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Modular Forms on Sp4

Given a commutative ring R, define the symplectic group Sp4pRq as

Sp4pRq “
"ˆ

A B
C D

˙

P GL4pRq : tg
ˆ

0 I2
´I2 0

˙

g “
ˆ

0 I2
´I2 0

˙*

.

The real Lie group Sp4pRq acts on

H2 “ tZ P M2pCq : Z “ tZ and ImpZq ą 0u

via the transformations
ˆ

A B
C D

˙

¨ Z “ pAZ ` BqpCZ ` Dq´1.

Definition (Siegel Modular Forms)

Let ` P Zě0 and write M`pSp4pZqq for the space of holomorphic functions

F : H2 Ñ C

such that Fpγ ¨Zq “ detpCZ`Dq`FpZq @ γ “ p A B
C D q P Sp4pZq and Z P H2.
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Cuspidality and the Fourier Expansion of Modular Forms

A Siegel Modular Forms F P M`pSp4pZqq has a Fourier series

FpZq “
ÿ

T

ArT s expp2πitrpTZqq.

The Fourier coefficients (FCs) ArT s are complex scalars indexed by

T P
"ˆ

n r{2
r{2 m

˙

: n, r,m P Z
*

.

Definition

Say that F is cuspidal if ArT s “ 0 whenever detpT q “ 0.

‚ For F P M`pSp4pZqq and T such that detpT q , 0,

ArT s !F detpT q`.

‚ If F is cuspidal then we have the Hecke bound

ArT s !F detpT q`{2.
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Characterizing Cusp Forms by the Growth of their Fourier Coefficients

Kohnen-Martin (14’) prove the Hecke bound characterizes cusp forms.

Theorem (Kohnen-Martin 14’)

Suppose F is a weight ` Siegel modular form on Sp4pZq such that

AFrT s !F detpT q`{2 (Hecke bound)

for all T “
´

n r{2
r{2 m

¯

satisfying detpT q , 0. Then F is cuspidal.

Generalizations and refinements of the above have been obtained for
various classes of holomorphic modular forms.

Böcherer-Das (14’, 16’, 18’) Kohnen-Martin (14’) for Siegel
Modular forms of higher genus (g ą 2), congruence level, and low
weights (` ă 2g).

Today, we study an analogue of Kohnen-Martin (14’) for a class of
non-holomorphic, Quaternionic modular forms on Spinp4, 4q.
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The Fourier Jacobi Expansion of Siegel Modular Forms

If F P M`pSp4pZqq, then the Fourier-Jacobi expansion of F is

F
ˆˆ

τ z
z τ1

˙˙

“
ÿ

mPZ

φmpτ, zqe2πimτ1

.

Here φm P J`,mpSL2pZqq is a Jacobi form with Fourier Expansion

φmpτ, zq “
ÿ

n,rPZ

A
„ˆ

n r{2
r{2 m

˙

e2πipnτ`rzq.

Kohnen-Martin’s theorem follows by combining the next two lemmas.

Lemma A (Kohnen-Martin 14’)

Assume ` ě 4, m , 0 and the non-degenerate FCs of φ P J`,mpSL2pZqq
satisfy the Hecke bound cpn, rq ! p4nm´ r2q`{2. Then φ is cuspidal.

Lemma B (Kohnen-Martin 14’)

Suppose F P M`pSp4pZqq. If φm is cuspidal @m , 0, then F is cuspidal.
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Modular Forms on Spin8.

Let Spin8 Ñ SO8 be the simply connected split group of type D4.

Let K be a maximal compact subgroup of Spin8pRq.

K contains a distinguished normal copy of SUp2q.

Get a 3-dimensional K-representation on V :“ LiepSUp2qq b C.

Definition

Let M`pSpin8pZqq denote the space of functions

H : Spin8pRq Ñ Sym`pVq

such that H is smooth, of moderate growth and satisfies

If γ P Spin8pZq and g P Spin8pRq then Hpγgq “ Hpgq.

If k P K and g P Spin8pRq then Hpgkq “ k´1Hpgq.

The function H satisfies a specific differential equation D`H ” 0.
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The Fourier Expansion of Modular forms on Spin8

N : the unipotent radical of a parabolic attached to central node

The constant term of H along N is HNpgq “
ż

NpZqzNpRq
Hpngq dn.

Theorem (Gross-Wallach 96’, Weissman 03’, Pollack 20’)

A modular form H P M`pSpin8pZqq has a Fourier expansion

HNpgq `
ÿ

rT1,T2s

ΛrT1,T2sWrT1,T2spgq.

The Fourier Coefficients (FCs) ΛrT1,T2s are scalars indexed by

rT1,T2s P M2pZq ‘ M2pZq.

WrT1,T2spgq : Spin8pRq Ñ Sym`pVq is a special function, which
depends on ` and rT1,T2s, but is otherwise independent of H.
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Characterizing Cusp Forms on Spin8 by the Growth of Their Fourier Coefficients

Given rT1,T2s P M2pZq ‘ M2pZq, let

DrT1,T2s “ det
ˆ

trpT1T #
1 q trpT1T #

2 q

trpT2T #
1 q trpT2T #

2 q

˙

.

Definition

H P M`pSpin8pZqq is cuspidal if ΛrT1,T2s “ 0 whenever DrT1,T2s “ 0.

Theorem (M. 26’)

If ` ě 5 then H P M`pSpin8pZqq is cuspidal if and only if

ΛrT1,T2s !H DrT1,T2s
p``1q{2 (Quaternionic Hecke bound)

for all rT1,T2s P M2pZq ‘ M2pZq satisfying DrT1,T2s , 0.

Gan-Gross-Savin (02’) Prove the implication “Cuspidal” ùñ
“Quaternionic Hecke Bound” for modular forms on G2. Their proof
generalizes to modular forms on Spin8 without modification.
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Fourier-Jacobi Coefficients of Modular Forms on Spin8pZq

U : the unipotent radical of a parabolic attached to an outer node .

Theorem (Johnson-Leung, M., Negrini, Pollack, Roy 24’, M. 25’)

Suppose H P M`pSpin8pZqq is a weight ` quaternionic modular form &

χ : UpZqzUpRq Ñ Cˆ

is a non-degenerate character. There exists an embedding

ι : Sp4pRq Ñ Spin8pRq

and a linear functional L : Sym`pVq Ñ C such that the function

Sp4pRq Ñ C, h ÞÑ
ż

UpZqzUpRq
LpHpuιphqqqχ´1puq du

descends to a weight ` holomorphic Siegel modular form Fχ on H2.

We refer to the modular forms Fχ as Fourier-Jacobi coefficients of H.
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Lemma A for Modular Forms on Spin8pRq

Write the classical Fourier expansion of the Siegel modular form Fχ as

FχpZq “
ÿ

T

ArT s expp2πi trpTZqq.

Lemma A’ (M. 26’)

Assume the weight ` ě 5 and the Fourier coefficients of Fχ satisfy

ArT s ! detpT qp``1q{2 (1)

for all T such that detpT q , 0. Then Fχ is cuspidal.

The proof of Kohnen-Martin’s 2014 theorem generalizes to give the
proof of Lemma A’.

For Lemma A’, the assumption ` ě 5 is necessary since the FCs of
the weight 4 Siegel Eisenstein series on Sp4pZq satisfy (1).
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Lemma B for Modular Forms on Spin8pRq

Lemma B’ (M. 26’)

If Fχ is a cuspidal @ non-degenerate characters χ then H is cuspidal.

Lemma B’ depends on an analogue of the classical statement

F P M`pSp4pZqq is cuspidal ðñ ΦFpτq :“ lim
tÑ8

F
ˆ

τ 0
0 it

˙

vanishes.

Theorem (M, 26’)

N : the unipotent radical of a parabolic attached to central node

H P M`pSpin8pZqq is cuspidal ô HNpgq :“
ż

NpZqzNpRq
Hpngq dn vanishes.

‚ HN ! fHpz1, z2, z3q P M`pSL2pZqq
b3, a level 1 holomorphic modular

form on three copies of the upper-half plane (Pollack 20’)
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Thank you for listening
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