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Notes on Conic Sections

A curve in the zy-plane that is the graph of a quadratic equation of two variables
Az + Bey +Cy? + Dz + Ey+ F =0 (1)

is called a conic or conic section.

These curves are classified by their type (either ellipse, parabola, or hyperbola) and their degen-
eracy (either non-degenerate or degenerate). The type can be read off from the equation (1) by
looking at the value of B% — 4AC. If B?> — 4AC < 0 then the conic is a (possibly degenerate)
ellipse, if B> — 4AC = 0 then it is a (possibly degenerate) parabola, and if B?> — 4AC > 0 then it
is a (possibly degenerate) hyperbola.

Each of the non-degenerate conics has a “standard form” equation as follows:

2?2
e ellipse: — + -5 =1 wherea>0and b >0
P a? b2
This ellipse has center at the origin (0,0), is symmetric across both the z- and the y-axes,
and has axis lengths of 2a and 2b. It is a circle (with diameter 2a) whenever a = b.

e parabola: y = cz® where ¢ #0.
This parabola has vertex at the origin (0,0), is symmetric across the y-axis, and has its
“focus” at the pointdO,c/4 Sc—-— Cocecia Tle "COCuS Cor dils ?ow‘a.\oc\c»
2 N AT
=1 wherea>0and b >0

5 = Y
e hyperbola: T
This hyperbola has center at the origin (0, 0), is symmetric across both the z- and the y-axes,
and has asymptotes :—: - -‘{; =0 (same as, y = +bx/a).

The term “standard form” indicates that

Each non-degenerate conic with equation (1) can be moved via translation
and/or rotation of the xy-plane to a conic with a standard form equation.

In other words each conic is isometric (that is, has the same shape) as a standard form conic
section. Each of the non-degenerate conics has additional, more detailed geometric attributes,
some of which you can read about in sections 10.5 and 10.6, and Appendix C of Stewart.

The degenerate conics are usually easy to recognize. They can be identified by their graphs which
have one of the following forms:

e degenerate ellipse: the empty set, or, a point
Examples: 22 + y% 4+ 1 = 0 is the empty set, 22 4+ 32 = 0 is a single point

e degenerate parabola: the empty set, a straight line, or, a pair of parallel lines
Examples: 22 +1 = 0 is the empty set, 22 = 0 is a line (the y-axis), 22 — 1 = 0 is a pair of
parallel lines (the vertical lines = 1 and z = —1).

e degenerate hyperbola: a pair of intersecting lines

Examples: 22 — y2 = 0 is a pair of intersecting lines (the lines y = 2 and y = —=x).
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