
A power series centered at a has form

f-(x) = Cn (✗ - a)
"
= cot Cicx -a) + czcx-al't ↳ (x

-apt - - -
n = 0

It defines a function fcx) whose domain is an interval I

with endpoints a- R ad at R
,
where REO is the radius

of convergence
of the power series -

R is called the
"

radius of convergence
"

of the power

series
,
and I is its

"

interval of converge .÷nce
"

.

Strategy for determining interval of convergence :

① Use RatioTest to find R .

! Use other tests to determine convergence at the
two endpoints : ✗ = a - R

,
✗ = atR

In the cases where R=o or R=N, step ②

will be unnecessary .

Question :@
Which functions fcx) can be expressed as

fcx) = I cn (x- a)
"

where R > 0 ?
n=O



from Stewart
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✓

"

binomial

series
"
→

terminology :

A
"

Maclaurin series " is a power series centered at a
--0

.

We will not discuss the binomial series (b/c its a bit

tech : at ) but will examine the others .

Example For f-G) = lu(i+×),/N
Geometric series
for - ✗

N

¥ = ¥, II
c-✗5=2 c-1)

"

✗
n

n=o n=o

Integrate this to get

ln(It ×) = f. dx = ( +I C-1)
"

n=0

Since 5-(o) = In (1+0)=0
,
C equals 0 and

lnlli-H-I.gl-15¥
"

= c-y
" ÷



The
"

Taylor series at ✗=a
"

for a function 5-(x) is

the pow
series

I=a(f) = ¥2 f"n?a÷ (✗ - a)
"

n=o

(recall : f-
'" (x) = nth derivative of f-G) and

f "> (a) = f-%) evaluated at the number ✗=a . )

Fact : If f-(x) equals a power series centered at

✗=a with R>0 then that seri s must be the

Taylor series T✗=a (f) .

There is a result called
"

Taylor's Theorem
"

(Stewart
, page

8oz) which gives a condition that

guarantees that a given function w¥ equal its

Taylor Series .

(This is an expanded version of the

MeanValueTheorem from Calculus 1.) One application :

Ta④ If I f-"(x) / In for all n z N and for all ✗

in an open interval (a-d, at d) for some numbers N > 0

and I> 0 then f-G) equals its Taylor series T×=a( f) .



Example_ f- (x) = 5×2 - ✗ +3

Find 1-
✗⇒
(f) .

a=3

f- '07×1=5×2 - ✗+3 f- '" (3) = 45
f- ' " (✗1 = 10×-1 f- ' " ( s) = 29
f- '" (x ) = 10 f-"' (3) = 10

f-↳G) = 0 for n 23
.

fM(3) = 0

T✗=z (f) =

= 4¥ Cx-35+7%-1×-3)
'

-1 1×-35-+0371×-3)'t - - -

= 45+291×-3) + 51×-35

= 5-1×1

check?_ 45+291×-3) + 54-2-6×+9)

= 45+29×-87 + 5×2-30×+45

= 5×2+(29-30) ✗ + (45-87+45)

= 5×2 - ✗ t 3



trampler f- G) = coslx) .

,
a=0

① What is f-"'Cx) ?

② What is f- '→ ( o) ?

③ What is T×=o (f) for fcx)=cos⇐s ?

For① and② :

f-
"Kx)=cos× f-'9101=1 repeats in

blocks of

f- " "G) = - si" " f" /°> = ° | for -

ft
>
(× ) = - cos ✗ f- '" (o) = - l

f-
'"

G) = sin ✗ f
's>
( o) = O

f ' ")(×) = cosx f-
""
103=1

: :

summary f"-'(d) = (-15 , font"(o)=O
⇒ all odd powers of ×

"

drop out
in T×=o(f) .

For③-

T⇐o(f) = ✗
°

-1 ✗
'

+ it 97×3+147×4 & . - -

=L - E. + ¥
.

- E. +¥
.

-
.
- .

Note that , for all ✗ , / F'4×51<-1 (b/c f "Y×1=±sin✗or±cos*)
so Fact④ shows that cos cx\=T×=o(f)

6

Result : coslx)= I - tI÷ - t - -
.

(as indicated in= C-15¥
.

×
"

n=o Stewart 's table . I



Eixample ) cosCN ) dx = ? ?

note: This integral cannot be worked in
closed form using elementary functions,
(see discussion in Stewart - copied below)
but it can be worked out using power series :

cosG) = I - + II. -¥
,

+ ¥
.

-
. . - -

⇒ cos ) = I - ¥
.

+ 1¥
.

- ×÷ + ✗ - . . .

= Ear¥÷
n =0

⇒ Scosliydx = ✗ - ¥5T
.

+ ¥4T
; -5¥

.

+ ¥81
.

- i - -

to

= I
→

+ c



from Stewart :

÷
and its close relative J cos↳dx .




