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Lines in 3- space

Each line l in Xyz- space has a parametrization :

✗ = at + ✗ o
l :{ y= bt + yo

2- = Ct + Zo

for some constants a ,b, c and Xo, yo , Zo .
The vector

d-g- (
a,b, c} is called a di-EE.ir for l (

it is

parallel to l) .

The point on l where t=0 is (Xo, Yo, Zo) .

or write this as :

A ✗ + By + G- =-D
planesin3-sp.ae#

Every plane p in 3-spa€as an equation of the form :

p : ✗ + By + Cz +D= 0

(called a
"

linear equation with 3 variables
"

.)

The vector Ñ =L A
,
B
,
C > is perpendicular top ,

it is called a normed vector for p .



use

this/
i



important info to remember ! !

Two lines in 3- space are either :

① equal
② parallel but not equal
③ intersect in one point

④ skew

note : In cases ② and ③ there is a unique plane
-

containing the two lines .

Two planes in 3 - space are either :

① equal
② parallel but not equal
③ intersect in a line

Lotfi . In③ ,
the cross product of normal vectors for the

planes is a direction vector for the line of intersection .

A line l and a plane p satisfy one of :

① l is contained in p
② l is parallel top but not contained in p

③ l intersects p in one point
TETE : In ① or ②, a direction vector for l
will be perpendicular to a normal vector for p .



E×amP Consider the plane p : 3×-24-2-+6=0 .

Does the line l : ✗ = t - l
, y = 31-+1 , 2- = -3T + I intersect p ?

If so
,
how

many points of intersection ? qFirst recall

Ñ=de = ( 1,3, -3) info on previous
page .

Ñ = Ñp = <3 , -2 , -1 >

It • Ñ = (1) (3) + (3) C-2) + C-3)C-1) = 0

condude_ : the line l is 1- to Ñ,
SI l is either ① contained in p or ② parallel to

p
but not contained in

p .

To check ① , plug the equations for l
into LHS of equation for p , and simplify :t.3ft - 1) - 213th) - (-31-+1)+6
= 31--3-61--2 + 3T- I +6

= 0
(t-1,31-+1 ,-3ft 1)

conclude : Each point
,
onthe lined is on the plane

p so ① holds
.

There are infinitely many
points of intersection .

note : In this problem we could directly
started with this calculation-



Probtem If l
, and la are parallel lines and l

,
=/ la

what procedure could be used to find an equation for
the plane p containing l, and la ?

Answer_
① Find a direction vector IT for d. . (NOTE : Ñ

,
is also

a direction vector for lz because the 2 lines are parallel .)
② Find a point P on l, and a point Q on lz .

③ The vector Ñ = ÑQ ✗IT is a normal vector for p
(because ÑQ and di are non-parallel vectors in p ) .
④ UseÑ and P to find an equation ford.

P
> l ,

dis •

ÑQ
.

•

>

< > lz
÷

7

< Td

>

Note : In step ④ it would be legitimate to use
Ñ and Q to find an equation for p . If

you do you will end up with
the same equation

for
p .



Comment about lines in 3-space

We have highlighted using parametric equations to describe

a line in 3-space, but it is also common to describe a line

as the intersection of two planes .

webwork 13

examp The two lines in this problem :

^

-

→
have been described as intersections of planes :

l
,
= intersection of 7=0 and y=3 .

lz= intersection of y=o and 2=4 .

which have parametric equations in vector form :

l
,
: Ñ (f) = ft , 3,0>

lz : RICH = { t , 0,4)

These two lines have a common direction vector Ñ , =L1,903 .

Now use procedure on previous page to solve # 15 . . . .



another

e_ple€ The y-axis in xyz - space consists of all points
(×
, y
,

Z) where ✗ and z both equal 0 .

In other words
,

the

y-axis is the intersection of the planes ✗= 0 (yz - planet and
2- = 0 ( Xy - plane) .

A parametric description of the y-axis might be ñ (f) = {0, -1,0> .

In scalar form this is

✗ = 0

y-axis {
= Otto

y = t = It to

2- = 0 = of t O

t direction vector↳ 1,0> =J
point P = (0/0,0)

now back to Chapter 13 - - - .



A curve C in Xyz - space can be described by
parametric equations : may or may

not

← have a restriction

a£
like this

.

c :{ :÷÷
,

y = g (f)

Or express these equations in vectorform :

C : Fct) = { flt
,
gas ,hct)> , a±t<_b

We can then differentiate :
←

we say ICH is a

vectorfu-t.in
F
'

(f)={f-
'
(t)
,
aft) , h

' (t)>

= him ( ñltothl -ñlto)) .
h→o

In either form we often interpret these equations as
representing the motion of an object in 3-space,
which is located at the point ( ✗ (+1,41+1,2-1+3) at time t .

then I '(to)=J (t) represents the velocity vector of the

object at time to .
And this vector F'(to) is tangent

to the curve C at the point where C-= to .

Also s(to) = IF '(to) / = xltottqktolitz-kt.IT
= speed at time to

salto) = F
" lto) = acceleration vector at time to

.



✗ = 4T -1

Example_ C : { y = ta - t - I
-2 = 2+3-31-2 + 5

In vector form this would be

C.Fct) = 44-1-1 , ta-f
- l
,
21-3-31-2 +5)

Find equations for the line l tangent to Cat (3, -1,4) .

At 13
,
-1
, 4) , t =L .

I ' ( t) = 44
,
21--1

,
6 t
'

-6 t>

ñ ' (1) = < 4
,
1 , o > = Ñ

So l has direction vector Ñ =L 4, 1,0) and
goes through the point ( 3, -1,41 , and

l :{
✗ = 4++3

y = t
- l

2- = 4 ← 2- =0.tt4=4



✗ = 4T -1

Example_ C :{ y= ta - t - I

-2=2+3 -31-2+5

Any top -most points on
C ? right- most ? front-most?

② ⑤ ②

~

Z

← our standard positioning
of axes :

i
'

✗ = front / back
.

-

- - - -
- -

,

> y y= right/ left
I 2- = top /bottom
:

L
✗

measures the vertical

④ 2-(f) = 2-13 - 31-2+5
← position of object

⇒ Éct) >0 means object moving up attimet ,
2-
'

(f) < 0 means object moving down at timet

here : z
'

(f) = 61-2 -6T = 6t(f- 1)

<
z
'
>o

,
2-
'

< O

f
Z
'
>0

> t - axis
up

g
down

,
up

⇒ topmost point when t=o , 44,-21=(-1-1,5)

⑤ y
'

(f) =2t - I <
4<0

1
410

,

left y, right
⇒ no right-most point

② X' (f) =4 ⇒ no front -most point
.

(always moving frontward)


