
Lines in 3- space

Each line l in Xyz- space has a parametrization :

⇐

④
+a

P=(✗o
, yo , Zo]l :{y=bt+④ is a point on l

2- = Ct + Zo t=o
for some constants a ,b, C and Xo, Yo , Zo .

We can also express these equations in vector form as

l : Fct) = td + To

where
ñ(t)= {✗ (1-1,414,2-11-1) = (attxo ,bttyo , cttzo)
d- = La

, b. c)
= direction vector for l

To = { xo
, yo , to> = point out parallel to I.ae#Eed-o-picture

<
P

To Totti
> l

Very Special Examples : A point on x-axis has
← coordinates (*, 0,0)

✗-axis : {
⇐ t = lotto

y
= 0 = Otto or ñ(f) = 440,0> =ti

2- = 0 = 0.1-+0

y-axis : Flt)=tJ ← 4=0y=t
z-axis : Flt)=tÑ 2- =0



Two lines in 3- space are either :

① equal
② parallel but not equal
③ intersect in one point

④ skew (means ①④③ do not hold )

Exampte Dol , and lz intersect? If so , where ?

l
, :{
← t -2

and ez :{
✗ = -4++5

y = f- 4 y = -1--01--1

2- = -21-+6 z = lot -10

Notefirst : Direction vectors for l , and Lz are

Tl
,
=L 1

,

I
,

-2 ) and di =L-4,0 , 107 , which are

not parallel .

So either ③ or④ hold
.

Look for point of intersection :

t-2 = -4s + 5 Solve

t-4 = -1 simultaneously ?
+6 = 1.0s -10

Here 1- = 4-1--3 ( 2nd equation) , 10s -10=-2131+6--0
(3rd equation) ⇒ 5- 1

,
and (t=}s= 1) solves lsteqnation .

Conclude : The lines intersect at point Poul ,
where 1-=3. P= (3-2,3-4,2131+6)=(1/-1,0)



examples
Find equations for the line containing points

D= ( -1,3 , 4) and Q = (2,2 ,
- 1) .

Strategy First identify d) a point on the line , and
Liisa

.

direction vector for the line .

TT

Always use this strategy to find equations for a line !
Here ?⃝ Q=(2,2 , - 1) is a point on I

?⃝ The vector d- = ÑQ = { 3, -1 , -57 is a

direction vector for l .

so we get parametric equations for l :
✗ =3 t +2

e. :{ u =
- c- +2

. -2 = -51--1

Of in vector form

l : Fct ) = {31-+2 , -1-+2,51--17

Commit : For ① we might have chosen instead the

point F- (-1/3,4) getting

e :{
✗ = >t - ' ← for t=1 ,
y = - t +3 (Xiu,⇒ = [2,2, - 1) = Q
z = -51-+4

which is a different parametrization for the
same line l !



exampte A line l is perpendicular to lines

l
,
and lz and passes thru their intersection point .

l
, :{

✗ = t -2

and ez :{
✗ = -4++5

y = t -4 y =
- I

2- = -21-+6 z = lot -10

Find equations for l . stratgypf?⃝previous
I *

?⃝ P= point of intersection of l , and lz a point on l .

?⃝ If d-
,
and Ñ, are direction vectors for l

,
and la

respectively then I , x-D is a direction vector fort .

① P = point of intersection = point out, with 1- =3

= ( 1 , -1,0) (worked in a previous example )
-

I. = ( 1,1, -2> and da =L -4,0/10>

dixdz = 61,1,-27×(-4,0/10)=410 , -2,45

✓ calculation on
next page

✗= lot -11

PtiEÉ l :{ y= -2T - I
2- = 4T

iiectorfquationfor:

l : F (f) = 410, -2 , 4) t + ( 1 , -1,03

= { lot +1 , -2T -1,4T >



hi,-4×1-4,0110> = |?, ? ¥ /I 1 - 2

= (1.10-0.1-2) IT - (1.10-(-41-4))] 1- (1.0-11-4) / I

= 10T - 2J + 4E

check 41
,
I
,
- 2) • ( 10

, -2,4}

41,1 , - 2) • ( 10
, -2,4> = 10 - z - 8=0

4- 4,0
,
10) . 210 ,-2,43=0



planesin3-spacef-ve.ruplane p in 3- space has an equation of the form :

p : ✗ + By + Cz +D= 0

(called a
"

linear equation with 3 variables
"

.)

somecommcuts
① A point P=(✗ o, yo , zol is on the plane p whenever

the equation Axo +Byo + Czo + D= 0 holds true .

② The vector Ñ =L A
,
B
,
C > is perpendicular top .

We say ,
Ñ is a normatvtor for p .

explain : Suppose P = Go, go , Zo) and Q=Cx
, , y , /

2- c) are

two points on p . Then Axo +Byotczo +D= 0 and

A ✗it By , + Cz , + D= 0 .

ÑQ -Ñ = { ✗ ,
- ✗0,4 , - yo it,

- to> • LA
,Bcc)

= A- (× ,-Xo)+Bly ,
-

yo)+ CCZ ,
-to)

= (Ax
,
+ By , + Cz ,) - CA ✗ • + Bpo + ( Zo )

= C-D) - C- D) = 0

This shows that every vector in p is perpendicular to Ñ .



E×amP Consider the plane p : 3×-24-2-+6=0 .

① Is the point C- 1
,
-1
,

-1) on p ? No_

3C- Y - 2C- il - C- 1) +6=8 to

② Find some points that are on p .

Look for intercepts with coordinate axes :

✗ - intercept : 10,0, -2.) (plug y-0,2=0 into equation )

3×-210) - 01-6=0 ⇒ *= -2

y-intercept : (o
, 3,0 ) (plug in ✗ = 0

,
2-=o )

z-intercept-i.CO, 0,6) ( plugin ✗= 0,4=01

or use a hit or miss approach :

E.G. - Try ✗= 2
, y =

- I ⇒ 3 (a) - 2C- n - z +6=0 ⇒ 7=14

⇒ ( 2
, -1,143 is on the plane p .

③ Equations for some planes parallel to p are :

these all have normal
3×-2 y

- Z - 6=0
← vector <3

,
-2
,
-1>

.

3×-2 y
- 2- 1- I = 0 (Parallel planes must

have pariah el normal
3×-2 y - Z - 17=0 vectors )

3×-2 y
- Z = 0 ← This one goes thru origin !

④ How does the plane p ,
: -12×+89+42--24=0

compare with p ?

answer : p =p ,
( just multiply equation for p by - 4)


