
ANALYSIS QUALIFYING EXAM

August, 2026

INSTRUCTIONS

1. You are not allowed to use any notes or aids for this test.
2. Write answers to the following questions on blank sheets of paper. Carefully order the

pages as they are intended to be read.
3. At the end of the test, check that your name and ID are written on the cover page. Then

number and initial all the pages.

NOTATIONS

1. All 𝐿𝑝 spaces on subsets of ℝ are with respect to the Lebesgue measure.
2. 𝑚 denotes the Lebesgue measure.
3. 𝐵𝑟(𝑥) is the open ball centered at 𝑥 with radius 𝑟.
4. For a given function 𝑓 on an interval in ℝ, 𝑓 ′ denotes the derivative of 𝑓 .
5. Var

[0,1]
𝑓 denotes the total variation of 𝑓 on [0, 1].

6. For a complex number 𝑧, 𝑧 denotes its complex conjugate.
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QUESTIONS

1. Show that ℝ2 , the Borel 𝜎-algebra on ℝ2, is generated by each of the following classes.
(a) The class of all open half planes. An open half plane is a connected component in

the complement of a line.
(b) The class of all open discs of rational radii centered at points with rational coordi-

nates.
2. Let 𝜇 be a Borel measure on ℝ2. Define its maximal function

𝑀𝜇 ∶ ℝ2 → [0,∞]

by

(𝑀𝜇)(𝑥) = sup
𝑟>0

𝜇(𝐵𝑟(𝑥))
𝑚(𝐵𝑟(𝑥))

.

Show that 𝑀𝜇 is Borel measurable.

3. Let 𝑓 ∶ [0, 1] → ℂ be Lebesgue measurable such that |𝑓 | ≤ 1. Show that for every

𝜖 > 0, there exists a step function 𝑔(𝑥) =
𝑁∑
𝑘=1

𝑎𝑘𝜒𝐼𝑘 , where 𝑎𝑘 ∈ ℂ and each 𝐼𝑘 ⊂ [0, 1]

is an interval, such that

𝑚({𝑥 ∶ |𝑓 (𝑥) − 𝑔(𝑥)| > 𝜖}) < 𝜖.

4. Let {𝑓𝑛}∞𝑛=1, 𝑓 be measurable functions on 𝑋. Suppose 𝑓𝑛 → 𝑓 almost everywhere,
and for every 𝜖 > 0, there exists a finite measure set 𝐸 such that ‖𝑓𝑛𝜒𝑋⧵𝐸‖𝐿1 < 𝜖 for
all 𝑛. Show that 𝑓𝑛 → 𝑓 in measure.

5. If 𝑓 (𝑡)𝑒−𝑠0𝑡 ∈ 𝐿1(0,∞) for some 𝑠0 ∈ ℝ, we define the Laplace transform of 𝑓 by

𝑓 ∶ [𝑠0,∞) → ℂ,

(𝑓 )(𝑠) = ∫
∞

0
𝑓 (𝑡)𝑒−𝑠𝑡 𝑑𝑡.

Suppose 𝑓 (𝑡)𝑒−𝑠0𝑡 ∈ 𝐿1(0,∞).
(a) Prove that 𝑓 is continuous on [𝑠0,∞), and lim

𝑠→∞
(𝑓 )(𝑠) = 0.

(b) Prove that 𝑓 is differentiable on (𝑠0,∞), and (𝑓 )′(𝑠) = −(𝑡𝑓 )(𝑠). Here 𝑡𝑓
means the function 𝑡𝑓 (𝑡).

6. Let 𝜇, 𝜈 be two finite measures on (𝑋,ℳ). They are called equivalent if 𝜇 ≪ 𝜈 and
𝜈 ≪ 𝜇. Prove that 𝜇 and 𝜈 are equivalent if and only if there exists 𝑓 ∈ 𝐿1(𝑋, 𝜇) such
that 𝑓 > 0 𝜇-a.e. and 𝑑𝜈 = 𝑓𝑑𝜇.

7. For 𝑓 ∈ BV([0, 1]), let ‖𝑓‖ = Var
[0,1]

𝑓 + |𝑓 (0)|. Show that ‖ ⋅ ‖ is a norm on BV([0, 1]),

and that BV([0, 1]) is a Banach space under this norm.

8. Let 𝐻 be the set of absolutely continuous functions 𝑓 on [0, 1] such that

𝑓 (0) = 𝑓 (1) = 0, and ∫
1

0
|𝑓 ′(𝑥)|2 𝑑𝑥 < ∞.
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(a) Show that ⟨𝑓, 𝑔⟩ = ∫
1

0
𝑓 ′(𝑥)𝑔′(𝑥) 𝑑𝑥 is an inner product on 𝐻 which makes it a

Hilbert space.
(b) Show that for any ℎ ∈ 𝐿2([0, 1]) there exists a unique 𝑔 ∈ 𝐻 such that

∫
1

0
𝑓 ′(𝑥)𝑔′(𝑥) 𝑑𝑥 = ∫

1

0
𝑓 (𝑥)ℎ(𝑥) 𝑑𝑥

for all 𝑓 ∈ 𝐻 .


