
Geometry of a Curve C - key constructs

C : ñ=r ( t ) = ( Fct) , get) , h (t)>

Ñ ' (t) = ( f ' (f) , g
'
(t), h'(f)> = velocity

IF
'

(f)I = (f- 'Ltl ' + g
'

CH
'

th
' Iti)
"

=v(f) = speed

Ict) = ¥+, , Ect)
= unit tangent vector

II.CHI

Klt) = = curvature

Ñctl = ¥µ,
I ' (f) = unit normal vector

B- (t) = Ict) ✗Ñ (t) = unit bi -normal vector

CAUTION: Must watch out for cusp points !

① Both It to) and K(to) are only defined for
values 1- = to where i ' (to) =L 8

.

② Both Ñ ( to) and Ñ (to) are only defined for
values 1- = to where I ' (to) =/ J

.



For generic curve C : I = FCH ,
P = Flt.) :

• Kao) measures the
"

curviness
" of C at P .

• The plane P containing P and having normal vector

TB to)= TTto) ✗Ñ(to) is the plane which comes closest to

containing C near P
.
(called Éae )

• The circle thru P which most closely approximates C
near P is contained in the osculatingplane atP .

Ithas

radius Kato, and its center is on the line l'

through P with direction vector Ñctol :

Fl ' l
'
is called

" normal line
to Cat P

"
.•É⇒o)

EEE
> c

'a.io
' ← circle with center
^

,

Q and radius
1

I Yklto) -



More Brief Interpretations

Let P be the point on C witht- value t=to .

• If ñ ' (to) to then F' (to) is a direction

vector for the line tangent to Cat P .

(often called a
"

tangent vector at P
"

. )

• If r- ' (to) to then Tyto) is a unit vector
which is also a direction vector for tangent atP .

• If I '(to) =/ 8 then

Ñcto) is a unit vector perpendicular to the
tangent line at P . It points towards the center
of the " osculating circle at P

"

which is the circle

that most closely approximates C near P .

• B (to) is a normal vector for the osculating plane
at P

.

• The radius of the osculating circle at P is

the reciprocal of Kcto) .



Exampte Find scalar equations for the line l
tangent to the curve

C : i = { b. (t) ,zt, ta> , t >o

at the point P where t = 1
.
Also calculate Ttt) -

( Here to =p .
We must first calculate I

'Ct then

plug in it = 1 to get direction vector F' 11 ) Ford . )

F'(f) = { ¥ , 2,2T>

So F
' (1) = { \

,
z
,

z> = Ñ ,
a direction vectorfort .

The point P has coordinates (0,31) so

y
= 21-+2d : { ¥?

+ ,

comment : It may
not be necessary

to simplify here . But notice
how much nicer theanswer is.

4
To determine Ict) :

1541-11 = (+4+4+41-2)
"-

= 4++4=+2+41
"

)
"-

=(4+¥j"*=H¥②
Fct) = ¥-2 {¥ , -2,2T> = ¥+41,242T

'>

* since t > 0 we have (1-2)" = t.tl =t



Example ( Stewart +1-15, page 922 ) ✗ =
siuzt

C :{ y=tFor the point P=(0, it, 1) on curve C. 2- = cos 2T

Find ②tangent line latp ⑤ curvature atp
② osculating plane p at P .

approaching : P is the point on C with to = IT .

First calculate all of the key constructs for Catt .

then take + = to and work out answers to⑨,⑤,② .

Flt) = ( sinzt
,
t
,
cos 2T>

F' (t) = ( Zcoszt, I,
- zsinzt >

v (t) =/ F'(f)1=14 cosazt + I +4s 2-15" = 55

Ict) = f- F
'
= ¥ L -2 cos 2T, I , -zsinzt>

5- ' ft) = ¥ ( -4 silt, 0 , -4 cos at>

☒ '

11-11 = ¥FÉt+ÉÑT = 4/5

K(f) = ¥1 = "¥I- = 41s

Ñlt ) = 1T¥, =L - sint , 0, -cost )
1 is =

③(t) = [✗ Ñ = ¥ / >coszt I -25kt (= f-coszt, 2, sinzt)
-Siirt o

- cost

continued to

plane
' - -

y

- ✗+Zy -
- Zit =o



Now plug in to __IT
.

P = ( 0,1T, 1)

Ñ ' ( IT) = { 2 cos 21T
,
I
,
- 2. sin 21T> = {31,0>

KCIT) = 415

B. ( IT) = ⇐ f- cos21-1,2, Sir21T> = ¥ f- 1,2 , 0)

Auswersaoie-a.io> ⇒ e :{ ¥+1T
2- = Ott 1

or (in vector form ) Fe (t) =Lzt, £+1T , I>

⑤ K(IT) = 415 parallel to Bat
←

④ A normal vector for
p
is C- 1,307

.

So an equation
for
p is -11×-0) + z( y- F) to (2--1)=0 which becomes

- ✗ +2 y
= 21T

.
← no 2- in equation indicates this is a
vertical plane .

A very rough picture :
note that

,
force
,

✗2+-22 = siiztt cos
>

Zf =L

so C lies on the Grange)

cylinder ✗2+2-2--1



Aboutacceleration

The vector function Fct) = (fct), gct), hits>

represents the motion of an object in 3-space whose
acceleration vector at time t is F

"

(f) .

How does Ñ
"

(t) relate to the key constructs of

the curve C determined by Fct) ? ?

r_ "HI = ¥ it] ±¥[ut]_÷¥
= v 't t v t ' = v't + v17 "

1 T¥,
v 'T + v It

'

/ Ñ = v 'T + v- KÑ

products Ñ=¥- ,
"
K =

rule

Conclusion :

F
"

(t) = n'(f) Fct ) + vltiklt)Ñlt)

( recall that v4) = speed at tinct = IF
'

All and

☒ (f) = curvature of C at point on Cwith time valuef.)


