
Geometry of curves in 3-space (section 13.3 )

Every curve C in xyz - space has a parametrization :

C : I = Ect) = { fct ), gal, has>

which describes the motion of an object that traces
out the curve C

.

Of course there are many different

ways that an object can move and trace out the

same curve C .
So
, in order to focus on the geometry

of the curve C rather than attributes of a motion
,

we will introduce a new variables
,
and re- imagine

F = Ñ (t ) as a function of s .

s= this arc length c
⑨

originL

First choose a time value t = a and consider the corresponding

point on C to be the "

origin point ! Then define s=s (f)

to be the arc length of C between Fla) and Flt .

By the arclength formula ,
1-

s = f.
a

trial du

and the Fundamental Theorem of calculus shows that

¥ = IF ' (f) I



Typically we will not be interested in determining s

(which would require working an integral ) but will instead

focus on using the formula

ds
dt

= I Ñ
'

(t ) /

which says that s is an antiderivative for the speed .

When I =Flt) is re - imagined as a function of s
replacing

then we are essentially , the original motion along
C

with a new motion along C where the speed is

f. d÷ / ( rather than 1%+1=1F'All) .

Since

*181--1%9*1=1%1+1--1"# = ,
IF ' (t) /

this new motion of an object along C has constant

speed equal to I . Since there is only one such motion
on
C
, viewing F as a function of s will provide direct

information about the geometry of C , rather than information

about a motion along C.

* This equation actually does not make sense for a value of t

where F' (f) = É . Remember that points on C where

F' (f) =3 are
"

cusp
"

points and need to be examined
separately .

For this discussion we will assume that there

no values of t where ÑCtj=J
.



Viewing I as a function of s leads to the following
definitions useful for describing the geometry of a curve C.

• f- = Ict) = "

unittangent vector
"

defined by

t=dr÷= ¥-15 =

• Ñ=Ñ (t ) = "

unit normal vector
"

defined by

ñ=T¥¥+,
Fast The vectors I and Ñ are perpendicular.

(To show this : 0=9-+4] = ¥ [I.I] =zI(t) •I' Ct) )

• If R is the point on C with time value t, then
the plane through P which is parallel to the vectors 1=11-1
and Ñlt) is called the "

osculating plane
"

at P .

It is plane through P that most closely contains a portion
of the curve C near P.CA normal vector for this
plane is Ttt ✗Ñctj .
• K = Kltj =

"

the curvature function
"

for C
,
defined by

☒A)=/ ¥1 =/ %⇒%¥/ =
Klt) measures the

'

curviness
'

of C at the pointwith
time value t .



picture :

P=E(to) C :P = Fct)
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T
C is less

'

curvy
'

C is more
'

curry
'

here
,
so KLT)

is close to 0 .

So Klt) is larger.

note :
"
less curvy

"

means
" flatter !

An extreme case would be if C is a line .

In which case the curvature Kct) can

be shown to equal 0 for every valve off.
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For generic curve C : F = FCH ,
P = Flt.) :

• Alto) measures the
"

curviness
" of Cat P .

• The plane P containing P and having normal vector

FCto) ✗ Ñcto) is plane which comes closest to

containing C near P
.
(called osÉe )

• The circle thru P which most closely approximates C
near P is contained in the osculatingplane atP .

Ithas

radius Kato, and its center is on the line

through P with direction vector Ñctol :

•P⇒o)

t.E.sc
•

Q


