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Abstract

We give an explicit formula for the Petersson norms of theta lifts from Maass cusp forms of level
one to cusp forms on orthogonal groups O(1, 8n+1). Our formula explicitly determines archimedean
local factors of the norms. As an application, we obtain bounds on the sup-norm of the lifted cusp
forms on these orthogonal groups in terms of their Laplace eigenvalues.

Contents
1 Introduction 1

2 Classical automorphic forms 6
2.1 Algebraic groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Automorphic forms and lifting theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3 Adelization of the Borcherds lift 9

4 Petersson norm of the theta lifting 11
4.1 The archimedean computation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

5 Sup-norm bounds for Maass cusp forms on O(1, N + 1) 20
5.1 Upper and lower bounds using Fourier expansions . . . . . . . . . . . . . . . . . . . . . . 20
5.2 Upper bounds using the pre-trace formula . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
5.3 Proof of Theorem 1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

1 Introduction
In this paper, we consider several questions regarding lifts from Maass cusp forms f of level 1 to cusp
forms Ff on the orthogonal group O(1, 8n + 1) with respect to the arithmetic subgroup Γ attached to
even unimodular lattices L of rank N = 8n. The group Γ, denoted by ΓS in (7), is the subgroup of
O(1, 8n + 1) stabilizing L ⊕ Z2 with Z2 viewed as a lattice of the hyperbolic plane. These lifts were
constructed in [37] by giving an explicit formula for the Fourier coefficients of Ff and using the explicit
theta lift construction due to Borcherds [4] to prove the automorphy (see Section 2.2). In [37], it was
shown that the map f → Ff preserves cuspidality and is Hecke equivariant. When restricted to Hecke
eigenforms, it was shown that the lifts provide counterexamples to the generalized Ramanujan conjecture
(see Theorem 2.2 below for details).
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1 INTRODUCTION 2

Petersson norm of the lift
One of the main results of this paper is to obtain an explicit formula for the Petersson norm of the lift Ff .
For this we use the well-known methods of Rallis [45] of doubling integrals and the Siegel Weil formula.
It should be remarked that Kudla-Rallis [34] suggested the regularized Siegel Weil formula, which enables
us to calculate the Petersson norm without the limitation of the original Siegel-Weil formula (cf. [57]),
and Gan-Qiu-Takeda [20] established the formula in full generality for dual pairs of unitary groups or
symplectic-orthogonal groups. We consider Borcherds’theta lift construction instead of a general theta lift
since we are interested in explicit formulas for the Fourier coefficients of the lifts, an important ingredient
in the sup norm application. Hence the theta lifts considered here are only from the group SL(2) to
O(1, N + 1). We assume that f is a Hecke eigenform. To use the method of [45], we first obtain an
adelization of the theta lift construction of Borcherds for our case. For this, we follow the work of Kudla
[33] where the adelization of the Borcherds construction is obtained for orthogonal groups of signature
(p, 2). The L2-norm of the adelization Φ of Ff can then be rewritten as

||Φ||2 =

∫
SL2(Q)\SL2(A)

( ∫
SL2(Q)\SL2(A)

f0(g1)E((g∗1 , g2), s0; Ξ0)dg1

)
f0(g2)dg2.

Here, f0 is the adelization of f , Ξ0 is a section in an induced representation of Sp4(A) obtained from
the Weil representation corresponding to the theta lifting, and E is an Eisenstein series on Sp4 obtained
from the Siegel Weil formula. As in [44], the inner integral is Eulerian and can be written as a product of
local integrals (see also [20, Section 11]). Since we are restricted to Maass forms f of level 1, in the non-
archimedean case, all the data is unramified and the integral is obtained in [44]. The main contribution
here is the archimedean integral computation, which is never an immediate consequence from general
formulas cited above. The key ingredient of the archimedean computation is to realize (see Proposition
4.2) that the archimedean section Ξ∞ is in the trivial K-type of the Sp4(R) representation, i.e. it is
invariant under the maximal compact subgroup of Sp4(R).

In Section 4.1, we compute the local archimedean integral to obtain the following result (see Theorem
4.4).

Theorem. 1.1. Let L be an even unimodular lattice of dimension N . Let f ∈ S(SL2(Z);− r2+1
4 )

be a Hecke Maass eigenform with respect to SL2(Z) and let π be the irreducible cuspidal automorphic
representation of GL2(A) corresponding to f . Let Ff be the lift of f to a cusp form on O(1, N + 1)
with respect to the arithmetic subgroup Γ attached to L. Then the Petersson norm of Ff is given by the
formula

||Ff ||2 =
L(N2 , π,Ad)

ζ(N2 + 1)ζ(N)

(
21−

N
2 π2Γ(

N
4 +

√
−1r
2 )Γ(N4 −

√
−1r
2 )

Γ(N4 + 1
2 )

2

)
||f ||2.

Here, L(s, π,Ad) is the finite part of the degree 3 adjoint L-function of π.

Let us remark here that, in the case of signature (p, 2), the Petersson inner product of the Borcherds
lift (or the Kudla-Millson lift) has been computed in Theorem 4.9 of [12]. In that case, the authors
start with a holomorphic modular form of full level and the archimedean integral then corresponds to a
computation involving the holomorphic discrete series of GL2. On the other hand, Theorem 1.1 is the
first result we are aware of in the literature which gives an explicit formula for the Petersson norm in the
non-holomorphic case.

In [42] and [43], we constructed the Borcherds lifting from Maass forms with square free level m to
cusp forms on O(1, 5) with respect to arithmetic subgroups corresponding to maximal orders in definite
quaternion algebras of discriminant m. The adelization of the lift and the Rallis inner product method
can be applied to this case as well. The local archimedean integral can be computed similar to the
computation in this paper. The main difference is the computation of the local ramified integral in the
case p|m which involves vector valued modular forms. We will be working on this case in the future.
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Injectivity of the lifting map
As is the case with most theta lift constructions, proving the automorphy of the lift is straightforward,
whereas showing non-vanishing is often highly non-trivial.

For general even unimodular lattices, an immediate corollary to Theorem 1.1 is the injectivity of
the map f → Ff , when restricted to Hecke eigenforms. We can extend this injectivity to non-Hecke
eigenforms by using the Linear Algebra trick used in [43] (see Theorem 7.1 of [43]). Note that the latter
requires information on Hecke eigenvalues of Ff when f is a Hecke eigenform, and these were computed
in [37]. See Corollary 4.5 for details. Note that one could possibly extend the injectivity of the Kudla-
Millson lift obtained in [12] to non-Hecke eigenforms if one had further information on the lift in the case
of Hecke eigenforms.

Let us remark here that it is well known that all even unimodular lattices of dimension N form a single
genus, and their equivalence classes are in one-to-one correspondence with the Γ-cusps (see Section 5.1).
If we considered the Fourier expansion of Ff at a Γ-cusp corresponding to an even unimodular lattice
whose image of the squared norm map exhausts all positive integers, then it is possible to follow the
method in [37] to get injectivity of the map f → Ff in general. In fact, in [37], we proved the injectivity
by the Fourier expansion at a cusp corresponding to a sum of copies of the E8-lattice.

Bounds on sup-norm of the lift Ff

Another main result of this paper is to prove bounds on the sup-norm of Ff . The problem of estimating the
sup-norm of Laplace eigenfunctions on a compact Riemannian manifold is a fundamental one in harmonic
analysis and mathematical physics. The most basic result on this problem is due to Avacumović [1] and
Levitan [36]. If X is a compact Riemannian manifold without boundary and ϕ is an eigenfunction of the
Laplacian on X with eigenvalue −Λ ≤ 0, they show that

||ϕ||∞
||ϕ||2

≪ Λ
dimX−1

4 . (1)

In general, this is the best possible estimate and is indeed achieved when X is a sphere. On the other
hand, one expects stronger bounds to hold on a generic manifold. For instance, when X is negatively
curved, Bérard [3] showed that the bound (1) can be improved by a factor of

√
log Λ. Moreover, it is

often possible to improve (1) by a power of Λ under arithmetic assumptions on X and ϕ. The first such
improvement is due to Iwaniec and Sarnak [31]. They considered X a congruence arithmetic hyperbolic
surface arising from a quaternion algebra over Q (possibly split), and ϕ a Hecke–Maass cusp form. In
this case, they improved on (1) to obtain

||ϕ||∞
||ϕ||2

≪ϵ Λ
5
24+ϵ. (2)

They also obtained a lower bound
√
log log Λ for an infinite sequence of ϕ, which was later improved

to exp((1 + o(1))
√
log Λ/ log log Λ) by Milićević [41]. Let us also mention several other works on the

sup-norm problem [9], [10], [13], [15], [50], [51]. Among other things we also cite [46], which includes an
excellent review of the sup-norm problems in terms of elliptic differential operators.

We note that in these arithmetic settings, where X is taken to be a locally symmetric space, one
generally assumes that ϕ is an eigenfunction not just of the Laplacian, but of the full ring of invariant
differential operators. Under this assumption on ϕ, it was shown by Sarnak [52] that the bound (1) can
be strengthened to

||ϕ||∞
||ϕ||2

≪ Λ
dimX−RankX

4 . (3)

This is sharp on spaces of compact type, and is the natural analog of (1) for these eigenfunctions.
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It is also interesting to investigate the sup-norm of eigenfunctions in the case when X is not compact.
In this case, we now assume that ϕ is square-integrable. In the noncompact setting, the bound (1) (and
(3), under the appropriate assumptions) continues to hold on fixed compact sets, and it is natural to
ask whether it in fact holds globally (i.e. over the entire manifold). For this to happen one certainly
needs ∥ϕ∥∞ to be finite, and this is not generally true, even when X is a finite volume locally symmetric
space. However, it is true if one assumes that X is a finite volume locally symmetric space and ϕ is
cuspidal (cf. [23]), and so we make these assumptions from now on.

In some cases, it is known that the bounds (1) and (3) hold globally. See for instance [8] for the
case of Hecke–Maass forms on GL2 over a number field, and [7] for Hecke–Maass forms on the space
PGL3(Z)\PGL3(R)/PO(3). (Note that [7] establishes a bound stronger than (1), but not as strong as
(3).) On the other hand, it was shown in [15] that (1) fails on PGLn(Z)\PGLn(R)/PO(n) for n ≥ 6. The
reason for this failure is the large peaks of the GLn Whittaker function in higher rank, which lead to large
values of cusp forms via the Fourier expansion. Moreover, it is generally expected that the large values
produced in this way occur high in the cusp, at height roughly

√
Λ; [15] establishes the weaker result

that the suprema of these cusp forms occur at points tending to infinity. See [6] for an upper bound that
complements the lower bound of [15].

This phenomenon of cusp forms having a peak high in the cusp is a general one, which is already
present for GL2 where it is caused by the transition range of the Bessel function K√

−1r(y) at y ∼ r [52].
However, in this case the peak produced is only of size Λ1/12, which is smaller than (1). These results
lead one to ask the general question of whether a sequence of cusp forms on X realize their suprema in
a fixed compact set, or at a sequence of points tending to infinity.

We remark that if, instead of Maass forms, one considers holomorphic modular forms of growing
weight for the group SL2(Z), then the growth rate of the sup norm was determined by Xia [55] using the
Fourier expansion. Similar results in the case of Siegel modular forms were obtained by Blomer [5].

In this paper, we investigate these questions for the forms Ff – namely, whether the bound (1) holds
globally, and whether the Ff exhibit large peaks in the cusp. Our main result is the following.

Theorem. 1.2. Let f ∈ S(SL2(Z);− r2+1
4 ) be a non-zero Hecke Maass cusp form with Fourier coefficients

{c(m) : m ∈ Z} satisfying c(m) = ±c(−m) for all m ∈ Z. Suppose L is an even unimodular lattice of
dimension N . Let Ff be the lift of f to a cusp form on O(1, N+1) with respect to the arithmetic subgroup
Γ attached to L. Let −Λ be the Laplace eigenvalue of Ff . Then for any ϵ > 0 and any r, we have

||Ff ||∞
||Ff ||2

≪N,ϵ,Γ Λ
N
4 +

N(1+2θ)
8(N+1+2θ)

+ϵ ≤ Λ
N
4 + θ

4+
1
8+ϵ,

where θ = 7/64 is the current best estimate towards the Ramanujan conjecture for Maass forms. We also
have the lower bound

Λ
N
8 + 1

12−ϵ ≪N,ϵ,Γ
||Ff ||∞
||Ff ||2

. (4)

See Theorems 5.4 and 5.5 for more details and more general results. We note that the bound (1) in
this case reads ||Ff ||∞/||Ff ||2 ≪ ΛN/4, so that we are not quite able to obtain this globally.

Remark 1. We are free to assume that r ≫ 1 when proving Theorem 1.2. On the other hand, this
condition holds automatically, as it is known that any cuspidal Laplace eigenfunction on the modular
surface has eigenvalue −Λ < −1/4, see for instance [11, 48].

Remark 2. As alluded to above, the lower bound we prove for Ff is obtained high in the cusp. In contrast
to this, there are several papers that establish power growth of eigenfunctions on hyperbolic manifolds,
and more generally on locally symmetric spaces of noncompact type, in fixed compact sets [13, 14, 17,
35, 40, 49]. We mention in particular [14, 17], which apply to the higher-dimensional hyperbolic setting
considered here. (The results of [13] also include this, but the growth exponents produced are ineffective.)
In [17], Donnelly constructs compact hyperbolic (N + 1)-manifolds for N ≥ 4, and sequences of Laplace
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eigenfunctions {ϕi}i that satisfy ∥ϕi∥∞/∥ϕi∥2 ≫ Λ
(N−3)/4
i . In [14], this lower bound was improved to

Λ
(N−1)/4−ϵ
i for N even, and it is expected that this parity condition can be removed. Moreover, similarly

to Ff , the forms constructed in these papers are theta lifts from SL2. These results lead one to hope
that Ff might satisfy the same lower bound, which should be realized in a fixed compact subset of the
manifold. As this is larger than the lower bound of Λ

N
8 + 1

12−ϵ obtained from the peak of the Whittaker
function, one might therefore expect Ff to realize their sup norms in the bulk, rather than the cusp.

We now give an outline of the proof of Theorem 1.2. The proof works by combining two ingredients.
The first is a standard upper bound coming from the pre-trace formula, which is valid for any square-
integrable Laplace eigenfunction on any finite-volume hyperbolic orbifold. This is Theorem 5.5, which
gives

|Ff (n(x)ay)|
||Ff ||2

≪ Λ
N
4 + y

N
2 Λ

N
8 . (5)

Here, n(x)ay are Iwasawa coordinates (cf. (8)) adapted to one of the cusps.
The second ingredient is upper and lower bounds proved using the Fourier expansion of Ff . These

bounds rely on the fact that these forms are theta lifts in two ways; first, by providing an explicit formula
for the Fourier coefficients of Ff in terms of those of f , and secondly through the formula for ∥Ff∥2 from
Theorem 1.1. The lower bound comes from the first nonzero Fourier coefficients of Ff , combined with
the transition behavior of the Bessel function; see the end of Section 5.1.

The upper bound is stated in Theorem 5.4, and gives

1

∥Ff∥2
|Ff (n(x)ay)| ≪ϵ,N,L


y−N/2−1−2θr3N/4+1+2θ+ϵ 1 ≪ y ≤ r11/12;

y−N/2+1−2θr3N/4−5/6+2θ+ϵ r11/12 < y ≤ r/2π;

e−Cy r/2π < y.

(6)

Here, θ = 7/64 is the current best estimate towards the Ramanujan conjecture for Maass forms, and we
note that Λ ∼ r2. We combine (5) and (6) by noting that the first bound is strong low in the cusp, while
the second is strong high in the cusp. In fact, the first bound gives ||Ff ||∞

||Ff ||2 ≪ ΛN/4 when y < Λ1/4, while

for y > Λ1/4 the second gives ||Ff ||∞
||Ff ||2 ≪ ΛN/4+ 1

4+
θ
2 . Finding the point at which they are equally strong

gives the upper bound of Theorem 1.2.

Bounds on Fourier coefficients of the lift Ff

As discussed above, Theorems 1.2 and 5.4 on sup-norm bounds rely on an estimate for the Fourier coef-
ficients of Ff . By using standard techniques, one can obtain the Hecke bound for the Fourier coefficients
{A(λ) : λ ∈ L\{0}} of Ff given by |A(λ)| ≪ |λ|N2 . Here, the implied constant depends on the sup-norm of
Ff , the quantity we wish to bound. Hence, the Hecke bound is not adequate for obtaining the sup-norm
bounds on Ff . Using the explicit formula for A(λ) in terms of the Fourier coefficients of the Maass form
f , we are able to obtain in Proposition 5.1 the improved bounds of the form |A(λ)| ≪ |λ|N2 −1+ϵ. In the
special case of primitive λ, i.e., satisfying 1

nλ /∈ L for all integers n > 1, we get an even better bound
|A(λ)| ≪ |λ|2θ+1+ϵ, where θ = 7/64 is the current best estimate towards the Ramanujan conjecture for
Maass forms. Here the implied constants depend on ϵ, r and ||f ||2.

These bounds on the size of the Fourier coefficients of the lift are analogous to the results obtained
by Ikeda and Katsurada [28] in the context of Siegel cusp forms. The Hecke bound for a Siegel cusp form
of genus n and weight k is given by |A(T )| ≪ (det(2T ))

k
2 , where {A(T )} are the Fourier coefficients with

T running through n × n half integral, positive definite, symmetric matrices. In [28], for the subset of
Ikeda lifts, the authors prove better bounds given by |A(T )| ≪ (det(2T ))

k
2−

1
2 . Furthermore, they show

that if T is primitive, then we have |A(T )| ≪ (det(2T ))
k
2−

1
12−

n
4 .
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Outline of the paper
The paper is outlined as follows. In Section 2, after reviewing basic notions on orthogonal groups, their
algebraic subgroups and real hyperbolic spaces, we introduce automorphic forms that are the focus of
this paper. We recall the construction of the theta lifting map as worked out in [37] and state the main
theorem from that work regarding these lifts. In Section 3, we carry out the adelization of the theta lifts.
In Section 4, we set up the global integrals for the Petersson norm of the lifting using the method of
Rallis. The bulk of the computation is done in Section 4.1, where the archimedean integral is calculated.
We end Section 4.1 with the explicit formula for the Petersson norm of the lift and the injectivity of the
lifting map. In Section 5.1, we compute upper and lower bounds on the sup-norm of the lift using its
Fourier expansion. In Section 5.2, we apply the pre-trace formula method to obtain upper bounds for
any L2 eigenfunction of the Laplacian on an (N + 1)-dimensional hyperbolic orbifold of finite volume.
We put the results from these methods together to obtain the proof of Theorem 1.2 in Section 5.3.

Notation
If A ∈ C and B ∈ R, we use the notation A ≪ B to mean that there is a constant C > 0 such that
|A| ≤ CB, and A ∼ B means that A≪ B ≪ A.
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2 Classical automorphic forms

2.1 Algebraic groups

For N ∈ N, let S ∈ MN (Q) be a positive definite symmetric matrix and put Q :=

 1
−S

1

. We

then define a Q-algebraic group G by the group

G(Q) := {g ∈MN+2(Q) | tgQg = Q}

of Q-rational points. We introduce another Q-algebraic group H by the group

H(Q) := {h ∈MN (Q) | thSh = S}

of Q-rational points. Let qS , resp. qQ, denote the quadratic form on QN , resp. QN+2, associated to S,
resp. Q, i.e.

qS(v) =
1

2
tvSv, qQ(w) =

1

2
twQw

for v ∈ QN and w ∈ QN+2. Then H, resp. G, is the orthogonal group associated to this quadratic form
qS , resp. qQ. For every place v ≤ ∞ of Q we put Gv := G(Qv) and Hv := H(Qv).
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In addition, we introduce the standard proper Q-parabolic subgroup P of G with the Levi decompo-
sition P = NL, where the Q-subgroups N and L are defined by

N(Q) :=

n(x) =

1 txS 1
2
txSx

1N x
1

 ∣∣∣∣∣∣ x ∈ QN

 ,

L(Q) :=


α δ

α−1

 ∣∣∣∣∣∣ α ∈ Q×, δ ∈ H(Q)

 .

Let us regard J = Z2 as a lattice of the real hyperbolic plane, and let L be a maximal lattice with
respect to S. We then put

L0 :=


xy
z

 ∈ QN+2

∣∣∣∣∣∣ x, z ∈ Z, y ∈ L

 = L⊕ J,

which is a maximal lattice with respect to Q. Here, see [54, Chapter II, Section 6.1] for the definition
of maximal lattices. Through the bilinear form induced by the quadratic form qS , the dual lattice
L♯ := HomZ(L,Z) is identified with a sublattice of QN containing L.

Assumption: We will assume that L is an unimodular even lattice. This implies that 8|N
and L♯ = L.

For each finite prime p <∞ we introduce L0,p := L0 ⊗Z Zp and put

Kp := {g ∈ Gp | gL0,p = L0,p},

which forms a maximal open compact subgroup of Gp. On the other hand, let R :=

1 S
1

 and put

K∞ := {g ∈ G∞ | tgRg = R},

which is a maximal compact subgroup of G∞. Let Kf :=
∏

p<∞Kp and K := Kf ×K∞. The groups
Kf and K form maximal compact subgroups of G(Af ) and G(A) respectively. We furthermore put
U := Uf ×H∞ with Uf :=

∏
p<∞ Up, where

Up := {h ∈ Hp | hLp = Lp}

with Lp := L⊗Z Zp. We now set

ΓS := G(Q) ∩KfG∞ = {γ ∈ G(Q) | γL0 = L0}. (7)

We have the following result [37, Lemma 2.1],

Lemma. 2.1. i) (Strong approximation theorem for G) The class number of G = O(Q) with respect
to G∞Kf is one. Namely G(A) = G(Q)G∞Kf .

ii) The class number of H = O(S) with respect to U coincides with the number of ΓS-cusps.

The real Lie group G∞ admits an Iwasawa decomposition

G∞ = N∞A∞K∞,
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where

N∞ :=
{
n(x) | x ∈ RN

}
, A∞ :=

ay =

y 1N
y−1

 ∣∣∣∣∣∣ y ∈ R×
+

 . (8)

From the Iwasawa decomposition we can identify the homogeneous space G∞/K∞ with the (N + 1)-
dimensional real hyperbolic space HN := {(x, y) | x ∈ RN , y ∈ R>0} by the natural map

n(x)ay 7→ (x, y).

The cusp forms we are going to study are regarded as cusp forms on the real hyperbolic space HN .

2.2 Automorphic forms and lifting theorem
For λ ∈ C and a congruence subgroup Γ ⊂ SL2(R) we denote by S(Γ, λ) the space of Maass cusp forms
of weight 0 on the complex upper half plane h := {u+

√
−1v ∈ C | v > 0} whose eigenvalue with respect

to the hyperbolic Laplacian is λ.
For r ∈ C we denote by M(ΓS , r) the space of smooth functions F on G∞ satisfying the following

conditions:

i) Ω · F =
1

2N

(
r2 − N2

4

)
F , where Ω is the Casimir operator defined in [37, (2.3)],

ii) for any (γ, g, k) ∈ ΓS ×G∞ ×K∞, we have F (γgk) = F (g),

iii) F is of moderate growth.

Let r ∈ R. We say that F ∈ M(ΓS ,
√
−1r) is a cusp form if it vanishes at the cusps of ΓS . By [37, Section

2.3], any cusp form F ∈ M(ΓS ,
√
−1r) has a Fourier expansion of the form

F (n(x)ay) =
∑

λ∈L\{0}

A(λ)y
N
2 K√

−1r(4π|λ|Sy) exp(2π
√
−1tλSx). (9)

Here, |λ|S :=
√
qS(λ) and K√

−1r is the K-Bessel function.
Let

f(τ) =
∑
n ̸=0

c(n)W
0,

√
−1r
2

(4π|n|v) exp(2π
√
−1nu) ∈ S(SL2(Z);−

r2 + 1

4
) (10)

be a Maass cusp form on h, where we use the Whittaker function W
0,

√
−1r
2

to describe the Fourier
expansion of f . Recall that we have supposed that L is an even unimodular lattice of rank N divisible
by 8. For 0 ̸= λ ∈ L, define

A(λ) := |λ|S
∑
d|dλ

c

(
−|λ|2S
d2

)
d

N
2 −2, (11)

where dλ denotes the greatest integer such that 1
dλ
λ ∈ L. By Theorems 3.1, 3.3, 4.11 and 5.6 from [37]

we have

Theorem. 2.2. Let L be an even unimodular lattice. Let f ∈ S(SL2(Z);− r2+1
4 ) with Fourier expansion

(10). Let Ff : HN → C be given by the Fourier expansion (9) with Fourier coefficients A(λ) defined in
(11). Then

i) The map f → Ff is a map from S(SL2(Z);− r2+1
4 ) to M(ΓS ,

√
−1r) preserving cuspidality.

ii) If f is a Hecke eigenform, then so is Ff .
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iii) Suppose f is a Hecke eigenform. Let πFf
be the cuspidal automorphic representation of G(A)

generated by Ff . Then πFf
is irreducible, and thus has the decomposition into the restricted tensor

product ⊗′
v≤∞πFf ,v of irreducible admissible representations πFf ,v of Gv. For v = p < ∞, the

representation πFf ,p is the spherical constituent of an unramified principal series representation of
Gp.

iv) The finite part of the degree N + 2 standard L-function of πFf
is given by

L(s, πFf
) = L(s, πf ,Sym

2)

N
2 −1∏

i=−(N
2 −1)

ζ(s− i),

where πf is the cuspidal, automorphic representation of GL2(A) generated by f and L(s, πf ,Sym2)
is the degree 3 symmetric square L-function of πf .

v) For every finite prime p <∞, πFf ,p is non-tempered while πFf ,∞ is tempered.

Let us remark here that, in [37], the injectivity of the map f → Ff was proven for general even
unimodular lattices by using the Fourier expansion at a cusp corresponding to a sum of copies of the E8-
lattice, which has the property that it contains vectors of squared length M for all M ∈ Z>0. Corollary
4.5 below provides another proof for the injectivity of the map f → Ff , which also works in full generality.

3 Adelization of the Borcherds lift
In [37], the automorphy of the lift Ff is proved by showing that it is a Borcherds theta lift. In [37, Section
3] the classical construction of the theta functions and Borcherds lifts has been explained in details. The
first main result of this paper is the Petersson norm for Ff . We wish to use the Siegel-Weil formula and
the Rallis inner product formula for this. For this we first need to adelize the Borcherds lift. The main
reference for this is [33], where the adelic Borcherds lift has been worked out for signature (p, 2). We will
do this for signature (1, N +1). Recall that we have assumed that L is an even unimodular lattice. From
now on, let VN be the quadratic space of dimension N + 2 defined over Q equipped with the quadratic
form qQ defined in Section 2.1. Let BQ be the bilinear form corresponding to the quadratic form qQ. By
VN (R) and VN (A) we denote the real quadaratic space and the adelic quadratic space attached to VN
respectively. The former is often denoted simply by R1,N+1. By VN (Af ) we denote the space formed by
the finite adeles in VN (A).

Let D be the Grassmanian of positive oriented lines in the real quadratic space VN (R). For (x, y) ∈
HN , set ν(x, y) := 1√

2
t(y+ y−1qS(x),−y−1x, y−1) ∈ VN (R) satisfying BQ(ν(x, y), ν(x, y)) = 1. Then, we

can identify HN with one of the two connected components D+ of D via

HN ∋ (x, y) → R · ν(x, y) ∈ D+. (12)

Denote by X = G(Q)\(D × G(Af ))/Kf . By Lemma 2.1, we have G(A) = G(Q)G(R)Kf . We have
X ≃ ΓS\D+, where ΓS = G(Q) ∩ G(R)Kf .

Let S(VN (A)), S(VN (Af )) and S(VN (R)) be the space of Schwartz Bruhat functions of VN (A), VN (Af )
and VN (R) respectively. For ν ∈ D, we have the map

ιν : VN (R) → R · ν ⊕ (ν⊥, qS |ν⊥) ≃ R1,N+1

λ 7→ (ι+ν (λ), ι
−
ν (λ)).

Here, ι+ν and ι−ν are the projections from VN (R) to Rν and ν⊥, qS |ν⊥ respectively. For λ ∈ VN (R), set
R(λ, ν) := −2qQ(ι

+
ν (λ)) and (λ, λ)ν := 2qQ(λ) + 2R(λ, ν). We can see that

(λ, λ)ν = 2qQ(λ) + 2R(λ, ν) = 2qQ(ι
+
ν (λ)) + 2qQ(ι

−
ν (λ))− 4qQ(ι

+
ν (λ))
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= 2qQ(ι
−
ν (λ))− 2qQ(ι

+
ν (λ)) = 2qQ(λν−)− 2qQ(λν+).

Here we are denoting ι+ν (λ) = λν+ and ι−ν (λ) = λν− . Let A◦(D) be the space of smooth functions on D.
We then introduce the Gaussian

ϕ̃∞(λ, ν) := exp(π(λ, λ)ν) = exp
(
2πqQ(λν−)− 2πqQ(λν+)

)
. (13)

We can regard this as a A◦(D)-valued Schwartz function on VN (R) by

VN (R) ∋ λ→ (D ∋ ν 7→ ϕ̃∞(λ, ν)).

Note that, in [33], there is a minus sign in the exponent instead of plus sign. The reason for the
difference is that we are considering signature (1, N+1) instead of (p, 2). Consider the polynomial P (λ, ν)
obtained by applying the operator exp(−∆/(8π)) to the polynomial 2−

N
4 −3x

N
2
1 defined in [37, Section

3.2], where ∆ denotes the Laplacian for the (N + 2)-dimensional Euclidean space with the coordinate
(x1, · · · , xN+2). For λ ∈ VN (R) and ν ∈ D, define

ϕ∞(λ, ν) := P (λ, ν)ϕ̃∞(λ, ν). (14)

Lemma. 3.1. For all h ∈ G∞, we have

ϕ∞(hλ, hν) = ϕ∞(λ, ν).

Proof. The lemma follows from the observation that both P and ϕ̃∞ depend only on qQ(λ) and BQ(λ, ν),
and by definition G∞ preserves this.

The group SL2(A) acts on S(VN (A)) via the Weil representation ω determined by the standard additive
character ψ on A/Q such that ψ∞(x) = exp(2π

√
−1x). If Φ ∈ S(VN (A)), then the Weil representation is

given by

ω([ a a−1 ])Φ(x) = |a|N2 +1Φ(ax), ω([ 1 t
1 ])Φ(x) = ψ(tqQ(x))Φ(x), ω(

[
1

−1

]
)Φ(x) = Φ̂(x), (15)

where Φ̂ denotes the Fourier transform of Φ with respect to a self-dual measure of VN (A) with respect
to VN (A)2 ∋ (x, y) 7→ ψ(BQ(x, y)) ∈ C(1). In the first equation, we need to add a factor χqQ(a) :=

⟨(−1)
N
2 +1 det(Q), a⟩ on the right hand side. But, note that det(Q) = −1 and N

2 + 1 is odd. Hence,
χqQ(a) = 1 for all a.

By ωv we denote the v-component of ω at a place v. Let Φ̂ denote the Fourier transform of
Φ ∈ S(VN (Qv)) with respect to a self-dual measure of VN (Qv) with respect to VN (Qv)

2 ∋ (x, y) 7→
ψv(BQ(x, y)) ∈ C(1). Over the Schwartz Bruhat space S(VN (Qv)) at v we also provide a description of
ωv as follows:

ωv([
a

a−1 ])Φ(x) = |a|
N
2 +1
v Φ(ax), ω([ 1 t

1 ])Φ(x) = ψv(tqQ(x))Φ(x), ω(
[

1
−1

]
)Φ(x) = Φ̂(x). (16)

In general, we have to add a factor γ−1
qQ,v(1), which denotes the local constant called the Weil constant,

to the right hand side of the last equation above. But in our case, since Lp is self-dual for all p <∞ and
dimension of VN is N + 2, we see that γqQ,v(1) = 1 for all places v (See [56, Chapitre II] for details).

Suppose τ = u+
√
−1v lies in the complex upper half plane, and let gτ = [ 1 u

1 ]
[
v1/2

v−1/2

]
∈ SL2(R).

Then (
ω(gτ )ϕ̃∞

)
(λ, ν) = v

N
4 + 1

2 exp(2π
√
−1uqQ(λ))ϕ̃∞(

√
vλ, ν)

= v
N
4 + 1

2 exp(2π
√
−1u

(
qQ(λν+) + qQ(λν−)

)
)exp

(
2πvqQ(λν−)− 2πvqQ(λν+)

)
= v

N
4 + 1

2 exp(2π
√
−1

(
τqQ(λν+) + τ̄ qQ(λν−)

)
). (17)
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The SL2(A) action commutes with the action of G(A), which we denote by ω(h)Φ(x) := Φ(h−1x). For
ν ∈ D, h ∈ G(Af ) and g ∈ SL2(A), let θ(g, ν, h) be the linear functional on S(VN (Af )) defined by

S(VN (Af )) ∋ ϕ 7→ θ(g, ν, h;ϕ) :=
∑

λ∈VN (Q)

ω(g)
(
ϕ∞(·, ν)⊗ ω(h)ϕ

)
(λ). (18)

Lemma. 3.2. Let h0 ∈ G(Q) and g0 ∈ SL2(Q). We have

θ(g, h0ν, h0h;ϕ) = θ(g, ν, h;ϕ), θ(g0g, ν, h;ϕ) = θ(g, ν, h;ϕ). (19)

Proof. The statement for h0 follows from Lemma 3.1, and a change of variable. For the statement of
g0, we can look at the three cases. For g0 = [ 1 t

1 ], the result follows from ψ|Q ≡ 1. For g0 = [ a a−1 ],
we get the result from a change of variable λ 7→ aλ. For g0 =

[
1

−1

]
, the result is obtained by Poisson

summation.

If g1 ∈ SL2(Af ) and h1 ∈ G(Af ), then we have

θ(gg1, ν, hh1;ϕ) = θ(g, ν, h;ω(g1, h1)ϕ), (20)

with ω(g1, h1) meaning ω(g1)ω(h1). Hence, if ϕ ∈ S(VN (Af ))
Kf , then the map

(ν, h) 7→ θ(g, ν, h;ϕ)

on D × G(Af ) descends to a function on X = ΓS\D+. We may view it as a linear functional on
S(VN (Af ))

Kf , and obtain

θ : SL2(Q)\SL2(A)×X →
(
S(VN (Af ))

Kf

)∨
(g, ν, h) 7→ θ(g, ν, h; ·).

Since we have assumed that L is even unimodular, it is self dual, and in this case S(VN (Af ))
Kf is a one

dimensional space spanned by the characteristic function ϕ0 of ⊗p<∞L0,p.
Let f ∈ S(SL2(Z);− r2+1

4 ) be as in Theorem 2.2. Write g ∈ SL2(A) as g = γg∞k with γ ∈
SL2(Q), g∞ ∈ SL2(R) and k ∈

∏
ℓ SL2(Zℓ). Define f0 : SL2(A) → C be f0(g) := f(g∞⟨

√
−1⟩).

As a function of g ∈ SL2(A), the function g → f0(g)θ̄(g, ν, h;ϕ0) is left-SL2(Q) invariant and right-
SO(2,R)

∏
ℓ SL2(Zℓ) invariant using (19), (20) and ϕ̂0 = ϕ0 since L is self-dual. This allows us to define

the adelic Borcherds lift on X by

Φ(ν, h, f0) :=

∫
SL2(Q)\SL2(A)

f0(g)θ(g, ν, h;ϕ0)dg. (21)

Proposition. 3.3. For (x, y) ∈ HN , let ν(x, y) ∈ D+ by (12). Then we have

Φ(ν(x, y), 1, f0) = Ff (n(x)ay).

Proof. This follows from Section 3 of [37].

4 Petersson norm of the theta lifting
We study the Petersson norm

||Φ(∗, ∗, f0)||2 :=

∫
G(Q)\G(A)

Φ(ν, h, f0)Φ(ν, h, f0)dνdh



4 PETERSSON NORM OF THE THETA LIFTING 12

of Φ(ν, h, f0) by the well known approach originally due to S. Rallis (cf. [45]). In view of Lemma 2.1 and
Proposition 3.3 this coincides with

||Ff ||22 :=

∫
ΓS\G∞

Ff (h∞)Ff (h∞)dh∞,

which is nothing but the Petersson norm of our lift in the classical setting. This is convergent since
Φ(ν, h, f0) is cuspidal.
We have that

||Φ(∗, ∗, f0)||2 =

∫
G(Q)\G(A)

∫
(SL2(Q)\SL2(A))2

f0(g1)θ(g1, ν, h;ϕ0)f0(g2)θ(g2, ν, h;ϕ0)dg1dg2dνdh

=

∫
(SL2(Q)\SL2(A))2

f0(g1)f0(g2)I(g1, g2, ϕ0)dg1dg2, (22)

where
I(g1, g2, ϕ0) :=

∫
G(Q)\G(A)

θ(g1, ν, h;ϕ0)θ(g2, ν, h;ϕ0)dνdh.

Since we are in the convergent range, the change in order of integration is justified. In view of the
doubling variables of the Weil representation (cf. [26, Section 11]) we have

θ̄(g1, ν, h, ϕ0)θ(g2, ν, h, ϕ0) = θ((g1, g2), δ(ν), δ(h), ϕ0 ⊗ ϕ0). (23)

Here, for g1, g2 ∈ SL2 we regard (g1, g2) ∈ SL2 × SL2 as its image of the diagonal embedding
SL2 × SL2 ↪→ Sp4 given by

SL2 × SL2 ∋ (
[
a b
c d

]
,
[
a′ b′

c′ d′

]
) 7→


a −b

a′ b′

−c d
c′ d′

 ∈ Sp4,

and the map δ denotes the canonical diagonal embedding of G into the orthogonal group defined by the
quadratic space (QN+2 ⊕QN+2, qQ ⊕ qQ), for which note that Sp4 × δ(G) forms a dual pair.

On the right hand side of (23), the theta series is a linear functional on S(VN (A)) ⊕ S(VN (A)) with
the choice of Schwartz function being Φ0 := (ϕ∞ ⊕ ϕ∞)⊗ (ϕ0 ⊕ ϕ0).

By the convergent Siegel-Weil formulas [57, Théorème 5], the integral I(g1, g2, ϕ0) can be written as
a special value of a certain Siegel Eisenstein series. Let us describe this next. Let P (A) = N(A)M(A) be
the adelized Siegel parabolic subgroup of Sp4(A) with the Levi part M(A) ≃ GL2(A) and the unipotent
radical N(A) ≃ Sym2(A), and let K̃ be the standard maximal compact subgroup

∏
p<∞ Sp4(Zp) ×

(O(4)(R) ∩ Sp4(R)). The Weil representation ωD of Sp4(A) on S(VN (A)2), obtained by the doubling of
ω, is realized as follows:

ωD(
[

A 02
02

tA−1

]
)Φ(X) = |det(A)|N2 +1Φ(XA) (A ∈ GL2(A)),

ωD(
[
12 Y
02 12

]
)Φ(X) = ψ(

1

2
tr((X,X) · Y ))Φ(X) (Y ∈ Sym2(A)),

ωD(
[

02 12
−12 02

]
)Φ(X) = Φ̂(X), (24)

where Φ denotes a Schwarts Bruhat function on VN (A) ⊕ VN (A), and (X,X) := ( 12
txiQxj) ∈ Sym2(A)

for X = (x1, x2) ∈ VN (A)2. For the first formula we note that there is a factor χqQ(det(A)), which is
proved to be trivial.

We now also provide local representations ωD
v of ωD at each v ≤ ∞. With the same notation for ωv

ωD
v (

[
A 02
02

tA−1

]
)Φ(X) = |det(A)|N2 +1Φ(XA) (A ∈ GL2(Qv)),
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ωD
v (

[
12 Y
02 12

]
)Φ(X) = ψ(

1

2
tr((X,X) · Y ))Φ(X) (Y ∈ Sym2(Qv)),

ωD
v (

[
02 12
−12 02

]
)Φ(X) = Φ̂(X), (25)

where Φ denotes a Schwarts Bruhat function on VN (Qv)⊕VN (Qv), and (X,X) := (12
txiQxj) ∈ Sym2(Qv)

forX = (x1, x2) ∈ VN (Qv)
2. For the formula above we remark that there is the factor χqQ,v

(det(A)) (resp.
γqQ,v(1)

−2) in the first formula (resp. third formula), which turn out to be trivial.
We have the Iwasawa decomposition Sp4(A) = P (A)K̃. Write any g ∈ Sp4(A) as g = nm(a)k with

some n =

(
12 X
02 12

)
(X ∈ Sym2(A)),m(a) =

(
a 02
02

ta−1

)
(a ∈ GL2(A)) and k ∈ K̃. We then set

|a(g)| := |det(a)|A. This is a well-defined function on Sp4(A) that is left N(A)M(Q)-invariant and right
K̃-invariant. For s ∈ C and Φ ∈ S(VN (A)2), define Ξ(g, s) := ωD(g)Φ(0)·|a(g)|s−s0 , where s0 = (N−1)/2.
From (24), we see that ωD(nm(a)g)Φ(0) = |det(a)|N2 +1ωD(g)Φ(0). Recall that the modular character
on the Siegel parabolic is δP (p) = |a(p)|3. Hence, we get

Ξ(pg, s) = |a(p)|sδP (p)
1
2Ξ(g, s) for p ∈ P (A), g ∈ Sp4(A).

Hence we can conclude that Ξ ∈ Ind
Sp4(A)
P (A) (δ

s
3

P ), which is the normalized parabolic induction. For any

F ∈ Ind
Sp4(A)
P (A) (δ

s
3

P ), the Siegel Eisenstein series is defined by

E(g, s;F ) :=
∑

γ∈P (Q)\Sp4(Q)

F (γg, s),

which converges absolutely for Re(s) > 3/2 (cf. [57, Théorème 1]).
We now state the Siegel Weil formula for our case as follows (cf. [57, Théorème 5]):

Proposition. 4.1. Let Φ0 ∈ S(VN (A))⊕ S(VN (A)) be defined by (ϕ∞ ⊕ ϕ∞)⊗ (ϕ0 ⊕ ϕ0) as above. For
s ∈ C, g ∈ Sp4(A), let Ξ0(g, s) := ωD(g)Φ0(0)|a(g)|s−s0 , where s0 = (N−1)/2. Then, for g1, g2 ∈ SL2(A),
we have

I(g1, g2, ϕ0) = E((g1, g2), s0; Ξ0). (26)

Returning to the Petersson norm calculation (22), we now have

||Φ(∗, ∗, f0)||2 =

∫
SL2(Q)\SL2(A)

( ∫
SL2(Q)\SL2(A)

f0(g1)E((g1, g2), s0; Ξ0)dg1

)
f0(g2)dg2. (27)

Call the inner integral Z(s0, f0,Ξ0)(g2). By Theorem 3.6 of [44], we have

Z(s0, f0,Ξ0)(g2) =
∏
v≤∞

Zv(s0, fv,Ξv)(gv),

where
Zv(s0, fv,Ξv)(gv) =

∫
SL2(Qv)

Ξv(Q2(h, 1), s0)fv(gvh)dh (28)

with local components {fv} of f0. Here

Q2 :=


1

1
1 1

1 −1

 .
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For v <∞, all the data is unramified, and hence, by Proposition 4.1 of [44], we get

Zv(s0, fv,Ξv)(gv) =
Lv(s0 +

1
2 , πv,Ad)

ζv(s0 +
3
2 )ζv(2s0 + 1)

fv(gv). (29)

Recall that πf = ⊗′
vπv is the automorphic cuspidal representation of GL2(A) generated by f0. Here,

L(s, πv,Ad) is the degree 3 adjoint L-function of πv.

4.1 The archimedean computation
In this section we will compute the archimedean integral Z∞(s0, f∞,Ξ∞). We begin with the following
proposition.

Proposition. 4.2. Let K̃∞ be the maximal compact subgroup of Sp4(R) given by K̃∞ := Sp4(R)∩O4(R),
which is isomorphic to the unitary group U(2) of degree two. For the Schwartz functions ϕ∞ in (14),
set Φ∞ := ϕ∞ ⊕ ϕ∞. Then Ξ∞(g, s0) := ωD(g)Φ∞(0) is right K̃∞-invariant (with respect to the Weil
representation).

Proof. For the proof we need the following lemma.

Lemma. 4.3. i) The Schwartz function ϕ∞ in (14) is right SO(2)-invariant (with respect to the Weil
representation).

ii) Let τΛ be an irreducible representation of K̃∞ ≃ U(2) with dominant weight Λ = (λ1, λ2) ∈ Z2 with
λ1 ≥ λ2. The infinitesimal action of τΛ, also denoted by τΛ, is described by the following explicit
formula:

τΛ(H1)vk = (λ2 + k)vk, τΛ(H2)vk = (λ1 − k)vk,

τΛ(X)vk = (k + 1)vk+1, τΛ(X̄)vk = (d− (k − 1))vk−1,

where

• {vk}0≤k≤d:=λ1−λ2 denotes a set of weight vectors which forms a basis of the representation space
for τΛ.

•

H1 :=


0 0 −

√
−1 0

0 0 0 0√
−1 0 0 0
0 0 0 0

 , H2 :=


0 0 0 0
0 0 0 −

√
−1

0 0 0 0
0

√
−1 0 0

 ,

X :=
1

2


0 1 0 −

√
−1

−1 0 −
√
−1 0

0
√
−1 0 1√

−1 0 −1 0

 ,
and X̄ denotes the complex conjugate of X.

Proof. (i) Putting ν0 = ν(0, 1) we see

ϕ∞(λ, ν0) = P (λ, ν0) exp(−2πqR(λ)),

where qR denotes the quadratic form defined by R :=

1
S

1

 (cf. Section 2.1). It suffices to calculate

the action of
[
cos θ sin θ
− sin θ cos θ

]
on ϕ∞(λ, ν0) in (14) via the Weil representation. In fact, we see that the
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calculation does not depend on the choice of ν ∈ D. This is due to the well known commutativity of the
actions of the dual pair by the Weil representation, which is also ensured by the argument of Section 3.

The main difficulty is the calculation of the action of
[
0 1
−1 0

]
on ϕ∞. We remark that such a calculation

is well known for the Gaussian multiplied by a harmonic polynomial. For instance we can find it in the
proof of the automorphy for holomorphic theta series with harmonic polynomials.

When the matrix
[
cos θ sin θ
− sin θ cos θ

]
is diagonal i.e. sin θ = 0 the calculation is settled in a straight

forward manner. Let us thus assume sin θ ̸= 0. We then have that[
cos θ sin θ
− sin θ cos θ

]
=

[
1 − 1

tan θ
0 1

] [
0 1
−1 0

] [
sin θ 0
0 1

sin θ

] [
1 − 1

tan θ
0 1

]
.

The action by
[
sin θ 0
0 1

sin θ

] [
1 − 1

tan θ
0 1

]
is calculated to be

| sin θ|N2 +1 exp(2π
√
−1(− 1

tan θ
qQ(sin θ · λ))(exp(−

∆

8π
)(−2

N
2 −4(sin θ · x1)

N
2 )) exp(−2πqR(sin θ · λ)),

where x1 denotes the first entry of λ ∈ RN+2, more precisely the coordinate of R · ν0 = { 1√
2
(x1, 0, x1) |

x1 ∈ R}. This is deduced immediately from the definition of the Weil representation (cf. (16)).

As the next step we consider the action by
[
0 1
−1 0

]
, which is given by the Fourier transform of the

above expression multiplied by the Weil constant. For this purpose we introduce

ϕτ,∞(x) := (exp(− ∆

8πIm(τ)
)(2

N
2 −3x

N
2
1 )) exp(2π

√
−1(Re(τ)qQ(λ) + Im(τ)

√
−1qR(λ))) (τ ∈ h).

The result of the action by
[
sin θ 0
0 1

sin θ

] [
1 − 1

tan θ
0 1

]
is rewritten as

| sin θ|N+1ϕ− cos θ sin θ+
√
−1 sin2 θ,∞(x).

From [4, Corollary 3.5] the Fourier transform of ϕτ,∞ is as follows:

ϕ̂τ,∞(x) = (τ/
√
−1)−

1
2 (
√
−1τ̄)−

N+1
2 (−τ)−N

2 ϕ−1/τ,∞(x).

Putting τ = − cos θ sin θ +
√
−1 sin2 θ the result of the action by

[
1

−1

]
is calculated to be

ϕ−1/τ,∞(x),

taking into account the Weil constant for qQ and the constant factor of the self-dual measure, both of

which are trivial for an even unimodular lattice. As the last step, the action of
[
1 − 1

tan θ
0 1

]
is given by

ϕ−1/τ− 1
tan θ ,∞

(x) = ϕ√−1,∞ = ϕ∞.

(ii) Let k and u(2) be the Lie algebra of K and U(2) respectively, and note the following isomorphism

k ∋
[
A B
−B A

]
7→ A+

√
−1B ∈ u(2)

as Lie algebras. This isomorphism is naturally extended to the isomorphism between their complexifica-
tions: kC ≃ u(2)C , the latter of which coincides with the complex matrix algebra M2(C) of degree two.
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Via this isomorphism, H1, H2, X, and X̄ correspond to
[
1 0
0 0

]
,

[
0 0
0 1

]
,

[
0 1
0 0

]
, and

[
0 0
1 0

]
respec-

tively. Recall that the irreducible representation of U(2) with highest weight Λ = (λ1, λ2) is realized by
detλ2 symλ1−λ2(R2), where symλ1−λ2(R2) denotes the (λ1−λ2)-th symmetric tensor representation of the
standard representation of U(2). The formula is obtained by considering the pullback of the infinitesimal
action of the irreducible representation of U(2) with highest weight Λ.

For the proof of Proposition 4.2, we note that Ξ∞(g, s0) is right K̃∞-invariant if and only if Ξ∞(g, s0)
belongs to the one-dimensional K̃∞-type τΛ with dominant weight Λ = (0, 0). By definition of the Lie
algebra action, we have, for i = 1, 2

τΛ(
√
−1Hi)Ξ∞(g, s0) :=

d

dθ

∣∣∣
θ=0

Ξ∞(g exp(θ
√
−1Hi), s0).

Since

exp(θ
√
−1H1) =


cos(θ) 0 sin(θ) 0

0 1 0 0
− sin(θ) 0 cos(θ) 0

0 0 0 1

 , exp(θ
√
−1H2) =


1 0 0 0
0 cos(θ) 0 sin(θ)
0 0 1 0
0 − sin(θ) 0 cos(θ)

 ,
part (i) of Lemma 4.3 implies that τΛ(

√
−1Hi)Ξ∞(g, s0) = 0 for i = 1, 2. Hence, by part (ii) of Lemma

4.3, we see that Ξ∞(g, s0) is the weight (0, 0) vector in τ(λ,−λ) for λ ≥ 0. In the terminology of part (ii)
of Lemma 4.3, Ξ∞(g, s0) is the vector vλ in the basis of τ(λ,−λ).

For θ ∈ R, set r(θ) :=
[

cos(θ) sin(θ)
− sin(θ) cos(θ)

]
and R(θ) =

[
r(θ)

tr(θ)−1

]
. By definition of the local Weil

representation (25), we see that (ωD(R(θ))Φ∞)(Y ) = Φ∞(Y r(θ)). Note that, if Y = (y1, y2) ∈ VN (R)2,
then Y r(θ) = (cos(θ)y1 − sin(θ)y2, sin(θ)y1 + cos(θ)y2). Using the definition of ϕ∞ and the fact that

qQ
(
cos(θ)y1 − sin(θ)y2

)
+ qQ

(
sin(θ)y1 + cos(θ)y2

)
= qQ(y1) + qQ(y2),

we see that Φ∞(Y r(θ)) = Φ∞(Y ). Hence we see that Ξ∞(gR(θ), s0) = Ξ∞(g, s0) for all g and θ. Since
exp(

√
−1θ(X + X̄)) = R(θ), this implies that τΛ(

√
−1(X + X̄))Ξ∞ = 0. By part (ii) of Lemma 4.3, we

can conclude that λ = 0, as required. This completes the proof of the proposition.

We will now compute the archimedean integral (28)

Z∞(s0, f∞,Ξ∞)(g2) =

∫
SL2(R)

Ξ∞(Q2(h, 1), s0)f∞(g2h)dh.

Note that π∞ is the irreducible principle series of GL+
2 (R) with all even SO(2)-types, and the Maass

cusp form f is viewed as the weight 0 vector f∞ in π∞. Hence, in the induced model for π∞, we have

f∞([ a ∗
a−1 ]k) = a

√
−1r+1, a ∈ R+, k ∈ SO(2,R). (30)

Here r depends on the Laplace eigenvalue of the Maass form f . By Proposition 4.2, the local section Ξ∞
is right K̃∞-invariant. The local integral Z∞ is an element of π∞ and a simple change of variable shows
that it is also right SO(2)-invariant. Since, f∞ is the unique (up to scalars) element of π∞ which is right
SO(2)-invariant, we see that

Z∞(s0, f∞,Ξ∞)(g2) = B(s0)f∞(g2).

The final task is to compute B(s0) which can be achieved by

B(s0) = Z∞(s0, f∞,Ξ∞)(1) =

∫
SL2(R)

Ξ∞(Q2(h, 1), s0)f∞(h)dh.
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Using the Iwasawa decomposition, we see that, if u is a right SO(2)-invariant function on SL2(R), then

∫
SL2(R)

u(g)dg = 2π

∞∫
0

∞∫
−∞

u([ a a−1 ][ 1 x
1 ])a

−1dxda.

Hence, we get

B(s0) = 2π

∞∫
0

∞∫
−∞

Ξ∞(Q2([
a

a−1 ][ 1 x
1 ], 1), s0)f∞([ a a−1 ][ 1 x

1 ])a
−1dxda

= 2π

∞∫
0

∞∫
−∞

Ξ∞(Q2([
a

a−1 ][ 1 x
1 ], 1), s0)a

√
−1rdxda.

We need to first simplify the integrand. For this, note that

Q2 =


1

1
1 1

1 1



1

1
1

−1

 .
Hence, we have

Ξ∞(Q2([
a

a−1 ][ 1 x
1 ], 1), s0)

=Ξ∞(


1

1
1 1

1 1



1

1
1

−1



a −ax

1
a−1

1

 , s0)

=Ξ∞(


a

1
a−1

1



1

1
a 1

a 1



1

1
1

−1



1 −x

1
1

1

 , s0)

=as0+3/2Ξ∞(


1

1
a 1

a 1



1

1
1

−1



1 −x

1
1

1

 , s0)

=as0+3/2Ξ∞(


1

1
a 1

a 1



1 −x

1
1

1



1

1
1

−1

 , s0)

=as0+3/2Ξ∞(


1

1
a 1

a 1



1 −x

1
1

1

 , s0).
Here, we have used that Ξ∞ lies in the induced representation and is right K̃∞-invariant. Now, write

[ 1a 1 ] =
[
1 x′

1

][ y1/2

y−1/2

]
r(θ) with x′ =

a

1 + a2
, y =

1

1 + a2
, e

√
−1θ =

1−
√
−1a√

1 + a2
, r(θ) =

[
c(θ) s(θ)
−s(θ) c(θ)

]
.
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Here, c(θ) = cos(θ) and s(θ) = sin(θ). Hence,

Ξ∞(Q2([
a

a−1 ][ 1 x
1 ], 1), s0)

=as0+3/2Ξ∞(


1 x′

1 x′

1
1



y1/2

y1/2

y−1/2

y−1/2



c(θ) s(θ)

c(θ) s(θ)
−s(θ) c(θ)

−s(θ) c(θ)



1 −x

1
1

1

 , s0)

=
as0+3/2

(1 + a2)s0+3/2
Ξ∞(


c(θ) s(θ)

c(θ) s(θ)
−s(θ) c(θ)

−s(θ) c(θ)



1 −x

1
1

1

 , s)

=
( a

1 + a2
)s0+3/2

Ξ∞(


1 −s(θ)c(θ)x −c(θ)2x

1
1

s(θ)2x s(θ)c(θ)x 1



c(θ) s(θ)

c(θ) s(θ)
−s(θ) c(θ)

−s(θ) c(θ)

 , s)

=
( a

1 + a2
)s0+3/2

Ξ∞(


1 −s(θ)c(θ)x −c(θ)2x

1
1

s(θ)2x s(θ)c(θ)x 1

 , s)

=
( a

1 + a2
)s0+3/2

Ξ∞(


1 −s(θ)c(θ)x −c(θ)2x

1
1

s(θ)c(θ)x 1



1

1
1

s(θ)2x 1

 , s)

=
( a

1 + a2
)s0+3/2

Ξ∞(


1

1
1

s(θ)2x 1

 , s).
Note that s(θ)2 = a2/(1 + a2). Substituting this in the integral for B(s0), we get

B(s0) = 2π

∞∫
0

∞∫
−∞

( a

1 + a2
)s0+3/2

Ξ∞(


1

1
1

s(θ)2x 1

 , s0)a√−1rdxda.

A change of variable x→ s(θ)−2x gives us

B(s0) = 2π

∞∫
0

∞∫
−∞

( a

1 + a2
)s0+3/2 1 + a2

a2
Ξ∞(


1

1
1

x 1

 , s0)a√−1rdxda

= 2π

∞∫
0

as0−1/2+
√
−1r

(1 + a2)s0+1/2
da

∞∫
−∞

Ξ∞(


1

1
1

x 1

 , s0)dx.
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Let us consider the integral in the a variable first. Change of variable u = a2 gives us
∞∫
0

as0−1/2+
√
−1r

(1 + a2)s0+1/2
da =

1

2

∞∫
0

u
s0
2 − 3

4+
√

−1r
2

(1 + u)s0+1/2
du.

Recall the beta function
B(v, w) =

Γ(v)Γ(w)

Γ(v + w)
.

One integral representation for the beta function (see pg 7 of [38]) is

B(v, w) =

∞∫
0

uv−1

(1 + u)v+w
du for Re(v) > 0,Re(w) > 0.

We have v = s0/2 + 1/4 +
√
−1r/2 and w = s0/2 + 1/4−

√
−1r/2. Hence, we get

∞∫
0

as0−1/2+
√
−1r

(1 + a2)s0+1/2
da =

1

2

Γ(s0/2 + 1/4 +
√
−1r/2)Γ(s0/2 + 1/4−

√
−1r/2)

Γ(s0 + 1/2)
.

Now, let us compute the integral in the x variable. We will again use the Iwasawa decomposition

[ 1x 1 ] =
[
1 x′

1

][ y1/2

y−1/2

]
r(θ) with x′ =

x

1 + x2
, y =

1

1 + x2
, e

√
−1θ =

1−
√
−1x√

1 + x2
.

Hence

∞∫
−∞

Ξ∞(


1

1
1

x 1

 , s0)dx =

∞∫
−∞

Ξ∞(


1

1 x′

1
1



1

y1/2

1
y−1/2

 , s0)dx
=

∞∫
−∞

1

(1 + x2)
s0
2 + 3

4

dx = 2

∞∫
0

1

(1 + x2)
s0
2 + 3

4

dx.

The change of variable x = tan(θ) gives us

∞∫
−∞

Ξ∞(


1

1
1

x 1

 , s0)dx = 2

π/2∫
0

1

(sec2(θ))
s0
2 + 3

4

sec2(θ)dθ = 2

π/2∫
0

cos(θ)s0−
1
2 dθ

On pg 8 of [38], we have the formula

π/2∫
0

sin(θ)2x−1 cos(θ)2y−1dθ =
1

2
B(x, y) for Re(x) > 0,Re(y) > 0.

We have x = 1/2 and y = s0/2 + 1/4. Hence, we have

∞∫
−∞

Ξ∞(


1

1
1

x 1

 , s0)dx = B(1/2, s0/2 + 1/4) =
Γ(1/2)Γ(s0/2 + 1/4)

Γ(s0/2 + 3/4)
.
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Putting all this together, and using properties of the gamma function, we get

B(s0) = π
Γ(s0/2 + 1/4 +

√
−1r/2)Γ(s0/2 + 1/4−

√
−1r/2)

Γ(s0 + 1/2)

Γ(1/2)Γ(s0/2 + 1/4)

Γ(s0/2 + 3/4)

= 21−
N
2 π2Γ(

N
4 +

√
−1r
2 )Γ(N4 −

√
−1r
2 )

Γ(N4 + 1
2 )

2
.

Putting together (27), (29) and the formula of B(s0) above, we get the following theorem.

Theorem. 4.4. The Petersson norm of the Borcherds theta lift is given by

||Φ(∗, ∗, f0)||2 =
L(N2 , πf ,Ad)

ζ(N2 + 1)ζ(N)

(
21−

N
2 π2Γ(

N
4 +

√
−1r
2 )Γ(N4 −

√
−1r
2 )

Γ(N4 + 1
2 )

2

)
||f0||2. (31)

The above theorem together with Proposition 3.3 gives us Theorem 1.1 from the introduction. We
can now obtain the important corollary regarding injectivity of the Borcherds theta lift.

Corollary. 4.5. Let f ∈ S(SL2(Z);− r2+1
4 ) and Ff be its Borcherds lift defined in Section 2.2. Then the

map f → Ff is injective.

Proof. If f is a Hecke eigenform, then by Theorem 2.2, so is Ff . By Proposition 3.3, the Petersson norm
of Ff is given by Theorem 4.4 above. Hence, f → Ff is an injective map when restricted to Hecke
eigenforms. To conclude the same about non-Hecke eigenforms, we follow the exact argument as in the
proof of Theorem 7.1 of [43]. Note that, for this we need formulas for Hecke eigenvalues of Ff in terms
of those of f , and these are obtained in Theorem 4.11 of [37].

5 Sup-norm bounds for Maass cusp forms on O(1, N + 1)

In this section, we will obtain lower and upper bounds for the sup-norm of Ff . For the lower bounds
we will use the Fourier expansion of Ff . For the upper bound, we will use a combination of Fourier
expansion of Ff and the pre-trace formula method.

5.1 Upper and lower bounds using Fourier expansions

Recall from Section 2.2 that we have f ∈ S(SL2(Z);− r2+1
4 ) given by the Fourier expansion

f(u+ iv) =
∑
n ̸=0

c(n)W
0,

√
−1r
2

(4π|n|v) exp(2π
√
−1nu)

=
∑
n ̸=0

2c(n)|n|1/2v1/2K√
−1r
2

(2π|n|v) exp(2π
√
−1nu).

We have the Borcherds theta lift Ff obtained in Section 2.2 given by the Fourier expansion

Ff (n(x)ay) =
∑

λ∈L\{0}

A(λ)y
N
2 K√

−1r(4π|λ|Sy) exp(2π
√
−1tλSx) (32)

with

A(λ) = |λ|S
∑
d|dλ

c

(
−|λ|2S
d2

)
d

N
2 −2.

Let us make the assumption that f is a Hecke eigenform with c(m) = ±c(−m) for all m ∈ Z. As in
Remark 1, we also note that r is bounded from below, i.e. r ≫ 1.
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Fourier expansion of Ff at the cusps of ΓS

In addition to the Fourier expansion (32) of Ff at the cusp at ∞ (a neighborhood of y = ∞ in HN ), we
will also need the same at other cusps of ΓS . Let us briefly recall this from Section 3.3 of [37]. Let the
adelization of Ff (denoted by the same symbol) be as defined in equations (3.2)-(3.5) of [37].

There is a bijection between the cusps of ΓS and the set P(Q)\G(Q)/ΓS , which sends c ∈ G(Q) to
the cusp c−1

∞ ∞. Moreover, we know from Lemma 2.1 that there is a bijection between P(Q)\G(Q)/ΓS

and the set of double cosets H(Q)\H(A)/UfU∞, which have representatives in H(Af ). This bijection is
defined so that if c ∈ G(Q) corresponds to h ∈ H(Af ), then there exist γ ∈ P(Q) and g ∈ G∞Kf such
that

c = γ

1 h
1

 g. (33)

Note that we will simply write the matrix

1 h
1

 as h if the meaning is clear from the context.

Let c ∈ G(Q), and let γ, h, and g be as in (33). We write cf (respectively c∞) for the finite
part (respectively the infinite part) of c, and likewise for γ. We then see γ−1

f cf = hkf with some kf ∈ Kf .
Using the left invariance of Ff by G(Q) and the right invariance by KfK∞, we get for x ∈ RN , y ∈ R>0,

Ff (n(x)ayh) = Ff (n(x)ayγ
−1
f cf ) = Ff (γ

−1
f cfn(x)ay)

= Ff ((γ
−1
∞ c∞)−1n(x)ay) = Ff (c

−1
∞ n(x′)ay′), (34)

where we have the Iwasawa decomposition γ∞n(x)ay = n(x′)ay′k′∞ with some (x′, y′) ∈ RN × R>0 and
some k′∞ ∈ K∞, the latter of which can be omitted in the above equations by the right K∞-invariance
of Ff . We therefore see that Ff (n(x)ayh) is indeed an expression for Ff in Iwasawa coordinates with
respect to the cusp c−1

∞ ∞ corresponding to c.
The definition of the adelic Ff (n(x)ayh) given in (3.2), (3.3) of [37] implies

Ff (n(x)ayh) =
∑

λ∈Lh\{0}

Ah(λ)y
N
2 K√

−1r(4π|λ|Sy) exp(2π
√
−1tλSx). (35)

Here, Lh is the lattice in the genus of L associated to h, given by Lh = QN ∩ (RN ×
∏

p<∞ hpLp), and

Ah(λ) = |λ|S
∑
d|dλ

c

(
−|λ|2S
d2

)
d

N
2 −2,

with dλ being the smallest positive integer such that 1
dλ
λ ∈ Lh. Note that Lh is also an even unimodular

lattice. Moreover, by (34), equation (35) gives the Fourier expansion of Ff in the cusp c−1
∞ ∞ corresponding

to c.

Bounds on ||Ff ||2, |Ah(λ)| and K√
−1r(y)

Note that c(1) ̸= 0 and we have the following estimate on the first Fourier coefficient c(1) given by [29,
Theorem 2] and [25, Corollary 0.3]. For any ϵ > 0

r−ϵ cosh(πr/2) ≪ϵ
|c(1)|2

||f ||22
≪ϵ r

ϵ cosh(πr/2). (36)

Here ||f ||2 is the Petersson norm of f , and we are not assuming it to be equal to 1.

Proposition. 5.1. For any ϵ > 0 we have an estimate as follows:
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i) √
sinh(πr/2)r−

N
4 + 1

2 ≪N
||f ||2
||Ff ||2

≪N

√
sinh(πr/2)r−

N
4 + 1

2 .

ii) For all λ ∈ Lh\{0} and ϵ > 0, we have

|Ah(λ)|
||f ||2

≪ϵ |λ|2θ+1+ϵ
S d

N
2 −2−2θ

λ rϵ
√
cosh(πr/2)

≪ϵ |λ|
N
2 −1+ϵ

S rϵ
√

cosh(πr/2),

where θ = 7/64 is the current best estimate towards the Ramanujan conjecture for Maass forms.

Proof. By Theorem 4.4, we have

||Ff ||22 =
L(

N
2 , πf ,Ad)

ζ(N2 + 1)ζ(N)

(
21−

N
2 π2Γ(

N
4 +

√
−1r
2 )Γ(N4 −

√
−1r
2 )

Γ(N4 + 1
2 )

2

)
||f ||22.

We have

1 ≪N

21−
N
2 π2L(N2 , πf ,Ad)

ζ(N2 + 1)ζ(N)Γ(N4 + 1
2 )

2
≪N 1.

Since N/2 > 1 + 2θ, the L-function above is given by a convergent Dirichlet series, and hence can be
bounded by estimates independent of f .

For the terms involving the Gamma function we use the following standard properties

Γ(
N

4
+

√
−1r

2
)Γ(

N

4
−

√
−1r

2
) = |Γ(N

4
+

√
−1r

2
)|2 =

πr/2

sinh(πr/2)

N
4 −1∏
k=1

(k2 + (r/2)2).

Hence, we have

πr/2

sinh(πr/2)
r

N
2 −2 ≪N Γ(

N

4
+

√
−1r

2
)Γ(

N

4
−

√
−1r

2
) ≤ πr/2

sinh(πr/2)
(N2 + r2)

N
4 −1 ≪N

πr/2

sinh(πr/2)
r

N
2 −2.

Here, we have used r ≫ 1. Hence we obtain the estimate for ||f ||2/||Ff ||2 in the statement of the
proposition.

To obtain the estimate for |Ah(λ)|, we have

|Ah(λ)| ≤ |λ|S
∑
d|dλ

|c
(
−|λ|2S
d2

)
|dN

2 −2 = |λ|S
∑
d|dλ

|c(1)||µ
(
|λ|2S
d2

)
|dN

2 −2,

where µ(m) is the Hecke eigenvalue for f for the Hecke operator T (m). We have, by [32, Appendix 2,
Proposition 2] (see also [30, Section 8.5]), |µ(m)| ≤ mθτ(m) where τ(m) is the number of divisors of m
and θ = 7/64 is the current best estimate towards the Ramanujan conjecture for Maass forms. Using
τ(m) ≪ϵ m

ϵ for every m > 0, the right hand inequality of (36) and N
2 − 2− 2θ − ϵ > 0, we have

|Ah(λ)| ≤ |λ|S
∑
d|dλ

|c(1)|τ
(
|λ|2S
d2

)(
|λ|2S
d2

)θ

d
N
2 −2

≪ϵ |λ|2θ+1+ϵ
S |c(1)|

∑
d|dλ

d
N
2 −2−2θ−ϵ

≪ϵ |λ|2θ+1+ϵ
S |c(1)|d

N
2 −2−2θ

λ



5 SUP-NORM BOUNDS FOR MAASS CUSP FORMS ON O(1, N + 1) 23

≪ϵ |λ|2θ+1+ϵ
S d

N
2 −2−2θ

λ ||f ||2rϵ
√
cosh(πr/2)

≪ϵ |λ|
N
2 −1+ϵ

S ||f ||2rϵ
√

cosh(πr/2),

which completes the proof of the proposition.

We will require the estimate for the K-Bessel function.

Lemma. 5.2. Let r ≫ 1 be a real number.

i) If 1 ≪ y < r, we have
eπr/2K√

−1r(y) ≪ r−1/4(r − y)−1/4.

ii) If y = r +O(r1/3) and y ≫ 1, we have

eπr/2K√
−1r(y) = π(2/y)1/3Ai(ξe−2πi/3) +O(y−2/3) ≪ r−1/3,

where ξ = i(y − r)(−iy/2)−1/3.

iii) If 2r > y > r, we have

eπr/2K√
−1r(y) ≪ r−1/4(y − r)−1/4 exp(−Cr−1/2(y − r)3/2)

for some C > 0.

iv) If y ≥ 2r, we have
eπr/2K√

−1r(y) ≪ exp(−Cy)

for some C > 0.

Proof. The bound (i) follows from the asymptotic of Erdélyi [19, 7.13.2, (19)] (after noting that r+y ∼ r
in the range under consideration), and formula (ii) is due to Balogh [2, (8)]. We shall derive (iii) and (iv)
from the formula [19, 7.13.2, (18)] of Erdélyi, which gives

eπr/2K√
−1r(y) ≪ (y2 − r2)−1/4 exp(πr/2− (y2 − r2)1/2 − r sin−1(r/y)).

To derive (iii) from this, we must show that the argument of the exponential satisfies

−πr/2 + (y2 − r2)1/2 + r sin−1(r/y) ≫ r−1/2(y − r)3/2 (37)

when 2r > y > r. To do this, define ρ = y/r. If we define f(ρ) = −π/2 + (ρ2 − 1)1/2 + sin−1(ρ−1), then
we have

−πr/2 + (y2 − r2)1/2 + r sin−1(r/y) = rf(ρ).

We have f ′(ρ) =
√
ρ2 − 1/ρ ∼

√
ρ− 1 when 2 > ρ > 1, and f(1) = 0. This implies that f(ρ) ∼ (ρ−1)3/2

in this range, which gives (37).
To establish (iv), we note that when ρ ≥ 2 we have f ′(ρ) =

√
1− ρ−2 ≥ 1/2, which implies that

f(ρ) ≥ f(2) + (ρ− 2)/2 in this range. Because f(2) > 0, this implies that f(ρ) ≫ ρ, and hence that

−πr/2 + (y2 − r2)1/2 + r sin−1(r/y) = rf(ρ) ≫ y.

Hence, we get
eπr/2Kir(y) ≪ (y2 − r2)−1/4e−Cy ≪ y−1/2e−Cy ≪ e−Cy,

since y ≥ 2r and r ≫ 1.
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Finally, we need a lemma to estimate the number of vectors in the lattice Lh with prescribed norms.

Lemma. 5.3. Let Lh be the even unimodular lattices as above with dimension N . Set k = N/2 − 1.
Then, for m ∈ Z>0, k

′ ∈ R>0 and ϵ > 0, we have∑
λ∈Lh

|λ|2S=m

dk−k′

λ ≪L,ϵ m
k+ϵ, (38)

where we note that the implied constant is independent of h.

Proof. We have ∑
λ∈Lh

|λ|2S=m

dk−k′

λ =
∑
d2|m

∑
|λ|2S=m
dλ=d

dk−k′
=

∑
d2|m

dk−k′ ∑
|λ|2S=m
dλ=d

1

=
∑
d2|m

dk−k′ ∑
|λ|2S=m/d2

dλ=1

1 ≤
∑
d2|m

dk−k′ ∑
|λ|2S=m/d2

1.

Since Lh is assumed to be an even unimodular lattice of dimension N , [53, p.109, Corollary 2] and [16,
Proposition 1.3.5] implies that, for any M > 0, we have ♯{λ ∈ Lh | |λ|2S = M} ≪L τ(M)M

N
2 −1. Note

that we have τ(M) ≪ϵ M
ϵ. Using this we get∑
λ∈Lh

|λ|2S=m

dk−k′

λ ≪L,ϵ

∑
d2|m

dk−k′
(m
d2

)k+ϵ

=
∑
d2|m

mk+ϵ

dk+k′+2ϵ

≪L,ϵ

∑
d2|m

mk+ϵ ≤ mk+ϵτ(m) ≪L,ϵ m
k+ϵ,

as required.

Upper bound for sup-norm using Fourier expansion of Ff

In this section we will obtain an upper bound for |Ff (n(x)ayh)|/||Ff ||2 using the Fourier expansion (35)
of Ff and the bounds on ||Ff ||2, |Ah(λ)|,K√

−1r(y) and bounds on lattice points obtained in Proposition
5.1 and Lemmas 5.2 and 5.3.

Theorem. 5.4. Let f ∈ S(SL2(Z);− r2+1
4 ) be a non-zero Hecke eigenform with Fourier coefficients

c(−m) = ±c(m) for all m ∈ Z, and recall that r ≫ 1. Let Ff ∈ M(ΓS ,
√
−1r) be the Borcherds theta lift

of f . For any ϵ > 0, x ∈ RN , and any h ∈ H(Af ) corresponding to a cusp of ΓS, the following holds:

1

∥Ff∥2
|Ff (n(x)ayh)| ≪ϵ,N,L


y−N/2−1−2θr3N/4+1+2θ+ϵ 1 ≪ y ≤ r11/12;

y−N/2+1−2θr3N/4−5/6+2θ+ϵ r11/12 < y ≤ r/2π;

e−Cy r/2π < y.

Proof. Using the Fourier expansion of Ff given by (35), we see that it suffices to bound

1

∥Ff∥2

∑
λ∈Lh

|Ah(λ)|yN/2|K√
−1r(4π|λ|Sy)|.

Using Proposition 5.1 and Lemma 5.3, this is bounded by

Sy := r−N/4+1/2+ϵyN/2
∑
m≥1

mN/2−1/2+θ+ϵeπr/2|K√
−1r(4π

√
my)|. (39)
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We break the sum in (39) into four ranges and denote Sy := S
(1)
y +S

(2)
y +S

(3)
y +S

(4)
y , where S(1)

y is obtained
by summing over 4π

√
my ≤ r/2, i.e. m ≤ (r/8πy)2, S(2)

y is obtained by summing over r/2 < 4π
√
my ≤ r,

i.e. (r/8πy)2 < m ≤ (r/4πy)2, S(3)
y is obtained by summing over r < 4π

√
my ≤ 2r and S

(4)
y is obtained

by summing over 2r < 4π
√
my.

Computing S
(1)
y : In this range, the bound (i) from Lemma 5.2 becomes eπr/2K√

−1r(4π
√
my) ≪

r−1/2, so we have

S(1)
y ≪ r−N/4+1/2+ϵyN/2r−1/2

∑
1≤m≤(r/8πy)2

mN/2−1/2+θ+ϵ

≪ r−N/4+ϵyN/2(r/y)N+1+2θ+ϵ ≪ r
3N
4 +1+2θ+ϵ

y
N
2 +1+2θ

.

Computing S
(2)
y : In this range we have m ∼ (r/y)2, so that

S(2)
y ≪ r−N/4+1/2+ϵyN/2(r/y)N−1+2θ+ϵ

∑
(r/8πy)2<m≤(r/4πy)2

eπr/2|K√
−1r(4π

√
my)|. (40)

If the sum on the right hand side of (40) is nonempty, its highest term is m∗ = ⌊(r/4πy)2⌋. Lemma
5.2 implies that eπr/2K√

−1r(4π
√
m∗y) ≪ r−1/3 for all y, and so applying this to bound the contribution

of m∗ to the sum gives∑
(r/8πy)2<m≤(r/4πy)2

eπr/2|K√
−1r(4π

√
my)| ≪ r−1/3 +

∑
(r/8πy)2<m≤m∗−1

eπr/2|K√
−1r(4π

√
my)|.

For the remaining terms in the sum, we apply Lemma 5.2 (i), which gives∑
(r/8πy)2<m≤m∗−1

eπr/2|K√
−1r(4π

√
my)| ≪ r−1/4

∑
(r/8πy)2<m≤m∗−1

(r − 4π
√
my)−1/4.

Because the function x → (r − 4π
√
xy)−1/4 is increasing on the interval ((r/8πy)2,m∗), we may bound

the sum by an integral as follows:

r−1/4
∑

(r/8πy)2<m≤m∗−1

(r − 4π
√
my)−1/4 < r−1/4

∫ m∗

(r/8πy)2
(r − 4π

√
xy)−1/4dx

≤ r−1/4

∫ (r/4πy)2

(r/8πy)2
(r − 4π

√
xy)−1/4dx.

We then have

r−1/4

∫ (r/4πy)2

(r/8πy)2
(r − 4π

√
xy)−1/4dx = r−1/4

∫ r/4πy

r/8πy

(r − 4πuy)−1/42udu

≤ r3/4/2πy

∫ r/4πy

r/8πy

(r − 4πuy)−1/4du

= r3/4/8π2y2
∫ r

r/2

(r − u)−1/4du

≪ r3/2y−2.

Combining these gives

S(2)
y ≪ r

3N
4 − 1

2+2θ+ϵ

y
N
2 −1+2θ

(r−1/3 + r3/2y−2).
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We note that this term dominates the contribution from S
(1)
y .

Computing S(3)
y : Following the computation of S(2)

y , we can see that we get the same bound for S(3)
y

as we got for S(2)
y above. To see this, note that we again have m ∼ (r/y)2, so it suffices to bound the

sum ∑
(r/4πy)2<m≤(r/2πy)2

eπr/2|K√
−1r(4π

√
my)|.

As in the case of S(2)
y , we may bound the extremal term in this sum by r−1/3. For the other terms, we

may use the bound eπr/2K√
−1r(4π

√
my) ≪ r−1/4(y − r)−1/4 coming from Lemma 5.2 (iii), which gives

a contribution of ≪ r3/2y−2 as in the case of S(2)
y .

Computing S
(4)
y : Here, we use part (iv) of Lemma 5.2, which gives

S(4)
y ≪ r−N/4+1/2+ϵyN/2

∑
(r/2πy)2<m

mN/2−1/2+θ+ϵ exp(−C
√
my).

Because y ≫ 1 we have
√
my ≫

√
m+ y, so

S(4)
y ≪ r−N/4+1/2+ϵyN/2e−Cy

∑
(r/2πy)2<m

mN/2−1/2+θ+ϵ exp(−C
√
m)

≪ r−N/4+1/2+ϵyN/2e−Cy
∑
m≥1

mN/2−1/2+θ+ϵ exp(−C
√
m)

≪ r−N/4+1/2+ϵe−Cy ≪ e−Cy,

where the final inequality follows because y ≫ r.
Finally, we combine these estimates to obtain the proposition. First note that, when y > r/2π, the

sums S(1)
y , S

(2)
y and S(3)

y are empty, and so we get

|Ff (n(x)ayh)|
||Ff ||2

≪ Sy = S(4)
y ≪ e−Cy,

as required. When y ≤ r/2π, we can check that the contribution from S
(2)
y dominates the one from S

(4)
y ,

and hence we get
|Ff (n(x)ayh)|

||Ff ||2
≪ Sy ≪ r

3N
4 − 1

2+2θ+ϵ

y
N
2 −1+2θ

(r−1/3 + r3/2y−2).

The term y−2r3/2 dominates when y ≤ r11/12, while r−1/3 dominates when y > r11/12, which gives the
first two bounds of the theorem.

Lower bound for the sup-norm
We now use the Fourier expansion to obtain a lower bound for the sup norm of Ff . When doing this,
it will be convenient to work in a cusp c−1

∞ ∞ corresponding to c ∈ G(Q) such that the corresponding
unimodular lattice Lh has a vector of length one. As all even unimodular lattices form a single genus,
we may do this by taking Lh to be a sum of copies of the E8 lattice.

Recall again that we have the Fourier expansion

Ff (n(x)ayh) =
∑

λ∈Lh\{0}

Ah(λ)y
N
2 K√

−1r(4π|λ|Sy) exp(2π
√
−1tλSx).

Fix λ0 ∈ Lh to be an element of norm 1. We then have Ah(λ0) = c(−1) = ±c(1) ̸= 0. Using the above
Fourier expansion of Ff , the Cauchy-Schwartz inequality, and the fact that L is a unimodular lattice, we
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get

||Ff ||∞ = vol(RN/L)−1

∫
RN/L

||Ff ||∞dx

≥
∫

RN/L

|Ff (n(x)ayh)|| exp(−2π
√
−1tλ0Sx)|dx

≥
∣∣∣ ∫
RN/L

Ff (n(x)ayh) exp(−2π
√
−1tλ0Sx)dx

∣∣∣
= |Ah(λ0)y

N/2K√
−1r(4πy)|.

By part (ii) of Lemma 5.2, there is a value of y such that 4πy = r + O(r1/3), and |K√
−1r(4πy)| ≫

e−πr/2r−1/3. Choosing this value of y and using |Ah(λ0)| = |c(1)| gives

||Ff ||∞ ≫ |c(1)|rN/2−1/3e−πr/2. (41)

The lower bound of Theorem 1.2 now follows from (41) using the bound (36), and part i) of Proposition
5.1.

5.2 Upper bounds using the pre-trace formula
In this section, we use a pre-trace inequality to obtain upper bounds on the lifted form Ff . The bound
we prove holds for any square-integrable Laplace eigenfunction on any hyperbolic orbifold X of finite
volume with the Laplacian ∆. To state it, we will need the notion of the height of a point x ∈ X in the
cusp, denoted by ht(x), which we recall in this section. We note that only for this section,

√
−1r will

denote the spectral parameter of an eigenfunction on X, instead of the parameter of the Maass form f .
We note that these two spectral parameters are the same size, so this should not lead to any confusion.

Theorem. 5.5. Let X be a finite-volume hyperbolic orbifold of dimension N + 1. Let ψ ∈ L2(X) be an
L2-normalized Laplace eigenfunction with spectral parameter

√
−1r, so that (∆ + r2 +N2/4)ψ = 0. We

have
ψ(x) ≪ (1 + |r|)N/2 + ht(x)N/2(1 + |r|)N/4, x ∈ X.

We shall assume in the proof that r > 1, as the other case is similar.

Background on hyperbolic geometry

We let G0 be the group of isometries of HN , which can be identified with the index two subgroup of
O(1, N) preserving the upper sheet of the two-sheeted hyperboloid. Let d be the standard distance
function on HN , and let ∂HN ≃ SN denote the boundary sphere.

Let X = Γ\HN , where Γ < G0 is a lattice. Let O(Γ) ⊂ ∂HN denote the set of fixed points of parabolic
elements of Γ. We fix a set of representatives Ξ for the Γ-orbits in O(Γ), which can be identified with
the set of cusps of X. We let Γξ be the stabilizer of ξ ∈ Ξ in Γ. For each ξ ∈ Ξ we choose a horoball Bξ

tangent to the boundary at ξ, and denote Vξ = Γξ\Bξ. By [47, Thm 12.7.4], we may choose each Bξ so
that the following hold:

i) Vξ is mapped isometrically to its image in X.

ii) We have X = X0

∐
Vξ, where X0 is compact.

iii) If γ ∈ Γ− Γξ, then Bξ ∩ γBξ = ∅.
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We note that [47] states this theorem for manifolds, rather than orbifolds, but one may easily obtain the
result for an orbifold by using Selberg’s lemma to pass to a finite-index torsion-free subgroup of Γ. We
now define the height function ht : X → R≥1. If x ∈ X0, we set ht(x) = 1. Next, suppose that x ∈ Vξ
for some ξ. Let B∞ denote the standard horoball {(x, y) : x ∈ RN , y > 1}, and choose gξ ∈ G0 such that
gξBξ = B∞. We define ht(x) = y(gξx) (the y-coordinate of gξx), which is independent of the choice of
gξ. This has the key property that for any C > 0, the set of points x ∈ X with ht(x) ≤ C is compact.

Test functions

In this section, we construct a test function for use in the pre-trace inequality. We shall do this using the
Harish-Chandra transform, which we now recall. Define φs to be the standard spherical function on HN

or G0 with spectral parameter s. We continue to normalize s so that
√
−1R is the tempered axis. Let

K ≃ O(N) be the standard maximal compact subgroup of G0. For a K-biinvariant function k ∈ C∞
c (G0),

we define its Harish-Chandra transform by

k̂(s) =

∫
G0

k(g)φs(g)dg.

This is inverted by

k(g) = CN

∫
√
−1R

k̂(s)φs(g)|c(s)|−2ds

for a constant CN , where c(s) is Harish-Chandra’s c-function. We may now define the test function we
shall use.

Lemma. 5.6. There exists a K-biinvariant function kr ∈ C∞
c (G0) with the following properties:

(i) kr is supported in a fixed compact set that is independent of r.

(ii) k̂r(s) ≥ 0 for s ∈
√
−1R ∪ (0, N/2].

(iii) k̂r(
√
−1r) = 1.

(iv) kr(g) ≪ rN (1 + rd(g, e))−N/2. In particular, ∥kr∥∞ ≪ rN .

Proof. Let h ∈ C∞(C) be a function of Paley–Wiener type (i.e. the Fourier transform of a function in
C∞

c (R)) that is real and non-negative on R, and satisfies h(0) = 1. Define hr by hr(s) = h(r−s)+h(r+s).
hr is real valued on R, and satisfies hr(r) ≥ 1. We also have hr(s) = hr(s) and hr(s) = hr(−s) so hr is
real-valued on

√
−1R.

Define kr to be the K-biinvariant function on G0 satisfying k̂r(
√
−1s) = h2r(s). Because hr is of

Paley-Wiener type, (i) follows from the Paley-Wiener theorem of Gangolli–Varadarajan (cf. [21, Theorem
6.6.8]). For s ∈

√
−1R ∪ (0, N/2], we have that hr(s) is real, and hence k̂r(s) = h2r(s) ≥ 0. We also have

k̂r(
√
−1r) = h2r(r) ≥ 1, and so we may arrange that k̂r(

√
−1r) = 1 by scaling hr.

Finally, (iv) follows from inverting the Harish-Chandra transform and applying bounds for the spher-
ical function. We have

kr(g) =

∫
√
−1R

k̂r(s)φs(g)|c(s)|−2ds.

We have |c(s)|−2 ≪ (1 + |s|)N for s ∈
√
−1R. By [39, Theorem 1.3], or by applying [18] together with

stationary phase, we have
φs(g) ≪ (1 + |s|d(g, e))−N/2

for all s ∈
√
−1R and g in the support of kr, which implies

kr(g) ≪
∫
√
−1R

|k̂r(s)|(1 + |s|d(g, e))−N/2(1 + |s|)Nds.
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The rapid decay of k̂r(s) away from s = ±
√
−1r effectively truncates the integral to the region where

s = ±
√
−1(r + o(r)), which gives (iv).

The pre-trace inequality

Let kr be as in Lemma 5.6. The fundamental inequality we shall use to bound ψ is

|ψ(x)|2 ≤
∑
γ∈Γ

kr(x
−1γx). (42)

This may be derived from the pre-trace formula, by using the positivity property (ii) of k̂r to drop all terms
on the spectral side other than |ψ(x)|2 (including the continuous spectrum). For this we remark that the
parameters of the discrete spectrum are contained in

√
−1R ∪ (0, N/2], which parametrize equivalence

classes of irreducible unitary spherical principal series representations of O(1, N) together with spherical
complimentary series representations. To confirm this fact on the representation theory of O(1, N) we
refer to [24] and [27, pp31–32, Remarks] for instance.

It may also be proved in an elementary way by an application of Cauchy–Schwartz and unfolding,
see for instance [14, Lemma 6.5], with the test function ω there taken to be the function k0r satisfying
k̂0r = hr so that k0r ∗ (k0r)∗ = kr.

Let R > 0 be a constant, independent of r, such that the support of kr is contained in the open
ball of radius R about the origin (0, 1) in HN . For x in any fixed compact subset of X, (42) and (iv)
give |ψ(x)| ≪ rN/2, so we may assume that ht(x) > eR > 1. In particular, x is contained in a cusp
neighborhood Vξ, which we shall assume to be fixed for the rest of the proof. Moreover, until further
notice we identify x with a choice of lift x ∈ Bξ. Under this assumption, we shall show that only γ ∈ Γξ

contribute to (42). Indeed, suppose that γ ∈ Γ satisfies kr(x−1γx) ̸= 0. This implies that d(γx, x) < R.
This, together with ht(x) > eR, implies that γx ∈ Bξ, so that γBξ ∩ Bξ ̸= ∅, and hence that γ ∈ Γξ as
required.

We now assume that our cusp ξ is the standard point at infinity, and denote Γξ and Bξ by Γ∞ and
B∞, as the proof for the other cusps is similar. We therefore have

|ψ(x)|2 ≤
∑

γ∈Γ∞

kr(x
−1γx).

We next apply our upper bound (iv) for kr, which gives

|ψ(x)|2 ≪ rN
∑

γ∈Γ∞
d(γx,x)<R

(1 + rd(γx, x))−N/2.

We may identify Γ∞ with a lattice in Isom(RN ). By [47, Thm 7.5.2], Γ∞ has a finite index subgroup of
translations of rank N , which we identify with a lattice L ⊂ RN . The action of L on HN will be written
additively. We let γ1, . . . , γk be coset representatives for L\Γ∞, and define xi = γix. We therefore have

|ψ(x)|2 ≪ rN
k∑

i=1

∑
ℓ∈L

d(ℓ+xi,x)<R

(1 + rd(ℓ+ xi, x))
−N/2.

Theorem 5.5 now follows from the following lemma.

Lemma. 5.7. Let v1, v2 ∈ RN , and let xi = (vi, y) ∈ HN with y > 1. We have∑
ℓ∈L

d(ℓ+x1,x2)<R

(1 + rd(ℓ+ x1, x2))
−N/2 ≪ 1 + yNr−N/2.
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Proof. We may assume without loss of generality that v1, v2 lie in a fixed fundamental domain for RN/L.
It follows from an elementary computation that there is C1 > 0, depending on R, such that d(ℓ+x1, x2) <
R implies ∥ℓ∥ < C1y. It may also be seen that d(ℓ+ x1, x2) < R implies

d(ℓ+ x1, x2) ∼R ∥ℓ+ v1 − v2∥/y = ∥ℓ∥/y +O(1/y).

In particular, there is C2 > 0 such that when d(ℓ + x1, x2) < R and ∥ℓ∥ > C2 we have d(ℓ + x1, x2) ∼R

∥ℓ∥/y. The finitely many ℓ with ∥ℓ∥ ≤ C2 contribute O(1) to the sum, so it suffices to show that∑
ℓ∈L

C2<∥ℓ∥<C1y

(1 + rd(ℓ+ x1, x2))
−N/2 ∼R

∑
ℓ∈L

C2<∥ℓ∥<C1y

(1 + r∥ℓ∥/y)−N/2 ≪ 1 + yNr−N/2. (43)

We break the sum ∑
ℓ∈L

C2<∥ℓ∥<C1y

(1 + r∥ℓ∥/y)−N/2

into those ℓ with ∥ℓ∥ < y/r, and the compliment. If ∥ℓ∥ < y/r, we have 1+r∥ℓ∥/y ∼ 1, so the contribution
these terms make is asymptotically bounded by #{ℓ ∈ L : ∥ℓ∥ < y/r} ≪ 1 + yNr−N which is smaller
than the right hand side of (43). If ∥ℓ∥ ≥ y/r, we have 1 + r∥ℓ∥/y ∼ r∥ℓ∥/y, so the contribution from
these terms is bounded by∑

ℓ∈L
C2<∥ℓ∥<C1y

(r∥ℓ∥/y)−N/2 = yN/2r−N/2
∑
ℓ∈L

C2<∥ℓ∥<C1y

∥ℓ∥−N/2 ≪ yNr−N/2

which is again less than the right hand side of (43). This completes the proof.

5.3 Proof of Theorem 1.2
In this section we will give the proof of Theorem 1.2 from the introduction. First note that Theorem 5.5
gives

|F (nxayh)|/∥Ff∥2 ≪ rN/2 + yN/2rN/4

for all h ∈ H(Af ) and all y ≫ 1, where we are using (34) to convert between the classical and adelic
pictures. By Theorem 5.4, it suffices to consider the range where 1 ≪ y < r/2π. We consider the point
y0 = r(N/2+1+2θ)/(N+1+2θ), which is chosen so that the expressions yN/2rN/4 and y−N/2−1−2θr3N/4+1+2θ

appearing in Theorem 5.5 and Theorem 5.4 are both equal to rN/2+N(1+2θ)/4(N+1+2θ) (our desired upper
bound) when evaluated at y0. An elementary computation gives us that y0 < r11/12.

The expression rN/2 + yN/2rN/4 is increasing in y, so for 1 ≪ y ≤ y0 we have

|F (nxayh)|/∥Ff∥2 ≪ rN/2 + yN/2rN/4 ≤ rN/2 + y
N/2
0 rN/4

≪ rN/2+N(1+2θ)/4(N+1+2θ).

We next suppose that y0 ≤ y < r/2π. Because the upper bound given by Theorem 5.4 is decreasing in y
(including across the transition point at y = r11/12), we may obtain an upper bound for |F (nxayh)|/∥Ff∥2
by evaluating the upper bound of Theorem 5.4 at y0. As y0 < r11/12, this gives

|F (nxayh)|/∥Ff∥2 ≪ y
−N/2−1−2θ
0 r3N/4+1+2θ+ϵ = rN/2+N(1+2θ)/4(N+1+2θ)+ϵ.

Note that we have Λ ∼ r2 since r ≫ 1. Combining the above computations completes the proof of the
upper bound in Theorem 1.2.
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