
Math 4513 - Senior Seminar, Spring 2013 - Problems III

Please write clearly and show your work. Due date: Dec. 3.

1. A positive integer is said to be a base 10 palindrome if its decimal representation reads the
same forwards and backwards (e.g., 1221 and 13431). Prove that any base 10 palindrome
that has an even number of digits is divisible by 11. [Hint: 10 ≡ −1 (mod 11), so
10n ≡ (−1)n (mod 11) for any positive integer n.]

2. Suppose p = 41, q = 67 for an RSA encryption scheme. Find n and φ(n). Which of the
following are valid encryption exponents e: 7, 9, 15, 91?

3. Find the prime factorization of 14017 given that 14017 is a product of two primes and
φ(14017) = 13780.

4. Suppose n = pq where p, q are distinct primes. Determine the proportion of integers
between 1 and n that are relatively prime to n.

5. a. Show that 2 is a primitive root modulo 13.

b. Find the discrete logarithm of 1̄0 to the base 2̄ in Z/13, that is, find the unique integer
a in the range 0, 1, . . . , 11 such that 2a ≡ 10 (mod 13).

6. Recall from class that the Diffie-Hellman Key Exchange Protocol allows Alice and Bob,
communicating over an insecure channel, to agree on a value of a key k in such a way
that Eve the Evil Eavesdropper will not know k. First, Alice and Bob have to agree on
a large prime p and a primitive root ḡ in Z/p. Having done this, how do they determine
the shared key k?

7. a. Show directly that the set of composite numbers is Diophantine. (That is, find a
polynomial f(t, x1, . . . , xn) with integer coefficients (in n+1 variables) such that α ∈ N
is composite if and only if there exist α1, . . . , αn ∈ N such that f(α, α1, . . . , αn) = 0.)

b. Show that if D1 and D2 are Diophantine sets then D1 ∪ D2 and D1 ∩ D2 are also
Diophantine.

8. a. True or false: every subset of N is Diophantine. Explain your answer.

b. True or false: for any subset K of N, the set K or its complement K = N \ K is
Diophantine. Explain your answer.


