Hecke eigenvalues of Ikeda lifts

Nagarjuna Chary Addanki and Ameya Pitale
May 19, 2026

Abstract

In this paper, we study the Hecke eigenvalues of Ikeda lifts. Using the spherical map for
the Hecke algebra of the symplectic group, we obtain an explicit formula for the eigenvalues
Ar(p"). From this formula, we show that Ar(p") can be written as a polynomial in p¥1/2 with
a positive leading term. Furthermore, we prove that the coefficients of this polynomial are
bounded and, as a consequence, the Hecke eigenvalues Ap(p”) are positive for all sufficiently
large primes p.
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1 Introduction

Let k and n be positive integers and let I',, denotes the symplectic group Sp,,,(Z). The space
of Siegel cusp forms, Si(T',) is a finite-dimensional vector space that admits a basis consisting
of simultaneous eigenfunctions of the symplectic Hecke algebra H,. These eigenfunctions are
called Hecke eigenforms. If F' is an eigenform, for each Hecke operator T, let Ap(T') denote the
corresponding Hecke eigenvalue.

For a prime p, one can use the Satake p-parameters of F' to find a formula for Ap (7). This is
done as follows: there is a map €2, called the spherical map, from #, , (the local Hecke algebra at

the prime p) to Q[zo, - -, Zn]w,, , which is the space of polynomials in xg, - - , x, with coefficients
in Q, which are invariant under the action of the symplectic Weyl group W,,. Given a Siegel Hecke
eigenform F, the Satake p-parameters are n + 1 complex numbers agp,- -,y p (depending on F'

and p) such that the eigenvalue Ap(T') of T' € H,,  is given by Q(T)(,p, - -+ » Qnp)-

The action of Hecke operators on S} is self-adjoint with respect to the Petersson inner product,
and hence the Hecke eigenvalues are real numbers. The signs of these Hecke eigenvalues seem
to encode valuable information regarding the underlying Siegel modular forms. For example, for
genus n = 1, there is an amazing result by Kowalski et al (see [11]) that two elliptic modular forms
having the same signs for the Hecke eigenvalues must be multiples of each other. There are partial
generalizations of this result to genus n = 2 (see [1], [8] and [12]).

Another application of the signs of Hecke eigenvalues is the result of Breulmann [7] which states
that a genus 2 Siegel cusp form is a Saito-Kurokawa lift if and only if all its Hecke eigenvalues
are positive. Saito-Kurokawa lifts are lifts from elliptic modular forms to Siegel modular forms of



genus 2 and their standard L-function can be written as a product of shifted L-functions of the
elliptic modular form. Tkeda [10] obtained a generalization of the Saito-Kurokawa lift to Siegel
cusp forms of genus 2n. A natural question is whether the Hecke eigenvalues of Ikeda lifts are also
all positive. The eigenvalue Ap(p) corresponding to the Hecke operator T'(p) is given in terms of
symmetric functions of the Satake p-parameters of the Siegel modular forms. Writing the Satake
p-parameters of the Tkeda lift in terms of those of the elliptic modular forms, [2] and [9] show that
Ar(p) > 0 for Ikeda lifts. For r > 1, let T'(p") = >, —pr I'ngl'n and let Ap(p") be the Hecke
eigenvalue for the operator T'(p"). For Ikeda lifts, to show the positivity of Ap(p"),r > 1, one tool
is the Dirichlet series relation (see [5])

oo

3 Ar(p")  P(p~°)

— o Q)

where Q(p™*)~! = L,(F, s,spin), the local spin L-factor for F and P(z) is a polynomial of degree
2" — 2. This was used by Breulmann in [7] for the genus 2 case. In [14], Schmidt has obtained
the explicit formula for the local factor of the spin L-function for the Ikeda lift of all genus.
Unfortunately, the polynomial P(z) in the numerator is known explicitly only for genus n < 4 (see
[16]). Using this explicit expression, the first author proved positivity of A(p"), for p large enough,
for Tkeda lifts of genus 4 (see [2]).

In this paper, we adopt a different approach which avoids the use of the Dirichlet series numer-
ator. Instead, we compute the eigenvalues Ap(p”) by explicitly determining the spherical image
of the Hecke operators T'(p"). The spherical image for the symplectic group contains a compo-
nent corresponding to the spherical image of the general linear group. An explicit formula for the
spherical image for the general linear group case is computed in [4]. Using this result, we compute
Q(T(p")) in Proposition 1. In general, the formula for Q(7'(p")) is very complicated involving a sum
over the symmetric group S,,. The key idea is that when we substitute the Satake p-parameters
of Ikeda lifts into the formula for Q(T'(p")), all terms excepting the identity element of S,, vanish,
thus greatly simplifying the formula.

Theorem. Let F € Sy, (Day) be the Ikeda lift of a Hecke eigenform f € Si(T1). If a,a™! are the
Satake p-parameters of f then

_n _ ) —m—1155. @Qn(pil)
Ap(p") = pr(nk 4 a~"TtE 61p2( n—3%+1)d;
(") 2 Ok (P71) - on, (p71)

0<61<...02n <7

See Section 3 for the definition of ¢ and the kls. From this formula, we deduce that Ap(p")
is a polynomial in p*'/2 with coefficients in Z[a,a™']. The fact that the leading coefficient is 1
and the other coefficients are bounded implies that Ag(p") is positive for all p sufficiently large. In
fact, using the precise information regarding the sizes of these coefficients obtained in Proposition
3, we are able to get a lower bound for the primes p for which the positivity result holds.

Theorem. Let F € Sy ,(T2,) be the Ikeda lift of a Hecke eigenform f € Sg(T'1). Let Ap(p")
be the eigenvalue of F for the Hecke operator T(p"). Fiz r > 1. We have Ap(p") > 0 for all

D> <4n(2rn2 +2n(2n — 1)))2.

Outline of the Paper : In Section 2 we review the Hecke algebras of the general linear and
symplectic groups and recall their action on Siegel modular forms. In Section 3, we compute the
spherical image of T'(p"). In the final section we apply this formula to Ikeda lifts to obtain explicit
expressions for the eigenvalues Ap(p”) and deduce the positivity result.



2 Hecke Algebra

In this section we describe the Hecke algebra for the symplectic group and its action on Siegel
modular forms. We direct the reader to [3] and [6] for the details on Hecke algebra presented
below.

Abstract Hecke algebra

Let G be a group, I' be a subgroup of G and S be a subset of G that is closed under multiplication.
(T, S) is called a Hecke pair if [[: T Ng 1T'g] < co and [¢7!Tg: T'Ng~'Tg] < oo for every g € S.
For a Hecke pair we define L(T",S) to be the free Z-module generated by elements of the form T'g
for g € S. The Hecke algebra associated with (T',.S) is defined as the set

{Z a;l'g; € L(T,S) ®zQ: Zaif‘gﬂ = Zaifgi for all v € T'}.

If
t=> a;i(lg;) and t' =Y b;(Thy)
i j
then
t.t/ = Zaibj (Fg,hj)
i

It follows from the conditions on S that for any g € S, there exist finitely many g; such that
g’ = Ulg;. For every g € S, we define the element I'gI’ € L(T", S) as > T'g;. The Hecke algebra
associated with the pair (T",S) is generated by {I'gl’ : g € S}. In this paper we work with Hecke
algebras of the general linear group and the symplectic group.

Let G™ = GL,(Q) and A, = GL,(Z). (An,G"™) is a Hecke pair and the associated Hecke
algebra is denoted by H,,. Let H, , represent the sub-algebra of H,, generated by those A,gA,
with g € GLy(Z[p~']). Further, let H, , represent the sub-algebra generated by A,gA, with
g € M,,(Z) N GL,,(Z[p~']). Then we have

H,, = @"H, .
For a ring R, let the symplectic group of similitudes of genus n be defined by
GSpy,, (R) := {g € GLan(R) : 'gJng = 11(9)Jn, u(g) € GL1(R)} where J,, = [—In I"].

Let Sp,,,(R) be the subgroup with u(g) = 1. Let GSp,, (Q)T be the subgroup of elements g €
GSps, (Q) with u(g) > 0. If G,, :== GSp,,,(Q)™ N Ms,,(Z) and T',, = Sp,,,(Z), then (T, G,,) forms
a Hecke pair and the Hecke algebra associated with it is denoted by H,. For a prime number p,
let Gpyp = {9 € Gy : u(g) = p*, k € Z}. Let H,,, be the Hecke algebra associated with the Hecke
pair (I',,,Gpp). Then we have H,, = ®H, . The action of H,, on the space of Siegel modular
forms is explained in the next section.

Action on Siegel modular forms
The group GSpJ. (R) := {g € GSp,,,(R) : uu(g) > 0} acts on the Siegel upper half space b, := {Z €
M,(C):*Z = Z,Im(Z) > 0} by

9(Z) = (AZ+B)(CZ+D)™! where g = [4 B] € GSp3,,(R), Z € b,,.
For a positive integer k, we define the slash operator |, acting on holomorphic functions F' on b,
by

nk _ n(n+1)

(Flrg)(Z) == p(g)2 ~ 2  det(CZ+ D) "F(g(Z))  where g=[4 5] € GSp3,(R),Z € hf(z.)
1




Let M} (resp. Sp) be the space of holomorphic Siegel modular (resp. cusp) forms of weight
k, genus n with respect to I', (see Definitions 1.8 and 1.13 from [13]). Then F' € M]' satisfies
F|py = F for all y € T,,.

We now describe the Hecke operators acting on M]!. For g € G, let T(g) :=T'pgl',, = ;g €
H,,. The Hecke algebra H,, acts on M}’ (or on S7) as follows. Let F' € M. Then

T(g)F = ZF|kgi- (2)

By Theorem 4.7 of [3], we know that M (and S}}) has a basis of simultaneous eigenfunctions of
the Hecke algebra #,,. Let F' € M’ be a Hecke eigenform, and let T'(g)F = A(g)F, where A(g) are
the Hecke eigenvalues. For any prime number p, it is known that there are n + 1 complex numbers
Q0,p, M1 ps* -+ 5 p depending on F, with the following property. If g satisfies u(g) = p”, then

Mg) = b, > [T (i), 3)

i j=1

where I',,gI";, = | |, I'sgi, with

pdn "
=48] and D—
0 pdm
The agp, 01 ,p, -+, 0 p are called the classical Satake p-parameters of the eigenform F.

3 Spherical map on Hecke Algebras

To compute the eigenvalues of T'(p"), we first describe the spherical map for the symplectic Hecke
algebra. The strategy is to relate it to the spherical map for the general linear group, for which
explicit formulas are known.

Let S, be the permutation group of order n. Let W,, represent the set of automorphisms on

the ring Q[zg, x1, - . ., Z,] generated by the following elements
i) For 0 € Sy, we have o(z;) = x,(;) for i =1,--- ,n and o(xg) = zo.
ii) Fori=1,2,...,n. 7,(20) = zowi, Ti(x;) = x; * and 7;(x;) = z; for all j ¢ {0,i}.

Theorems 2.20 and 3.30 of Chapter 3 of [6] define two isomorphisms, called the spherical maps,

Q : H’ﬂ,p — Q[x07x17 e »xn]W,ﬂ W Hn,p — Q[xla e 7xn]Sn~
Here, Q[zo, 21, ,Zn|w, is the ring of all W, -invariant polynomials in xg,z1,--- , 2, over Q and
Q[z1,- -+ ,zn]s, is the ring of all S,,-invariant polynomials in x1,--- ,z, over Q.

The significance of the spherical map is that it allows us to obtain the eigenvalue of the Hecke
operators on Siegel Hecke eigenforms in terms of their Satake parameters. Suppose F' € M}
is a Siegel Hecke eigenform with Satake p-parameters agp, a1, - ,apnp. For T € Hy ,, let
WUT) = fr(zo, 21, ,xn) € Q[zg, 21, ..., Zn]w,. Then, we have

TF = X\T)F, where N(T) = fr(aop, 01,p, - ,0np)-



Spherical image of T'(p")

For a positive integer r, T'(p") is defined to be Z I'gT. From [6, Pg. 150] we have the formula

n(g)=p”
for the spherical image of Hecke operators:

UTE)) ==y Y, p="TE (™. ™). (4)
0<01<...0, <r

Here, t(p°,...,p°") represents the double coset A,diag(p’*,...,p°)A,. An explicit formula for
w(t(p’,...,p’")) is computed in [4] using an alternate interpretation of H,, .

The Hecke algebras also admits a realization as convolution algebra of functions. Let Q, be
the field of p-adic numbers and Z, be its ring of integers. Let G}, = GL,(Q,), K, = GL,(Z,) and
D(G,, K;) denote the space of continuous, compactly supported functions f : G, — C satisfying
f(mg7y2) = f(g) for all g € G, and 71,72 € K. The product is given by the convolution:

(1 fo)(@) = /G filay™) faly)dy.

For g € G, let x4 represent the characteristic function of the set K,gK,,. The two definitions of the
Hecke algebra are connected via the isomorphism ¥ : H,, , — D(G,, K,) where ¥(A,gAy) = xg4-
Each structure admits a spherical map and they can be connected by observing the images. H

n,p
is generated by elements of the form m; = An¢(1,...,1,p,...,p)A,, fori =1,---  n. Restricting w
n—1 K3

to H,, ,, we obtain the isomorphism

w:H, , = Zw(m),. .., w(’,)].
Moreover, by [6, Lemma 2.21, Chapter 3|

(i)

wm)=p~ 2 si(x1,...,Tn),

where s;(z1,...,7,) denotes the i*" elementary symmetric function in x1,...,z,.

On the other hand, W(H,, ,) is generated by Xgiag(ps:,....psn) Where the tuples run through the
set {(01,...,0,):0< 8y <--- <4, <1,, §; € Z}. Following [4, Main theorem|, denote this space

as LT and construct the isomorphism o’ : LT — Z[w'(x1),...,w (xn)]. Here, for 1 < i < n, we
_i(i—1)

have y; = Xdiag(1, ..., Lp,....p) and w'(x;) =p~ " 2 si(z1,...,2,).
—— ——

Define a map f, on polynomials by f,(h(z1,22,...,2,)) = h(pz1,...,px,). The two spherical
maps are connected by the following commutative diagram.
H L Lt

==n,p

J I+

Zw(m), ... w(my)] L ZIw' (x1)s - W' (Xn)]

A direct computation shows that f,(w(m;)) = w'(x;), so all the maps in the above diagram are
isomorphisms. Consequently, for 0 < §; < --- < §,, we obtain the relation w(t(p’,...,p%)) =
wl(X(ala SRR 5n>)(p71x17 s 7p71‘rn) where X(517 s 7571) = Xdiag(p51 yeeeypOm)

The explicit formula for w’(x(d1,...,0,))(z1,...,2y,) is constructed in [4]. For 0 < d; < --- <
Ons

W (X1, 00)) (@1, ) = (PO ) T pm Z 08 Qs (2, ),



where

Qe (21, 2n) = Z xil(l) . .xi?n)c(o(xl, cey X)),

o€Sn
-1
D To()T,
c(o(z, .. H H (])
i=1 j=i41 Z’o-(i)-ro_(])
6= (61;-~-7517~-~,6ta---7(525)) k(é) = (kl,...,k}t) and
k k

Pk(5) (pfl) _ Pk (pil) <Py (pil).

Here ¢y, (z) =[]/~ (2" — 1) for m € N and ¢q(x) = 1.

Hence,
W(t@™,. .., pP) = (PPO(p 1)) T p~ Zi=0% Qs (p Vg, p )

BT B .

= (P*O(p=1)) " p= 2 HDYQ s (w1, ., ). (5)
Proposition 1. Forr > 1, we have

T T — -1

UTE)) =25 >, (PP Qslar,... zn). (6)
0<61<...6,<r

Proof. This follows from (4) and (5). O

4 Eigenvalues of Ikeda lifts

Let F' € Si+n(T2,) be the Tkeda lift of a Hecke eigenform f € Si(I'1) as defined in [10]. If the Satake
p-parameters of f are a,a”!, then the Satake p-parameters of F' are ap, = ag = P54~ and
Oip=a; = ap_”_%‘” for 1 <i < 2n. Here, the parameters are normalized so that a2a; ... a2, =
p?"F = Since Ap(p") = QT (p"))[ao, a1, - - -, az,), we substitute x; with a; in (6) and obtain

@) =ay Y (PO ) Qs(an, . az,) (7)

0<61<...00n,<r

where
Qs(ay, ... a9,) = Z ao(l ) ‘;2("2”) clo(ay, ... a))
oE€Son
and 2 1 2 —1
= oo 1l-p Ao ()@,
C(U(ala AR aQn H H (])
i=1 j=i+1 Ao (i )a’a(J)

In the following lemma, we show that all but the contribution from o =1 to Qs is vanishing.
Lemma 1. We have c¢(o(aq,...,as,)) =0 for all o € S, with o # 1.

Proof. Let 7 = o~ !. Since 7 # 1, there exists a positive integer m such that 1 < m < 2n — 1 and
7(m) > 7(m+1). Set j =7(m) and i = 7(m + 1). Then j > i and

o(t)y=c(t(m+1))=m+1=0(j) + L
Hence,
1— p_lag(i)a;(lj) —1— p—lap—n—%—&-a(i)a—lpn—f—%—a(j) —1_ p—1+a(i)—a(j) —0.

This implies that c¢(o(a1, ..., a2,)) = 0. O



The above lemma allows us to conclude that, for any §, we obtain

2n—1 2n —1 —1
1—p a;a;
Q(S(a17"‘7a‘2n)_ ag?{' H H 1 : J
=1 j=i+1 — a0 7
Hence,
2n—1 2n —1 -1
_ 1—p a a;
_ 15 Sam 7
A =ag > (PROOTY) e [T I -
0<51< 020 <r i=1 j=it1 - 4
Lemma 2. For any (0), we have
2l 2 —1 oan(p)
Pk(&) _ n .
( H Jlj!,;_l 1_0'1 j 1 @kl(pil)"'(pkt(pil)
Proof. For a fixed i we have
12_"[ 1 —pilaiaj_l B ﬁ 1 —ptti=i 1 —plti—2n
B — i — -1
joi1 L@ j=it1 1=p l=p
Taking the product over ¢ we obtain
th ﬁ . 1a’aJ L 2ﬁ1 L—p= 72 oo(p™h)
- _ 1 - —1\2n "
i=1 j=i+1 1 —a;a j i=1 L—p p1(p~t)*
Hence,
(Pk(d)(pfl))*l 902n(p71) _ <P2n(p71)

e1(p )2 o () ok (P
O

The above results allow us to obtain a formula for Ap(p”) that is much simpler than the general
formula in (6) in the case that F' is an Ikeda lift.

Theorem 1. Let F' € Si1,(T2n) be the Ikeda lift of a Hecke eigenform f € S(T'1). Let the Satake

p-parameters of f be a,a”t. For any prime p and r € N, we have

1
T r(nk—% —nr i —n—1+4)8; n\P
/\F(p ) =p (nk—1%) Z a +261p2( 3+1i)0; ji2 ( ) —. (8)
0<61 <. Gan<r P () om0

Proof. Substitute ag = p™*~2a™™ and a; = ap’”*%“ in Eq (7). Then the theorem follows from
Lemmas 1 and 2. O

We will now rewrite the Hecke eigenvalue A\p(p”) of F' as a polynomial in p*'/2 and obtain

precise information about the coefficients of the polynomial. We will need some combinatorial
information for that. Let (§) = (d1,...,09,) with 0 < §; < -+ < 09, < r. For o € So,, let
(0)o = (65(1)s" "+ »00(2n)). An inversion of (d), is a 4-tuple (4, ], 04 (), 05 (j)) such that 7 < j and
do(i) > 04(;)- Let inv((d)s) be the number of inversions of (0),. Let S(0) := {0 € Sa,, : () = (0)o},
and let S5y be a set of representatives for Ss;,/5(6).

Further, for a positive integer j, a weak composition of j into 2n parts is a set {b1,ba, - , b2, }
such that b; > 0 for all i and by +ba+- - -+ ba, = j. Note that {by,bs,- - ,ba, } is a weak composition
of j into 2n parts if and only if {by + 1,ba + 1,--- ,ba, + 1} is a partition of j + 2n into 2n parts.

Hence the number of weak compositions of j into 2n parts equals (j 'gi’i;l)



)
ok (p7Y) -, (p71)

Proposition 2. For () = (61,...,02,), we denote by ®(5). We have

n(2n—1)

®(0) = Z 057jp7j,
j=0

where c5; are non-negative integers such that cso = 1 and for all j, we have the bound
cs.j < (2n). 9)

Proof. 1t follows from Proposition 1.7.1 of [15] that

B(0) = Z pinv(()o),

065(5)

For j > 0, let ¢5; = #{0 € S(5) : inv((0)s) = j}. Hence, we get

®(0) = Z csjp 7

J=0

with ¢5; > 0 for all j > 0. From the definition it is clear that c¢50 = 1. Let us denote by
¢(2n,j) = c¢5,; where (6) = (1,2,---,2n). We see that ¢5; < ¢(2n,j) for all (§). Since the

maximum number of inversions for any permutation in Sy, is (227’) = n(2n — 1), we see that

¢(2n,j) = 0 for all j > n(2n —1). Hence, the degree of ®(J) is bounded above by n(2n — 1).
Finally, we will give a bound on ¢(2n, j) which will imply the bound for ¢s; in the statement of
the proposition.

For any o € Sa,,, associate the vector b, = (b1,ba, - ,ba,) by b; = #{k <i:0(i) < o(k)). We
see that 0 < b; < i — 1 and if o has exactly j inversions, then by + by + - -+ + ba,, = j. Hence, to
every o € S, with j inversions, we can associate a weak composition of j into 2n parts. Since the
vector b, completely determines o, we see that

j+2n—1)

¢(2n, j) < #{weak composition of j into 2n parts} = ( 5 )
n—

Since (]ﬁﬁ;l) < (2n)?, we get the proposition. O

Proposition 3. If Xp(p’”) = 267 then,

TR
Ae(p") = Z Cmp®
meZ
where the coefficients ¢, satisfy the following.
i) cm =0 for allm >rn? orm < —rn? —2n(2n — 1),
i) Crp2 =1 and
iii) |cm|ﬁ < 4n for all m.

Proof. Set E(0) := Zfﬁl(—n — 1 44)8;. From Theorem 1 and Proposition 2, we have Ar(p") =

> ez Cmp? with the coefficients ¢, = Z Z a~"mHX%ics 5. Since ®(4) is a polynomial
§>0 5:B(6)—j="2



in p~! with non-zero constant term, to find the maximum power of p, it suffices to maximize E(5).
The maximum value of E(¢) occurs for 6 = (0,...,0,r,...,7) and the maximum value is
—— N~
n n
2n n
1 o1 rn?
Z (—n — §+z)er(zf 5)7“* -
i=n+1 i=1

The constant term of ®(4) is 1 and the power of a for § is 0. Hence ¢,2 = 1 and ¢, = 0 for

m > rn?. On the other hand, the minimum value of E(§) is obtained for 6= (ry...,r,0,...,0)
n n
and the minimum value is —rn?/2. Since ®(§) is a polynomial in p~! with maximum possible
degree n(2n — 1), we see that ¢, = 0 for m < —rn? — 2n(2n — 1), as required.
Now let m be such that —rn? — 2n(2n — 1) < m < rn?. Since cs ; are positive integers, a has
absolute value 1 and using (9), we see that

1

n(2n—1) n(2n—1)
. m ;
eml < X0 ey= 3 > ey < Y #{0:E@)-j=53en) (10)
Jj=0 j=0 &§:E(8)—j=m/2 j=0
S:E(0)—j=2

Note that, for a fixed m, we have #{é : E(§) —j = 2} = 0if j > (rn* —m)/2. Observe that

n 2n
rn? —2B(0) =Y (2n+1-2i)5+ Y _ (2i—2n—1)(r—0).
i=1 i=n+1
Let 2n+1—2i)0; = z; for 1 < i <nand (20 —2n—1)(r—0;) = z; for n+1 < i < 2n.
Hence, for every ¢ such that E(J) — j = % there exists a tuple (21,...,22,) such that Zfﬁl x; =
rn? —2E(8) = rn? —m — 2j, i.e. we get a weak composition of rn? —m — 2j into 2n parts. The

2 -m—-2j+2n-1
number of such tuples is bounded by (rn m2 Jl+ " ) Hence,
T —
2-m—-2j+2n—-1 ,
#{5:B@)—j= 2y < (M T I TN < (guyrntomea, (1)
2 2n —1
Substituting (11) in (10), we obtain
n(2n—1) n(2n—1) n(2n—1)
2 . . 2 . 2 . 2
leml < @)™ TR = YT @2n)™ T = @2n)™ ™ Y (20) 7 <2(20) T
j=0 j=0 j=0

This implies that

1 N
|Cm|rn27m S 2’V‘n27771 2/)’2/.
Since m < rn?, we conclude that
1
|em|™2=m < 2(2n) = 4n,
as required. O

Theorem 2. Let F € Sgyn(Tay,) be the Ikeda lift of a Hecke eigenform f € Si(T'1). Let Ap(p")
be the eigenvalue of F for the Hecke operator T(p"). Fix r > 1. We have Ap(p") > 0 for all

D> (4n(2rn2 +2n(2n — 1)))2.



Proof. By Proposition 3, part iii), and the assumption that p'/2 > 4n(2rn2 +2n(2n— 1)), we have,
for m < rn?,

IN

|Cm|ﬁ 4n(2rn2 + 2”(271 B 1)) Tnzl—m
2rn? 4+ 2n(2n — 1)
]‘ ) ’V‘"L2177774
2rn? 4+ 2n(2n — 1)

< 4n(2rn® +2n(2n — 1)) (

Nl

A

1 P
b (27"712 +2n(2n — 1)) ’

This gives us the inequality

|em| 1
< . 12
pUE™ 2rn? +2n(2n — 1) (12)
Hence, we have
)\F(pr) n? rm?—1 n n? rn°—1 2
pr(nkfg) =p: + Z Cmp? =p * (1 + Z Cmp  * )
m=—rn?2—2n(2n—1) m=—rn?2—2n(2n—1)
Tnz_l m—rn2
Set T := > cmp 2 . Since Ap(p") is real, we know that T is a real number. From
m=—rn?2—2n(2n—1)
(12) it follows that |T'| < 1. Hence, we get Ap(p") > 0, as required. O
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