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Abstract

In this paper, we study the Hecke eigenvalues of Ikeda lifts. Using the spherical map for
the Hecke algebra of the symplectic group, we obtain an explicit formula for the eigenvalues
λF (p

r). From this formula, we show that λF (p
r) can be written as a polynomial in p±1/2 with

a positive leading term. Furthermore, we prove that the coefficients of this polynomial are
bounded and, as a consequence, the Hecke eigenvalues λF (p

r) are positive for all sufficiently
large primes p.
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1 Introduction
Let k and n be positive integers and let Γn denotes the symplectic group Sp2n(Z). The space
of Siegel cusp forms, Sk(Γn) is a finite-dimensional vector space that admits a basis consisting
of simultaneous eigenfunctions of the symplectic Hecke algebra Hn. These eigenfunctions are
called Hecke eigenforms. If F is an eigenform, for each Hecke operator T , let λF (T ) denote the
corresponding Hecke eigenvalue.

For a prime p, one can use the Satake p-parameters of F to find a formula for λF (T ). This is
done as follows: there is a map Ω, called the spherical map, from Hn,p (the local Hecke algebra at
the prime p) to Q[x0, · · · , xn]Wn

, which is the space of polynomials in x0, · · · , xn with coefficients
in Q, which are invariant under the action of the symplectic Weyl group Wn. Given a Siegel Hecke
eigenform F , the Satake p-parameters are n+ 1 complex numbers α0,p, · · · , αn,p (depending on F
and p) such that the eigenvalue λF (T ) of T ∈ Hn,p is given by Ω(T )(α0,p, · · · , αn,p).

The action of Hecke operators on Sn
k is self-adjoint with respect to the Petersson inner product,

and hence the Hecke eigenvalues are real numbers. The signs of these Hecke eigenvalues seem
to encode valuable information regarding the underlying Siegel modular forms. For example, for
genus n = 1, there is an amazing result by Kowalski et al (see [11]) that two elliptic modular forms
having the same signs for the Hecke eigenvalues must be multiples of each other. There are partial
generalizations of this result to genus n = 2 (see [1], [8] and [12]).

Another application of the signs of Hecke eigenvalues is the result of Breulmann [7] which states
that a genus 2 Siegel cusp form is a Saito-Kurokawa lift if and only if all its Hecke eigenvalues
are positive. Saito-Kurokawa lifts are lifts from elliptic modular forms to Siegel modular forms of
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genus 2 and their standard L-function can be written as a product of shifted L-functions of the
elliptic modular form. Ikeda [10] obtained a generalization of the Saito-Kurokawa lift to Siegel
cusp forms of genus 2n. A natural question is whether the Hecke eigenvalues of Ikeda lifts are also
all positive. The eigenvalue λF (p) corresponding to the Hecke operator T (p) is given in terms of
symmetric functions of the Satake p-parameters of the Siegel modular forms. Writing the Satake
p-parameters of the Ikeda lift in terms of those of the elliptic modular forms, [2] and [9] show that
λF (p) > 0 for Ikeda lifts. For r ≥ 1, let T (pr) =

∑
µ(g)=pr ΓngΓn and let λF (p

r) be the Hecke
eigenvalue for the operator T (pr). For Ikeda lifts, to show the positivity of λF (p

r), r > 1, one tool
is the Dirichlet series relation (see [5])

∞∑
r=0

λF (p
r)

prs
=

P (p−s)

Q(p−s)
,

where Q(p−s)−1 = Lp(F, s, spin), the local spin L-factor for F and P (x) is a polynomial of degree
2n − 2. This was used by Breulmann in [7] for the genus 2 case. In [14], Schmidt has obtained
the explicit formula for the local factor of the spin L-function for the Ikeda lift of all genus.
Unfortunately, the polynomial P (x) in the numerator is known explicitly only for genus n ≤ 4 (see
[16]). Using this explicit expression, the first author proved positivity of λ(pr), for p large enough,
for Ikeda lifts of genus 4 (see [2]).

In this paper, we adopt a different approach which avoids the use of the Dirichlet series numer-
ator. Instead, we compute the eigenvalues λF (p

r) by explicitly determining the spherical image
of the Hecke operators T (pr). The spherical image for the symplectic group contains a compo-
nent corresponding to the spherical image of the general linear group. An explicit formula for the
spherical image for the general linear group case is computed in [4]. Using this result, we compute
Ω(T (pr)) in Proposition 1. In general, the formula for Ω(T (pr)) is very complicated involving a sum
over the symmetric group Sn. The key idea is that when we substitute the Satake p-parameters
of Ikeda lifts into the formula for Ω(T (pr)), all terms excepting the identity element of Sn vanish,
thus greatly simplifying the formula.

Theorem. Let F ∈ Sk+n(Γ2n) be the Ikeda lift of a Hecke eigenform f ∈ Sk(Γ1). If a, a−1 are the
Satake p-parameters of f then

λF (p
r) = pr(nk−

n
2 )

∑
0≤δ1≤...δ2n≤r

a−nr+
∑

δip
∑

(−n− 1
2+i)δi

φ2n(p
−1)

φk1(p
−1) . . . φkt(p

−1)

See Section 3 for the definition of φ and the k′is. From this formula, we deduce that λF (p
r)

is a polynomial in p±1/2 with coefficients in Z[a, a−1]. The fact that the leading coefficient is 1
and the other coefficients are bounded implies that λF (p

r) is positive for all p sufficiently large. In
fact, using the precise information regarding the sizes of these coefficients obtained in Proposition
3, we are able to get a lower bound for the primes p for which the positivity result holds.

Theorem. Let F ∈ Sk+n(Γ2n) be the Ikeda lift of a Hecke eigenform f ∈ Sk(Γ1). Let λF (p
r)

be the eigenvalue of F for the Hecke operator T (pr). Fix r ≥ 1. We have λF (p
r) > 0 for all

p >
(
4n

(
2rn2 + 2n(2n− 1)

))2

.

Outline of the Paper : In Section 2 we review the Hecke algebras of the general linear and
symplectic groups and recall their action on Siegel modular forms. In Section 3, we compute the
spherical image of T (pr). In the final section we apply this formula to Ikeda lifts to obtain explicit
expressions for the eigenvalues λF (p

r) and deduce the positivity result.
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2 Hecke Algebra
In this section we describe the Hecke algebra for the symplectic group and its action on Siegel
modular forms. We direct the reader to [3] and [6] for the details on Hecke algebra presented
below.

Abstract Hecke algebra
Let G be a group, Γ be a subgroup of G and S be a subset of G that is closed under multiplication.
(Γ, S) is called a Hecke pair if [Γ : Γ ∩ g−1Γg] < ∞ and [g−1Γg : Γ ∩ g−1Γg] < ∞ for every g ∈ S.
For a Hecke pair we define L(Γ, S) to be the free Z-module generated by elements of the form Γg
for g ∈ S. The Hecke algebra associated with (Γ, S) is defined as the set

{
∑

aiΓgi ∈ L(Γ, S)⊗Z Q :
∑

aiΓgiγ =
∑

aiΓgi for all γ ∈ Γ}.

If
t =

∑
i

ai(Γgi) and t′ =
∑
j

bj(Γhj)

then
t.t′ :=

∑
i,j

aibj(Γgihj).

It follows from the conditions on S that for any g ∈ S, there exist finitely many gi such that
ΓgΓ = ⊔Γgi. For every g ∈ S, we define the element ΓgΓ ∈ L(Γ, S) as

∑
Γgi. The Hecke algebra

associated with the pair (Γ, S) is generated by {ΓgΓ : g ∈ S}. In this paper we work with Hecke
algebras of the general linear group and the symplectic group.

Let Gn = GLn(Q) and Λn = GLn(Z). (Λn, G
n) is a Hecke pair and the associated Hecke

algebra is denoted by Hn. Let Hn,p represent the sub-algebra of Hn generated by those ΛngΛn

with g ∈ GLn(Z[p−1]). Further, let Hn,p represent the sub-algebra generated by ΛngΛn with
g ∈ Mn(Z) ∩GLn(Z[p−1]). Then we have

Hn = ⊗′Hn,p.

For a ring R, let the symplectic group of similitudes of genus n be defined by

GSp2n(R) := {g ∈ GL2n(R) : tgJng = µ(g)Jn, µ(g) ∈ GL1(R)} where Jn =
[

In
−In

]
.

Let Sp2n(R) be the subgroup with µ(g) = 1. Let GSp2n(Q)+ be the subgroup of elements g ∈
GSp2n(Q) with µ(g) > 0. If Gn := GSp2n(Q)+ ∩M2n(Z) and Γn = Sp2n(Z), then (Γn, Gn) forms
a Hecke pair and the Hecke algebra associated with it is denoted by Hn. For a prime number p,
let Gn,p = {g ∈ Gn : µ(g) = pk, k ∈ Z}. Let Hn,p be the Hecke algebra associated with the Hecke
pair (Γn, Gn,p). Then we have Hn = ⊗′Hn,p. The action of Hn on the space of Siegel modular
forms is explained in the next section.

Action on Siegel modular forms
The group GSp+2n(R) := {g ∈ GSp2n(R) : µ(g) > 0} acts on the Siegel upper half space hn := {Z ∈
Mn(C) : tZ = Z, Im(Z) > 0} by

g⟨Z⟩ := (AZ +B)(CZ +D)−1 where g = [A B
C D ] ∈ GSp+2n(R), Z ∈ hn.

For a positive integer k, we define the slash operator |k acting on holomorphic functions F on hn
by

(F |kg)(Z) := µ(g)
nk
2 −n(n+1)

2 det(CZ +D)−kF (g⟨Z⟩) where g = [A B
C D ] ∈ GSp+2n(R), Z ∈ hn.

(1)
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Let Mn
k (resp. Sn

k ) be the space of holomorphic Siegel modular (resp. cusp) forms of weight
k, genus n with respect to Γn (see Definitions 1.8 and 1.13 from [13]). Then F ∈ Mn

k satisfies
F |kγ = F for all γ ∈ Γn.

We now describe the Hecke operators acting on Mn
k . For g ∈ Gn, let T (g) := ΓngΓn = ⊔iΓngi ∈

Hn. The Hecke algebra Hn acts on Mn
k (or on Sn

k ) as follows. Let F ∈ Mn
k . Then

T (g)F :=
∑
i

F |kgi. (2)

By Theorem 4.7 of [3], we know that Mn
k (and Sn

k ) has a basis of simultaneous eigenfunctions of
the Hecke algebra Hn. Let F ∈ Mn

k be a Hecke eigenform, and let T (g)F = λ(g)F , where λ(g) are
the Hecke eigenvalues. For any prime number p, it is known that there are n+1 complex numbers
α0,p, α1,p, · · · , αn,p depending on F , with the following property. If g satisfies µ(g) = pr, then

λ(g) = αr
0,p

∑
i

n∏
j=1

(αj,pp
−j)dij , (3)

where ΓngΓn =
⊔

i Γngi, with

gi =
[
Ai Bi

0 Di

]
and Di =

p
di1 ∗

. . .
0 pdin

 .

The α0,p, α1,p, · · · , αn,p are called the classical Satake p-parameters of the eigenform F .

3 Spherical map on Hecke Algebras
To compute the eigenvalues of T (pr), we first describe the spherical map for the symplectic Hecke
algebra. The strategy is to relate it to the spherical map for the general linear group, for which
explicit formulas are known.

Let Sn be the permutation group of order n. Let Wn represent the set of automorphisms on
the ring Q[x0, x1, . . . , xn] generated by the following elements

i) For σ ∈ Sn, we have σ(xi) = xσ(i) for i = 1, · · · , n and σ(x0) = x0.

ii) For i = 1, 2, . . . , n. τi(x0) = x0xi, τi(xi) = x−1
i and τi(xj) = xj for all j /∈ {0, i}.

Theorems 2.20 and 3.30 of Chapter 3 of [6] define two isomorphisms, called the spherical maps,

Ω : Hn,p −→ Q[x0, x1, · · · , xn]Wn
, ω : Hn,p −→ Q[x1, · · · , xn]Sn

.

Here, Q[x0, x1, · · · , xn]Wn
is the ring of all Wn-invariant polynomials in x0, x1, · · · , xn over Q and

Q[x1, · · · , xn]Sn
is the ring of all Sn-invariant polynomials in x1, · · · , xn over Q.

The significance of the spherical map is that it allows us to obtain the eigenvalue of the Hecke
operators on Siegel Hecke eigenforms in terms of their Satake parameters. Suppose F ∈ Mn

k

is a Siegel Hecke eigenform with Satake p-parameters α0,p, α1,p, · · · , αn,p. For T ∈ Hn,p, let
Ω(T ) = fT (x0, x1, · · · , xn) ∈ Q[x0, x1, . . . , xn]Wn

. Then, we have

TF = λ(T )F, where λ(T ) = fT (α0,p, α1,p, · · · , αn,p).
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Spherical image of T (pr)

For a positive integer r, T (pr) is defined to be
∑

µ(g)=pr

ΓgΓ. From [6, Pg. 150] we have the formula

for the spherical image of Hecke operators:

Ω(T (pr)) = xr
0

∑
0≤δ1≤...δn≤r

p
∑

(n−i+1)δiω(t(pδ1 , . . . , pδn)). (4)

Here, t(pδ1 , . . . , pδn) represents the double coset Λndiag(p
δ1 , . . . , pδn)Λn. An explicit formula for

ω(t(pδ1 , . . . , pδn)) is computed in [4] using an alternate interpretation of Hn,p.
The Hecke algebras also admits a realization as convolution algebra of functions. Let Qp be

the field of p-adic numbers and Zp be its ring of integers. Let Gp = GLn(Qp), Kp = GLn(Zp) and
D(Gp,Kp) denote the space of continuous, compactly supported functions f : Gp → C satisfying
f(γ1gγ2) = f(g) for all g ∈ Gp and γ1, γ2 ∈ Kp. The product is given by the convolution:

(f1 ∗ f2)(x) =
∫
Gp

f1(xy
−1)f2(y)dy.

For g ∈ Gp, let χg represent the characteristic function of the set KpgKp. The two definitions of the
Hecke algebra are connected via the isomorphism Ψ : Hn,p → D(Gp,Kp) where Ψ(ΛngΛn) = χg.

Each structure admits a spherical map and they can be connected by observing the images. Hn,p

is generated by elements of the form πi = Λnt(1, . . . , 1︸ ︷︷ ︸
n−i

, p, . . . , p︸ ︷︷ ︸
i

)Λn, for i = 1, · · · , n. Restricting ω

to Hn,p, we obtain the isomorphism

ω : Hn,p → Z[ω(π1), . . . , ω(πn)].

Moreover, by [6, Lemma 2.21, Chapter 3]

ω(πi) = p−
i(i+1)

2 si(x1, . . . , xn),

where si(x1, . . . , xn) denotes the ith elementary symmetric function in x1, . . . , xn.
On the other hand, Ψ(Hn,p) is generated by χdiag(pδ1 ,...,pδn ) where the tuples run through the

set {(δ1, . . . , δn) : 0 ≤ δ1 ≤ · · · ≤ δn ≤ 1, , δi ∈ Z}. Following [4, Main theorem], denote this space
as L+ and construct the isomorphism ω′ : L+ → Z[ω′(χ1), . . . , ω

′(χn)]. Here, for 1 ≤ i ≤ n, we
have χi = χdiag(1, . . . , 1︸ ︷︷ ︸

n−i

,p, . . . , p︸ ︷︷ ︸
i

) and ω′(χi) = p−
i(i−1)

2 si(x1, . . . , xn).

Define a map fp on polynomials by fp(h(x1, x2, . . . , xn)) = h(px1, . . . , pxn). The two spherical
maps are connected by the following commutative diagram.

Hn,p L+

Z[ω(π1), . . . , ω(πn)] Z[ω′(χ1), . . . , ω
′(χn)]

ω

Ψ

ω′

fp

A direct computation shows that fp(ω(πi)) = ω′(χi), so all the maps in the above diagram are
isomorphisms. Consequently, for 0 ≤ δ1 ≤ · · · ≤ δn, we obtain the relation ω(t(pδ1 , . . . , pδn)) =
ω′(χ(δ1, . . . , δn))(p

−1x1, . . . , p
−1xn) where χ(δ1, . . . , δn) = χdiag(pδ1 ,...,pδn ).

The explicit formula for ω′(χ(δ1, . . . , δn))(x1, . . . , xn) is constructed in [4]. For 0 ≤ δ1 ≤ · · · ≤
δn,

ω′(χ(δ1, . . . , δn))(x1, . . . , xn) =
(
P k(δ)(p−1)

)−1
p−

∑
i(n−i)δiQ(δ)(x1, . . . , xn),
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where
Q(δ)(x1, . . . , xn) =

∑
σ∈Sn

xδ1
σ(1) . . . x

δn
σ(n)c(σ(x1, . . . , xn)),

c(σ(x1, . . . , xn)) =

n−1∏
i=1

n∏
j=i+1

1− p−1xσ(i)x
−1
σ(j)

1− xσ(i)x
−1
σ(j)

,

δ = (δ1, . . . , δ1︸ ︷︷ ︸
k1

, . . . , δt, . . . , δt︸ ︷︷ ︸
kt

), k(δ) = (k1, . . . , kt) and

P k(δ)(p−1) =
φk1(p

−1) . . . φkt(p
−1)

(φ1(p−1))n
.

Here φm(x) :=
∏m

i=1(x
i − 1) for m ∈ N and φ0(x) = 1.

Hence,

ω(t(pδ1 , . . . , pδn)) =
(
P k(δ)(p−1)

)−1
p−

∑
i(n−i)δiQ(δ)(p

−1x1, . . . , p
−1xn)

=
(
P k(δ)(p−1)

)−1
p−

∑
i(n−i+1)δiQ(δ)(x1, . . . , xn). (5)

Proposition 1. For r ≥ 1, we have

Ω(T (pr)) = xr
0

∑
0≤δ1≤...δn≤r

(
P k(δ)(p−1)

)−1
Qδ(x1, . . . , xn). (6)

Proof. This follows from (4) and (5).

4 Eigenvalues of Ikeda lifts
Let F ∈ Sk+n(Γ2n) be the Ikeda lift of a Hecke eigenform f ∈ Sk(Γ1) as defined in [10]. If the Satake
p-parameters of f are a, a−1, then the Satake p-parameters of F are α0,p = a0 = pnk−

n
2 a−n and

αi,p = ai = ap−n− 1
2+i for 1 ≤ i ≤ 2n. Here, the parameters are normalized so that a20a1 . . . a2n =

p2nk−n. Since λF (p
r) = Ω(T (pr))[a0, a1, . . . , a2n], we substitute xi with ai in (6) and obtain

λF (p
r) = ar0

∑
0≤δ1≤...δ2n≤r

(
P k(δ)(p−1)

)−1
Qδ(a1, . . . , a2n) (7)

where
Qδ(a1, . . . , a2n) =

∑
σ∈S2n

aδ1σ(1) . . . a
δ2n
σ(2n)c(σ(a1, . . . , a2n))

and

c(σ(a1, . . . , a2n)) =

2n−1∏
i=1

2n∏
j=i+1

1− p−1aσ(i)a
−1
σ(j)

1− aσ(i)a
−1
σ(j)

.

In the following lemma, we show that all but the contribution from σ = 1 to Qδ is vanishing.

Lemma 1. We have c(σ(a1, . . . , a2n)) = 0 for all σ ∈ S2n with σ ̸= 1.

Proof. Let τ = σ−1. Since τ ̸= 1, there exists a positive integer m such that 1 ≤ m ≤ 2n− 1 and
τ(m) > τ(m+ 1). Set j = τ(m) and i = τ(m+ 1). Then j > i and

σ(i) = σ(τ(m+ 1)) = m+ 1 = σ(j) + 1.

Hence,

1− p−1aσ(i)a
−1
σ(j) = 1− p−1ap−n− 1

2+σ(i)a−1pn+
1
2−σ(j) = 1− p−1+σ(i)−σ(j) = 0.

This implies that c(σ(a1, . . . , a2n)) = 0.
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The above lemma allows us to conclude that, for any δ, we obtain

Qδ(a1, . . . , a2n) = aδ11 . . . aδ2n2n

2n−1∏
i=1

2n∏
j=i+1

1− p−1aia
−1
j

1− aia
−1
j

.

Hence,

λF (p
r) = ar0

∑
0≤δ1≤...δ2n≤r

(
P k(δ)(p−1)

)−1
aδ11 . . . aδ2n2n

2n−1∏
i=1

2n∏
j=i+1

1− p−1aia
−1
j

1− aia
−1
j

.

Lemma 2. For any (δ), we have

(
P k(δ)(p−1)

)−1
2n−1∏
i=1

2n∏
j=i+1

1− p−1aia
−1
j

1− aia
−1
j

=
φ2n(p

−1)

φk1
(p−1) . . . φkt

(p−1)
.

Proof. For a fixed i we have

2n∏
j=i+1

1− p−1aia
−1
j

1− aia
−1
j

=

2n∏
j=i+1

1− p−1+i−j

1− pi−j
=

1− p−1+i−2n

1− p−1
.

Taking the product over i we obtain

2n−1∏
i=1

2n∏
j=i+1

1− p−1aia
−1
j

1− aia
−1
j

=

2n−1∏
i=1

1− p−1+i−2n

1− p−1
=

φ2n(p
−1)

φ1(p−1)2n
.

Hence, (
P k(δ)(p−1)

)−1 φ2n(p
−1)

φ1(p−1)2n
=

φ2n(p
−1)

φk1
(p−1) . . . φkt

(p−1)
.

The above results allow us to obtain a formula for λF (p
r) that is much simpler than the general

formula in (6) in the case that F is an Ikeda lift.

Theorem 1. Let F ∈ Sk+n(Γ2n) be the Ikeda lift of a Hecke eigenform f ∈ Sk(Γ1). Let the Satake
p-parameters of f be a, a−1. For any prime p and r ∈ N, we have

λF (p
r) = pr(nk−

n
2 )

∑
0≤δ1≤...δ2n≤r

a−nr+
∑

δip
∑

(−n− 1
2+i)δi

φ2n(p
−1)

φk1(p
−1) . . . φkt(p

−1)
. (8)

Proof. Substitute a0 = pnk−
n
2 a−n and ai = ap−n− 1

2+i in Eq (7). Then the theorem follows from
Lemmas 1 and 2.

We will now rewrite the Hecke eigenvalue λF (p
r) of F as a polynomial in p±1/2 and obtain

precise information about the coefficients of the polynomial. We will need some combinatorial
information for that. Let (δ) = (δ1, . . . , δ2n) with 0 ≤ δ1 ≤ · · · ≤ δ2n ≤ r. For σ ∈ S2n, let
(δ)σ := (δσ(1), · · · , δσ(2n)). An inversion of (δ)σ is a 4-tuple (i, j, δσ(i), δσ(j)) such that i < j and
δσ(i) > δσ(j). Let inv((δ)σ) be the number of inversions of (δ)σ. Let S(δ) := {σ ∈ S2n : (δ) = (δ)σ},
and let S(δ) be a set of representatives for S2n/S(δ).

Further, for a positive integer j, a weak composition of j into 2n parts is a set {b1, b2, · · · , b2n}
such that bi ≥ 0 for all i and b1+b2+· · ·+b2n = j. Note that {b1, b2, · · · , b2n} is a weak composition
of j into 2n parts if and only if {b1 + 1, b2 + 1, · · · , b2n + 1} is a partition of j + 2n into 2n parts.
Hence the number of weak compositions of j into 2n parts equals

(
j+2n−1
2n−1

)
.
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Proposition 2. For (δ) = (δ1, . . . , δ2n), we denote
φ2n(p

−1)

φk1
(p−1) . . . φkt

(p−1)
by Φ(δ). We have

Φ(δ) =

n(2n−1)∑
j=0

cδ,jp
−j ,

where cδ,j are non-negative integers such that cδ,0 = 1 and for all j, we have the bound

cδ,j ≤ (2n)j . (9)

Proof. It follows from Proposition 1.7.1 of [15] that

Φ(δ) =
∑

σ∈S(δ)

p−inv((δ)σ).

For j ≥ 0, let cδ,j = #{σ ∈ S(δ) : inv((δ)σ) = j}. Hence, we get

Φ(δ) =
∑
j≥0

cδ,jp
−j

with cδ,j ≥ 0 for all j ≥ 0. From the definition it is clear that cδ,0 = 1. Let us denote by
c(2n, j) = cδ,j where (δ) = (1, 2, · · · , 2n). We see that cδ,j ≤ c(2n, j) for all (δ). Since the
maximum number of inversions for any permutation in S2n is

(
2n
2

)
= n(2n − 1), we see that

c(2n, j) = 0 for all j > n(2n − 1). Hence, the degree of Φ(δ) is bounded above by n(2n − 1).
Finally, we will give a bound on c(2n, j) which will imply the bound for cδ,j in the statement of
the proposition.

For any σ ∈ S2n, associate the vector bσ = (b1, b2, · · · , b2n) by bi = #{k < i : σ(i) < σ(k)). We
see that 0 ≤ bi ≤ i − 1 and if σ has exactly j inversions, then b1 + b2 + · · · + b2n = j. Hence, to
every σ ∈ S2n with j inversions, we can associate a weak composition of j into 2n parts. Since the
vector bσ completely determines σ, we see that

c(2n, j) ≤ #{weak composition of j into 2n parts} =

(
j + 2n− 1

2n− 1

)
.

Since
(
j+2n−1
2n−1

)
≤ (2n)j , we get the proposition.

Proposition 3. If λ̃F (p
r) = λF (pr)

pr(nk−n
2

) then,

λ̃F (p
r) =

∑
m∈Z

cmp
m
2

where the coefficients cm satisfy the following.

i) cm = 0 for all m > rn2 or m < −rn2 − 2n(2n− 1),

ii) crn2 = 1 and

iii) |cm|
1

rn2−m ≤ 4n for all m.

Proof. Set E(δ) :=
∑2n

i=1(−n − 1
2 + i)δi. From Theorem 1 and Proposition 2, we have λ̃F (p

r) =∑
m∈Z cmp

m
2 with the coefficients cm =

∑
j≥0

∑
δ:E(δ)−j=m

2

a−nr+
∑

δicδ,j . Since Φ(δ) is a polynomial
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in p−1 with non-zero constant term, to find the maximum power of p, it suffices to maximize E(δ).
The maximum value of E(δ) occurs for δ̂ = (0, . . . , 0︸ ︷︷ ︸

n

, r, . . . , r︸ ︷︷ ︸
n

) and the maximum value is

2n∑
i=n+1

(−n− 1

2
+ i)r =

n∑
i=1

(i− 1

2
)r =

rn2

2
.

The constant term of Φ(δ̂) is 1 and the power of a for δ̂ is 0. Hence crn2 = 1 and cm = 0 for
m > rn2. On the other hand, the minimum value of E(δ) is obtained for ˆ̂

δ = (r, . . . , r︸ ︷︷ ︸
n

, 0, . . . , 0︸ ︷︷ ︸
n

)

and the minimum value is −rn2/2. Since Φ(δ) is a polynomial in p−1 with maximum possible
degree n(2n− 1), we see that cm = 0 for m < −rn2 − 2n(2n− 1), as required.

Now let m be such that −rn2 − 2n(2n− 1) < m < rn2. Since cδ,j are positive integers, a has
absolute value 1 and using (9), we see that

|cm| ≤
∑
j≥0

δ:E(δ)−j=m
2

cδ,j =

n(2n−1)∑
j=0

∑
δ:E(δ)−j=m/2

cδ,j ≤
n(2n−1)∑

j=0

#{δ : E(δ)− j =
m

2
}(2n)j . (10)

Note that, for a fixed m, we have #{δ : E(δ)− j = m
2 } = 0 if j > (rn2 −m)/2. Observe that

rn2 − 2E(δ) =

n∑
i=1

(2n+ 1− 2i)δi +

2n∑
i=n+1

(2i− 2n− 1)(r − δi).

Let (2n + 1 − 2i)δi = xi for 1 ≤ i ≤ n and (2i − 2n − 1)(r − δi) = xi for n + 1 ≤ i ≤ 2n.

Hence, for every δ such that E(δ)− j = m
2 there exists a tuple (x1, . . . , x2n) such that

∑2n
i=1 xi =

rn2 − 2E(δ) = rn2 −m− 2j, i.e. we get a weak composition of rn2 −m− 2j into 2n parts. The

number of such tuples is bounded by
(
rn2 −m− 2j + 2n− 1

2n− 1

)
. Hence,

#{δ : E(δ)− j =
m

2
} ≤

(
rn2 −m− 2j + 2n− 1

2n− 1

)
≤ (2n)rn

2−m−2j . (11)

Substituting (11) in (10), we obtain

|cm| ≤
n(2n−1)∑

j=0

(2n)rn
2−m−2j(2n)j =

n(2n−1)∑
j=0

(2n)rn
2−m−j = (2n)rn

2−m

n(2n−1)∑
j=0

(2n)−j ≤ 2(2n)rn
2−m.

This implies that
|cm|

1
rn2−m ≤ 2

1
rn2−m 2n.

Since m < rn2, we conclude that

|cm|
1

rn2−m ≤ 2(2n) = 4n,

as required.

Theorem 2. Let F ∈ Sk+n(Γ2n) be the Ikeda lift of a Hecke eigenform f ∈ Sk(Γ1). Let λF (p
r)

be the eigenvalue of F for the Hecke operator T (pr). Fix r ≥ 1. We have λF (p
r) > 0 for all

p >
(
4n

(
2rn2 + 2n(2n− 1)

))2

.
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Proof. By Proposition 3, part iii), and the assumption that p1/2 > 4n
(
2rn2+2n(2n−1)

)
, we have,

for m < rn2,

|cm|
1

rn2−m ≤ 4n
(2rn2 + 2n(2n− 1)

2rn2 + 2n(2n− 1)

) 1
rn2−m

≤ 4n
(
2rn2 + 2n(2n− 1)

)( 1

2rn2 + 2n(2n− 1)

) 1
rn2−m

< p
1
2

( 1

2rn2 + 2n(2n− 1)

) 1
rn2−m

.

This gives us the inequality
|cm|

p
rn2−m

2

<
1

2rn2 + 2n(2n− 1)
. (12)

Hence, we have

λF (p
r)

pr(nk−
n
2 )

= p
rn2

2 +

rn2−1∑
m=−rn2−2n(2n−1)

cmp
m
2 = p

rn2

2

(
1 +

rn2−1∑
m=−rn2−2n(2n−1)

cmp
m−rn2

2

)
.

Set T :=
rn2−1∑

m=−rn2−2n(2n−1)

cmp
m−rn2

2 . Since λF (p
r) is real, we know that T is a real number. From

(12) it follows that |T | < 1. Hence, we get λF (p
r) > 0, as required.
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