REFLECTIONLESS OPERATORS AND
AUTOMORPHIC HERGLOTZ FUNCTIONS

CHRISTIAN REMLING

ABSTRACT. I am interested in canonical systems and Dirac op-
erators that are reflectionless on an open set. In this situation,
the half line m functions are holomorphic continuations of each
other and may be combined into a single function. By passing
to the universal cover of its domain, we then obtain a one-to-one
correspondence of these operators with Herglotz functions that are
automorphic with respect to the Fuchsian group of covering trans-
formations. I investigate the properties of this formalism, with
particular emphasis given to the measures that are automorphic
in a corresponding sense. This will shed light on the reflectionless
operators as a topological space, on their extreme points, and on
how the heavily studied smaller space of finite gap operators sits
inside the (much) larger space.

1. INTRODUCTION

This paper continues the theme of [11, 23] along what I hope is a
natural line of inquiry. We consider canonical systems

(L) @) = sy, o= (] ).

with coefficient functions H(z) € R**? H(z) > 0, H € Li (R), and
Dirac equations

(1.2) Jy () + W(z)y(z) = —zy(x),

with W (z) = Wi (z) € R¥? W € L] _(R). In both cases, these equa-
tions generate self-adjoint relations and operators on the associated
Hilbert spaces L% (R) and L?*(R; C?), respectively.

The Titchmarsh-Weyl m functions may be defined as

(1.3) me(z) = £y4(0, 2),
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and here z € CT = {z € C : Imz > 0} and y4(x,z) denotes the
unique, up to a constant factor, solution y of (1.1) or (1.2) that is
square integrable on £x > 0. On the right-hand side of (1.3), we also
use the convenient convention of identifying a vector y = (y1,v9)" € C?,
y # 0, with the point y;/y2 € C, on the Riemann sphere. So m4
take values in C,, and in fact these functions are generalized Herglotz
functions, that is, they map the upper half plane C* holomorphically
back to Ct = CT UR.

Any generalized Herglotz function is the m function of a canonical
system on a half line, and if H(x) is suitably normalized, which is
usually done by imposing the condition tr H(z) = 1, then we obtain a
bijection between Herglotz functions and coefficient functions H (z) [21,
Theorem 5.1]. If H(z) = P,, the projection onto e, = (cos a,sin a),
on x > 0, then m, (z) = —tana € Ry, and if H is not of this special
(trivial) type, then m, is a genuine Herglotz function, so maps C*
back to itself.

We can then also think of Dirac equations as special canonical sys-
tems since we can in particular realize the m functions of a given Dirac
operator by a suitable canonical system. Of course, one can also rewrite
(1.2) directly. These issues are discussed in more detail in [23, Section
2]. When I talk about canonical systems in the sequel, it should be
understood in this sense, that is, as containing Dirac equations as a
special case. In fact, we will mostly focus on Dirac operators in this
paper, but occasionally the more general framework of canonical sys-
tems is useful.

We call a canonical system or a Dirac equation reflectionless on a
Borel set A C R if

(14) m(x) = —m_(z)

for (Lebesgue) almost every x € A. Reflectionless operators are im-
portant because they can be thought of as the basic building blocks
of arbitrary operators with some absolutely continuous spectrum [20],
21, Chapter 7].

Here we are interested in operators that are reflectionless on a finite
gap set

N
U=Ro\ Jlan bn], a1 <b<...<by.
n=1

Right now, it may seem pointless and even strange to have put oo into
this set but it will become clear in a moment why we did this, when
we introduce the function M below.
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So U is an open subset of R, whose complement has N components,
and all of these have positive length. Much of what we do below applies
more generally to any such set U C R, whether or not co € U, but I
will not spell this out.

It will be convenient to have short-hand notations available for cer-
tain spaces of reflectionless operators. We set

R(U) = {H(x) : H reflectionless on U},

and we also write D for the collection of canonical systems that are
Dirac operators, in the sense that their m functions m4 are the m
functions of some Dirac equation (1.2). Furthermore, we let

DU)=DNRU).
Finally, we introduce
Ro(U)={H € R(U) : 0(H) CU}, Do(U)=DNRe(U).

Note that the trivial canonical systems H = P, are in Ro(U) (but
not in Dy(U)) according to this definition since they satisty o(H) = (),
m+(z) = Ftana.

The operators from Dy(U) are called finite gap operators, and they
and especially their analogs for Schrodinger operators and Jacobi ma-
trices have been studied extensively. See, for example, [3, 10, 17, 26]

If a canonical system H(x) is reflectionless on U, then

Jmy(2)  zeCt
M(z) = {—m_(z) ceC

has a holomorphic continuation to @ = CT UU U C~. Compare [23,
Lemmas 1.1, 1.2].

Clearly, M : Q — CT still takes values in the (closed) upper half
plane. If N = 1, then € is conformally equivalent to C*, and a corre-
sponding (explicit) change of variable realizes M as a Herglotz function,
which we called the F' function of H(x) in [23].

If N > 1, then  is no longer simply connected and thus not con-
formally equivalent to C*. However, the universal cover can serve as a
substitute, so we can make the following basic definition.

Definition 1.1. Let ¢ : C* — Q be the (unique) universal covering
map with (i) = oo, lim,_,; —i(z — i)¢(z) > 0. Let H € R(U). Then
we define the F' function of H as F(X\) = M(¢(N)).

This choice of covering map is motivated by [5, 24|, which use an
analogous map for different purposes. I take the covering space to be
the upper half plane, not the unit disk, as in [5, 24], which I find more
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convenient for my purposes, though that may be a matter of taste.
In any event, as we’ll see, this map ¢ will interact nicely with the
reflection symmetry of €2 about the real axis. Note also that we make
© unique in the usual way by prescribing the value and the argument of
the derivative at a point, except that since this value is oo, the second
part about the derivative is slightly more awkward to write down than
usual.

Our discussion so far has shown that F' is a Herglotz function, and
it is clearly automorphic with respect to the action of the group G <
PSL(2,R) of covering transformations, that is of automorphisms g of
C* satisfying pg = ¢: we have Fg = F for all ¢ € G. Here and in
the sequel, we employ the convenient notational convention of writing
composition of maps as juxtaposition, so, for example, pg = p o g.

We will denote the set of G automorphic Herglotz functions by Hg.
It is a compact subset of H, the space of all generalized Herglotz func-
tions. Here, we use the topology of locally uniform convergence on H.
In fact, this space is metrizable, and a possible choice of metric is
(1.5) d(Fy, Fy) = max 0(Fi(2), Fy(z)),

l2—i|<1/2
with § denoting the spherical metric, and we think of C+ C C, as a
subset of the Riemann sphere S? = C.

The space of all canonical systems also comes with a natural metric,
which is discussed in detail in [21, Section 5.2]. We don’t need an
explicit description here. What matters for our purposes is the fact
that if this metric is used, then the bijection H(z) <> (my(z),m_(z))
between canonical systems and pairs of Herglotz functions becomes a
homeomorphism also [21, Corollary 5.8].

The following facts from [23] generalize to the automorphic setting
without any difficulties.

Theorem 1.1. (a) The map R(U) — Hg, H — F(X\; H) that sends
H to its F' function is a homeomorphism onto the set of automorphic
Herglotz functions.

(b) Let H € R(U). Then H € D(U) if and only if F(i; H) = i.

To make further progress, we’ll have to study automorphic Herglotz
functions and the associated measures in more detail, and this will be
our topic for much of this paper, in Sections 4-7. I hope that this
analysis will be of some intrinsic interest. Returning to the spectral
theory, we will then be in a position to prove the following.

Theorem 1.2. D(U) is a compact convex set, and H € D(U) is an
extreme point if and only if H € Dy(U).
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Here, the convexity refers to the natural linear structure on the F
functions, so for example the convex combinations of Hy, Hy € D(U)
are the coefficients functions H with F' functions cF'(z; Hy) + (1 —
C)F(Z, HQ)

Theorem 1.2 implies that a continuous linear functional on D(U)
assumes its extreme values on Dy(U). An interesting example is pro-
vided by the Dirac potential itself, which indeed depends linearly on
the F' function: we have the formula F'(i) = ¢(q(0) + ip(0)) [23], and
here we write W = (Z _qp), and we normalized W by requiring that
tr W(z) = 0; compare [16, 23]. Since D(U), Dy(U) are invariant un-
der shifts, it follows that ||W(z)|| for any = € R is maximized by a
W € Dy(U) (we use sloppy but convenient notation here; it would
be more formally accurate to write H € Dy(U), where H = Hy, is
the associated canonical system). The following was proved in [22], by
different methods.

Theorem 1.3 ([22]). If W € D(U), tr W(z) =0, then
N
W@ < 5 (b — )
n=1

forallx € R. Equality at a single v = x¢ € R implies that W € Dy(U).

Another interesting linear functional on D(U) is given by the weights
of certain associated measures. We’ll discuss this briefly in Section 9.

We also obtain from Theorem 1.2 and Choquet’s theorem a formula
for the F' function (or m4) of a general H € D(U) as an average (or
integral) of the corresponding functions of the H € Dy(U), which have
explicit representations; compare (5.1) below. We will not spell this
out here.

Furthermore, the formalism developed in this paper sheds light on
the topology of R(U) and especially D(U). This is perhaps best dis-
cussed when we have a full understanding of the details, in Section
9, but let me at least mention here that we will obtain, among other
things, a natural homeomorphism

(16) D(U) = Ml(Sl) X ... X Ml(SN)

Here, we can for now pretend that S, is a circle that is obtained by
gluing together two copies of the nth gap [a,, b,| at the endpoints (later,
Sy, will really be a preimage of this under ¢); M;(X) denotes the space
of (Borel) probability measures on X, with the weak % topology. So
M;(S,,) is a compact metric space itself. I remark parenthetically that
it is homeomorphic to the space {F € H : F(i) = i}, via the Herglotz
representation formula (4.1) below, and also to the Hilbert cube [0, 1]¥



6 CHRISTIAN REMLING

[13, 14]. This last fact shows that the spaces from (1.6) for different
values of N > 1 are all homeomorphic to each other.

Nevertheless, it makes sense to set up a homeomorphism in this way.
The map implicit in (1.6) interacts well with the linear structure on the
F functions of the H € D(U) that Theorem 1.2 refers to. Moreover,
(1.6) provides a neat picture of how to find Dy(U) inside the much
larger space D(U).

It is well known and quite easy to show (we will review the argument
in Section 5) that Dy(U) = TV, an N-dimensional torus. As we will see
in Section 7, the H € Dy(U) correspond to the measures (0, ..., 0zy ),
x, € Sy, on the right-hand side of (1.6). Since {0, : z € S,,} = S, this
recovers the description of Dy(U) as a torus and shows how this space
sits inside D(U).

Acknowledgments. 1 thank Max Forester for help with preparing
Figure 1 and Robert Furber for bringing to my attention the classical
results [13, 14] on the topology of M;(S), in a Math Overflow answer.

2. FUCHSIAN GROUPS AND THE UNIVERSAL COVER

A Fuchsian group G may be defined as a discrete subgroup
G < PSL(2,R) = SL(2,R)/{£1}.

The subject is, of course, classical. See, for example, [2, 12, 15] for
general introductions. Its use in spectral theory was pioneered by Pe-
herstorfer, Sodin, and Yuditskii [19, 25]. Further developments are due
to Christiansen, Simon, and Zinchenko [5, 6]. We will make heavy use
of the basic formalism of [5]; a reader friendly textbook style presenta-
tion is given in [24].

It is perhaps worth mentioning that in the works cited above, the
basic object is the meromorphic continuation of the m function through
the complement of the essential spectrum, while we continue through
the spectrum itself here. But this is perhaps one of the more superficial
differences since what we do here with the formalism is quite different
from how and for what purposes it is used in [5, 6, 19, 25].

The domain Q = CtUU UC™ C C,, viewed as a Riemann surface,
is hyperbolic, that is, it has the unit disk or, equivalently, the upper
half plane as its universal cover. We can obtain a unique covering map
by prescribing the image and the argument of the derivative at a point,
and this is what we did in Definition 1.1. A covering transformation g is
an automorphism g : C* — C* satisfying g = ¢. The automorphism
group of C* is PSL(2,R), with a matrix g = (‘CL 2) acting as a linear
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fractional transformation

a b _az+b
c d Z_cz+d‘

This dot notation for group actions will be employed consistently in
this paper. Also, we will never be very particular about the distinction
between matrices A and elements g € PSL(2,R), which are strictly
speaking equivalence classes g = {A, —A}. Of course, this is perfectly
safe as long as we only perform operations that are insensitive to an
overall change of sign.

The group G of covering transformations is a Fuchsian group. It
is isomorphic to the fundamental group of €2, which is a free group on
N —1 generators. The non-identity elements g € G are hyperbolic, that
is, |tr g| > 2. Elliptic elements, |tr g| < 2, are ruled out here because
covering transformations do not have fixed points, and there are no
parabolic elements, [trg| = 2, because 2 does not have punctures.
Compare [8, Section IV.9, Corollary 1].

The behavior of ¢ can be analyzed further by looking at the local
inverse of ¢ on C, \ [a1,by] with ¢~!(c0) = 4. This is carried out in
5, 24]. I refer the reader to these works for further details; as already
mentioned, [5, 24| use the unit disk, not the upper half plane, as the
covering space, so some small adjustments are necessary. I will now
summarize those facts that we will need below. In fact, much of this is
best told by a picture.

Figure 1: the covering map ¢

SN LNEON [

A3 BQ A2 BlAlB1 A2 B2 AS

This describes the covering map ¢ in the case N = 3. The labels
indicate images, so for example the point with label Ay, which is really
just z = 0, has image ¢(A;) = a; etc. Here, we already make use of
the fact that ¢ can be extended from its original domain C* through
parts of the real axis, which is discussed in more detail at the end of
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this section. Similarly, the semicircles connecting A3 and B, say, are
mapped to (b, az) under ¢. The imaginary axis, depicted as a dashed
line, is mapped onto the subinterval (bs3,a;) € R.. In particular,
p(00) = bs.

The map ¢ is symmetric about the imaginary axis in the sense that
©(—Z) = ¢(z). The exterior of the four large circles, with the circles
on the left included (shown in bold in the picture) but not the ones
on the right, is a fundamental set: it contains exactly one point from
each orbit G - z, z € C*. T mention in passing that its interior is the
Dirichlet region of 2y = i, that is, it contains from each orbit that point
that is closest to zg in the hyperbolic distance of C*.

The maps g = IR, with R(z) = —Z being the reflection about the
imaginary axis and I denoting inversion about one of the large circles
in the right quarter plane, generate G. Here, an inversion about the
circle |z — ¢| = r is defined as I(z) = c+1r?/(z — ¢).

In the situation depicted in Figure 1, there are two such generators
g1, 92. If we apply one of the transformations gj-ﬂ, j = 1,2, to the
four large circles, then we obtain one large circle and the three small
next generation circles inside. The region bounded by these circles is
another fundamental region. The whole basic picture repeats itself on
this smaller scale, so the intervals on the real line in the closure of
the smaller fundamental region are again mapped to the gaps (a;, b;),
with each gap occurring twice in this way, corresponding to approach
from above and below. Finally, all of this can of course be continued
indefinitely, by applying the generators of G' to these smaller circles
etc.

The limit set L = L(G) can be defined as the collection of all limit
points of the form z = lim g, - i, with g, € G being distinct elements
of G. We obtain the same set if we instead collect the limit points
lim g, - zo for any point zg ¢ L. The limit set is closed and invariant
under GG. In our situation, L C R, is a Cantor set if N > 3. If N = 2,
then G is cyclic and L = {z,y} C R consists of the two fixed points
of any g € G, g # 1.

For our purposes here, the following description will be extremely
useful. As a preparation, we define I,, C R, as essentially the preimage
of the nth gap [an, b,] in the closure of the large fundamental region.
More precisely, and referring to Figure 1, we define for example [} =
[By, B1), where by this nonsensical looking expression we of course
mean the half open interval between the two points with these labels.
(For the purposes of describing the limit set, the fine details are actually
irrelevant and for example the closed interval would work too, but this
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attention to detail will pay off later.) Similarly, Ir = [Ba, Ay)U[A2, Bs),
and again the intended interpretation of this formula is clear from the
figure. Finally, I3 = [A3, A3) C R, and here we start at the right
point with label A3 and move to the right through oo to the other
point labeled Az. Later on, we will want to give each I; the topology
of a circle in the natural way, but, as mentioned, this doesn’t matter
right now. We then have

N
=R \L=|Jg-F F=JI
n=1

geG

compare [24, eqn. (9.6.41)]. In fact, F is a fundamental set for L¢: if we
had g-x =y for x,y € F, then the mapping properties of the extended
version of ¢ that we will discuss below show at once that z,y € I,
would have to lie in the same interval and in fact in its interior, but
this would then contradict the fact that the region outside the large
circles is a fundamental region if we had = # y.

Finally, let’s state precisely in what way exactly ¢ can be extended
past its original domain. The following is essentially a summary of [24,
Theorem 9.6.4], translated from the unit disk to the upper half plane.

We have a holomorphic extension ¢ : Ct U LU C~ — C,. This
map is onto, and ¢(L°) = Ry \ U = |a;, b;]. So the extension is by
reflection ¢(2) = ¢(%), z € C~. Obviously, the extended map can no
longer be an unbranched covering of its image C,,. Rather, we have
¢'(2) = 0 precisely when ¢(z) = a,, or = b,. At these points, ¢"(z) # 0.
Finally, the extended map still satisfies pg = ¢ for all g € G.

3. PROOF OF THEOREM 1.1

We pause the general development of the topic of the previous section
to insert the rather routine proof of Theorem 1.1 here, but will then
return to it in the following section.

(a) The map H — F(-; H) is obviously injective since we can recover
my and thus also the canonical system itself (by [21, Theorem 5.1])
from the F' function.

To prove that it is surjective, let F{y € Hg be an arbitrary G auto-
morphic Herglotz function. To produce a canonical system that has
Iy as its F' function we simply retrace the steps that lead from a
given canonical system to its F function. So define M : Q — CT,
M(z) = Fy(¢~1(2)), and here we mean by ¢! any holomorphic local
inverse of ¢. These exist since ¢ is a covering map. It doesn’t matter
which local inverse we use here since Fj is automorphic and the group
G of covering transformations acts transitively on the fibers o~ *({z}).
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Clearly, M is holomorphic, and this function does map to C*, as
claimed. Next, let

my(z) = M(2), m_(z)=—-M(Z), ze€C*.

These are Herglotz functions and thus there is a unique canonical sys-
tem H that has these functions as its half line m functions. The limits
my(z) = limy o ma(z + ty) exist for all z € U C Q. Moreover,
we can make both ¢~ 1(x + iy) and ¢ !(z — iy) approach the same
point o~ (z) € CT (on one of the four large circles or the imaginary
axis, say). It follows that (1.4) holds on U, and thus H € R(U). By
construction, F'(\; H) = Fy(A).

We have established that the map R(U) = Hqg, H — F(; H), is a
bijection. Continuity in both directions is obvious since the topologies
on both spaces refer to locally uniform convergence and we are only
changing variables. (It would actually be enough to confirm continuity
of either the map or its inverse since we are mapping between compact
metric spaces, so have an automatic continuity result available.)

(b) This depends on an inverse spectral theory result and I don’t
want to get into the (unfortunately considerable) intricacies of this
topic here. Basically, the result holds because for H € R(U), the m
functions are holomorphic at z = oo, and the condition F'(i) = i is
equivalent to m4(o0) = i. This asymptotic behavior, in a generalized
version, is a well known necessary condition for a Herglotz function to
be the m function of a Dirac operator [7], and it is also sufficient here
because we are dealing only with the specialized system from R(U).

In any event, the argument is identical to the one presented in the
proof of [23, Theorem 3.2]; please see this reference for further details.

4. TRANSFORMATION OF MEASURES

Herglotz functions F' have unique representations

(4.1) F(z) = a+/ 175”"‘ du(t),

with @ = Re F'(i) € Ry, and v is a finite positive Borel measure on
Reo.

Let me state a few basic facts on how to recover v from the boundary
behavior of Im F'(z), without attempting to give a systematic review.
We will make frequent use of these in the sequel. See for example [26,
Appendix B], or pretty much any textbook on spectral theory, for a
more comprehensive review of the subject.
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First of all, F/(t) = lim,_,o+ F(t + ty) exists for (Lebesgue) almost
all t € R. We have
1Im F(¢
dvn(t) = LIE()
T 1+t

and the singular part ygrvs is supported by
R: lim Im F y) = .
{t e Jim Im (t +1y) = oo}

dt,

Finally, point masses correspond to pole type asymptotics; more pre-
cisely,

(1+)v({t}) = Jm —ayF(t+ay),  v({co}) = lim —iyF(i/y).

For any Herglotz function F’ with associated measure v, we define v,
as the measure of F'g. Since v is already determined by the function
Im F'(z), the measure v, indeed only depends on v and ¢ and not on a
from (4.1), as suggested by the notation.

We also denote by gv the image measure (gv)(B) = v(g~*-B). Recall
that this obeys the substitution rule

(4.2 | twaaw = [ -2 avie)

for f € L'(Ry, gv) or measurable f > 0.
Lemma 4.1. We have

ot DI _ (s
B0, ww = (1),

(43) )= 5

This formula also works for t = ¢g~! - 0o, if interpreted in the obvious
way: we can let w(oo) = e in this case (notice that multiplying w by
a factor will not affect the quotient). Of course, we can also express
the density on the right-hand side of (4.3) in terms of the entries of
g= (a b)
lw(g -DI* _ (at +b)* + (ct +d)*
lg=tw(g-t)]> t2+1

In any event, the slightly different function f(g;x) from Lemma 4.2
below will be more important in the sequel.

Proof. Assume first that F' has a continuous extension to C* U R,
Then Fg has the same property, and thus both v and v, are purely
absolutely continuous. As just reviewed, we have

1 Im F(t)

()= S

dt,
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and similarly

1 [ ImF(g-t)

Since (d/dz)(g7" - ) = 1/(a — cz)?, where we again write g = (2 }),
the substitution x = ¢ - t gives

vy(B) = L /_B ( Im F(z) dx

m a — cx)?w(g=" - z)[]?

= 1+$2 vV\x
‘1£Bm—mew@*-@wd()

_ / M@,

5 g~ w(@)[]?

Now an application of (4.2) with A =g¢- B and g~' taking the role of
g in (4.2) lets us further rewrite this as

lw(g-OI*
B = Jy gt o 00
as desired.

The general case can then be handled by approximation. Given an
arbitrary Herglotz function F', approximate it by functions F}, of the
type just discussed, d(F,, F) — 0, with d denoting the metric from
(1.5); in other words, F,, — F locally uniformly. Then v, — v in
weak * sense, that is, [ fdv, — [ fdv for all f € C(Rw), and here
we give R, its natural topology as the one-point compactification of
R (so R, = S', a circle). Clearly, we also have d(F,g, Fig) — 0, and
thus (v,), = v, as well. By what we just established, we have

_ [w(g - )|
(4.4)  d(vn)g(t) = Rg;t) d(g™ wa)(t),  h(git) = - 55
! lg=tw(g - t)]I2
Since g is a homeomorphism of R, the substitution rule (4.2) makes it
clear that the image measures converge to the expected limit g~ 'v,, —
g~'v. Moreover, h(g;t) is also continuous on R, and thus (4.4) implies
that

dvy(t) = lim d(v,),() = h(g: t) d(g™"v)(1),

n—o0

as claimed. O

Lemma 4.2.

(4.5) Vgl(g-A)Z/Af(g;fv) dv(z), flg;z)=

()]
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The density f is a cocycle: for any g,h € G, x € Ry, we have
(4.6) flghiz) = f(g;h-2)f(h; ).

Proof. Of course, (4.5) just rephrases Lemma 4.1; more precisely, this
equation follows from (4.3) and the substitution rule (4.2). The cocycle
identity follows from a straightforward calculation, which I leave to the
reader. U

5. AUTOMORPHIC MEASURES

Definition 5.1. We call a finite Borel measure v on R, automorphic
if v = v, for all g € G. The collection of all automorphic measures will

be denoted by Mg.

By Lemma 4.2, one possible more explicit way of stating this condi-
tion is: d(g~'v)(z) = f(g;x)dv(z) for all g € G. One could of course
also consider non-finite measures that are automorphic in this sense
but they are useless for us here since they do not occur in the Herglotz
representation (4.1).

The goal of this section and the next is to study automorphic mea-
sures in more detail and relate them to their restrictions to the funda-
mental set F. Before we do this, it is perhaps worth clarifying explicitly
the relation of Definition 5.1 to the G invariance of the associated Her-
glotz functions.

Proposition 5.1. Let F' be a Herglotz function with representation
(4.1). Then the following statements are equivalent:

(a) v =y, forall g € G;

(b) (Im F)g =Im F for all g € G;

(¢) Fg=F +a(g) for all g € G, for certain constants a(g) € R;

(d) There is a homomorphism v : G — (R, +) such that Fg = F +~(g)
forall g € G.

The parentheses in part (b) are unnecessary since (Im F)g = Im (Fg);
they emphasize that the condition can be read as stating that the har-
monic function Im F' is automorphic.

The homomorphisms v : G — R form a vector space. Since G is a
free group on N — 1 generators, {7} = RY¥~1. Our results below will
show that any homomorphism « occurs as the v of a suitable F', as in
part (d). See Section 7, especially Lemma 7.1. T mention these facts in
passing; we will not use them here.

Proof. Since the measure v is determined by and determines Im F,
which in turn determines F' up to a real constant, it is clear that (a),



14 CHRISTIAN REMLING

(b), (c) are equivalent. If (c) holds, then of course a(g) = Fg(z9)—F(20)
for any 2y € C*, so

a(gh) = F(gh)(i) — F(i) = Fg(h-i) = F(h-i) + Fh(i) = F(i)

= a(g) + a(h),
and a =  turns out to be a homomorphism, as claimed in part (d).
The converse implication is trivial. O

Theorem 5.2. Suppose that v € Mg. Then v(L) = 0.

Recall that L C R, denotes the limit set of G. This set is closed
and invariant under G.

Proof. If A C R, is a (G invariant set, then so is A¢, and now Lemma
4.1 shows that if v is automorphic, then so is x4 dv. We apply this
remark to A = L to obtain the automorphic measure x dv. Then we
consider the corresponding harmonic function

1+tA 14 ¢2
H\N =1 dv(t) =Im A\ _
N m/Lt_A ) =1 [

Observe that H has a continuous extension to C* U (R, \ L), and
H=0onR,\L.

Proposition 5.1(b) shows that Hg = H for all ¢ € G. So as in the
proof of Theorem 1.1(a), we can define a harmonic function K : Q —
[0,00), K(z) = H(¢'(2)), using local inverses of .

Now the description of the mapping behavior of ¢ from Section 2
shows that if z — x ¢ Q, then we can make o~ !(z) approach L¢; more
precisely, we can arrange that dist(p~'(2),{s,t}) — 0, where s,t are
two preimages of z, for example in the same [I,,. (We cannot guarantee
convergence to a single limit because preimages of two small semidisks
above and below x need not be close to each other.)

Since H = 0 on L, no matter where exactly we are, this shows that
K has a continuous extension to all of C,. This extended function
has a maximum on its compact domain, and since K = 0 on Cy, \
Q = U[aj,b;], the maximum is assumed at a point of €2, where K is
harmonic. So K, H =0 and hence v(L) = 0, as asserted. O

dv(t), \eC.

Theorem 5.2, combined with Lemma 4.2, shows that an automorphic
measure is determined by its restriction to the fundamental set F =
ngl I, for L. Lemma 4.2 also suggests the following procedure for
constructing general automorphic measures: start out with any finite
measure on F, and then propagate it to L¢ = G - F by using (4.5), and
now of course v,-1 = v if we want to obtain an automorphic measure.
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We must verify two things here: (1) The extended measure is still
finite on L¢; (2) It is indeed automorphic.

The first point is addressed by Lemma 5.4 below, and the second one
will be the content of Theorem 5.6. The question of whether series such
as the ones from (5.2) converge, and for what exponents, is classical for
general Fuchsian groups and has been investigated extensively. This
is no coincidence because our construction of automorphic measures is
quite similar in spirit to the construction of automorphic functions via
Poincaré series. See for example [1, 18].

We will not rely on this theory here. In our more specialized situa-
tion, we can give a considerably simpler and perhaps more transparent
treatment from scratch if we study the issue not in isolation, as a ques-
tion about general Fuchsian groups exclusively, but in the context of
the spectral theory in which it arose here in the first place.

Lemma 5.3. For any x € L¢, there is an F' € Hg whose associated
automorphic measure satisfies v({x}) > 0. In fact, F' can be the F
function of an H € Dy(U).

This depends on a well known parametrization of Dy(U). This mate-
rial is almost classical but since we will also need it in Section 7 below,
let me give a very quick review. The basic idea goes back to Craig [4].
In the form used here, the method is discussed in detail in [9, Sections
2, 3], but see also, for example, [3].

Given an H € Dy(U), let h(z) = my(z) + m_(z), and consider
the Krein function of this Herglotz function, which is defined (almost
everywhere) as £(t) = (1/m)Im logh(t), 0 < &(t) < 1. Since H is
reflectionless on U, we have Re h = 0 there, so £ = 1/2 on U. The
further condition o(H) C U then implies that £(t) = X(u.p.(t) on
each gap a, <t < b,, for some p, € [a,,b,|. The p, determine £ and
thus already let us recover h as

(5.1) hz) =2 [] V= 2)l0n = 2),

Hn — 2 ’

compare [9, eqn. (2.4)]. Note that h has a pole at each y,, which satisfies
[y F ap, by, and this leads to a point mass in the representing measure.

The function h(z) does not uniquely determine H; rather, we must
introduce the additional parameters o,, = 1. These indicate whether
this point mass at t = pu, is assigned to m, (if o, = 1) or m_ (if
o, = —1). Other ways of splitting it are not allowed because that
would produce an eigenvalue at p,, but o(H) C U for H € Dy(U).

If u, = a, or = b, then there is no such point mass and o,, becomes
irrelevant. It is thus natural to combine p,,o, into one parameter
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iy = (fn,0,) and view [i,, as coming from a circle, which is obtained
by gluing together two copies of the gap [a,, b,] at the endpoints.

A more careful version of this analysis shows that the procedure sets
up a homeomorphism between Dy(U) and a torus T, by sending an
H € Dy(U) to its parameters (fiy, ..., iy)-

Proof of Lemma 5.3. We can focus on the case x € F since an auto-
morphic measure with v({z}) > 0 will also have point masses on the
whole orbit G - z.

For such an x € F, let t = @(x). Then t € Ry \ U, let’s say
a, <t <b, Ift=#a,,b,, then introduce also o = sgnIm p(z + iy),
y > 0, y small. So o = £1 informs us whether ¢(x + iy) approaches t
from above or below.

We now simply pick an H € Dy(U) whose parameters (fi, ..., [iy)
satisfy j1, = (t,0). As discussed, the measure of m,(z; H) will then
have a point mass at t or, equivalently, lim, o, y Im m,(t + 7y) > 0.
This means that also lim, oy y Im M (¢ 4+ ioy) > 0 and this, in turn,
implies that lim, o y Im F(z + iy) > 0, as desired.

Ift = a,,b,, the argument will not work in exactly this form because
now the measures of m4 have no point masses on [a,,b,]. However,
we can still take u,, = ¢, and this will make m.(z) ~ 1/v/t — z near t;
compare (5.1) above and equation (2.8) from [9].

Let’s say t = by, to make this discussion more concrete, so that
then x is the (left) point with label By in Figure 1. In this situation,
ma(z) have continuous extensions to C* U (ay, by) which are real on
this interval (in fact, we can continue holomorphically, but we won’t
need this here). Consider now a small semidisk

D={z:]z—2| <§Imz >0},

centered at x = By. The semicircle ending at x from Figure 1 cuts this
into two parts, and F(\) = my(p(\)) on the left part while F(\) =

—m_(p()\)) on the right part, and of course F' is holomorphic on the
full semidisk. So what we just observed about the behavior of m.
shows that F similarly has a continuous extension to D \ {z}, and
ImF =0 on (z —d,z) and (z,z + §). Hence v gives zero weight to
these sets. If we had v((x — §,xz + J)) = 0, then F could in fact be
extended continuously to this whole interval, but we already know that
this isn’t working since lim,_,o; |F(x + iy)| = oco. Hence v({z}) > 0,
as desired. O

In this last part of the argument, it is really the same mechanism
at work as in the easier case t # a,,b,, only in a more elaborate
version: M has a square root type singularity, which does not lead to
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a point mass in the associated measure, but then p(z + h) — ¢t ~ h?
so the change of variable that happens when we move from M to F
amplifies this and we do end up with the required pole type behavior
that corresponds to a point mass.

In the next result, we again write a matrix representing a general
geGasg=(24).
Lemma 5.4. We have

1 1 1 1
(5.2) Z(¥+ﬁ+g+ﬁ)<oo.
g#1
Moreover, 3_ . f(g;x) converges locally uniformly on x € L°.

The result in this form depends on our specific choices for the cover-
ing map (and thus the Fuchsian group), which make sure that 0,00 ¢ L.
It fails badly for example for the cyclic group with generator g-z = 2z
since then b = ¢ = 0 for all ¢ € G and, to add insult to injury,

{a*} ={d*} ={2":n e Z}.

Proof. We start by observing that a # 0 for all ¢ € G, because oth-

erwise g - oo = 0, which is impossible because the extended version of

¢ satisfies ¢(00) # ¢(0). For the same reason, d # 0 for all g € G.

Similarly, if we had b =0 or ¢ = 0 for a g # 1, then z = 0 or z = c©

would be a fixed point of g, but fixed points are in L; in fact, L can

also be obtained as the closure of the fixed points [12, Theorem 3.4.4].
We have uniform bounds on the quotients

bl |c

=1, =l <0y, € G, 1.

d‘ ’ d’ ~0Lg, g g#

Y Y

(53) 0<Ci< ‘%

a
C

Indeed, if we had, let’s say, a, /b, — 0 for certain g, € G, then g;'-0 —
00, which would imply that oo € L. Similar arguments establish the
other bounds.

We know from Lemma 5.3 that there is an automorphic measure
with v({0}) = 1. Now (4.5) shows that v({g-0}) = f(g;0), and these
points ¢g-0, g € G, are distinct because fixed points are in L and 0 ¢ L.
Thus 3 f(g;0) < co. We have f(g;0) = 1/(b* + d?), and then (5.3)
implies that Y 1/X? < co for X = a,b, ¢, d.

Next, I claim that > gec (g; ) converges uniformly on

|z| > max{2/C}, 1},
and here C; > 0 is the constant from (5.3). Indeed, for these z, we
have |b/a] < |z|/2, so (ax 4+ b)? > a®2?/4 and hence
2?41 2?41 8

fgw) = (ax +b)? + (cx + d)? = (azx + b)? = a2
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The uniform convergence of » _ f(g; z) now follows from the convergence
of Y 1/a*.

So, to establish uniform convergence on an arbitrary compact subset
K C L¢, it now suffices to consider the case co ¢ K, so K is a bounded
subset of R. Then obviously

C

flg;x) < m

forge G, x € K.

There can be only finitely many g € G with —b/a € K because
—b/a = g~'-0 and thus the existence of an infinite sequence of such ¢’s
would give us a limit point in K. We can then estimate (az +b)? > a?,
uniformly in z € K and g € G\ F', with F' denoting this finite (possibly
empty) set of ¢ € G with —b/a € K. Indeed, suppose that on the

contrary we had
n4n bn 2 bn ?
(anxy, + by) (xn ) 0

n n

for certain g, € G\ F, x,, € K. We can also assume here that x, — z,
and it then follows that z = —1limb,/a, = limg,' - 0. Since z ¢ L,
this would imply that the g, come from a finite set, but then —b, /a, =
x € K for large n even though we specifically avoided the ¢ satisfying
this condition. So we again have a uniform estimate f(g;z) < 1/a® for
ge G, xe K. O

Corollary 5.5. Let

D) =Y fg:7).
geCG
Then D(x) is a continuous positive function on the open set v € L°,
and D(x) = oo for all x € L.

Since it is also clear from this that D(z) gets large when x € L°¢
approaches a point of L, we can rephrase the statement as follows:
D : Ry — [1,00] is continuous and D~ ({oc}) = L.

Proof. Lemma 5.4 immediately implies that D is continuous on L¢ and
1 < D < oo there.

We will not need the second part here, about the behavior of D on L,
so I will just sketch the argument. First of all, if zy € L is a fixed point
ofagy € G, gy # 1, then gow(zo) = Aw(xg) and thus f(gy; zo) = [N
Hence ) ., f(g3:w0) already diverges.

Suppose now that xzy € L is not a fixed point of any g € G, g # 1,
so that the points ¢ - zg, g € G, are all distinct. If we had D(zq) < oo,
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v =3 F(g:0)5,

geG
would be finite. It is also automorphic, and this we can see in the same
way as below, when we discuss this construction in general. See the
proof of Theorem 5.6 below. We have reached a contradiction because
we already know from Theorem 5.2 that automorphic measures can not
give weight to L. O

then the measure

We now have all the tools needed to carry out the construction of
automorphic measures that was already described above. Given a finite
Borel measure vy on F = |J I, and a Borel set A C F, let

(5.4) v(g- A) = / £ (g5 ) dvo(2).

For fixed g € G, this defines a measure on g - F. Now since F is a
fundamental set for L¢, the rule (5.4) also uniquely determines a Borel
measure v on all of L¢ (or on Ry, with v(L) = 0). More explicitly, if
B C L¢is an arbitrary Borel set, then we write B = [ A, as a countable
disjoint union of the sets A, = B ﬂ g-F,and we set v(B) = > v(A,),
with the summands deﬁned via (5.4). Corollary 5.5 shows that

(5.5) (L) / D(x) dvo(x

since F is contained in a compact subset of L¢, so D is bounded there.

Theorem 5.6. For any finite Borel measure vy on F, the measure v
defined above is automorphic.

Proof. We will verify that v,-1 = v for all g € G. As above, given a
Borel set B C L¢, we can write B = Jh - C), C, C F, so it suffices to
check that v,-1(h-A) =v(h-A) for AC F.

By Lemma 4.2 and the substitution rule (4.2), we have

vl A) = [ flgs)dvo) = [ Flaig e o)),

Also, d(k™'v)(t) = f(k;t) dve(t) on F by the defining property (5.4) of
v. Thus the cocycle identity (4.6) shows that

(- A) = / Flgig7 0 £) (g B t) dwo)

= [ sty anf) = vl 2
as desired. ]
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6. AUTOMORPHIC MEASURES AND THEIR RESTRICTIONS TO F

Of course, (5.4) and the above procedure were forced on us by Lemma
4.2, so v is the only automorphic measure whose restriction to F is
vy. We have set up a bijection between arbitrary finite measures on
F and automorphic measures on L¢ or R,. We want to go further
here and show that this map is a homeomorphism if we use the weak
x topology on measures. Here we give the subintervals [,, C F the
topology of a circle S'. (If this seems unmotivated at this point, please
see the discussion following the statement of Theorem 6.1 below for an
explanation of why this is important.)

This latter topology matters even if we are only interested in the
measures because if J = [C, D) is a half-open interval, then for example
dp—1/n — Oc if J is given the circle topology.

To constantly remind ourselves that this is the topology on F we are
using, we now denote the subintervals of this set by S,,. So S,, = I, as
a set, and for example S; can be viewed as the segment between the
two points with label B; in Figure 1 of Section 2, with these points
identified. To obtain S5, we must first glue together the two pieces
[By, Ag) and [Ay, Bs) of I, and then again endow the resulting interval
[By, Bs) with the circle topology. Finally, in the situation of Figure 1,
the last set I3 is again already a single interval since it goes through
the point co € R, which we can’t see in the picture. We glue together
the two points labeled Az to produce Ss.

Recall that we denote the space of automorphic measures by Mq.
The almost self-explanatory notation M (F) will similarly refer to the
space of finite measures on F. In both cases, we use the weak * topol-
ogy, and, as discussed, we give F = S; U ... Sy the topology of
a disjoint union of N circles. We then also have an obvious (linear)
homeomorphism

M(F) = M(Sy) x ... x M(Sy),

and we switch between these two realizations of the space without
further comment when convenient.

Theorem 6.1. The restriction map Mg — M(F), v — (v1,...,vN),
vn(A) =v(A), ACS,, is a homeomorphism.

We can now appreciate the significance of the circle topology in this
context by running a quick informal check on this result. Observe
first of all that the restriction map is not continuous on general, not
necessarily automorphic measures. For example, we can again consider
v = 0., with x converging from the left to (let’s say) the left endpoint
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By of I;. Then all restrictions to I = S; are zero, but the sequence
converges to dp,, which is equal to its restriction.

This kind of example would also be a problem for automorphic mea-
sures if we weren’t using the circle topology. With the circle topology,
all will be well because such a point mass will lead to a corresponding
point mass near the right endpoint of I;, and this measure is now close
to & Bi-

The following observation will make sure that the weights come out
right in this type of example.

Lemma 6.2. Consider one of large semicircles |z +c| = r from Figure
1 (or, more formally, a suitable preimage under ¢ of a subinterval
(bj,a;41) CU). Let g € G be the unique map that maps this semicircle
to its reflected version |z — c| = r. Then, for t = —c + r, we have
g-x=—x and f(g;x) = 1.

Proof. Recall from Section 2 that we have a description of ¢ = IR as
the composition of reflection about the imaginary axis with an inversion
about |z — ¢| = r. More explicitly,

ezt —r?
z4+c  z+c

So as the SL(2,R) matrix representing g we can take

1 fc 2 —r?
g_; 1 c )

and given this information, a straightforward calculation will now finish
the proof. O

g‘Z:C—

Proof of Theorem 6.1. As discussed earlier, we already know that the
map is a bijection. We must still establish that both the map and its
inverse are continuous.

We start with the restriction map itself, and here we’ll discuss ex-
plicitly only the map v + 4. The general case v — v, is of course
similar but more awkward to write down when [,, has two pieces that
need to be glued together.

Let’s write Iy = [ = [c,d). As a preliminary, recall that the weak x*
topology is metrizable on the bounded open subsets v¥(R.,) < A, and
it suffices to prove continuity on these sets. We must thus show that if

v, — vin Mg and f € Cle,d|, f(c) = f(d), then

(6.1) » () dvp(z) — [ d)f(a:) dv(z),
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and here the hypothesis v,, — v means that similarly

(6.2) | s@an@ [ gl
for all g € C(Rw).

To do this, write f(x) = f(¢) + h(z). Then h € C|e,d] can be
continuously extended to R, by setting h(z) = 0 for = ¢ I, so (6.1)
for f = h is essentially the same as our assumption (6.2).

So we need only show that v,([c,d)) — v([¢,d)). This is clear if
v({e}) = v({d}) = 0.

In general, we can move the endpoints c, d slightly to avoid possible
point masses. If we do this judiciously, we can exploit the fact that
the measures are automorphic to make sure that the measure doesn’t
change much when we adjust the interval in this way.

Here are the details. Let ¢ > 0 be given. Let gy be the map from
Lemma 6.2 for the circles ending at ¢ and d, respectively. So go-c=d
and f(go;c) = 1. Now pick a small §; > 0 and define do > 0 by
go- (¢ —681) = d — 09. Then § will be small as well and in fact do will
also decrease strictly as 6; > 0 approaches zero. Thus, by taking d;
small enough and avoiding the at most countably many point masses,
we can make sure that the following statements will hold:

(6.3) 1—€e< f(go;x) <1+¢€ forc—d; <z <gc,

(6.4) v({c=d1}) =v({d—d}) = 0.

Notice that go - [c — 01, ¢) = [d — 02, d), so (6.3), combined with Lemma
4.2, shows that

(1—€)p([c—0d1,¢)) < pu([d—0d2,d)) < (14+€)u([c—0d1,¢)) for all p € M.
In particular, we have

(6.5) |Un([c = 01,¢) — vp([d — 62,d))| < evp(Ry) < C,

and of course the same estimate holds for v. Moreover, (6.4) implies
that v,([c — §1,d — d2)) — v([c — §1,d — d2)), and if we combine this
with (6.5), we see that

lvn([e,d)) — v([e,d))] < (2C + 1)e

for all sufficiently large n.

To prove that the inverse map is continuous, we again restrict the
(original) map to the subsets {v € Mg : ¥(Ry) < C}. These are closed
subsets of the compact metric spaces {v € M(Ry) : ¥(Ry) < C} and
thus compact themselves. To confirm this, assume that the v, are
automorphic measures and v, — v. Then the associated Herglotz
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functions, normalized by requiring that Re F,(i) = Re F(i) = 0 con-
verge similarly F,, — F', and the functions Im F}, are automorphic by
Proposition 5.1(b). Clearly a pointwise limit of automorphic functions
is automorphic itself, so by referring to Proposition 5.1 for a second
time, we see that v € M, as claimed.

So we now have a continuous map between the compact metric spaces
{veMg:v(Re) <C} = {ve MF):v(F)<C}, and it is a
bijection onto its image. The continuity of the inverse is automatic in
this situation. We can now finish the proof by recalling (5.5) and the
fact that the function D(z) from that identity is bounded on F. This
makes sure that for any A > 0, the set {v € M(F) : v(F) < A} is in
the image of the restricted maps discussed above if we choose C' > 0
large enough. O

7. FROM AUTOMORPHIC MEASURES TO AUTOMORPHIC HERGLOTZ
FUNCTIONS

Theorems 5.2, 5.6, and 6.1 give us a description of the automorphic
measures, and we must now clarify which of these will lead to auto-
morphic functions when used in (4.1). Notice that Proposition 5.1(d)
associates a homomorphism 7(g, ) with each v € Mg, which is given
by

(7.1) v(g,v) = Re (Fg(i) — F(i)),

with I’ = F,, being the Herglotz function with measure F', as in (4.1).
This function is strictly speaking not completely determined by v, but
of course the unknown constant a will drop out of the difference and
thus is irrelevant here.

We can alternatively view v as a map on M(S7) X ... x M(Sy) =
M(F) (for fixed g € G), using Theorem 6.1, and then we write it
as y(g,v1,...,vn). We see from (7.1) that v(g,v) is a continuous R-
linear functional of v. It is also a continuous function of v4,..., vy, by
Theorem 6.1, but of course not multilinear in the individual measures
in this version. In the sequel, we will again switch without further
comment between these viewpoints, interpreting v and also I' from
(7.2) below as a map on Mg, M(F), or M(S1) x ... x M(Sn).

The homomorphism v(g) for a general g € G (and fixed v, for now)
is determined by its values on a set of generators gq,...,gn_1. Fixing
such a set of generators, we can then define a single continuous linear
map

(72) I MG — RN_la F(V) = (7(91, V)a s 77(9N—1) V)) :
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We are interested in the question of when I'(r) = 0 for an automorphic
measure .

Lemma 7.1. Suppose that v € Mg, I'(v) = 0. If v(S,) = 0 for some
n=12,...,N, thenv =0.

Put differently, if the representing measure of an automorphic Her-
glotz function gives zero weight to an I,,, then F' = a € R..

Proof. Let’s again suppose that n = 1, for convenience. Observe that
the intervals adjacent to I; in Figure 1 are images ¢ - I; of the same
interval. So if v(I;) = 0, then in fact v(J) = 0 for a larger open
interval J which contains I; and the neighboring intervals, which are
also mapped to (a1,b1) by ¢. The associated automorphic Herglotz
function FF(A) = [ L du(t) thus has a holomorphic continuation to
CtUJUC ,and Im F(z) =0 for z € J.

We then deduce that the functions my have similar behavior near the
gap (a1,b1). Of course, we can not automatically conclude that they
are holomorphic at the branch points aq, by of ¢; rather, these functions
will have square root type behavior there. However, it is true and easy
to see that my have continuous extensions to C* U (a; — d,b; + 0) and
my(z) € R for x € (ay,b;). This is impossible, basically because it
contradicts (5.1).

Of course, (5.1) as stated does not apply here because we did not
assume that H € Dy(U). However, the reasoning that led to (5.1)
remains valid and gives the same behavior of h locally. The point
is that no matter what the value of u, is, we cannot avoid h being
unbounded near some point of [a,,b,|. This would be obvious from
(5.1) if we had this formula available, and it is still true in our much
more general situation. Let me provide a somewhat more detailed
sketch of this step.

First of all, observe that the Krein function & of h(z) = m,(z) +
m_(z) does satisfy £ = 1/2 on U if h is not a constant from R.
Moreover, the properties of the functions m. that were just derived
imply that their measures and thus also the one associated with h give
zero weight to [aq,b1]. In this situation, the Herglotz representation of
h shows that

2
W) = / L e >0
Boo\lar,b] (¢ — 2)?
on ¢ € (ai,by). This in turn implies that {(x) = X(a,¢)(z) there,
for some a; < ¢ < b;. No matter what the value of ¢ is, we have
£(z) = 1 near a; or {(z) = 0 near by (or both) for z € (ay,b;) and of
course & = 1/2 on the other side of this point ¢ = a; or t = b;. In
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either case, this behavior of £ gives us a square root type singularity
h(z) =~ (t — 2)~'/? there. This contradicts what we learned about m..
above. We have to admit that we are actually in the degenerate case
h =a € Ry, and thus v(R.) = 0, as claimed. O

Corollary 7.2. Suppose that v € Mg, v # 0, I'(v1,...,vn) = 0.
Then, if also I'(civ1,...,enyvn) =0, ¢, >0, then ¢y = ¢y = ... = cy.

Proof. Denote the second measure, with restrictions ¢,v,, by p € Mg.
Let’s say ¢; = maxc¢,. Consider p = ¢;v — p. This measure is still
positive since its restriction to S, is p, = (¢1 — ¢p)Vn, and obviously it
is automorphic and I'(p) = 0. However, p; = 0, so Lemma 7.1 shows
that p = 0. Since also v, # 0 for all n, by the same result, this implies
that ¢, = ¢;. O

We now turn to existence of solutions of I'(v) = 0.

Theorem 7.3. For any v, € M(S,), v,(S,) >0, n =1,2,...,N,
there are unique constants ¢, >0, > ¢, = 1, such that

F(Cll/l, N ,CNVN) = 0.

Proof. Uniqueness is guaranteed by Corollary 7.2, so we only need to
prove the existence of such ¢,,. Of course, we need not pay any attention
to the condition > ¢, = 1, which we can always satisfy by multiplying
the ¢, by a constant.

We start with the case when v, = 0, , x, € S,. We mostly did
this already, in the proof of Lemma 5.3, though we focused on a single
x, there. Let’s briefly review the argument one more time: we take
the (unique) H € Dy(U) with parameters ji, = (tn,0n), tn = @(z,),
with 0, = +1 determined by whether p(z, + iy) € € approaches
tn € (ap,b,) from above or below when y — 0+. Then the measure v
of the F' function of H will satisfy I'(v) = 0 because F' is automorphic,
and it will have the desired point masses at the x,. This was fairly
obvious when t,, € (an,b,), and, as we argued above, it is still true,
though less obvious, when t,, = a,, or = b,,. Finally, the parametrization
of Dy(U) that was reviewed following the statement of Lemma 5.3 also
makes it clear that v([, \ {z,}) = 0. This follows because if, say,
tn € (an,b,) and o, = 1, then m_ can be holomorphically continued
through (a,, b,) while m, is meromorphic there, with a single pole at
tn, and both functions are real and continuous on [a,,b,] \ {¢t,}. The
other cases lead to similar scenarios.

Next, suppose that, more generally, 14 = ijl w;0y,, but still v, =
dy, for n > 2, with z; € Sy, y, € S, wj > 0. If we replace 4 by just
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one of its point masses w;d,;, then we are back in the first case, so we
know there are dy(j),...,dn(j) > 0 such that

T(w;by,, d2(7)0ys, - - - dn(5)dyy) = 0.

J , .
Thus ¢y =1, ¢, = Zj:1 d,(7) works for the original measures.

Now we can repeat the same procedure in the second component, so
we consider measures of the form

K
(73) (V17Zwk}5$k75y37""5yN)7

k=1

where v; = Z}]:1 ;04 is of the type just discussed. By the previous
step, we can now handle the measures where we replace the second
component by one of its summands wyd,, and then also the full measure
from (7.3), in the same way as above. Continuing in this way, we
establish the claim of Theorem 7.3 in the case when all v, are finitely
supported measures.

In general, if arbitrary measures v, are given, approximate them by
such finitely supported measures 9 v,. By what we just showed,
there are ¢,(j) > 0, 320, ¢,(j) = 1, such that

r (cl(j)l/p, o ,cN(j)V%)) =0.

By passing to a subsequence, we may assume that ¢, = lim;_, ¢,(j)
exists. We have ¢, > 0, > ¢, = 1. We observed at the beginning of
this section that I'(v) is continuous. Thus

F(Cll/l, ce ,CNVN) = 0,

as desired. Since ) ¢, = 1, and, by assumption, v,(S,) > 0, Lemma
7.1 guarantees that ¢, > 0 for all n. U

8. PROOF OF THEOREM 1.2

We'll prove the following slightly more detailed version of Theorem
1.2.

Theorem 8.1. (a) {F € H¢ : F(i) =i} is a compact convex set.

(b) Let F = F,, = F(-; H) be an automorphic Herglotz function from
the set of part (a) with associated measure v € Mg. Let H € D(U) be
the associated canonical system, that is, F' is the F function of H.

Then the following are equivalent: (i) F is an extreme point; (ii)
H € Dy(U); (iii) The restrictions v, = xs,v are of the form v, =
WOy, , with x, € I, w, > 0.
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Proof. Part (a) is obvious from the already mentioned fact that H¢ is
compact and was only stated here because the corresponding claims
were also made in Theorem 1.2.

A Herglotz function F' with representation (4.1) satisfies F(i) =
a+ iv(Ry). In particular, if F' is from the set of part (a), then a = 0,
v(Ry) = 1.

To prove part (b), observe that the linear structure on the set from
part (a) is the same as the one on the associated measures v € Mg.
More explicitly, we have F,,1—¢, = cF, + (1 — ¢)F,. So we may as
well try to find the extreme points of the space of measures

(8.1) X={re Mg:v(Ry) =1,I'(v) =0}

Since for given z,, € I, the w, from part (iii) are uniquely deter-
mined if we want to obtain a measure from this space, it is already
clear that these measures are extreme points.

Conversely, if v € X is not of the type described in (iii), then for
at least one n, let’s say for n = 1, we can write vy, = uy + p;, with
i1, p1 # 0 and singular with respect to each other. Now Theorem 7.3
lets us find constants cs, ..., cy > 0 such that

P(Ml, Coly, C3l3, . . . 7CNVN) = 0.

Let’s denote the corresponding measure from Mg by . Of course, we
can do the same thing for p;, and we obtain a second measure p € Mg,
satisfying I'(p) = 0, and with restriction to S; equal to p;, and the other
restrictions, to S,, are multiples of the v,. Now o = p + p satisfies
['(0) =0, 01 = 11, 0y, = dpvy, (n > 2). Hence o = v by Corollary 7.2.
We have succeeded in writing

as a non-trivial convex combination. Notice here that y(R..), p(Ry) >
0, and indeed

M(ROO) + p(Roo) = V(ROO> =1,

as required. Obviously, the normalized versions of u, p are in X. Fur-
thermore, pu # p by construction. We have shown that only the mea-
sures listed in (iii) are extreme points.

Finally, we already discussed earlier that exactly these measures give
us the finite gap operators H € Dy(U). O
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9. REPRESENTATION OF REFLECTIONLESS OPERATORS BY
MEASURES

We already have a homeomorphism D(U) = {F € Hqg : F(i) = i}
from Theorem 1.1. The correspondence between a Herglotz function
and the data (a,v) from its representation (4.1) is a homeomorphism
also; see, for example, [21, Theorem 7.3]. So in our current situation, we
have a homeomorphism D(U) = X, with X still denoting the space of
measures from (8.1). In this version, the statement contains a condition
involving the map I'; we can give it a more satisfying form with the
help of Theorems 6.1, 7.3.

Theorem 9.1. The following map is a homeomorphism:

DU) — My(S1) x ... x Mi(Sn),

e (Vll(/gl)’ o VN?];NQ '

It sends an H to the normalized versions of the restrictions to S, of
the automorphic measure associated with the F function of H.

Proof. The preceding discussion has already established the variant
version of this statement where we don’t normalize the measures. Next,
notice that Theorem 7.3 lets us recover the numbers v,(S,,) > 0 from
the normalized measures p, = v,/v,(S,) since I'(vq,...,vy) = 0 and
v(Ry) = 1. Lemma 7.1 guarantees that indeed v,(S,,) > 0.

Clearly the maps v — v,(S,) are continuous, by Theorem 6.1, so
the map from Theorem 9.1 has now been recognized as a continuous
bijection. We are mapping between compact metric spaces, so the
continuity of the inverse map is automatic. U

We can elaborate some more on this theme. Since we are mapping

from a compact space, we in fact have
my, = min v,(S,) > 0.
HeD(U)

Moreover, this map is linear with respect to the natural linear structure
on F functions satisfying F(i) = i, so, as already mentioned in the
introduction, Theorem 1.2 now shows that m, = mingep, @) Vn(Sn)-
Or, if we use the more explicit description from Theorem 8.1(b)(iii),
then we can say that m, = minw, where now the minimum is taken
over the torus (x1,...,zy) € S X ... x Sy and, given such points, the
w, > 0 denote the unique weights for which the automorphic measure
v with restrictions (w0, , ..., wyd,, ) satisfies I'(v) = 0, v(Ry) = 1.

Of course, similar remarks apply to the maximum of v, (.S,).
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Finally, while most of our results dealt with Dirac operators exclu-
sively, we can easily go back to the more general setting of canonical
systems, if this is desired, for example by using the same simple device
that was also employed in [9, 23] in similar situations. Please see these
references for more on this theme; we limit ourselves to a few quick and
mostly obvious remarks here. As a preparation, introduce the notation

Z={H(x)=PF,:0<a<mn}

for the trivial canonical systems with constant (extended) real m func-
tions. So the F' function of H(z) = P, is F(A\) = —tana € Ry,. Then
R(U)\ Z can be restored from D(U) by letting the translation/dilation
group w — cw + a, ¢ > 0, a € R, act on m functions, or, what is the
same here, on F functions. So we similarly map F to cF'+a. I mention
in passing that there is also an easy explicit description of what this
action does to the coefficient functions H(x) [21, Theorem 3.20].
Obviously, we recover all F' functions except the trivial ones F' =
b € R, from above if we act in this way on the F' functions satisfying
F(i) = i. Since the acting group is homeomorphic to C*, this gives a
natural identification R(U) \ Z = C* x D(U), and allows us to make
use of the maps constructed above, for example in Theorem 9.1, for

general canonical systems also. In the same way, we obtain a natural
correspondence Ro(U) \ Z = C* x Dy(U).

REFERENCES

[1] A.F. Beardon, The exponent of convergence of Poincaré series, Proc. London
Math. Soc. 18 (1968), 461-483.

[2] A.F. Beardon, The geometry of discrete groups, Graduate Texts in Mathe-
matics 91, Springer-Verlag, New York, 1995.

[3] C. de Concini and R. Johnson, The algebro-geometric AKNS potentials, Er-
god. Theory Dynam. Sys. 7 (1987), 1-24.

[4] W. Craig, The trace formula for Schrodinger operators on the line, Comm.
Math. Phys. 126 (1989), 379-407.

[6] J. Christiansen, B. Simon, and M. Zinchenko, Finite gap Jacobi matrices, I.
The isospectral torus, Constr. Approz. 32 (2010), 1-65.

[6] J. Christiansen, B. Simon, and M. Zinchenko, Finite gap Jacobi matrices, II.
The Szego class, Constr. Approz. 33 (2011), 365-403.

[7] W.N. Everitt, D.B. Hinton, and J.K. Shaw, The asymptotic form of the
Titchmarsh-Weyl coefficient for Dirac systems, J. London Math. Soc. 27
(1983), 465-476.

[8] H.M. Farkas and I. Kra, Riemann surfaces, 2nd edition, Graduate Texts is
Mathematics, 71, Springer-Verlag, New York, 1992.

[9] M. Forester and C. Remling, Topological properties of reflectionless canonical
systems, preprint, https://arxiv.org/pdf/2409.04862.



30

[10]

CHRISTIAN REMLING

F. Gesztesy and H. Holden, Soliton equations and their algebro-geometric
solutions, vol. I, (141)-dimensional continuous models, Cambridge Studies in
Advanced Mathematics, 79, Cambridge University Press, Cambridge, 2003.
I. Hur, M. McBride, and C. Remling, The Marchenko representation of re-
flectionless Jacobi and Schrédinger operators, Trans. Amer. Math. Soc. 368
(2016), 1251-1270.

S. Katok, Fuchsian groups, University of Chicago Press, Chicago, 1992.
O.-H. Keller, Die Homoéomorphie der kompakten konvexen Mengen im
Hilbertschen Raum (in German), Math. Ann. 105 (1931), 748-758.

V.L. Klee, Some topological properties of convex sets, Trans. Amer. Math.
Soc. 78 (1955), 30-45.

J. Lehner, Discontinuous groups and automorphic functions, Mathematical
Monographs and Surveys 8, American Mathematical Society, Providence,
1964.

B.M. Levitan and I.S. Sargsjan, Sturm-Liouville and Dirac operators, Math-
ematics and its Applications 59, Springer Science + Business Media, Dor-
drecht, 1991.

D. Mumford, Tata Lectures on Theta 2, Birkhauser-Verlag, Basel, 1984.

S.J. Patterson, The exponent of convergence of Poincaré series, Monatshefte
Math. 82 (1976), 297-315.

F. Peherstorfer and P. Yuditskii, Asymptotic behavior of polynomials orthog-
onal on a homogeneous set, J. Anal. Math. 89 (2003), 113-154.

C. Remling, The absolutely continuous spectrum of Jacobi matrices, Annals
of Math. 174 (2011), 125-171.

C. Remling, Spectral theory of canonical systems, de Gruyter Studies in
Mathematics 70, Berlin/Boston, 2018.

C. Remling, Reflectionless Dirac operators and matrix valued Krein functions,
preprint, https://arxiv.org/abs/2412.01599.

C. Remling and J. Zeng, Reflectionless Dirac operators and canonical systems,
preprint, https://arxiv.org/abs/2410.20218.

B. Simon, Szego’s theorem and its descendants: Spectral theory for L? per-
turbations of orthogonal polynomials, Princeton University Press, Princeton,
2011.

M. Sodin and P. Yuditskii, Almost periodic Jacobi matrices with homoge-
neous spectrum, infinite-dimensional Jacobi inversion, and Hardy spaces of
character-automorphic functions, J. Geom. Anal. 7 (1997), 387-435.

G. Teschl, Jacobi operators and completely integrable nonlinear lattices,
Mathematical Monographs and Surveys 72, American Mathematical Society,
Providence, 2000.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OKLAHOMA, NORMAN, OK
73019

Email address: christian.remling@ou.edu

URL: www.math.ou.edu/~cremling



