
Math 4513 - Senior Seminar, Spring 2013 - Problems I

Please write clearly and show your work. Due date: Sept. 19.

1. A graph has 24 edges and every vertex has degree 3. How many vertices does the graph
have?

2. True or false: the number of people in the world who have an odd number of siblings is
even.

3. Is it possible to have a group of 11 people such that each person knows exactly 3 other
people in the group? (Assume that if person A knows person B then person B knows
person A.)

4. Suppose there are 22 teams in a football league with 11 teams in each of two conferences.
League rules state that each team should play 11 games, 9 against teams in its own
conference and 2 against teams in the other conference. Show that it is impossible to
satisfy the league rules.

5. Let G be a graph and let u and v be distinct vertices of G. Suppose there is a path from
u to v in G. Show that there is a simple path in G from u to v. [Recall: (i) a path is a
sequence of vertices (u0, u1, . . . , un) such that each ui−1ui is an edge; (ii) a simple path
is one in which the vertices are distinct: ui 6= uj for i 6= j.]

6. Consider the graph Qn whose vertices are the subsets of {1, 2, . . . , n} where two subsets
A and B are joined by an edge when A ⊂ B and B \A has one element or the other way
around (that is, B ⊂ A and A \B has one element). Thus A and B form an edge when
one of the sets is obtained from the other by adjoining a single element.

a. Draw the graphs Q2 and Q3.

b. How many vertices and edges does Qn have?

c. For which values of n is Qn bipartite (= 2-colorable)?

7. Suppose a graph has n vertices and more than
1

2
(n − 1)(n − 2) edges. Show that the

graph must be connected. [Hint: for a disconnected graph, the largest number of edges
occurs when each component is a complete graph.]

8. Show that in a tree any two vertices are connected by a unique simple path. Show
conversely that if a graph G is such that any two vertices are connected by a unique
simple path then G is a tree.

9. Draw the labeled tree with Prüfer code (1, 4, 7, 5, 1).

10. Joyal’s proof of Cayley’s theorem associates a unique doubly rooted tree to each function
from {1, 2, . . . , n} to itself. Draw the doubly rooted tree that corresponds to the function

f =

(
1 2 3 4 5 6 7 8
2 1 3 5 5 2 1 1

)
.

The notation means that f(1) = 2, f(2) = 1, . . . , f(8) = 1.


