extension by antiderivatives of K, for every s € S* and
p € G := G(K(T)|K), the element p(s) € K(T). Thus p(s) € E for every
p € G and for every s € St

We have o
L —— K(T)
| |
F— K

where are arrows are inclusions. Thus there is a natural injective map ¢ :
G(K(T)|K)—G(L|F) of algebraic groups such that p(r;) = ¢(p)(x;) for all
p € G(K(T)|K), and there is an algebraic subgroup H of G(L|F) such that
the image ¢(G(K(T)|K)) = H. Note that the action of p on r; completely
determines p for all p € G(K(T)|K).

Thus o(s) € E for every o € H and for every s € S*. Now from theorem
4.3 we obtain o(s) = s + ¢, for all 0 € H, ¢, € C. Thus s’ € L¥ and in
particular o(s’) = & for all ¢ € H. Since p(r;) = ¢(p)(x;) for all p € G
and ¢ is surjective, p(s’) = ¢’ for every p € G and therefore s’ € K€ = K.
Then s € K(T) is an antiderivative of F and therefore the set TU{s} has to
be algebraically dependent over K. From The Kolchin-Ostrowski theorem,
there is an element t; € spancT such that s+ t, € K. We also observe that
s’ € K and s’ € L and therefore s’ € F(T). Now we let S := {5 + t5|s € S*}
and observe that K D F(S,T) D F(T) D F. Let S C {v1,--- ,9,n} be a
transcendence base of E over K(T) = L(S*). Then [S| + |S*| = m and in
particular L(S U S¥) = E.

We know that
tr.d E|F = tr.d E[K + tr.d K|F(S,T) + tr.d F(S,T)|F (4.1.15)

tr.dE|K = [S| + |T| and tr.d F(S, T)|F = |S| + |T|. Note that |S| = |S*| and
that [S| + |T| + |S* + |T| = tr.d E[F = [ +m. Thus tr.d E|F = [S| + |T|
+[S|+|T| = tr.d E|K+tr.d F(S,T)|F and therefore from equation 4.1.15 we
obtain tr.d K|F(S,T) = 0. Thus K is algebraic over F(S,T). Now letting
M := F(S,T) and applying theorem 4.4, we obtain K = F(S, T). O

THEOREM 4.5. If there is an s = Z;Ltzl QgiV; + Zf;i ;LZ:I Qii9i; €
Ay \ Ap—q1 for some 1 < t < k and a subgroup H of G(F|F) such that for

38



every o € H, o(s) € E; =: E then o(0i;) = vij + cijo for every o € H
provided the coefficient c;; of v;; in s is nonzero.
Proof. We will use an induction on ¢ to prove this theorem.

t = 1: Then s is a linear combination of antiderivatives 911, - ,915, of F.
Therefore for every o € G(Fo|F) we have

n1; = o(vy;) = o(n1y).

Since Fo, and F has the same field of constants, there is a c1;, € C such
that O’(t)lj) =915 + Cljo-

Assume that our theorem is true for ¢ — 1.

t > 2: For
ne t—1 n;
s = Z CtiVtj + Z Z CijVij,
j=1 i=1 j=1

where ay; # 0 for some j, suppose that o(s) € E. Then

nt t—1 n;
o(s) = ctjo(ny) + Y > cijo(niy) € E (4.1.16)
j=1 i=1 j=1
n¢ t—1 n,
— thjU(Utj) € E(0(E;_1)); since ZZCUJ(UU) €o(Ei1)
J=1 i=1 j=1

(4.1.17)

Suppose that for i > t+1, 0(s) € E;(0(E¢_1)). Then note that E;(c(E;_1))
is an extension by algebraically independent antiderivatives 9;1,--- , i, of
E;_1(c(E;—1)). Also note that o(s) is an antiderivative of o0 (E;_1) and there-
fore an antiderivative of E;(c(E;—1)). Thus there are constants ao, a;; € C,
1 < j < n; not all zero such that

aioo'(ﬁ) + Z Q05 € Ez;l(O'(Etfl)).
j=1

But, if a;; # 0 for some 1 < j < n; then from the above equation and from
the facts that o(s) € o(E¢) and o(E;—1) C o(E;) we have

> ainij € Bioi(o(Ey))

=1
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and since t <1¢— 1, E; C E;_1, which implies

Z a;ini; € Ei_1(0(Ei—1)),

j=1
a contradiction to theorem...
Thus o(s) € E(c(E¢—1)) implies 0(s) € E;(c(E¢—1)). Let M := E;_2(c(E:—2)).
We know that I,y = {9t—11,- - ,9—1,n,_,} is algebraically independent
over M. Now let I7 ; C o(lt—1) be a transcendence base of E;_;(0(E;_1))
over M(I;—1). Then M(l;_1,17 ;) = Ei_1(c(Ei—1)) and Ei(o(E¢—1)) =
M(I¢, I—1, I7 ). Thus we have the following tower of antiderivatives

M(Lh[t—l,]—gfl) D) M(It_l, Igfl) O M.

We also know that I; consists of J-I-E antiderivatives of M(/;—1, I ;). Now
applying lemma 4.3 we obtain that o(n:;) = 0y + cjo for every o € H. Also
note that o(n¢;) = 0y + ¢tjo implies

nt nt Tt
o(Y_auyg) =Y ayny + Y arjctjo.
j=1 j=1 j=1
Thus
o(s) e E

ne
—— 0'(5) — Zatjljtj cE
7j=1

t—1 n;

ng
— Z QtjCtjo + O'(Z Z aijnij) cE
j=1 i=1 j=1
t—1 n;

- O’(Zzaijnij) € E.

i=1 j=1

Now we apply our induction hypothesis to the sum Zf;i ?;1 aj;hi; to

prove our theorem.
Corollary 4.5.1. The group of differential automorphisms of E over F is a
subgroup of (C,+)", where n = tr.d(E|F).

From theorem we observe that if o(1;;) € E then o(1;;) = v;;+ ¢ijo for some
¢ijo € C. Thus G(E|F) is a subgroup of (C,+)". O
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Now we will prove a generalization of the Kolchin-Ostrowski theorem for a
tower of extensions by J-I-E antiderivatives.

THEOREM 4.6. Generalized Kolchin-Ostrowski Theorem

Let Ex D K D F be an intermediate differential field and let T; C I; be
subsets such that T; is a set of antiderivatives of K(U;;llTj) for each 1 <

1 < k. If Ug’?:lTj 1s algebraically dependent over K then there is a monzero
s e KNA.

Proof. Suppose that U§:1Ti is algebraically dependent over K. Then there
is a t such that T; is algebraically dependent over K(Uz;llT]) Then by The
Kolchin-Ostrowski theorem, there is a non zero t; € K(U;;llTj) N A Let
H;_1 be the group of all differential automorphisms of K(U;;QlTj)(Tt_l) over
K(Uz;QlTj). Note that for every o € Hy_1, o(y) € K(U;;ZlTj)(Tt,l) C Ey, for
every y € K(U;;QITJ')(Tt_l) and that H;_1 can be realized as a subgroup of G.
Thus we may apply theorem 4.5 and obtain that o(t;) = t; + a4, for some
oy € C. This shows us that t; € K(U;;QIT]-)(Tt_l) is an antiderivative
of K(U;;%Tj) and therefore the set {t;} U T;_; is algebraically dependent
over K(U;;%T]), observe that t; ¢ U;;llT] Again by the Kolchin-ostrowski
theorem there is a t;_1 € A;_; and a constant c, ;—1, where t;,_1 or ¢, 4—1 is
nonzero such that

Ctt,t—ltt +4.1€ K(U;;QITJ) NA_q.
Now a repeated application of thereom 4.5 and the Kolchin-Ostrowski the-
orem will prove the existence of a nonzero s € K N Ay. O

THEOREM 4.7. For every differential subfield K of E := Ey, the field
generated by F and Sy := K N Ay equals the differential field K. That is

K = F(Sg).
Moreover K itself is a tower of extensions by antiderivatives, namely
K =F(S;) D F(Sk-1) D F(Sk—2) D DF(51) O F,
where S; := S N A;.
Proof. We will use an induction on k to prove this theorem. k£ = 1: Here

E := E; is an extension by antiderivatives of F and therefore from theorem
3.1 our desired result follows immediately
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k > 2: Assume that for any differential subfield of E;_1 our theorem is true.
Let S; := KN A; and note that S; D S;_1 and the following containments

EDKDF(S,) DOF. (4.1.18)

We will first show that F(S) is a differential field. Applying our induction
hypothesis to the differential field (F(S!)) C E;_;, where S! = {y'|y € S;}
we obtain that (F(S})) = F(T'), where T' = (F(S})) N A;_1. Also note that
(F(S!)) € K and therefore

T=(FS))NA1 CKNA1 CKNA =S

Thus F(S;) 2 F(T') and since S; C F(T) and F(T) is a differential field,
F(S;) is also a differential field. Hence F(Sy) is a differential field and

F(Sk) D F(Sk-1) D F(Sk-2) D --- D F(51) DO F,

is a tower of extension by antiderivatives.

Let S; C I; be a transcendence base of E; over the differential field E;_1(S;).
Since E; is purely transcendental over E;_; it is also purely transcendental
over E;_1(S;) too and therefore E;_1(S;, S;) = E;. We note that F(Sy,51) =
E1, F(S2, 51, 52) = E1(S2,52) = Es and in general we have F(S;)(U!_;S;) =
E;. Since K D F(S;) we have

E= K(Ulegi) D) K(U?;llgi) DI K(SQ, 51) D) K(Sl) ODKD F(Sk) OF
(4.1.19)
We know that U!_,S; is algebraically independent over F(S;). Since S; =

KN Ay we obtain from theorem 4.6 that Uf_, S; is algebraically independent
over K. Now from equation 4.1.19 we obtain

k
tr.d(E|F) = 3 [Si] + trd(K[F(Sy)) + tr.d(F(Sy)|F). (4.1.20)
=1

On the other hand we have
E = F(S)(U,5:) 2 F(S) 2 F
and thus i
trd(E[F) =) |Si| + tr.d(F(Sk)|F) (4.1.21)
i=1

From equation 4.1.20 and 4.1.21 we obtain tr.d (K|F(Sg)) = 0, that is, K
is algebraic over F(Sy). Now from theorem 3.9 we obtain K = F(S;). O
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4.2 Example

Let C := C denote the complex numbers, C, the complete Picard-Vessiot
closure of C, z € C4 be an element whose derivative is 1, tan~'z € C4, be
an element such that

1
tan~'x) = ——
(tan™"z) 1+ 22
and let tan~!(tan"! ) € Co be an element such that

1
(14 (tan=12)2)(1 + 22)

(tan_l(tam_1 x)), =

We will use theorem 4.7 to compute the differential field C(tan~!(tan=!(z))).
First we observe that (tan~!(z))" = 1+1$2 = ({EH)l(xii) and thus tan~! z is an
I-E(J-I-E) antiderivative of C(x). We also observe that tan=!(tan=1(z)) is
an I-E(J-I-E) antiderivative of C(x, tan~!(z))(note that (tan_l(tan_l(x)))’ =
(H(tan,llx)Q)(HxQ)). Thus z,tan~!(z),tan"!(tan"!(x)) are algebraically in-
dependent over C. Also from theorem 4.7 we see that there should be
a linear combination of the form c¢;tan™'z + cox, where ¢; is non zero
(since the (H(tan_llx)g)(HxQ) € C({tan~!(tan~'z)) ). Thus by differenti-
ating ¢y tan™!z + cow, we see that x € C(tan~!(tan"!x)) and therefore
tan~!(z) € C( tan~!(tan"' z)) since c; tan~! x + coz € C{tan™!(tan~! z)).
Hence

C(tan~!(tan' z)) = C(tan ! (tan"' z), tan "' z, z).
We observe that
1 1 ' 1
—In(z—1i) — =1 )| = —5—
<2i n(z =) 2i n(z +1)> z2+1

_1
241

1 1
_lx:?iln(z:—i)—?iln(eri)Jrc.

and since (tan~!z) = there is a ¢ € C such that

tan

Also note that

1 1 . 1 . , 1 , 1 . Y.
Z(ln(ﬂln(az—z)—Zln(aﬂ—z)-\—c—z)—(ln(ﬂln(x—z)—Zln(:c—kz)—kc—kz))
1 1 1

2241\ il —i) - sIn(@+i)+e—i aln(z—1d)— LIn@+i)+ct+i

1
(1+ (tan~'z)2)(22 + 1)
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1

0+ (tan T2 @2 1) there is a constant

and since (tan~!(tan~!2))’ =

d € C such that

tan"!(tan"!(z)) = %(ln(% In(x — i) — % In(x +14) + ¢ —1)

— (ln(%ln(x —1i) — %111(354—1’) +c+1i)) +d.

Hence
where
1 1 1
P ::%(ln(iln(x i) = 5 In(a +1) + e~ )
1 1
T S . . )
n(% n(z —1) 5 n(z+1i)+c+i)
y1 :=In(z — i)
Yo :=1In(x + 1)
Clearly
1
C<ta’n71(ta‘n71 'CC)> = C(Zv ?(yl - 92)7 :II)
i
Remark 4.1. The J-I-E extensions may have non-elementary functions. For
example; if a; € C are distinct constants for ¢ = 1,--- ,n then the elements
p, = [ % are J-I-E antiderivatives of the differential field C(z,In(x))
with y) := Cj?éi where A; :=In(z), B; := 1 and C; := x — a;. These y;’s are

non-elementary functions, see [3]. From theorem 3.13 we see that these y;’s
are algebraically independent over C(z,In(z)) and from therorem4.7 we see
that any differential field K, C(z,In(z),9;]1 < i < n) O K D C is of the
form C(S), where S Cspanc{z,In(z),n;|1 < i < n} is a finite set. Moreover
C(9) itself is a tower of (Picard-Vessiot) extensions by antiderivatives.

5 Extensions by iterated logarithms

In this section we will provide an example of a J-I-E tower namely, the
extensions by iterated logarithms. Though many of the results for iterated
logarithms setting can be deduced from the J-I-E tower setting from section
4, we will still prove those results here separately and this will help us
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in writing an algorithm for computing the finitely differentially generated
subfields of the extensions by iterated logarithms.

Iterated Logarithms

Let C be an algebraically closed-characteristic zero differential field with a
trivial derivation and letC,, be the complete Picard-Vessiot closure of C.
Let [[0,0] € Co be an element such that ['[0,0] = 1. We will often denote
[[0,0] by x. Given €= (c1,--- ,¢p) € C" let [[¢€,n] € Coo be an element such

that . (@ — 1]
[[77(6)7 n— 1] + 1/)n(5) ,

where v, : C* — C is the map ¥, (c1, -+ ,¢) = ¢, and 7 : C* — C" ! is
the map

(5.0.1)

77(617' e 7Cn) = (Cly"' acnfl), when n > 1;
m(c) =0, when n = 1.

Whenever we write [[¢, n], it is understood that ¢ € C™. We observe that
for¢=(c) e C

(e 1] =

Thus for ¢ € C, the element [[¢, 1] can be seen as the element In(z + ¢).
Similarly for ¢ = (c1, -+ ,c,) € C", the element [[¢,n] can be seen as the
element In(In(- -+ (In(z + ¢1) + ¢2) - -+ + cp—1) + ¢n).

For 1 <k <n-—1,let 7 : C* — C"* be the map 7*(cy, - ,c,) =
(e1,-++ ,cn_k) and let 7@ : C™ — CY := {0} be the zero map. For 1 <k <n
let ¢ : C" — C be the map ¥i(c1,- - ,cn) = ¢x. Under these notations,
we can rewrite equation 5.0.1 as
n—1
tien) = (T] = ) ! |
S ([ (@), n = (i + D] 4 Yn—i('(€)) / [7(6),n — 1] + ¢ (C)

(5.0.2)
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This above equation is obtained simply by clearing the derivative that ap-
pears in the numerator of the RHS of the equation 5.0.1. Note that

n—1

(r(@n—1 =] ;

i=1

1
[r1(E),n = (i 4+ D] + ni(7(€))

(5.0.3)

Definition 5.1. When n € N we will call [[¢,n] an n'? level iterated loga-
rithm or simply an iterated logarithm, without specifying its level.

We note that [[0, 0], whose derivative equals 1, is not an iterated logarithm
under our definition. Hereafter we will call [[0, 0] as x.

More notations

Let Ag := {z}, Ay = {l[G,n]|c € C"} and Ax = UX A; and let £ =
C(Ag), £, 1= C(UyA;) and £ = C(A). Note that £y, £, and £, are
differential fields(follows from equation 5.2.1).

Let ¢ € C". We define 7*(I[¢,n] := [[7*(¢),n — k] whenever k < n. Note
that 7(I[¢,n]) = [[0,0] = . When k > n we define 7*(I[¢,n]) := = and
7¥(z) := x for any k € N. Now we may also define 7¥(S) for a non empty
set S C Ay as 7%(S) = {7*(y)|y € S}. Thus

if y € Ay, then 7(y) € Ap_1, ™ (y) € Ay_a, -+, 7 (y) =2 € Ag. (5.0.4)

We also see that if E C Ay is a finite set, then there is an n € N such
that 7"(E) = {z}. Given a nonempty set £ C A it is not necessary that
C(E) is a differential field. For example C(I[0,1]), that is the field C(In(z))
is not a differential field. whereas, C(In(x),z) = C(I[0,1], #(([0,1]) = z)
is a differential field. (note that ¢ C(ln(z)); in fact = and In(z) are
algebraically independent over C. We will later show that any collection of
iterated logarithms is algebraically independent over C(x)) More in general
we have the following propositions.

Proposition 5.2. Let [[¢,n] € A be an iterated logarithm. Then
C([[E’ ’I’L], [[ﬂ-(a’ n— 1]7 [[71-2(6)771’ - 2]7 Ty [[ﬂ-n(av 0] = l‘)v

is a differential field

Proof. We will use an induction on n to prove our proposition.

n = 1. Note that I'lc,1] = -+ and 2’ = 1. Therefore C(I[c,1],z) is also
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a differential field. We recall that if ¥ € C™ then n"™(¥) = 0 and there-

fore ([ (¥),n — n] = [[0,0] = z. Let us assume for any ¢ € C" that
C(I[¥, n), l[x(¥),n — 1], -+ ,z) is a differential field and let &€ C"*1. From
our induction hypothesis, we know that F := C(l[x(&),n — 1], [72(¢),n —
2], , z] is a differential field since 7(¢) € C*~1. Thus
!
-1
(@, n— 1 + 0n(@
Hence F(l[¢, n]) = C(l[¢,n], ([1(6),n — 1],- -+ ,x) is a differential field. O

Proposition 5.3. Let F C A be a finite set of iterated logarithms. Then
C(Ea 7T(E), 7['2(E)7 e 7:5‘)

is a differential field

Proof. If E = () then C(E, n(E), 7*(E),- -+ ,z) = C(x) which is a differential
field and we are done. Let £ = {y;|/1 < j < s}. We know from proposition
5.2 that K; := C(y;, 7(y;), -+ , 7" (y;) = ) is a differential field and since
C(E,n(E),7*(E), -+ ,x) is a compositum of differential fields K;, we see
that C(E,m(E),n%(E),--- ,x) is also a differential field. O

Definition 5.4. For £ C Ay, we will call the field C(E) an extension by
iterated logarithms if E contains at least one iterated logarithm, that is, if
FE has an element from A, other than x. And, we will call the differential
field C(E, n(E),7*(E),--- ,z) as the Container Differential Field|CDF)] for
the set F.

5.1 The Two Towers and a Structure Theorem for £,

Let £ C A be a finite non empty set. Then there is a minimal n € N
such that 7"(E) = {z}. Once this minimal n is chosen, it is clear that
E contains at least one element from A, and no elements from A; for any
i > n. Hereafter we will use the symbol € to denote U?_,m'(E), where n
satisfies the above minimality condition. Thus C(E,n(E),n%(E),--- , x),
the container differential field of E is the field C(€). Note that 7(&) C &
and let T; := A; N € for all 1 < i < n. Then the T;’s are disjoint and
partitions € in such a way that each 7T; contains iterated logarithms only
from level i. Clearly £ C €, and € may contain more elements than F, but
those elements that are in & but not in E has to come from U?Z_OIAi. Thus
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T, == A,NE = A, NE. Also we observe that C(€) is a differential field and
it contains C(E).

Definition 5.5. We will call this partition Ty, 11, - - - , T}, of € as the levelled
partition of €.

We observe that

A
i
I
D]
&

N 1N 1N
e
|

Thus n(T;) C T;—1 for all 1 < i < n. We also note that Ty = {z} since
F is non empty. We will use this partition of € to prove that the iterated
logarithms are algebraically independent over C(z) and this will be done in
subsection 5.2.

Now we will construct a tower of Picard-Vessiot extensions by antideriva-
tives(iterated logarithms) to reach C(€) from C using this levelled partition
of €. (Note that this tower is not imbeddable in the Picard-Vessiot closure
of C.

The construction of this tower is obvious. Let Ko := C(Tp) = C(x) and let
K; := K; 1(T;) for all i € N. That is K; = C(U;_yT}) for 0 < i < n. Clearly
K is an extension by antiderivatives of C. Also, for y € T;, ©/(y) € Ufc_:lOTk
for all 4,7 € N and in fact, 7/ (y) = « for all j > i. Now from equation 5.2.1
we see that ¢ € K;_1 and thus K; is also an extension by antiderivatives
of K;_1. Therefore we have a tower of P-V extensions by antiderivatives
namely

C¢)=K,>K,-1D---O2K;D>DKy>C. (5.1.1)
We will call this the levelled partition tower of C(&).
There is another useful way of dividing the set € = U 7(E). Let
P =FE\UL 7' (E).

We claim that U ,7%(P) = ¢. Before we prove this claim, we note that
PNai(P) =0 for all i, 1 <4 < n and this statement immediately follows
from the definition of P. We also note that P C FE.

Now we will use an induction argument to show that U?_,m(P) = €. First
we observe that € = U?_(A; N €). From the choice of n it is clear that A, N
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E # (). From equation 5.0.4 we see that for every y € A,NE, y ¢ U 7' (E).
Thus A,,NE C P and therefore A,NE C P C U?:Owi(P). Assume that there
is a k < n such that for any i, k <i<n, A,NEC U?ZOWZ'(P). We will show
that Aj_1NE C UL 7' (P). Let y € Ay_1NE. If y € P, we are done. So, we
suppose that y ¢ P. Then y € U, 7/(E) and therefore there is a z € F and
a j € N such that n/(z) = y. Clearly such a z € U, A, N E. That is, z has
to be a higher level iterated logarithm than y is (see equation 5.0.4). Now
from our induction hypothesis we obtain z € U y7¢(P) and since U, (P)
is invariant under 7, we obtain y € U w*(P). Thus Ul 7' (P) = €.

Definition 5.6. We will call the set P C E as the m—base of €.

We may also construct a tower of Picard-Vessiot extension by antideriva-
tives(by iterated logarithms) to reach C(&) by defining P; := P;_1 (7"~ ¢(P))
for 1 <i < n, where Pg := C(z). Then P; = C(U)_yn"/(P)) for 0 <i <n
and clearly, P; is a differential field. Thus we see that

C(¢)=P,D>P, 1D---D>P; DP;DC. (5.1.2)
We will call the above tower as the m—tower of C(€).

We observe that P C U?_oA; and therefore m(P) C U Ay, 72(P) C U A,
and in general 7/ (P) C U?Z_Oj A;. Thus 777 (P) C ULOAi and from this
fact we also obtain U om" ™ (P) Cc U™ A; for any m,0 < m < n. Since
Ui (P) = €,

Uitgm" ™7 (P) CUZ A N E
= UitoT;

and thus U?;OW”*J'(P) C Ur,T;. This shows that P,, C K,, for every
0 < m < n. Nonetheless the inequality could be strict and we will now
provide an example for the same.

Let C := C and let £ = {In(In(z + e) + 5),In(In(x)),In(z), In(z + 1)}.
In our notation, the set E = {l[v7, 2], [[th, 2], [[U5, 1], [[U4, 1]}, where ¢ =
(exp,5), U2 = (0,0), 5 = (0 ) and U4 = (1). Then we immediately see
that w(ln(In(z + exp) + 5)) = (x + ), 2(In(In(x + exp) + 5)) = 7 (In(z +
&)= z, r(In(In(z))) = In(x), »*(In(In(x))) = z, (in(Inz +1))) = In(z +
1), 7(In(zx + 1)) = = and m(x) = x. Thus the set € = {In(ln(zx + €) +
5),In(In(x)), In(z),In(x + 1), In(z + €), x}.

Let us obtain the levelled partition of €. The set Tp = €N Ay = {z},
T, = Ay né& = {ln(z),In(x + 1),In(x + e)} and the set Th = €N Ay =
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{In(In(z)), In(In(z + ) + 5)}. Therefore the levelled partition tower would
be
C(¢) D C(In(z),In(z + 1),In(z +€),z) D C(z) D C.

Note that the 7—base P of € is given by P = E\U?_;7*(E). Since U?_;7'(E)
= {ln(x+e),In(x), x} we see that P = {In(ln(x+e)+5),In(In(x)), In(x+1)}.
Thus the m—partition tower of C(€) is

C(¢) D C(ln(z),In(x 4+ €),z) D C(x) D C.

Therefore, if we assume that the iterated logarithms are algebraically inde-
pendent over C(z) then In(xz + 1) ¢ C(In(z),In(z + €),z) and thus the two
towers are distinct.

Structure theorem for £,: Here we will assume that the iterated log-
arithms are algebraically independent over C(x). That is, the set Ay is
algebraically independent over C. A proof for this fact is provided in sub-
section 5.2, theorem 5.11. Thus £ is the field of fractions of the polynomial
ring C[A]. For y € Ay let 8% denote the standard partial derivation on
the polynomial ring C[A].

Let u € £, \ £,—1. Then there is a finite non empty set S C U}_,A; such

that u = g, P,Q € C[S] and (P, Q) = 1(that is the G.C.D of P and Q in

the polynomial ring C[S] is 1 ). It is conceivable that some of the elements

of S may not be necessary to express u. So, we define a set E, as
oQ }

oP
E, := {yeS‘a—y#Oora—y#O (5.1.3)

Definition 5.7. The set E, is called the set of all essential elements of u

We observe that u € C(E,) and that if u € C(S) for some set S C Ay then
E, C S. Sometimes we drop the suffix v and simply write F instead of FE,.
Since C[A)] is a polynomial ring (over a field), the set E, is unique. The
following theorem proves the uniqueness of E,,.

THEOREM 5.8. (Uniqueness of E,) Let u € £+ and let E, be a set of
essential elements of u. Then u € C(S) for some S C As only if E, C S
and thus the set B, is unique for a given u.

Proof. Let S C Ax and let u € C(5). Then

A
- 14
= (5.1.4)



for some A, B € C[S] and P,Q € C|E,], where (P,Q) = 1. Since (P,Q) = 1,
from the above equation it is clear that P divides A and @ divides B in the
polynomial ring C[SUE,]. Thus there are R, T € C[SUE,] such that PR =
A and QT = B. Note that if y € F,, then %—5 #0 or %—g # 0. Suppose that
there is a y € F,, such that %—I; # 0. Consider the equation PR = A. Then
deg,(P) > 1 and note that PR = A implies deg, (P) + deg,(R) = deg,(A).
Thus deg,(A) > 1. Hence y € S. Similarly if %—g # 0 and %—ij = 0, we may
use the equation QT = B to show that y € S and thus E, C S. O

The following corollary is a direct consequence of the above theorem.

Corollary 5.8.1. Let S C Ay be any nonempty set and for 1 < j < s let
y; € A be distinct. Then for any constants a; € C* such that ijl a;y; €
C(S), the element y; € S for each j.

Proof. Suppose that there are a; € C* and such that ijl a;y; € C(9).
Since a; € C*, the essential elements of 25:1 ajy; is the set E := {y;|1 <
j < s}. Now from theorem 5.8 we obtain E C S. O

Now we will state the structure theorem for singly generated differential
subfields of £,,.

THEOREM 5.9. Let u € £, \ £,-1, E the essential elements of u and
C(€) the container differential field of E. Let P C E be the m— base of €.
Then the differential field

C<u> = 0(8777(7))’7[-2(73)7 T 71')7

where S is a finite nonempty subset of spancP. Moreover for every y € P,
S contains at least one linear combination in which y appears nontrivially.

The above structure theorem is proved in subsection 5.4. There we will also
generalize this theorem to finitely generated differential subfields of £,, and
give an algorithm to find the set S and P that appears in the above structure
theorem.

Remark 5.1. Given a u € A, there is a set finite £ C U}_jA; and we may
also choose a minimal n such that the above inclusion holds. Then C(u)
becomes a subfield of the container differential field C(&) of E. The field

C(€) is an elementary extension of C. The above stated theorem(and its
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generalized version) shows that every differential subfield of C(€&), more in
general, a finitely differentially generated subfields of £, has to be a gener-
alized elementary extension of a special form. For a definition of elementary
and generalized elementary extension and results related to our theorem in
a more general context, one may refer to the following papers [12], [13] and
[14].

5.2 Algebraic Independence of Iterated logarithms

Here we will show that the set A, is algebraically independent over C. For
i =1,2,---,n let ¢; € C be distinct constants. By choosing C; := = + ¢;,

A; = B; = 1, we see that C(z,[[¢1,1],--- ,[[Gn,1]), where ¢ := (¢;) is an
extension by J-I-E antiderivatives of C(x) and thus [[¢, 1], - ,[[¢,, 1] are
algebraically independent over C(z). Assume that every finite subset of
A¢_1,t > 2 consists of J-I-E antiderivatives of C(U;;%Aj). Fori=1,2,---,n
let & := (c14,¢2i,- -+ ,cr) € CH\ {0} be distinct vectors. Note that
n—1
et = (11 s ! ) §
iy (@) n = (7 + D] 4t (79 () 7 U[m(63), 8 = 1] +9hi(65)
(5.2.1)
and therefore choosing 4; = 1, B; := [7/T1(&), t— (j+1)]+t—; (77 (&;)) and
Cj = 1[r(&),t — 1] + (&) we see that C(U;;%)Aj, ([¢1,t],- -+ ,[[Cn,t]) is an

;;%)Aj) and thus A; is algebraically

independent over C(U?;%)Aj). Now we will give a proof for the algebraic
independence of the iterated logarithms without appealing to results from
section4.

extension by J-I-E antiderivatives of C(U

Lemma 5.10. Let S,,_1 C A,,_1 be a finite set of antiderivatives of a dif-
ferential field F and let S, C A, be such that «(S,) C S,—1. Suppose
that S,_1 is algebraically independent over F. Then S, is algebraically
independent over F(S,,_1).

Proof. Note that F(S,,—1) is a differential field and since 7 (S,,) C S,,—1, from
equations 5.0.1 and 5.0.3 it is clear that F(S,—1)(S,) is also a differential
field. Let S, = {l[¢;,n]|1 < i < s}, & = (14,02, ,Cni) and Suppose
that S, is algebraically dependent over F(S,_1). Then by theorem 2.3
there are constants «(¢;) € C not all zero such that ) . , a(c)l[¢,n] €
F(Sn,—1). We may assume that «(¢1) # 0 and rewrite the sum as X +
22:1 a(gj)[[gj, n| where {I;J} C {¢;} is the set of all vectors such that W(Ej) =
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(@) = (crn,ea1, -+ s eno11) and X = 305, (@)@, n] — S5, a(b))[bs, n].
We may order the set {l_; } so that by = 51 Let K := F(S,—1 \ {l[r(ci),n

1)) and let X + S0, a(By)yom] = £, where P.Q € K[(fx(@).n - 1]]
(P,Q) =1 and @ a monic polynomial. Then

t -
a(bj)l[r —1] QP — PQ’
X’ = .
+Z ([7(¢1) ’I’L*l]JrCJn) Q?
Let f := U[n(¢),n — 1] and let £ o= 22‘71 % where f’ and G are
obtained by clearing the denominator of the sum Z] 1 ﬁ. Note
that (F,G) = 1. Now we have
Q*(GX' + fF) = G(QP' — PQ). (5.2.2)

From the definition of X, it is clear that X = Z;Zl a(d;)la;,n] where
{d@;} C {¢;} is the set of all vectors such that W(EL’J) + 71'(51) Therefore
X' € K. Thus equatlon 5.2.2 is a polynomial in [[7(¢1),n — 1] over the field
K. Let y := [[7(¢1),n — 1] + c1p. Since y divides G and (F,G) = 1, y does
not divide F. Thus y does not divide GX’ + fF and therefore from 5.2.2 y
divides Q2. Hence y divides Q. Let [ € N be the greatest positive integer
such that y' divides Q. Then y* divides Q2 and therefore y'*! divides Q?,
which implies "*! divides G(QP' — PQ’). Since y divides G and y? does not
divide G, y' divides QP' — PQ’. But y' divides Q and therefore ' divides
PQ'. Since (P,Q) = 1, we see that 3’ divides Q’. Write Q = y'H and
consider Q' = ly'~Y/H + y'H’. Note that 3 divides Q' implies ¢ divides
ly'~1y'H and since v € K, y divides H. Thus y'*! divides Q, contradicting
the maximality of [. O

THEOREM 5.11. Let E C Ay be a nonempty finite set. Then E is
algebraically independent over C.

Proof. As usual, let € := Uyzoﬂi(E) where n is the least positive integer
such that £ C U jA; and let {T;|/0 < ¢ < n} be the levelled partition of
€. As we noted earlier 7(T;) C Tj—1, T, # 0 and 7™(T,,) = {z} = Tp.
Clearly, Ty is algebraically independent over C (see theorem 2.4) and since
m(Th) C Tp, from lemma 5.10 we get T} is algebraically independent over
C(Ty). Since w(T;) C T;—1, a repeated application of lemma 5.10 will show
us that € = U7_,Tj is algebraically independent over C. Since E C €, E is
also algebraically independent over C. O
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5.3 Normality of £, and Some Consequences:

Let Cx be the complete Picard-Vessiot closure of C and let ® € G(Cy|C).
Let (v;)ien be a sequence in C and let @, := (vy,---,v,) for all n € N
(the vector 1 = (v1)). Thus in our notation w(¥,) = U,—1. We observe
that ®(z) = = + ag for some ag € C. Since I[t7,1] = —L— we see that

r+v1
CD([wl’ 1])/ = ‘D(xii—m - x+a<11>+v1 = [/[(I)(Ul)? 1], where ®(¥1) := (v1) + (@s).
Since any two antiderivatives differ by a constant, ®(I[v1,1]) = [®(7}), 1] +
Qg (i), for some ag ) € C. Assume that <I>([[17n_1,n — 1]) = [®(Tp—1),n —
1] + ag(y,_,) where ®(v,—1) = (v1 + @, v2 + Q@) > Vn-1 + QCa(5,_,))
and ag(y,_,) € C. Since

[’[ﬁnfl, n — 1]

'3, =
[Un7n] [[ﬁnil’n— 1] —|—Un’
we see that
['[®(th,— —1
B(i5 ) = g e =
[[‘I’(Un_1>, n — 1] + vy + Oéq,(gn_l)
= l'[®(v,),n]

where ®(v,) = (v1 + @, v2 + Qe " > Vn + Qa(s,_,)). Since any two

antiderivatives differ by a constant, we obtain
B ([T, n]) = [@(Tn), n] + Qo) (5.3.1)

for some ag(z,) € C.

From equation5.3.1, we see that for every ® € G(C|C),
D(A) C AN +C (5.3.2)
for all i € N. Thus £,, is a normal differential subfield of C..
Remark 5.2. Let ® € G(£|C) and for n € NU {0} let
q)([[ﬁn, n]) = [[Un, 7] + @a(7,)>

with agg,) € C*. Then from the above discussion, we see that for any
m<n
@ ([T, m]) = ([T, m].
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For any m >n and k € N
O (1[5, m]) = [@* (i), m] + Qg 5,

where ®*(7,,) = (v1,- -+, VUn, Vns1 + ka%’n, R ka%’m_l). Since ag’n £ 0,
QU (Ty) # ®I(Ty) when i # j. Thus [®U(T,,), m] # [®I(¥,), m] for any
i # j and for any m > n. Hence the set {[[0,,, m], [®/(%,), m]|i € N} is
algebraically independent over C for any m > n(follows from theorem 5.11).

Now we will prove a theorem which will help us to prove the structure
theorem for the differential subfields of £,,.

THEOREM 5.12. Let F be a differential field finitely generated over its
constants C, E be a Picard-Vessiot extension of F, and let F C E C £
If Y5-1a5y; € E for some aj € C\ {0}, y; € UZoA; and s € N then
m'(y;) € F for alli € N and thus y; € F.

Proof. Let there be y; € U2yA; and a; € C* such that Zj’:l a;y; € E.
Note that E is finitely generated over F and F is finitely generated over
C and thus E is finitely generated over C. Let uy,---,u; € E such that
C(uy, -+ ,ut) = E, E,, be the set of essential elements of u;, and let S :=
Ul_, By, U{y;|1 <j < s}. From the definition of S it is quite clear that we
have the following containments

Since £, and E are normal differential subfields of the complete Picard-
Vessiot closure Fo, of F, every automorphism ¢ € G(E|F) extends to an
automorphism ¢ € G(£,|F) and every automorphism ® € G(£,|F) restricts
to an automorphism ¢ € G(E|F).

Let ® € G(£,|F). Since E is a normal differential subfield of £, |F, ®(E) C
E and therefore

XS: a;®%(y;) € E. (5.3.4)
j=1

Let y; = [[U}jm;, m;], where Ty, = (vj1,- -+, Vjm,). Then @k(yj) = [[@k(ﬁjmj),mj]—i—
O (7, ) where agr (g, )€ C. Therefore

Za] fujmj ,my) +Za]aq>k(vm) cE
j=1
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and thus .
> a;l[®* (Tjm, ), m;] € E C C(S).
Jj=1

Now from corollary 5.8.1 we see that
([®* (T, ), my] € S

for every j,k € N. For a fixed j, consider the set T := {l[tjm;, mj],
([®*(Tjm, ), m;]|k € N}. From the action of ® on ¥jy,,, it is clear that if
®(Tjm;) # Ujm,; then T is infinite. But T' cannot be infinite because it sits
inside the finite set S. Hence ®(¥jm;) = v, and therefore

O(U[Tjm; > mj]) = UP(Tjm, ) 5] + Qa3 )

- [[17jmj7mj] + a’Ujmj :

Now from the remark 5.2 it follows that ®(n?(y;)) = 7'(y;) for all i € N.
This shows that 7i(y;) € eC&lF) _ g O

5.4 Differential Subfields of A,

In this section we will classify the finitely generated differential subfields of
£,. First we will point out an interesting property that every differential
subfield F # C of A,, possesses, which is that x € F and this result is a
consequence of the structure theorem.

Proposition 5.13. Let u € £, \ £,-1,n € N, E be the set of essential
elements of u, & := Uyzowi(E) and let {T;|0 < i < n} be the levelled
partition of €. Then u is not algebraic over C(Ué-:OTj) forany 0 <i<mn-—1.

Proof. Let u = g, P,Q € C(¢\ {y})[y], where y € T,. The levelled
partition of & is constructed in such a way that T, # () and T;, C E. Since
E consists of essential elements of v and y € E, u ¢ F := C(& \ {y}). Let
K, := C(U;ZOSj) for each 4,1 <i <n—1. Then K; C F. Since ¥ € F and
y ¢ F, E = F(y) is a Picard-Vessiot extension of F with a differential Galois
group G := (C, +). Note that G has no non trivial algebraic subgroups(in
particular no nontrivial finite subgroups). Since F(u) 2 F, F(u) = E, which
implies u is not algebraic over F. Thus u is not algebraic over K; for any
0<1<n—1. O]
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Thus we have just shown that if
C¢)=K,>K,.1D0---DK;DKp>DC.

is the levelled partition tower of €, where € := Ug?zowi(E) and E is the set
of essential elements of an element u € £, \ £,-1 then u is not algebraic
over K; for any 0 <i<n—1.

Note that if u € C(z) then C(u) = C or C(z) depending whether u is
a constant or not. Thus if F is a differential subfield(need not be finitely
generated) of C(z) then F = C(z) or C depending whether F contains a
nonconstant or not. Thus it is enough to state the structure theorem only
for elements in u € £, \ £,—1.

THEOREM 5.14. Let u € £, \ £,-1, E the essential elements of u and
C(€) the container differential field of E. Let P C E be the m— base of €.
Then the differential field

C<u> = C(Svﬂ-(,P)vﬂ](,P)’ T 7*73)7

where S is a finite nonempty subset of spancP. Moreover, for everyy € P,
S contains at least one linear combination in which y appears nontrivially.

Proof. For i > 1 let P,,_; denote the differential field C(x%(P), 7" (P),

-, x) and let P,_;(u) be the differential field generated by P,_; and w.
Note that C(¢) = P,, = C(P,n(P),72(P)--- ,x) is a Picard-Vessiot ex-
tension of P,,_1 = C(n(P), 7%(P),--- ,x) with Galois group G := (C, +)™.
Note that the transcendence degree of C(&) = P, over P,_; is |P| since
PNal(P) =0 for any 1 < j < n and therefore m = |P|. Clearly P, _1(u)
is an intermediate differential field. Since u € £, \ £,-1, we see that
P,_1(u) # P,_1. Let H < G be the group of all automorphisms that
fixes Pp,—1 and let {L;(x1,- -+ ,xm)|1 < i <t} be the system of polynomials
for which H is the set of solutions. Then it is easy to see that

Po1(u) = Pp1(Li(y1, -, Ym)), (5.4.1)

where y; € P. Note that Li(y1,--- ,ym)" € Pp1 and thus P,_1(L;(y1,
-, ym)) is a differential field.

Let D; be the set of essential elements of L;(y1,- -+ ,Ym). Then from equation
5.4.1u € C(U), where U = (Ul_; D;) U (U 7*(E)). Since E is the essential
elements of u, we obtain P C E C U. Now, PN (UL, 7! (E)) = §) will imply
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P C UL_,D;. Hence for every y; € P thereis an L;(y1,- - - , ym) such that the
coefficient of y; is nonzero. Let us denote the set {L;(y1,- -+ ,ym)|1 < i < t}
by S.

Since P,,_; is a Picard-Vessiot extension of P,_o, we see that P,_;(u) is a
Picard-Vessiot extension of P,,_o(u). Also, L;i(y1, - ,ym) € Pp_1 for each
i. Thus from theorem 5.12 we see that for each y; € P, m(y;) € P,,_2(u) and
thus m(P) C Pp_a(u). This shows that P,_;(u) = P,,_a(u). Since P,,_o(u)
is a Picard-Vessiot extension of P,,_3(u), again applying theorem 5.12 we see
that 72(P) C P,,_3(u) and therefore P,,_o(u) = P, _3(u). Thus P,,_1(u) =

—o(u) = Pp,_3(u). Assume that P,,_;_1)(u) = P,_;(u). Then 7'~ 1(P) C
Pn i(u) and therefore applying theorem 5.12 to the Picard-Vessiot extension
Pi(u)| Pp,_(i41)(u), we see that 7'(P) C P,,_(;41)(u). This shows us that
P,_i(u) = z+1)< u). Thus the above induction argument shows

P,_1{u) = C(u) (5.4.2)
and therefore from equation 5.4.1 we obtain
C<’U,> = C(‘S?W(P)a WQ(P)7 e >$)v

where § = {L;(y1, -+ ,ym)|1 <i <t} C spancP. O

As we noted earlier, € = U?_,7"(P) and therefore P C FE implies (E) C
U 7w (P). Thus U7 (P) = U 7'(E) and hence we also have

C(u) = C(S,n(E),n*(E), - ,x).

Remark 5.3. From theorem 5.14 we also see that, if u € £, \ £,-1 and E
the set of essential elements of u then

C¢)>DCu)y>P,_1D---P1DPyDC. (5.4.3)

In particular, if u € £ \ C then z € C(u).

Now we will generalize theorem 5.14 to any finitely generated differential
subfield of £,,.

THEOREM 5.15. Let K := C(uy, -+ ,uy) be a finitely differentially gen-
erated subfield of £,\ £n—1 and let E := U* | E;, where E; is the set of essen-
tial elements of u;. For each i, let n; € N be minimal such that E; C U?;OAj
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and let P; C E; be the m—base of &; := U?;OWj<Ei). Then there are finite
sets S; C spancP; such that

K= C(S,’/T(P),WQ(P); T 7x)7

where § = U2 S; and P = UL, 'P;. Moreover, for every y € P, S contains
at least one linear combination in which y appears nontrivially.

Proof. Since K is a compositum of singly generated differential fields, the
proof follows from theorem 5.14. O

THEOREM 5.16. Fvery finitely generated differential subfield of £~ is
singly generated.

Proof. Let K be a finitely generated differential subfield of £, \ £,-1. Then
from theorem 5.15 there are sets S and P such that

K = C(S,n(P),7*(P), - ,z).

Let S = {Li]1 <i < m}, u=>1,2'L; E:= C(P,n(P),7%(P), - ,x)
and let F := C(n(P), 7%(P),--- ,x). We see that E|F is a Picard-Vessiot ex-
tension(antiderivative extension), and since L; € spancP we obtain L, € F
and thus K is an intermediate Picard-Vessiot sub-extension of E|F. Con-
sider the Picard-Vessiot extension K|F. Since F(S)=K is an antiderivative
extension of F and u € K, we see that for any ¢ € G(K|F)

where ¢; € C. Thus if ® fixes u, we obtain ) ;" c;x' = 0 and therefore ®
has to be the identity. Thus F(u) = K. Consider

o =~ ;0L;
@_Zx dy

i=1
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We observe from theorem 5.15 that for y € P there is an i such that %—Zi %
0, and we also recall that P U {z} is algebraically independent over C.
Thus g—; # 0 for any y € P and we also obtain that E := P U {z} is the
set of essential elements of u. It can be easily seen that the m—base of
€ := U m'(E) is again P and therefore applying theorem 5.14, we see that
7(P),7%(P),--- ,» C C{u). Thus F C C{u) and therefore K = F(u) =
C(u) and we are done. O

An Algorithm to Compute the Differential field C(u)

THEOREM 5.17. Letu € £, \ £,-1 and let P,Q € C[E], where E is the
set of essential elements of u, (P,Q) =1 and u = g. Then the set S and P
from theorem 5.14 can be computed from P and Q.

Proof. Since P = E\U,7(E), we see that the set P can be computed once
the set F of essential elements is known. From equation 5.4.2 we see that
7(P),3(P)---7"(P) = {x}C C(u). That is P,,_1; C C(u) and thus C{u) is
an intermediate differential field of the Picard-Vessiot extension C(€&)|P,,_;.
That is

C(¢) D C(u) D Pp_1. (5.4.4)

Also note that C(€&) is an extension by antiderivatives of P,,_; and that
C(¢) = P,—1(P) and PNP,_1 = 0 since € is algebraically independent
over C. Thus C(€)|P,,_; is a pure transcendental extension of transcendence
degree |P|. Now we may apply theorem 3.1 to obtain the set S. Thus from
equation 5.4.2, we see that C(u) = P,,_1(S). O

Algorithm: Write out two polynomial expressions, say A, B, over C with
elements from Ay, as indeterminates. The following steps will find the dif-
ferential field C(u), where u = %, in the form of a finitely generated field
expressed in theorem 5.14.

Step 0 First we form a finite set S by picking elements from A, that appear
in the expression of A or B. Then compute the set E of essential
elements of u. That is, find the set

oP 0
E::{yGS‘—#Oor—Q#O}.
dy dy

Also find the set P = E \ U ;7' (E), where n is the least positive
integer such that 7"(E) = {z} and let ¢ := U 7'(E).
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Step 1 From equation 5.4.4, we obtain P,, 1 C C(u). In particular 7(P), w2(P)
—-m™(P) = {x} C C(u). Since C(€) is an antiderivative extension of
P,_1, we obtain that C(u) is an intermediate differential subfield of
the Picard-Vessiot extension C(€) of P,,_.

Step 2 We replace A, B by some P, @ € C|E] such that (P,Q) = 1. This
can be done in two ways. We may use MATHEMATICA 5.2 and com-
pute the GC'D of A, B and divide A, B by the GCD to get P,(Q such
that % = g and GCD of P,Q is 1. In case, when MATHEMATICA
5.2 fails to compute the GC'D, we way compute the Grobner basis [1]
for the Ideal < A, B > generated over C[S] and use Gaydar’s formula
[2] to compute the GCD and then use the multivariable division al-
gorithm [1] to find out P,Q such that 4 = § and GCD of P,Q is
1.

Thus we note that finding a relatively prime polynomials for a given
pair of polynomial from C[A.] is a finite process.

Now we have u = g, P,Q € C[E] and (P,Q) = 1.

Step 3 Write P and Q as polynomials over R := C[r(P), 72(P),: - - ,x] with
elements of P as variables. Then P,_; becomes the fraction field of
R. Note that C(€&)|P,,_; is a Picard-Vessiot extension( by antideriva-
tives) of transcendence degree p := |P| and thus if 0 € G(€¢|K) then
o(P)=P(yi+cio,  ,Ypt+cpo) and 0(Q) = Q(y1+dio, -, Yp +dpo)
where ¢, dj; € C and y; € P. Also from theorem 3.1, we see that
o(u) = w if and only if o(P) = P and 0(Q) = Q.

Step 4 From proposition 3.2 we obtain that if o fixes P and @ then it fixes
each of the homogeneous components of P and () and from this fact
(following the proof of proposition 3.2) we obtain linear forms over R
such that the field generated by P,_; and the linear forms equals the
field C(u). Thus, we compute a system of linear forms {D;} over R
such that o(P) = P and ¢(Q) = Q if and only if Dj(cie,- - ,cpe) = 0.

Step 5 Since R is a polynomial ring, using proposition 3.4, we could com-
pute a system of linear forms {L;} over C from the system {D;} such
that the set of solutions of L; and D; over CP are the same.
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Step 6 Finally, from theorem 5.14 we see that the field
C<U> = C(S77T<IP)7 7T2(,P)7 e 7$)7

where S = {L;(y1,--- ,yp)|yi € P}.

6 Examples

In this section we will apply our algorithm to compute the differential fields
generated by an element of £, and C. Also we assume C := C, the field of
complex numbers.

Example 1 Consider the field £ and Let

y 523 In(z + 1) + In(z + e) + 2723 In(z + v/2)

In(z) + z(In(z + 2) — 171n(w+3))2 <

Step 0 Let A := 523In(x + 1) + In(x + e) + 272%In(z + v/2) and B :=
In(z) +z(In(z+2) — 171n(x+3))2. We observe that v € C(S), where
S = {z,In(z),In(z + 1), In(z + 2),In(z + 3),In(z +€), In(x + v/2)}. We
easily see that the essential elements F equals the set S. The set € =
UL om(E) and in this case, we see that € = E. The m—base of P of € is
the set P = {In(z), In(x+1),In(x+2),log(z+3),In(z+e), In(z++2)}.

Step 1 Since u € £, we have n = 1 and thus C(&) D C(u) D Py = C(x).
The differential field C(€) is an antiderivative extension of C(x) and
therefore C(u) is an intermediate differential subfield of the Picard-
Vessiot extension C(€&) of C(x).

Step 2 We note that A and B are relatively prime and thus we may choose
P:=Aand Q := B.

Step 3 We rewrite P and @ as polynomials over R := C[z]. Then P =
2?(5In(z+1)+27In(z+v2)) +In(z+e) and Q = In(z) +z(In(z+2)—
17In(z + 3))2. Let y1 := In(z + 1), y2 := In(z + v/2), y3 := In(x + ¢),
ya = In(x), y5 := In(z + 2) and ys := In(x + 3). We observe that
if 0 € G(C(€)|Py), then o(y;) = y; + cir for each y; € P and we
also observe that for any ¢ € G(C(€)|C(x)), o(u) = w if and only if
o(P) =P and 0(Q) = Q.
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Step 4 Note that P is a homogeneous polynomial of total degree 1 over
Clx]. If o fixes P then

o(P)=P

3
oP
<= Cio— =0
— 23 (5010 + 27020) + ¢35, = 0.

Let Dy = 23 (5y1 + 27y2) + y3. Then we see that for any o €

G(C(€)|C(z)), o(D1) = Dy if and only if 23 (5¢15 + 27¢20) + ¢35 = 0.

If o fixes @ then o fixes the homogeneous components of () and thus
2

o fixes y4 := In(z) and a;(y5 — 17y6) . Now

o(x(ys — 17ye)?) = z(ys — 17ys)”

6
oQ
— =0
ZCZ Ay
=5
< x(cs56 — 17¢60)(y5 — 1Tys) =0
< ¢5; — 17c6, = 0.

Let Dy := y5 — 17ys. Then for any o € G(C(€)|C(z)), o(D2) = Dy if
and only if ¢5, — 17¢g, = 0.

Step 5 Note that z3 (5610 =+ 27020) + ¢3, = 0 if and only if ¢3, = 0 and
5c1e + 27co, = 0. That is, o fixes P if and only if it fixes y3 and
5y1 4+ 2Ty2. We also observe that the linear form Ds is already over C.

Thus we have proved that for any o € G(C(€)|C(z)), o fixes u if and
only if o fixes x,ys3, Y4, dy1 + 27y and y5 — 17ys.

Step 6
C(u) = C(z,In(z+e), In(z), 5 In(z+1)+27 In(z+v2), In(24+2)—17 In(z+3))

O
Example 2

Let y1 := In(In(In(z — ) +2) + 3), y2 := In(In(z + i) + V3), y3 := In(z + 2),
y1 = W(ln(z + 3) + 3), 5 = In(z +V5), yo = In(x +5+19), y7 :=
In(In(In(z) + 7)) and let

In(z + )2 In(z — i) (y1 — y3)® + 23 In(z)(y2 — y5)>

In(in(@) + 0)2(ys — y7)7 + win(e — )P In(ln(e — i) 1 2)2(gs —ga)2 <

u =
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We will apply the algorithm to compute the differential field generated by
C and u.

Step 0 Let A := In(x +4)%2In(z — ) (y1 — y3)® + 22 In(z)(y2 — y5)%, B =
In(In(z) +4)?(ys — y7)" + xIn(x — )3 In(In(z — ) + 2)*(ys — v4)'? and
S = {y1, 92, Y3, Y4, Y5, Y6, y7, In(z — i), In(z + i), In(In(z) + 4), In(), z,
In(In(z — i) + 2)}. We observe that the set of essential elements E of
u equals the set S. Since m(E) = {In(z + 3),In(In(z) + 7),In(In(z —
i)+ 2),In(z + i)}, 72(E) := {In(z — i), 2,In(x)} and m3(E) = {z}, we
see that € = U3_(m'(E) = EU{In(z + 3)}. Then the 7—base P of E
is the set B\ U3 7(E) = {y1, 92, , Y7}

Step 1 We know that U3_; 7*(P) = {In(x—i), In(In(z—4)+2), In(z+i), In(z+
1), In(In(z) + i),In(z),2} and that Py = C(Uj; 7(P)) C C(u).
Thus C(u) is an intermediate subfield of the Picard-Vessiot exten-
sion(antiderivative extension) P3 := C(€&) of Ps. Also note that

P3 =Pa(y1,y2, - ,y7)-

Step 2 One can easily see that A and B are relatively prime and thus
choose P:= A and Q := B.

Step 3 The polynomials P and () are already presented as polynomials
over the field C(U_,7¢(P)) with 1,2, -+ ,y7 as variables. We note
that if 0 € G(C(€)|P2), then o(y;) = y; + ¢ for each y; € P and we
also observe that for any o € G(C(€)|P32) such that o(u) = u then P
divides o(P) and Q divides o(Q). Then from proposition 3.2 we have
o(u) = w if and only if o(P) = P and 0(Q) = Q.

Step 4 Let 0 = (cip, -+ ,C175) € G(C(€)|P2) be an automorphism such
that o(u) = u. Then o(P) = P and o(Q) = @ and now we shall

use proposition 3.2 to compute the linear forms. Note that o fixes
u if and only if it fixes Hg := In(z + )2 In(z — i)(y1 — y3)°, H =
23In(z)(y2 — y5)? His = xIn(x — )3 In(In(z — i) + 2)%(ys — y4)'? and
Hy = In(In(z))?(ys — y7)". Thus ZZZI cio%—z{j =0 for j = 6,8,9 and
18, which gives us the following equations

In(z +)* Inz — i) (c10 = 30) = 0,
2*In(z)(c20 — c50) = 0,

In(In(z) +1)*(cso — c14) = 0,

zln(z — )3 In(In(z — i) + 2)*(c6o — c10) = 0.
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We also observe that the Py—linear forms of the field C(u) are Hj,
j == 6,8,9 and 16. That is C<U> = PQ(Hﬁ,Hg,Hg,HlS).

Step 5 From the above displayed equations, it is clear that o(u) = w if and

only if ¢1, — ¢35 =0, co5 — €50 =0, C50 — 7o = 0 and ¢, — ¢4 = 0.

Step 6
1
C(u) =C(In(x — i), In(z + 7), In(In(x) + ), In(z + 5), In(x), z,
In(In(z — i) +2),y1 — ¥3,Y2 — Y5, Y6 — Y4, Y5 — Y7)-
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