Mathematics 2423-001 Name (please print)
Exam 1

September 19, 2011
Instructions: Give concise answers, but clearly indicate your reasoning. It is not expected that you will be able
to answer all the questions, just do whatever you can in 50 minutes.

I For the function f(z) = 22 on the interval [~1,6] and the partition —1 < 2 < 4 < 6 of [~1,6]:

(6)

(a) Calculate the Riemann sum that uses the midpoints of the subintervals as the z7.

The subintervals are [—1,2], [2,4], and [4, 6], with respective midpoints %, 3, and 5. So the Riemann
sum is

1 2 2 3
3 34+3%-2+5%.2 ( 687).
(b) Calculate the smallest Riemann sum.

On the three subintervals, the minimum values of 2 occur at 0, 2, and 4 respectively. So the smallest
Riemann sum is
02-3+4+22.24+4%.2 (=40) .

II. (a) State the definition we used for the rate of change of a function f at a point a (in the definition, use
9) m for the rate of change).
. . g E(R)
The number m is the rate of change of f at a if f(a+ h) = f(a) + mh + E(h) with lim = 0.

h—0

(b) Use our definition to verify that the rate of change of #® + 8z at 0 is 8. That is, taking this function as f(z),
a = 0, and 8 as the rate of change, write f(0 + h) = h® + 8h as an expression involving the rate of change
and the error F(h), then analyze FE(h) to verify that 8 is the correct rate of change.

Writing 23 + 8h = (0% + 8 - 0) + 8h + h? shows that when m = 8, the error is E(h) = h3. Since
E(h h?

lim L = lim — = lim h? = 0, this shows that 8 is the rate of change.

h—0 h h—0 h  h—0

(c) Use our definition to verify that the rate of change of 3 + 8z at 0 is not —2.

Writing h3 +8h = (03+8-0) +(—2)h+ (h®+10h) shows that when m = —2, the error is E(h) = h3+10h.
. E(h) .. h+10h
Since lim —— = lim ——— =

lim A% + 10 = 10 # 0, this shows that —2 is not the rate of change.
h—0 h h—0 h h—0

ITII.  Without worrying about the hypotheses, state both parts of the Fundamental Theorem of Caclulus.
(©) o b
d/ f(t)dt = f(z), and if F' = f then / f(z)dx = F(b) — F(a).
T Ja a

IV.  Use the Mean Value Theorem to verify that if x and y are any two numbers greater than 1, then
©G)  WVe—-ul<lz-yl/2.
For f(x) = v/x, we have f'(z) = ﬁ So the Mean Value Theorem shows that /= — /5y = 2%/5(56 —v)

for some ¢ between x and y. Sincec>1,wehave2%/a<%, so\f—\/@\:’%ﬁ lz —y| < 3|z —yl.
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V. For the function f(x) = 22, write the Riemann sum of the form Z f(z;)Az for the partition of the interval
(8) i=1

n

1)(2 1
[0,2] into n equal intervals, where x; = 2i/n. Use the formula Zi2 = nin + )6( ntl)
i=1

Riemann sum as an expression with only one term, then take its limit to find the area under f on [0, 2].

" " r2i\? 2 K., 8 8 n(n+1)(2n+1 8 (n+1)(2n+1
Zf<xi)szz<n>.n:ZZ2.n n322 s +>6( +):n2(+)((3 +1)

=1 i=1 =1

to rewrite this

Taking the limit, we have

(20 + 1 An+12n+1 4 1 1\ 4
g S EDC D) Antl2etl <1+) <2+>: .98
n

3 3

n—oo N2 (8 n—ocod n n n—oo J

VI.  Write an expression, involving an integral, for a function f(x) such that f(2) = 0 and f is an antiderivative
(3) of By(z) (Ba(z) is a certain continuous function defined on the entire real line, called the Bessel function
of the second kind.)

/2 " By(t) dt

VII. Calculate the following.
(16)

1
(a) /0 (VE+ 1) da

/1(\/5+1)2d:c—/1x+2f+1d:c —+2 PET I
0 “Jo 2 3 o 2 3 6 )

3m/2
o) [ sint)dy
3m/2
/0 sin(y) dy = — cos(y) gﬂﬂ = —cos(31/2) — (—cos(0)) =0— (—1) = 1.

(c) lim Zsm ) Ax;, where mesh({xg, x1,x2,...,2,}) is the mesh of the partition 0 = zy <

mesh({zo,z1,22,....xn })—0
T <To < - < Tp_1 < xn = 371/2, Ax; = x; —x;—1, and the limit is taken over all partitions and all choices
of the sample points z} € [z;_1, z;].

3m/2
It equals / sin(z) dr =1 (from part (b)).
0

2 z—
@) T mer o0, e = 2 (2200

I = 1 > and ¢g(0) = 4.

(22 +1)(z—1) (22 +1)(z —1)

g and @i 1) are both antiderivatives of the same function, so g(z) = @+ 1) + C for
24+ 1) (z—1
some constant C. When x = 0, this becomes 4 = -1+ C, so C =5 and g(z) = W + 5.
x

For z = 1, this says g(1) =0+ 5 = 5.



