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INTEGRAL TEST. Let f(x) be aWﬂuolts decreasing function for x > 1 and let a,, = f(n).

(a) If the improper integral flw f(z)dx converges then the series Y - | a, converges.
o0
n=1

(b) If the improper integral flx f(x)dz diverges then the series )"  a, diverges.

COMPARISON TEST. Let {a,} and {b,} be sequences of positive numbers with a, < b, for all
positive integers n.

(a) If -7 | b, converges then Y " a, converges.

(b) If 37 | a, diverges then >~ b, diverges.

YY) . . a
LimiT COMPARISON TEST. Let {a,} and {b,} be sequences of positive numbers with lim b—" =c.

n—oo by

(a) If the series Z:’:l b, converges and () < ¢ < oo then Z:}:l a, converges.
(b) If the series S oo 1 b, diverges and 0 < ¢ < oo then Y o-, a, diverges.
RaTiO TEST. Suppose that a, > 0 for all n and that lim, a:% =L.

(a) IfL <1 then Y07, a, converges.

(b) IfL > 1 then Y -, an diverges. In fact, if L > 1 then limy o0 an = oc.
Rootr TEST. Suppose that a,, > 0 for all n and that lim, o {/an = L.

(a) If L <1 then Y 7% a, converges.

(b) If L > 1 then Y .- an diverges .

ALTERNATING SERIES TEST. Let {b,} be a decreasing sequence with lim,,_,, b, = 0 and b, > 0.
Then the series Y n.; (—=1)"bn converges.

ABSOLUTE CONVERGENCE TEST. If Y°° |a,| converges (that is, if Y o a, “converges abso-
lutely”) then ZZ“:I a, converges.

An+1

ADDENDUM TO RATIO TEST. If lim,

=Land L >1then Y, a, diverges.

n

A series ) | a,, is said to converge absolutely if the positive series 3> | |a,,| converges.
Note that the Integral, Comparison, Limit Comparison, Root and Ratio Tests are all tests that apply
only to positive series (or really to any series that has only finitely many negative terms). However

they can be used to determine the absolute convergence of any series.

IMPORTANT BASIC PRINCIPLE: An infinite series 3 oo ,; an will converge if and only if the
series Zzo: 1 @n converges. This means that the value of the starting index for the series has no effect
on whether it converges or diverges. So it is common to leave off the indexing entirely and just say
that Y a,, converges or diverges. (The same comments apply in like manner for absolute convergence
and conditional convergence.) However, if you want to determine the sum of a convergent series then
that does depend on where the indexing starts. For example, 377 (2/3)" =3 but }_°7 | (2/3)" = 2.

n=1
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Each of the following statements is an attempt to show that a

:H" (G given series is convergent or divergent using the Comparison
Test (NOT the Limit Comparison Test.) For each statement,
enter C (for “correct”) if the argument is valid, or enter I (for
“incorrect”) if any part of the argument is flawed. (Note: if the
conclusion is true but the argument that led to it was wrong, you
must enter I.)

_ 1. Foralln>?2, 1“(;’) > , , and the series ): converges,
P ~— n

Qby the Comparison Test, the series ) 1'31(2") converge.
fz—, and the series 2} -5 con-

H

I
39

N

converges.

. For all n > 1, 1"(") < ,ls, and the series Y, ,15 con-

converges.

verges, so by the Comparlson Test, the series } = > L " C‘
. Foralln > 1, ¥t o 1 C

55> and the series %Z L con-

verges, so by the Comparison Test, the series

converges.

. Foralln> @
so by the Commparison’Te

. Foralln> 2, ln(”) > 1 and the serles

n’

arclan(n)

and the series Z converges,

eries ). - , —5 converges.

.
> 1 ~diverges, so C/

by the Comparlson Test, the series Z dlverg S

?m\;c; TLe meq/val -l-\z s Sea.qj -s., wrm$

T 4 e

F&L?@ 3 ——\ >
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. . o n(—2)"
# 20 . Use the ratio test to determine whether Z u converges

|
n=20 n.

or diverges.

(a) Find the ratio of successive terms. Write your answer as
a fully simplified fraction. For n > 20,

. Ap+1| .
i e | A—— >
S€ee V~C&'+

(b) Evaluate the limit in the previous part. Enter co as infinity AC
and —oo as -infinity. If the limit does not exist, enter DNE. Lt

. Ap+1

lim |[—| =
n—yoo ay

(c) By the ratio test, does the series converge, diverge, or is
the test inconclusive?

e Choose

e Converges v/

e Diverges

e Inconclusive

, o 10" ,
Consider the series Z W Evaluate the the following
n=1\"
limit. If it is infinite, type “infinity” or ”inf”. If it does not exist,
type "DNE”.
lim [ =7

n—eo | ay,

0
Answer: L = ‘_/L

What can you say about the series using the Ratio Test? An-
swer “Convergent”, ”"Divergent”, or “Inconclusive”.
Answer:

o choose one

o Convergent v/

e Divergent

Determine whether the series is absolutely convergent, con-
ditionally convergent, or divergent. Answer ”Absolutely Con-
vergent”, ”Conditionally Convergent”, or “Divergent”.
Answer:

e choose one

o Absolutely Convergent v

o Conditionally Convergent

e Divergent
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12 ("2—) = w2
A= T | ST S
V| = (n+Y) ZWH hE \
“ A T i =
A\ |
N R o P M
‘ Al = |\ o
oo // lqlol'\-(o\?'(l"’ [AZL,'{-—"
Recvis Sa4s > x| conveqes ble L< |
I n=20

So iﬂm

n=20

no\-c .

Converges abso (Ufe{y

ol X (al+ L

example | 1+ Y| =0
bt 4= = 2
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Use the limit comparison test to determine whether Z Qy =
n=13
= 93 —3n2 413 di
—————— converges or diverges.
Wy 543t B &
(a) Choose a series Z b, with terms of the form b, =
n=13
and apply the limit comparison test. Write your answer as a
fully simplified fraction. For n > 13,

nr
. a ;
lim - = lim
n—eo b, n—reo
(b) Evaluate the limit in the previous part. Enter oo as infinity

and —eo as -infinity. If the limit does not exist, enter DNE.

(c) By the limit comparison test, does the series converge di-
verge, or is the test inconclusive?

e Choose ___ -

e Converges
(so ¢ =\>

e Diverges /
e Inconclusive

#14.

Test the series for convergence or divergence.

; 1

Use the

e Select

e Ratio Test v/

e Root Test

and evaluate: O

lim = (Note: Use

n—soo
INF for an infinite limit.)
Since the limit is

e Select

o finite

e greater than 1 /
e equal to 1

e less than 1

e greater than 0

e equal to 0

k)

o Select

o the series diverges v

o the series converges conditionally
e the series converges absolutely

e we know nothing

#4.

Use the Integral Test to determine whether the infinite series
is convergent.

o ﬂ2

n=16 (n>+9) 3
To perform the integral test, one should calculate the improper
integral
Iis dx=
Enter inf for o, -inf for —eo, and DNE if the limit does not

exist.
By the Integral Test

n
the infinite series Z

n=16 (n3 +9)
e A. converges
e B.diverges

=)

W a3 L L

A= 20AY
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786 CHAPTER 11 Infinite Sequences and Series

11.7 EXERCISES

1-38 Test the series for convergence or divergence.

e = Inn o vk —1
TR Aiverses o comieraes 19. > (_])nf 20. 3 h
1. 2. n=1 k=1
Z’l n+ 1 ,,2::1 nt+1 = = |
2 - 2 21 —1)"cos(1/n* 22, Y ————
A Ll X PR T i Z (=1 cos(1/n’) Z2 +sink
o’ n +1 o n-+1 . w
= g 5 2 23. > tan(l/n) 24. > nsin(1/n)
— L S n=1 o
> % n? 6 i (L + )™ - .
n! n-+ 1
= = 25. 3 — 26. =
7. E 8 2 (_l)wl = n=1 € n=1
=2 n\/ln n =1 4 o ey w szifu
k1nk e
" 2 27. > n 28. > ——
9 (=1)" T 10. 2 nle™ i1 (k+ 1) =1 h°
o’ (2n)! =l = (=1)" = AT
= [ 1 . 1 29. > — 30. > (—1) ——
1. > <— + 2. 3 —— n=1 coshn P j+s
=\ 3" k=1 /\'\/k1 +1 N 5k = (nl)"
& 2 o 30, 32. > —
¥ sin 2n < 3k 4 gk S phn
13. 1“3y — e o
,.2:"1 n! Z, 1.5k28 - a8 . )
n
15. é 247134 16. i Vnt+ 1 3. Z’. (n s l) 34. Z’, n + ncos’n
P oont o = 1§ . ’
- 35. 7 36. —
17' E ] e 5 ..... (2" — ]) ugl n"l’" "gz (lﬂ ”)lnn
=2-5-8- (Bn —1) - =
i (=1 37. X (V2 - 1) 38. 3 (¢2 - 1)
18. n=1 n=1
n=2 \/; -1

NOTE 2 ﬂo.w( o‘G 'l‘f«egc Cown be so\\reQ oduj move +‘LA.\« one w\c'\lwﬂ 1



