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Lines in 3- space

Each line l in Xyz- space has a parametrization :

✗ = at + ✗ o
l :{ y= bt + yo

2- = Ct + Zo

for some constants a ,b, c and Xo, yo , Zo .
The vector

d-g- (
a,b, c} is called a dir-E-e.ir for l (

it is

parallel to l) .

The point on l where t=0 is (Xo, Yo, Zo) .

or write this as :

A ✗ +By + G- =-D
Planesin3-space_

Every plane p in 3-spa€as an equation of the form :

p : ✗ + By + Cz +D= 0

(called a
"

linear equation with 3 variables
"

.)

the vector Ñ =L A
,
B
,
C > is perpendicular top ,

it is called a normed vector for p .



Examples : Are these two lines parallel ?
✗= -2T to ✗= 61-+4

l
. :{ at + o la :{ 4=-3+-2

2- = 91-+6
2- = -31-+0

di = direction vector for l , = C- ? 1
,
-3>

←
These are

Ñz = direction vector fore
,

= { 6
,
-3
, qy

← Parallel
vectors

conclude l, and lz are parallel . =3 di

notewe: If I is a direction vector for l
then any vector parallel to d- is also a
direction vector for l . In this example C-2,1 , -3)
is a direction vector for both l

,
and la

.

Follow-UPQuestio-Dc.es la equal l , ?

(0/90) is a point on l , . Is it also on lz ? YEI :

The equations (-3+-2=0
•

of narc a solution 1-⇒ =3
couched lil [ Parallel lines with a point in
common must be equal . )



planesin3-spacef-ve.ruplane p in 3- space has an equation of the form :

p : ✗ + By + Cz +D= 0

(called a
"

linear equation with 3 variables
"

.)

The vector Ñ =L A
,
B
,
C > is perpendicular top ,

it is called a

normal-vector-forp.no/-ewell:-
If Ñ is a normal vector for p

then any vector parallel to Ñ is also a
normal vector for p .



continued from last class

E×amP
n
consider the plane p : 3×-24-2-+6=0 .

t
① Is the point C- 1

,
-1
,

-1) on p ? No_

Ñ -13
,

-3- 1)

② Find some points that are on p .

^

or use a hit or miss approach :

E.G. - Try ✗= 2
, y =

- I ⇒ 3 (a) - 2C- n - z +6=0 ⇒ 2- = 14

⇒ ( 2
,
-1
, /4) is on the plane p .

③ Equations for some planes parallel to p are :

these all have normal
3×-2 y

- Z - 6=0
← vector <3

,
-2
,
-1>

.

3×-2 y
- 2- 1- I = 0 (Parallel planes must

have parallel normal
3×-2 y - Z - 17=0 vectors )

3×-2 y
- Z = 0 ← This one goes thru origin !

④ How does the plane p ,
: -12×+8

y
+42--24=0

compare with p ?

answer : p =p ,
( just multiply equation for p by - 4)



Strategy for finding the equation of a plane p
① Find a point P=(✗o

, yo, Zo) on p .

?⃝ Find a vector Ñ=< A,B,c> perpendicular to

p ( "normal vector " ) .

Then an equation for the plane is

p : Acx- ✗ o> + Bly - yo) tccz - za = 0

explain If a point Q = (×, y , z) is in the plane P
then ÑQ= {x- ✗o , y - yo , 2- - Zo> is 1- to Ñ .

So 0=Ñ • ÑQ = Acx-✗ol + Bcy- yo) + ccz- Zo) .

examp1e_ : A plane p is parallel to the plane
pi. : 3×+74-52--0 and contains (-4-2,3) .
Find an equation for p .

?⃝ P =L-1
, -2,3) is on p

Ñ
, -13,7, -5) is a normal vector for both

p , and p .

So p : 31×+1) -117 (41-2) - 5-(2--3)=0

p : 3×+7 y
- 5--2-+32--0



Exampte :

Find an equation for the plane p which contains the
three points P= ( I, -1,37, Q

= (5-5,5) and R= (-2,0/4) .

① R = (-2,0/4) is a point on p

?⃝ ÑQ ✗ PÑ is a normal vector for p

ÑQ = < 4
, 6,2>

PTR = f-3,1 , I > Ñ

ÑQxPÑ= / Is ? Y / = 4T -10J
"

+25k4 6 2

p : 4 ( ✗ +2) - 10 (y - O) +2212--4) = 0

4×-10
y
+Zzz - 80=0

2×-5
y
t 112--40=0



Two lines in 3- space are either :

① equal
② parallel but not equal
③ intersect in one point

④ skew

nets : In cases ② and ③ there is a unique plane

containing the two lines .

Two planes in 3 - space are either :

① equal
② parallel but not equal
③ intersect in a line

Lotfi . In③ ,
the cross product of normal vectors for the

planes is a direction vector for the line of intersection .

A line l and a plane p satisfy one of :

① l is contained in p
② l is parallel top but not contained in p

③ l intersects p in one point
TETE : In ① or ②, a direction vector for l
will be perpendicular to a normal vector for p .


