ON THE VANISHING AND CUSPIDALITY OF D, MODULAR FORMS

FINN MCGLADE

ABSTRACT. We prove that a level-one quaternionic modular form on G = Spin(4, 4) vanishes
if and only if its primitive Fourier coefficients vanish. Using this criterion, we give a new
characterization of the quaternionic Maass Spezialschar of [Joh+24] in terms of primitive
Fourier coeflicients. We also study quaternionic modular forms in the more general setting of
a group G j attached to a positive definite cubic norm structure J. In this setting we relate
the degenerate Fourier coefficients of quaternionic modular forms to the Fourier coefficients
of the holomorphic modular forms arising from their constant terms. As a consequence, we
prove that in weights ¢ > 5, a level-one quaternionic modular form on G is cuspidal if and
only if its non-degenerate Fourier coefficients satisfy a polynomial growth condition.
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Let GG be the split spin group of rank 4 over the rational numbers. Given an automorphic
function ¢ on G, one can ask the following two fundamental questions; (i) does ¢ vanish
identically, and (ii) is ¢ cuspidal? The purpose of this paper is to apply a theory of scalar
Fourier coefficients to address these questions in the case when ¢ is a quaternionic modular
form on G. Before we can formulate our results, we need to review some preliminary ideas.

1.1. Quaternionic Modular Forms on G. In [Wei06], Weissman studies D4 modular
forms, which are certain automorphic functions on G. Weissman’s work is influenced by
that of Gan-Gross-Savin [GGS02], who studied an analogous class of modular forms on G.
Pollack [Pol20] later studied a generalization of this class of automorphic forms in the setting
of a reductive group G associated to a cubic norm structure J. In Pollack’s conventions,
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a weight ¢ € Z-y quaternionic modular form on G is a vector-valued automorphic func-
tion that is annihilated by the Schmid differential [Sch] associated to a particular G ;(R)-
representation. One notable feature of a D, modular form ¢ is the set of scalar Fourier
coefficients,

{Ay[B] € C: B =[T1,T] € My(Z)**\{[0,0}},

which are indexed by non-zero pairs B consisting of 2 x 2 integral matrices; 77 and T5. The
coefficients A, [B] arise from taking Fourier coefficients of ¢ along a Heisenberg group Np,
which is the unipotent radical of a maximal parabolic subgroup P in G. The existence of
A,[B] as a scalar is non-trivial, and relies on results regarding the generalized Whittaker
vectors of quaternionic G(R)-representations ([Wal03, Theorem 16] and [Pol20, Theorem
1.2]). Another important feature of ¢ is the structure of the constant term ¢y,. In [Pol20,
Theorem 11.1.1], it is shown that ¢, gives rise to a holomorphic modular form ® on a Levi
factor Mp of P. More specifically, the derived subgroup Mg is isomorphic to SL3, and ®
is the automorphic form associated to a holomorphic modular form on three copies of the
upper half plane.

1.2. Primitivity in the Fourier Expansion of D, Modular Forms. Given an automor-
phic form ¢, it is generally important to develop criteria to assess whether ¢ is identically
zero. When ¢ has scalar Fourier coefficients, these may be applied to study the vanishing of
¢ in unique ways. For example, let ¢ be the automorphic function on Sp,(Aq) associated
to a Siegel modular form F,, of level one, and genus 2. Then F, admits a Fourier expansion

Fo(Z) =) AT exp(2nitr(TZ)).

T>0

Here Z is an element in the Siegel upper half space of genus 2, and 7' = [a, b, ¢| runs over the
set of positive semi-definite, integral, binary quadratic forms. The complex scalars A, [T
are the Fourier coefficients of ¢.

Say that A,[T] is primitive if ged(a,b,c) = 1. Zagier [Zag81, pg. 387] proves that ¢
vanishes identically if and only if each of the primitive coefficients A, [T is 0. The interplay
between the vanishing of the coefficients A,[T, and the vanishing properties of ¢ has since
developed into an area of significant interest. For example, Saha [Sah13] proves a refinement
of Zagier’s Theorem, which in the case of cuspidal ¢, characterizes the vanishing of ¢ using
a sparser subset of fundamental Fourier coefficients. The result of (loc. cit.) is generalized
to vector valued, possibly non-cuspidal, Siegel modular forms of arbitrary genus in [BD22].
We refer the reader to the introductions in [AD19; Sah13] for a survey of similar vanishing
results. Our first main theorem is an analogue of Zagier’s Theorem for Dy modular forms.
Below, we say that B € My(Z)%? is primitive if Q-span{B} N My(Z)%? = Z-span{B}.

Theorem 1.1. Let ¢ be quaternionic modular forms on G of weight £ > 0 and level one
such that Ay[B] = 0 for all primitive B € My(Z)®?. Then ¢ = 0.

In the setting of quaternionic modular forms on Gg, [GGS02, Theorem 16.12] gives an
analogue of Theorem 1.1, showing that a level one cuspidal quaternionic Hecke eigenform on
(G5 is zero if and only if its primitive Fourier coefficients are zero. Our proof of Theorem 1.1,
which does not generalize to modular forms on G, utilizes certain Fourier-Jacobi coefficients
for D4 modular forms. To define these coefficients, let R = MrNg be a maximal parabolic

subgroup of G corresponding to an outer vertex in the Dynkin diagram of GG, and write Ng
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for the abelian unipotent radical of R. Given a character x: Ng(Q)\Ng(A) — C, the x
Fourier-Jacobi coefficient of ¢ is

Fles)(g) = /
Nr(Q)\Ngr(A)

The coefficient F(y; x) is studied for a specific character x in [Joh+24, Corollary 7.7]. When
¢ is a cuspidal quaternionic modular on certain exceptional groups, an analogue of F(; x)
is analyzed in [Pol24, Theorem 7.12]. The results of (loc. cite. ) apply only to the case
when the character is non-degenerate. Here we say that a character of a unipotent radical
is non-degenerate if it has an open orbit under the action of a Levi subgroup. In this paper,
we study F(p; x) for a general non-trivial character x, without assuming ¢ is cuspidal. We
apply the coefficients F(ip; x) to adapt Zagier’s original proof of his theorem into the setting
of D, modular form. The implementation of this strategy on G presents several novelties.
Firstly, the classical Fourier-Jacobi coefficients of a Siegel modular form F' easily inherent
their holomorphy properties from those of F'. Similarly, the non-degenerate Fourier-Jacobi
coefficients F(¢; x) obey certain holomorphy properties, however, these properties are harder
to prove since ¢ itself is not holomorphic (see Proposition 6.7). In particular, our analysis of
the non-degenerate coefficients F(y; x) depends on the explicit formula for the generalized
Whittaker function of quaternionic G(R)-representation proven in [Pol20, Theorem 1.2].
Secondly, the unipotent radical Ng supports non-trivial degenerate characters, and the
degenerate coefficients F(p;y) must be analyzed separately from the non-degenerate co-
efficients. This makes the proof of Theorem 1.1 more challenging in the case when ¢ is
non-cuspidal. More specifically, to prove Theorem 1.1 for non-cuspidal ¢, we establish a new
relationship between the degenerate Fourier coefficients A, [B] of ¢, and the Fourier coeffi-
cients of the holomorphic modular form ® (see Proposition 6.5). In Subsection 8.2, we show
that this relationship is true for quaternionic modular forms on the group G (see [Pol20,
Subsection 4.3]) associated to a cubic norm structure J of positive definite trace pairing.

e(ng)x ' (n) dn.

Remark 1.2. Yamana [Yam09] has shown that the proof of Zagier’s Theorem is broadly
applicable to holomorphic modular forms on classical groups. Similarly, one can formu-
late Theorem 1.1 for quaternionic modular forms more generally. However, it is natural
to consider Theorem 1.1 first in the setting of the group G on account of the application
to Theorem 1.4, which improves [Joh+24, Theorem 1.3]. Another reason to focus on type
D, is because the arithmetic invariant theory of SLy(Z)? acting on My(Z)®? is particularly
rich (see [Bha04]).This leads to several potential refinements of Theorem 1.1. For example,
Corollary 6.11 shows that if ¢ is cuspidal, then ¢ vanishes if and only if certain strongly
primitive Fourier coefficients of ¢ are zero (see Definition 1.3) .

1.3. An Application to The Quaternionic Maass Spezialschar. Let SOg denote the
split special orthogonal group of rank 4 over Q. Then SOg supports a theory of quaternionic
modular forms which is closely related to the theory of modular forms on G. In fact, if
@ is a quaternionic modular form on SOg of level 1, then ¢ is uniquely determined by its
pull back to G (see Lemma 7.2), which is a quaternionic modular form on G. As such, a
level one quaternionic modular form ¢ on SOg has an associated set of Fourier coefficients
{A,[B]: B € My(Z)**\{[0,0]}}, for which the statement of Theorem 1.1 holds true.

In [Pol21], Pollack studies the theta correspondence arising from the dual pair Sp, xOs,
and describes the lifting of a level one holomorphic modular form F on Sp,, to a level

one quaternionic modular form 6*(F) on SOg. In [Joh+24, Theorem 1.3], it is shown that
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the modular forms 6*(F) admit a characterization analogous to the characterization of the
classical Saito-Kurokawa subspace via the Maass Relations; see for example [EZ85, Section 6].
In Section 7, we refine [Joh+24, Theorem 1.3] to characterize the modular forms 6*(F)
in the style of [Zag81, Theorem 1 (iii)]. The result of (loc. cit.) states that a level one,
genus 2 Siegel modular form F,, is a Saito-Kurokawa lift if and only if A,[T1] = A,[T5] for
any two primitive binary quadratic forms 77 and 75 of equal discriminant. In place of the
discriminant, our characterization of the modular forms 6*(F’) uses a construction of [Bha04],
which associates B = [T7, T3] to the binary quadratic form in variables z and y given by,

T(B) = det(zT) — yT>).
We also require a more refined notion of primitivity (see [Joh+24, Definition 5.8]).
Definition 1.3. Say that [T}, Ty] € My(Z)%? is strongly primitive if
Q-span{Ty, Ty} N My(Z) = Z-span{T}, T»}.
Combining [Joh+24, Theorem 1.3] and Corollary 6.11 yields the following application.

Theorem 1.4. Suppose { > 16 is even and let ¢ be a level one, cuspidal, quaternionic
modular form on SOg of weight ¢. The following are equivalent:
(i) There exists a level one, weight £, Siegel modular form F on Sp, such that ¢ = 0*(F).
(i) If B, B' € My(Z)%? are strongly primitive and T(B) = T(B'), then A,[B] = A,[B].

Remark 1.5. When ¢ is a certain type of quaternionic Hecke eigenform on SOsg, condition
(i) above is equivalent to the condition that ¢ admits a non-zero period along a copy of SOg
in SOg [Joh+24, Theorem 1.4]. As such, Theorem 1.4 posits an indirect connection between
the strongly primitive Fourier coefficients A,[B], and periods of ¢ over certain reductive
subgroups of G.

1.4. Characterizing Quaternionic Cusp Forms via a Hecke Bound. A central ques-
tion in the theory of automorphic forms is the problem of determining whether a given
automorphic function is cuspidal. This question interacts in fascinating ways with theories
of scalar Fourier coefficients. For example, assume F,, is a level one, genus 2 Siegel modular
form of weight ¢ > 4. Then, Kohnen-Martin [KM14, Theorem 2.1] prove ¢ is cuspidal if and
only if A,[T] < |disc(T)|*? for all positive definite forms 7. The aforementioned theorem
has an antecedent in [Koh10], where it shown that certain elliptic cusp forms are similarly
characterized by the sizes of their Fourier coefficients. These results relate two fundamental
properties of modular forms; the growth of their Fourier coefficients, and cuspidality. As
such, they are of broad interest. For example, in [BD14], the authors reprove [KM14, Theo-
rem 2.1] by a different method, and extend the result to Siegel modular forms of higher genus.
We recommend the introduction to [Das25] for an overview of related work. In Section 8,
we establish an analogue of [KM14, Theorem 2.1].

Theorem 1.6. Suppose @ is a level one, quaternionic modular form on G of weight ¢ > 5.
Then @ is cuspidal if and only if, for all B € My(Z)%? satisfying disc(T(B)) < 0,

(1.1) A[B] <, |dise(T(B)|F

To the author’s knowledge, Theorem 1.6 is the first instance of a result characterizing the
cuspidality of quaternionic modular forms, on any group, via the growth of their Fourier co-

efficients. To prove Theorem 1.6, the Fourier-Jacobi coefficients F(p;y) are of indispensable
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use, as are the ideas underlying the proof of [KM14, Theorem 2.1]. The proof of Theorem 1.6
also requires a more general cuspidality criterion, Theorem 1.7.

To set up Theorem 1.7, let A denote a composition algebra over Q and assume the qua-
dratic norm on A is positive definite. Write H3(A) for the cubic norm structure consisting
of 3 x 3 Hermitian matrices with entries in A. Let J = G3 or J = H3(A), and write G ; for
the Q-rational algebraic group associated to J in [Pol20]. So, G is an adjoint group of real
rank 4 and type Dy, Fy, Es, E7, or Eg. Let P; be the Heisenberg parabolic subgroup of G,
and write N for the unipotent radical of P;.

Theorem 1.7. Suppose ¢ is a quaternionic modular form on G ;. Write gy, for the constant
term of ¢ along the unipotent radical Ny. If pn, =0, then ¢ is cuspidal.

For the proof of Theorem 1.7, we assume J is any cubic norm structure with a positive
definite trace pairing. As a consequence of [Pol20, Proposition 11.1.1.], if ¢ is a quaternionic
modular form on G';, then ¢y, gives rise to a holomorphic modular form ® on a Levi subgroup
of P;. In Proposition 8.3, we show that the Fourier coefficients of ® are given as finite sums
of the degenerate Fourier coefficients of p. Conversely, if J is a cubic norm structure of the
type appearing in Theorem 1.7, then Lemma 8.5 and Lemma 8.6 imply that every degenerate
Fourier coefficient of ¢ is a finite sum of Fourier coefficients of ®. Hence, in the setting of
Theorem 1.7, the vanishing of ¢y, implies that all degenerate Fourier coefficients of ¢ are
zero, which can used to deduce the cuspidality of ¢ (see Subsection 8.3).

1.5. The structure of paper. In Section 3 we fix notation regarding the Lie algebra of G,
certain parabolic subgroups, and a maximal compact subgroup K., < G(R). In Section 4,
we define holomorphic modular forms on various groups, review the Fourier expansions of
these modular forms, and prove several vanishing and cuspidality criteria for holomorphic
modular forms. In Section 5, we define quaternionic modular forms on G, their Fourier
coefficients, and prove that the Fourier coefficients of cuspidal quaternionic modular forms
on G satisfy the bound (1.1). The orthogonal Fourier-Jacobi expansion for quaternionic
modular forms on G is developed in Section 6, where the vanishing criterion of Theorem 1.1
is proven. In Section 7, we define the modular forms 6*(F'), and prove Theorem 1.4. In
Section 8, we analyze the degenerate Fourier coefficients of quaternionic modular forms on
Gy, proving Theorem 1.7 and Theorem 1.6 .
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3. ALGEBRAIC PRELIMINARIES

Write A for the adele ring of Q and let ¢»: Q\A — C* be a non-trivial additive character.
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3.1. The Quadratic Space V. Let (V,q) denote a non-degenerate split quadratic space
over Q of dimension 8. Write (z,y) = ¢(z +y) — ¢(x) — ¢(y) for the bilinear form associated
to ¢ and let
{bh b27 b37 b4> 6747 b737 b*?y b*l}

be a basis of V' consisting of isotropic vector by;, @ = 1,...4. We choose this basis so that
(byi,byj) = 0 and (by;,bgj) = 0, for all 4,5 = 1,...,4. Here §;; denotes the Kronecker
delta symbol. Next, we let U C V be the isotropic two-plane spanned by {b;, by}, and UY
denote the isotropic two plane spanned by {b_1,b_2}. Write V55 to denote the orthogonal
complement of U + U in V. So (Va2,q) is a split quadratic space of signature (2,2) and

(3.1) V=UqVyaU".

Later, it will be convenient to identify V5o with the space of 2 x 2 matrices M, with q|v272
equal to the determinant of M. We form this identification V5 5 = M, via the map

10 0 0 0 0 01
(32) bgf—)<0 O), b_3f—)<0 1), b4f—>(_1 O), b_4f—>(0 O>

Similarly, we let V3 3 denote the orthogonal complement of Qb; +Qb_; inside V. So V' admits
an orthogonal decomposition

(3.3) V =Qb @ V33@ Qb_q,
where V33 = (Qb; + Qb_;)* is a split quadratic space of signature (3, 3).

3.2. The Group G. Throughout the paper, G = Spin(V') denotes the spin group associated
to the split 8-dimensional quadratic space V. We fix a covering homomorphism 7: G —
SO(V'). Consider the embedding of SO(V')-modules,

(3.4) /\V — End(V)

sending vy A vy € /\2 V' to the endomorphism v; A vy - 2 = (x,v)v; — (x,v1)vy Where x €
V. Then (3.4) induces an identification between A2V and Lie(SO(V)). Furthermore, (3.4)
promotes to an identification of Lie algebras where the bracket on A%V is defined by

(3.5) v Aw, V' AW =wAw- V) AW+ A (VAW W),

As such, A%V gives a model for the Lie algebra of G, in which the adjoint action is described
by g (v Aw) = gv A gw for g € G and v,w € V.

The Lie algebra Lie(G) admits another model gg, defined via an algebraic structure E
known as a cubic norm structure. We refer the reader to [Poll8, Subsection 4.2] for the
general definition of cubic norm structures. For our purposes, an important example will
be the cubic norm structure, £ = G2, which consists of triples (21, 22, 22). The cubic norm
structure on FE is specified by the choice of base point 1z = (1,1,1), norm Ng: E — Gy,
Ng(Z) = det(Z), and the adjoint (\)#: E — E, (21, 20, 23)% = (2023, 2321, 2122). Given
Z,7' € E,define Z x 7' = (Z + Z"\# — Z# — (Z')# and (Z,2')g = 212] + 2224 + 2325 The
trace pairing (, )g induces an identification EY = E where EY = Hom(E, G,).

Let V3 = Span{ey, e9, e3} be the standard representation of SL3, V3’ = Span{d;, ds, 05} be
its dual, and write E° for the trace 0 subspace of F. So E° consists of elements Z € E such
that (Z,1g)r = 0. As a vector space,

(3.6) gp =L E)® (V30 E) & (Vy @ EY)
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We refer the reader to [Pol20, Section 4] for the definition of the Lie bracket on gg.

3.3. The Heisenberg Parabolic Subgroup P. Let U (resp. UY) denote the isotropic
subspace of V' with basis {b1,bs} (resp. {b_2,0_1}). The Heisenberg parabolic subgroup
P < (@ is defined as the stabilizer

P = Stabg(U).

A Levi decomposition of P takes the form P = MpNp . Here Np is the unipotent radical of
P and Mp is the Levi factor Mp = Stabp(U"). Equivalently, P is the parabolic subgroup
associated to the grading on Lie(G) defined by the element hp := by Ab_q + by A b_s. That
is, ad(hp) has eigenvalues —2,—1,0, 1,2 on Lie(G), Lie(Mp) is the 0 eigenspace of ad(hp),
and Lie(Np) is the direct sum of the 1 and 2 eigenspaces of ad(hp).

Using the definition (3.5), Lie(Mp) = U AUY 4 Va5 A Voo, and so

Lie(Mp) = Lie(GL(U)) @ Lie(SO(Va2)).

Since G is semi-simple and simply connected, the same is true of the derived subgroup Mg
[Spro8, 8.4.6(6)]. Therefore, since Lie(M &) = Lie(SL(U)) @ Lie(SO(Va5)),

M ~ SLg x SLy x SLy .

Here, if my, mg, mg € SLy then (my, ma, m3) € M3 maps to (my, tm,.m,) € SL(U) xSO(Vas)
where ¢, my: Mo — My is given by A — myAmb for A € My (see (3.2)).

Since Lie(Np) = U AU + U A Vi, the center Z < Np equals the A = 2 eigenspace of
hp. Thus Lie(Z) = Q-span{b; A by}, [Np, Np] = Z, and the Lie algebra of N&* := Np/Z is
Lie(N#) = {by Av+by Av' + Lie(Z): v,v' € Voo }. If T1, Ty € Vo, let

(3.7) e Np(Q)\Np(A) — C*

be the character associated to the functional by A v + by AV +— (T, v) + (T, 0V').
As a module over Mp(Q), the character lattice of Np(Q)\Np(A) is

(38) Uv X va,g i) HOHl(Np(Q)\NP(A), Cl), b_l & T1 + b_2 X T2 — 5[T1,T2]-

Via the isomorphism [Joh+24, Theorem A.8], Lie(N#) is identified with the subalgebra of
[V92) given by Lle(N]%b) = QE12 +e® 1) + 53 X EV + QEQl, and Lle(Z) = QElg.
Consider, Wg := Q® E ® EY & Q as a symplectic vector via the form

{(a,b,c,d), (a0, ¢, d)Nw, =ad — (b, g+ (¢,b)p — dd,

where a,d’,d,d € Q, b,b € E, and ¢,¢ € EV. Given w € Wg, let &, denote the character
of Np associated to the functional aFs +e; ® b+ 3 ® ¢ + dEy — (w, (a, b, ¢, d))w,. Then
w — €, induces a second identification

(3.9) Wg = Hom(Np(Q)\Np(A),CY).

By [Joh+24, Lemma 7.9], under the isomorphism Wy ~ UY ® V45 induced by (3.8) and
(3.9), if w = (a, (B1, B2, B3), (71,72, 73), d) € W then, ¢, is identified with epr, ) where

(3.10) (11, T5] = [y1b—4 — Pob_g + dbs + v3bs, —B3b_4 + ab_3 — y2b3 — B1bs].
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3.4. The Orthogonal Parabolic Subgroup R. Let R denote the parabolic subgroup of
G that stabilizes the line Qb;. Then R admits a Levi decomposition R = MrNg where Mg
is the subgroup of R stabilizing the line Qb_;, and Nz < R denotes the unipotent radical of
R. Equivalently, R is the parabolic subgroup of GG associated to the element hr = by A b_q,
which acts on Lie(G) with eigenvalues —1,0, 1. Since Lie(Mg) = by Ab_y + A\ Va3 equals to
the A = 0 eigenspace of ad(hg),

(3.11) Lie(Mpg) = Lie(GL(Qb1)) & Lie(SO(V33)).

Hence, M ~ Spin(V33), and the identification Lie(Ng) = b; A V3 gives an M3 -module
isomorphism between V3 3 and the character lattice of Ng(Q)\Ng(A). Precisely, we have

(3.12) V33(Q) = Hom(Np(Q)\Nr(A),C%), y X,
where x,(exp(b; Av)) =1¢((v,y)) for all v € V33(A) and y € V53(Q).

3.5. The Siegel Parabolic Subgroup ('. In this subsection we assume that y € V33
is orthogonal to the plane Q-span{bs,b_o} and satisfies (y,y) # 0. Define V55 to be the
complement of Qy inside V33, so that V5, is a rational quadratic space of signature (2, 3).
The group M’ = M, is defined as

(3'13) M = Stabspin(VS,s)(y) = Spin(Vé,g).

Since y is orthogonal to Qby, M’ contains a parabolic subgroup )" defined as the stabilizer
in M’ of the line Qby. Write )" = Mg N for the Levi decomposition of )’ where

MQ/ = StabQ/(Qb_g).
We let V[, denote the orthogonal complement of Qb + Qy + Qb_» inside of V3 3. Then Mgy
acts on V5 preserving the decomposition V53 = Qby + V/, + Qb_.
The unipotent radical No» < @' is abelian, and may be identified as a module over the
derived subgroup Mg" ~ Spin(V{,) according to the map V{, = Ng, v — exp(by A v). As
such, Hom(Ng (Q)\Ng/(A), C') is identified with V/,(Q) via

(3.14) V/,(Q) = Hom(Ng (Q)\Ng/(A),C"), S eps.
Here the character € g is defined in (3.7).

3.6. Compact Subgroups. Let VT be the definite 4 plane in V(R) spanned by the vectors

1 1 1 1
u = —=(b1+b_1), uy=-—(ba+0b_2), vi=-—(bs+0b_3), vo=—(bg+b_y)

V2 V2 V2 V2

Set V7~ := (V*)+ so that V™ is the negative definite subspace spanned by

1 1 1
= —=(by—b_q), Uo=—=(by—b_y), vq=—=(bs—b_3), Vo=
U—_1 (1 1) U—2 (2 2) V-1 \/5(3 3) V_2

V2 V2
The maximal compact subgroup K., < G(R) is defined as
Koo = Stabg(R)(V+).
Then the Lie algebra € = Lie(K,) is the 1 eigenspace of the Cartan involution §: A*V —
AV given by 0(b; Aby;) = b_; Abxj. Set pg to be the —1 eigenspace of 6. Then if £ = £, ® C
and p = po ® C, we obtain a Cartan decomposition of g = Lie(G) ®q C as g =t & p.
At the level of groups, we have a homomorphism

(3.15) Spin(V*') x Spin(V™) = K., (g,h) > gh,
8

1
E (b4 — b_4).



which is induced by the inclusions of Clifford algebras C1(V*) — CI(V(R)). The kernel
of (3.15) is the diagonally embedded us = {(1,1),(—1,—1)}. The derivative of (3.15) is
an isomorphism and K? = (Spin(V™") x Spin(V~))/ua. Since G is simply connected, and
simple, G(R) is connected. Hence, K, = K2, and K, = (Spin(V*") x Spin(V ™))/ 2.

Next, we define a distinguished three dimensional representation V of K. Following
[Joh+24, Subsection 3.4], consider the SLy triple in g:

(i) em = 2(u1r — iug) A (v1 — iv9)

(11) h+ = z(ul N ug 4+ v1 A Ug) = %(Ul - ZUQ) VAN (u1 + ZUQ) + %(’Ul - ivg) N (U1 + ivz)
(iii) f = —3(w + ius) A (v1 + ).
Then K, acts on sl = C-span{e™, ™, f*} via the adjoint representation, which defines the
representation V. We choose a basis x,y of C? =V} so that V is identified with Sym?V; via
et = —2% ht =2zy, f+ =y* For [ € Z>,, write V, for the (" symmetric power of V. So

(3.16) V, = Sym*(V3),

which has a basis 2%, 221y, ..., 2?1, y*.  The Lie algebra so(V*) contains a second SLs

triple sl;, which is obtained by replace vy with —v, in the definition of sly. Then so(V*) =
sly @ sl,. Similarly, so(V ™) admits an orthogonal decomposition as so(V ™) = sl; + sl where
sl (resp. sly') is obtain by replacing u; with u_; and v; with v_; in the definition of sly (resp.
sl}). In this way, we present € = £ ®r C as

(3.17) t=sly @ sl @ sl ®sly).

Write L < K, to denote the subgroup of K, with Lie algebra sly + s[5 + sl;. Then

and L = SU(2)xSU(2)xSU(2). The embedding pi9 — SU(2)x L sends —1 to (—1,—1,—1,—1).
Thus if V5 denotes the standard two dimensional representation of SU(2) and W = V@ V2 ®
Vi, then Vo KW gives a representation representation of K, and as K -module, we have

(3.18) p=Va W

4. PRELIMINARIES ON HOLOMORPHIC MODULAR FORMS

4.1. Holomorphic modular forms on M’. Suppose y € Vj3 satisfies (y,y) > 0. Re-
call the orthogonal parabolic subgroup R = MrNp and the subgroup M’ = Spin(V5 ;) of

Subsection 3.4. Let ¥ = y/+/(y,y) and let g, € G(R) be any element satisfying

Gy V1=, Gy U1 = Usy, Gy Uty = Uta, Gy Vi = Uto.
Then g, K9, !is the maximal compact subgroup in G(R) stabilizing the 4-plane spanned by
{ur,us,7,v2}. Let K := (9,Ksg,") N M'(R) be the maximal compact subgroup of M'(R)
stabilizing the subspace R-span{us, vs} and write V{ to denote the representation of K, on
the vector space V, obtained by k- v = g, kg, - v.
Recall that V}, denotes the complement of Qba + Qy + Qb_» in V3 3. Then the symmetric
domain M'(R)/K, is identified with the complex manifold

b, = {X +iV € V], ®q C: (Y,—V2v3) > 0 and (Y,Y) > 0}.

To identify M'(R)/K, with b, recall that V5 5 denotes the complement of Q-span{y} in Vz 3.
Then b’, maps into the subspace of isotropic elements in V3 ; ®q C via the map

(4.1) by, — Va3 ®q C, Z—r(Z):=—q(Z)by+ Z + b_s.
9



This yields an action of the identity component M'(R) on b; as follows: If g € M'(R), then
there exists a unique element j,(g, Z) € C* and a unique element gZ € b; so that

gr(Z) = jy(g, 2)r(92).
Observe that j,(g, Z) = (gr(Z), by) and K, is the stabilizer of i(—+/2v;) in M’(R)). Moreover,
Jy (s, —iv/205) K, — C* is a character.

Later, we will specialize to the case when y = bs + ab_3/2 with a € 2Z . In this case we
have explicit coordinates on b given as follows. Let yy = b3 — ab_3/2 so that

Vi = Z-span{bs, y,, b4}
Then a general vector Z € V{, ®q C takes the form
(4.2) Z =—1'by+ zyy — Tb_4
where 7/, 7, 2 € C. A short computation shows that with notation as in (4.2), Z € b, if and
only if Im(7) > 0, Im(7’) > 0, and Im(7) - Im(7") — %Im(2)2 > 0.

Definition 4.1. Suppose ¢ € Z, and I' C M’'(R) is an arithmetic subgroup. We say that
f b, = C is a holomorphic modular form of weight ¢ and level I if:

(1) f is holomorphic,

(2) f(vZ) =4, (v, 2)' f(Z) for all Z € b, and v € I, and

(3) £(g) := (g, —ivV2v2) " f(g - (—iv/2vy)) : M'(R) — C is of moderate growth.

Definition 4.2. Suppose ¢ € Z, and I' C M’'(R) is an arithmetic subgroup. We say that a
function ¢ : M'(R) — C is the automorphic function associated to a holomorphic modular
form of weight ¢ and level I if £ is of moderate growth and satisfies the following conditions:

(1) if go € M'(R) and v € T" then £(79) = §(9o0),

(2) if goo € M'(R) and k € K, then £(gook) = j,(k, —iv/202) 7%€(gno), and

(3) if goo € M'(R) and Z := g, - (—iv/203) € b, then the formula

F(Z) = jy (oo, =1V 202) ¢ (goo)

is holomorphic in Z.

4.2. The Fourier Expansions of Modular Forms on M'. We continue with the notation
of the previous subsection. Thus y € V33 denotes a vector in the orthogonal complement to
R-span{ug, vo} satisfying (y,y) > 0. Furthermore, we assume that y is orthogonal to by, in
which case M’ contains the parabolic subgroup )’ = Mg N¢ of Subsection 3.5.

Since the unipotent radical Ng is abelian, we may apply the identification (3.14) to Fourier
expand an automorphic function £: M'(Q)\M'(A) — C in characters of Ng/ (Q)\Ng/(A) as

(4.3) o) =g+ >, &sl)

SeV! ,(Q): 5£0

Here g € M'(A) and &s(g) = / £(ng)ep s (n)~" dn.
Ngr(Q\Ng/ (A)
For the remainder of this subsection, we specialize to the case when y = nbs + nab_3/2,
where n € Z>; and o € 2Z. For this choice of y, the complement of Qy in Vi3 is

V2/,3 = Q-span {52, by, b_y4, y&/, 5—2}
10



where o
Yo = b3 — 55—3-

Let M'(Z) = M'(Q)NG(Z) viewed as a discrete subgroup of M’(R). Regarding the stucture
of M'(Z), we record the following elementary result.
Lemma 4.3. Let V{,(Z) = Z-span {by,yy,b_4}. Then
(4.4 No/(Q) 1 M/(Z) = {exp(bs A v): v € Viy(Z)}.
Suppose £: M'(R) — C is the automorphic functions associated to a holomorphic modular

form of weight ¢ and level M'(Z). Writing No/(Z) = Ng/(R) N M'(Z), the character lattice
of Ng/(Z)\Ng (R) is identified with the Z-linear dual of V/,(Z), i.e.

1
Vi 5(Z)" = Z-span {b4, ayx, b4} .
More precisely, we have an My (Z) equivariant identification
(4.5) V{,(Z)" = Hom(Ng(Z)\Ng(R),C"), S+ ep,g-
Thus if goo € M'(R), Z = goo - (—iv/203), and

ff(Z) = jy(gooa _i\/§U2)€€(goo)v
then fe Fourier expands along Ng/(Z)\N'(R) as

(4.6) 2= Y AdS)esp(ani(s, 7).
SeVY5(2)%,
Here the scalars A¢[S] are the Fourier coefficients of £ and
Vio(Z)%o = {S € V/,(Z)": (5, 5) 2 0, (S, —v2v3) > 0}.

The condition S € V] ,(Z){, follows from the moderate growth assumption (see for example
[Bru02, Proposition 4.1]). Using (4.2), and writing

S = —nbs —mb_y — zy;f

«
with n,r,m € Z, the expansion (4.6) takes the form
T St

4.7 ! — Asl—nbs — b o, — — V1, 2mi(T m—}—nT—i—rz).
(4.7) fe(r',2,7) > gl=nbs —mb_y — —yale

«

n,r,m e Z
n,m,2anm —r2 >0

Grouping terms in (4.7) gives the classical Fourier-Jacobi expansion (see for example [EZ85]),
fe(T!, 2,7) = Zm6Z>0 G (T, 2)e>™™ where

r .
4.8 m — Al—nbs — mb_4 — — \Y 2m(n7’+rz).
(18) On(ri2)= D Adenbi—mboi— Syle

n,r €Z
n,2anm —r2 >0

The coefficients ¢,,, satisfy the following well known transformation law.

Lemma 4.4. Suppose (2Y) € SLa(Z), z € C and 7 € C satisfies Im(7) > 0. Then

ar+b 2 2mimez a2 P
4. m\ 3 5] = - 1 d)" om y <)
(4.9) ¢ (cr+d c7'+d> exp( cT+d )(CT+ ) 9m(72)
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Proof. The transformation law (4.9) follows from property 2 of Definition 4.1. In more detail,
recall the Q-rational morphism from M’ to SO(V; 3) defined via the action of M’ on Vj ;.
Writing elements of SO(V} 3) as matrices relative to the basis {by, by, Yy, b_4,b_2}, we consider

ab
4.10 t: SLy — SO(VY ), v=( b = () = cdy :
2,3 c d a —b

Then ¢ lifts to give a map i: SLy — M.
Suppose v = (¢}) € SLy(Z). Applying the description of the action of M" on b; given
n (4.1), one calculates that with respect to the coordinates (4.2), j,,.(i(y), Z) = ¢ + d and

. c(rm’ — 22a/2) +dT"  z  ar+b
4.11 (' = .
(@11 i) () = (AT 2 et
Using (4.11) in tandem with the Fourier-Jacobi expansion of f, we obtain

(4.12) F0() - (7' 2,7) Z o (CLT + b7 2 > exp (—27m'mcz2a/2> J2mimr!

= ct+d er+d ct+d

Since ¢ is of level M'(Z), Definition 4.1 impliesf¢ (i(7) - (7', 2,7)) = (e7 +d)* fe(7, 2, 7) for all
v € SLy(Z) and Z € b!, . Thus, (4.9) follows by equating the coefficient of ¢*™™" in (4.12)
with the coefficient of e>™™ in (cr + d)! fe(7/, 2, 7). O

4.3. A Primitivity Theorem for Modular Forms on )M’. In this subsection, we continue
with the notation of the preceding subsection. Our goal is to establish Theorem 4.5, which
has its origins in a result of Zagier [Zag81, pg. 387]. Theorem 4.5 is closely related to a
special case of [Yam09, Theorem 3], except for the fact that the level subgroup M'(Z) is
different from the level subgroups considered in (loc. cit.). In spite of this difference, the
proof of (loc.cit.) applies to modular form of level M’(Z) with no modifications. For the
conveniece of the reader, below we specialize the argument of (loc. cit.) to give a complete
proof of Theorem 4.5.

Theorem 4.5. Suppose &: M'(R) — C is the automorphic functions associated to a holo-
morphic modular form of weight ¢ > 0 and level M'(Z). Suppose A¢[S] = 0 for all vectors
S € V{5(Z)" such that Q-span{S} N V] ,(Z)" = Z-span{S}. Then £ = 0.

Proof. For the sake of contradiction, we suppose £ #Z 0. Then there exists mg > 0 such that
the Fourier-Jacobi coefficient ¢, (7, 2) # 0. Since ¢,,, is holomorphic in the variable z, we
may develop ¢, (7, 2) into a Taylor series as ¢, (7, 2) = >, 50 Av(7)2” where

F\V _ _ _ Z Vv
(2mi)" Ag | —nby — mob_y aya]

(4.13) ()= > ”

n>0 r € Z such that
2anmg — r2 >0

eQm'n‘r )

Applying the transformation law (4.9), we conclude that for all (¢%) € SLy(Z),

omica /2’ : 1 at +b
4.14 M\ (T)2" % = Ay v,
(4.14) ZZ ( cr+d ) (7)2 Z (T +d)v+t (c7’+d> :

v>0 ]>o v>0
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Let vy > 0, be minimal such that \,,(z) # 0. By equating the coefficients of z*° on the left
and right hand sides of (4.14), we deduce that

at +0b "
)\VO (m) = (CT + d) 0+€AV0 (Z)

It follows that A, (7) is an elliptic modular form of weight ¢+ and level SLy(Z). Inspecting
(4.13), we determine that the numbers

(2mi)"0 Ag [—nb4 — mob_y — Zy(\l’
a

a(n) := Z ool

r € Z such that
2anmg — r2 >0

are the Fourier coefficients of an elliptic modular form on SLgy(Z) of weight ¢ + v > 0.
According to our assumptions on &, a(n) = 0 when ged(n,my) = 1. Since my > 0 and A,
has level one, [Miy89, Theorem 4.6.8] implies \,, = 0, which is a contradiction. O

4.4. The Hecke Bound Characterization of Cusp Forms on )M’. Continuing with the
notation of the previous subsection, we assume
Q@
Y="Ya=bs+ 5573-

The following theorem is a mild generalization of [KM14, Theorem 2.1]. Inspite of the
differences outlined in Remark 4.7, the proof of (loc. cit.) applies without modification to
give the proofs of Theorem 4.6 and Proposition 4.8 below. In this section, we explain how
the arguments of (loc. cit.) apply to give the proofs of Theorem 4.6 and Proposition 4.8.

Theorem 4.6. Suppose ¢ > 5 and let f be a weight £ holomorphic modular form of level
M'(Z). Then fe is cuspidal if and only if, for all S € V| (Z)%, satisfying (S,S) >0,

(4.15) AelS) <, (S.9)F .

Remark 4.7. Theorem 4.6 differs from [KM14, Theorem 2.1] in at least two respects. For
one, [KM14, Theorem 2.1] only applies to modular forms on Sp, of level one, and though
there is a connection between modular forms on M’(Z) and level one Siegel modular forms in
the case when o = 2, these two families of modular forms are in general distinct. Secondly,
in Theorem 4.6, ¢ > 5 and the exponent in (4.15) equals (¢ 4+ 1)/2. However, in (loc. cit.),
the authors assume ¢ > 4 and their bound takes the form

(4.16) Ae[S] <, (S, 5)%.

For our application to quaternionic modular forms, we require the additional flexibility af-
forded by the bound (4.15), though this comes at the cost of excluding ¢ = 4. In the setting
of modular forms on Sp,,, the tradeoff between the exponent in the Hecke bound, and the
range of weights is well understood (see [BD14, Theorem 4.1]).

The proof of Theorem 4.6 requires a close analogue of [KM14, Theorem 2.2].

Proposition 4.8. Suppose ¢ > 5 and let ¢ be a Jacobi form of level one, weight { and index
m > 0. Following [EZ85], we record the Fourier expansion of ¢ as

¢(7_’ Z) _ Z c(n, r)627ri(n7'+7”z).
n>0,reZz
such that 2 < 4mn
13



Then ¢ is cuspidal if and only if the Fourier coefficients c(n, r) satisfy the following condition:
ifn>0,r€Z, and D := 1> — 4mn < 0, then
241

(4.17) c(n,r) <y |D] 7.

Proof. For the proof of the “only if” implication see [KM 14, Lemma 4.1]. Conversely, suppose
the non-degenerate Fourier coefficient of ¢ satisfy the bound (4.17). Let f € Z-( be such
that f? | m and write m/f? = ab® with positive integers a,b such that a is the square-
free part of m/f?. Then applying the argument in the proof of [KM14, Theorem 2.2], we
may assume that ¢ is a linear combination of Eisenstein series, and there exists a primitive
Dirichlet character x: (Z/fZ)* — C such that

_ nab®/1> r
(418) c(n,r) = E Al E dé ICZfQ <T,a)
1]b d| (n,r,ab?/1?)
r/d =0 (mod 1)

Here \; € C and the numbers ¢, fQ(n, r) are Fourier coefficients of the Eisenstein series E%)Q

in [EZ85, pg. 26]. By [KM14, Lemma 4.3], if » > 0 is coprime to f, and D =r? —4nf?is a
fundamental discriminant, then there exists a constant A, ; > 0 such that

€} 2, 7)| > Agg DI,

On the other hand, since ¢ > 5, e+71 </l - %, and so the inductive argument of [KM14, pg.
1330] implies Ay = 0 for all ¢ | b. Hence, ¢ is necessarily zero, which completes the proof. [

Proof of Theorem 4.6: The “only if” implication follows directly from the Hecke bound
(4.16), which is satisfied for all holomorphic cusp forms on M’. The converse implication
is proven by the argument presented in [KM14, Section 3]. In more detail, assuming the
Fourier coefficients A¢[S] satisfy (4.15) for (S,S) > 0, the results of Proposition 4.8 and
Lemma 4.4 imply that A¢[S] = 0 whenever S = —nby — mb_4 — Lyy satisfies m > 0 and
(S,8) = 0. Since Mg acts transitively on the isotropic lines in VY ,, it follows that A¢[S] = 0
for all non-zero S € V{ ,(Z) satisfying (S, S) = 0. It remains to show that the constant term
of fe vanishes, which is achieved by examining the m = 0 term in (4.12). U

4.5. Holomorphic Modular Forms on M$". In Subsection 3.3, we gave an identifi-
cation between the derived subgroup of the Heisenberg Levi factor Mp, and the group
SLs x SLg x SLy. In this subsection we give preliminaries regard the holomorphic modular
forms on the derived subgroup Mg,

Let hgr, be the complex upper half-plane and write b Mer = s, X bsr, X bsr,. Following

[Pol20, Proposition 2.3.1], we define an automorphy factor

e M (R) X bppaee = C, (91,92, 93), (21, 22, 28)) = Jiswo (91, 21) s, (92, 22) Jsrs (93, 23)
where jsr,: SLa(R) X bs, — C is the standard factor of automorphy j((¢54),z2) = cz +d.

Definition 4.9. Write baer = s, X hsr, X bsy, so that Mg (R) acts on barger. Let £ € Zg
and suppose I' < Mg (R) is an arithmetic subgroup. A holomorphic modular form on Mer
of weight ¢ and level I' is a function f: b Mer = C such that

(1) f is holomorphic,

(2) if 2 € byae and v € ' then f(7 - 2) zli'Mger(fy, 2) f(2), and



(3) &: MET(R) — C, &(g) = Jnager (7, 2)~f(g - (i,i,7)) is of moderate growth.
Lemma 4.10. Assume { € Z~qy. Suppose f: nger — C 1s a weight £ holomorphic modular
form of level M3 (Z). Write the classical Fourier expansion of f as

(419) f(zl, 292, 23) = Z CL(?’Ll, Na, n3)627ri(nlz1+n2z2+n323).
ny,n2,n3>0
If a(ny, na,n3) = 0 for all (ny,ne,n3) € Z2, satisfying ged(ny, na,n3) =1, then f = 0.

Proof. Suppose for a contradiction that f # 0. Then there exists w = (wy, ws, w3) € b Mer
such that f(w) # 0. Therefore,

hi(z) = Z ( Z a(”l,n27n3)62m(”2w2+"3“’3)> Zminiz.

n1>0 \n2,n3>0
is a non-zero elliptic modular form of weight ¢ > 0. So there exists m > 0, such that
9(22,23) = X0, naz0 a(m, ny, ng)e?m(n224m32) is 4 non-zero, weight ¢ holomorphic modular
form on bhgr, X hsp, of level SLy(Z) x SLy(Z). Applying the same logic to g, there exists
an integer m’ > 0 such that h(z3) = Y - ja(m,m’,n3)e*™™* is non-zero, weight £ > 0
modular form on hgy,, of level SLy(Z). Thus if d = ged(m,m’), then there exists an integer
m” > 0 such that ged(d, m”) = 1 and a(m, m',m") # 0, completing the proof. O

5. PRELIMINARIES ON QUATERNIONIC MODULAR FORMS

5.1. Quaternionic Modular Forms on G. Let ¢ € Z>; and recall the representation V,
defined in (3.16). Following [Pol20], we now define quaternionic modular forms on G.

We begin by constructing a differential operator Dy following Schmid [Sch]. To specify Dy,
let g = €@ p be the Cartan decomposition of the complexified Lie algebra g of G(R) from
Subsection 3.6. Let {X,} be a basis of p and { XY} the dual basis of p¥. As a representation
of Ko, p~pY ~ Vo KW, where the distinguished SU, acts trivially on W (see (3.18)).

For a K.-equivariant function F : G(R) — Vy, set D,F = Yoo XoF @ X/, The sum is

independent of the choice of basis and lN)gF takes values in
Vi@ p = (Sym* (Vo) @ W) @ (Sym* ™' (V) @ W).
Let pr be the projection V, ® p¥ — Sym*~'(V3) ® W. Then D, = pro D,.

Definition 5.1. Suppose ¢ € Z>;. The space of weight ¢ (quaternionic) modular forms M,
on G is the space of smooth, moderate growth functions ¢: G(A) — V, such that:

(1) if v € G(Q) and g € G(A) then ¢(vg) = ¢(9),
) there exists an open compact subgroup Ky < G(Ay) such that ¢ is right K y-invariant,
) if k € K, and g € G(A), then ¢(gk) = k™1 p(g),
) Dyp =0, and
) vis Z(g ) finite.
Let Sy be the subspace of M, consisting of cusp forms. So S, consists of forms ¢ € M, such
that if N/ < G is the unipotent radical of a proper Q-rational parabolic subgroup then

on(g) = / ©(ng) dn
N(@Q)\N(A)

is identically zero. Write M,(1) (resp. S¢(1)) to denote the subspace of M, (resp. Sy)
consisting of forms ¢ such that ¢(gk) = ¢(g ) for all g € G(A) and k € G(Z).

(2

(3
(4
(5



5.2. The Fourier Expansion of Quaternionic Modular Forms on G. The Heisenberg
parabolic subgroup P = MpNp is defined in Subsection 3.3, and the unipotent radical Np
of P is two-step nilpotent with center Z.

Recall the identification of the character lattice Hom(Np(Q)\Np(A), C!) given in (3.8).
If 10,7 € V25(Q), and ¢ € My, we define the Fourier coefficient ¢r, 1) through the formula

(5.1) P GA) =V, e (9) = / 90(719)8[}1:[2](”) dn.
Np(Q)\Np(A)

Then since Z = [Np, Np|, we may Fourier expand the constant term ¢y as

(5:2) 0z(9) = enp(g) + > o m)(9).

T1,72€V2,2(Q) : [T1,12]#(0,0]

Write (-, ) for the GL(U) x SO(V,2)-invariant pairing between UY ®q Va2 and U ®q Va.o.
So if Ty, T}, Ty, Ty € Va5(R), then

<b,1 ® T1 —|— b,Q ® TQ, bl ® Tll + bQ ® T2/> - (Tl,Tll) + (TQ, TQI)
For T1,T, € V35(R), define B, 1,): Mp(R) — C by the formula
(53) B[Tl,Tg] (T’) = \/§Z'<7’71 . (b,1 X T1 + b,Q X Tg), b1 X (Ul -+ ivg) -+ bg X i(Ul + i’UQ)>.
For the convenience of the reader we recall that v; = (b +b_3)/v/2 and vy = (by +b_4)/V/2.

Definition 5.2. Let [T3, T3] € Vo2 (R)®2. Say [T, Ty] is positive semi-definite if Sz, 1,)(r) # 0
for all r € Mp(R)?. We write [T},T5] = 0 to mean that the pair [T}, T5] is positive semi-
definite. Moreover, we write [T1, T] = 0 if [T, Ty] = 0 and (T, T1)(Ts, Tz) — (T1,T3)? > 0.

Modulo a technicality regarding the difference between G' and G (see [Joh+24, Re-
mark 4.8(ii)]), [Pol20, Theorem 1.2] implies that for ¢ € M,, (5.2) takes the form
(5.4) 02(91950) = oy (919o0) + > i 1 (959o0)-

T17T2€V2,2(Q)2 [Tl,TQ]tO
Moreover, (loc. cit.) implies that there exists a unique family of locally constant functions
{ar m)(p,+): G(Af) = C: [T1, Ts] € Va2(Q)®? such that [T3, T3] = 0}
such that if [T}, T3] = 0 then
Q111,13 (91 9oc) = iy 1) (0, 9 1) Wian 27m) (900 -

Here Wir, 1) is the generalized Whittaker function from [Joh+24, Definition 4.6]. So if
[T}, T] = 0 and 7 (r) = (m, h) with m € GL(U)(R)? and h € SO(V25)(R)°, then
xéJrv l—v

B[Tl,Tﬂ(r) ! r )
(W[T},‘m(r)r) BollPm e OD i o)y

(5.5) Wi, (1) = det(m)’| det(m)| Y

Here K,: R-g — R denotes the modified K-Bessel function K,(x) = %/ e Y gy
0

Definition 5.3. Suppose ¢ € My and B = [T}, Ty € V22(Q)%? satisfies B = 0. The Fourier
coeflicients of ¢ indexed by B is defined as A, (B) = Ay [Th, T5] = apry (@, 1).

Remark 5.4. When B > 0 the Fourier coefficient A,(B), may be defined using [Wal03,

Theorem 16] (see for example [Wei06, Subsection 2.6]).
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The next result will be applied during the proof of Corollary 6.11.

Proposition 5.5. Suppose { € Z>; and ¢: G(A) — V, is a weight { quaternionic modular
form. Then ¢ is a cusp form if and only if the Fourier expansion (5.4) takes the form

(56) SOZ(gfgoo) = Z a[Tl,TQ]((p7gf)W[ZTK'Tl,Qﬂ'TQ} (goo)
T1,T2€V2,2(Q): [T1,T2]>0

Proof. For the proof of the forward implication, we refer the reader to [Joh+24, Corol-
lary 4.14]. To handle the backward implication, suppose ¢ is such that ¢y, = 0 and
arry 1) (0, 9¢) = 0 whenever [T1, T3] does not satisfy [T}, T3] > 0.

The group G contains 4 conjugacy classes of maximal parabolic subgroups. Two of these
conjugacy classes are represented by the Heisenberg parabolic subgroup P, and the orthog-
onal parabolic subgroup R. Since R corresponds to an outer node in the Dynkin diagram
of G, representatives for the remaining two conjugacy classes may be obtain by translating
R by the triality outer automorphisms described in [Joh+24, Theorem A.8]. By [Joh+24,
Theorem A.1], the triality outer automorphism of G stabilize Np, and induce an action of the
symmetric group S on the space M,. Moreover, the induced action of S3 on M, preserves
the subspace consisting of forms whose Fourier coefficients are supported on positive definite
indices. Hence, to prove that ¢ is cuspidal, it suffices to show that pn.nn, = 0.

Writing g € G(A) as ¢ = grgo , & standard manipulation gives that

(5.7) ONpNg (979s0) = > (0, 95) Warw (o).
weV2 2(Q)P2: ew|NpnNp=1

Since Lie(Np N Ng) contains the subspace by A Vao, if w = [T}, T3] satisfies ey|npnn, = 1,
then 77 = 0. Hence, the only terms appearing in (5.7) are those for which w = [T}, T»] does
not satisfy [T3, Ty] = 0. Therefore, pn,nn, = 0, and ¢ is cuspidal. O

The constant term ¢y, is essentially a holomorphic modular form on Mp. More precisely,
following [Pol20, Proposition 11.1.1], the function

(58) P: Mg’er(R) — Cv CI)(m) - jMI‘ier (m7 (i’ i? Z))E {SONP <m>7 y2Z}Koo

descends to a holomorphic modular form on b yqer in the sense of Definition 4.9. Here {, }r_
denotes the unique K, invariant symmetric bilinear form on V, satisfying

{a:ervyEfv’ ’xéfwyZer}Koo — <_1)£+v5v,w(€ + v)|(€ . U)'
where 9, ,, denotes the Kronecker delta function.

5.3. The Hecke Bound for Quaternionic Modular Forms on G. If B = [11,T3] €

V2.2(Q)®2, we define
Th,T) (Th,T3)
B) = det ( ({1010 (T, .
Q(B) = de <((T2>T2) (T3, T»)
Then r € Mp(Q) acts on V,5(Q) preserving @ up to a similitude factor v: Mp — Gy, i.c.

Q(r- B) =v(r)*Q(B).
To define v, write the image of r € Mp under the projection Mp — GL(U) x SO(Va2) as
(m,h). Then v(r) = det(m). The purpose of this subsection is to prove an analogue of
the Hecke bound for quaternionic cusp forms on G. Our proof is adapted from [GGS02,

Proposition 8.6], where the authors prove the analogous bound for modular forms on Gs.
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Proposition 5.6. Suppose ¢ € Sy is a weight { cuspidal quaternionic modular form on G.
If B € V55(Q)®? satisfies B + 0, then
041

Ag[Bl <, Q(B) =

Proof. Assume B € V;,(Q)®? satisfies B = 0. Independent of the choice of B, we fix
an element By € V52(R)®? such that Q(By) = 1. The group Mp(R) acts transitively
on the elements B’ € V55(R)%? such that Q(B’) > 0. Therefore, we may fix an element
mg € Mp(R) such that mg - By = B. It follows that Q(B) = v(mg)>.

By definition, if m., € Mp(R), then

(5.9) /[N | o(nme)ep(n) ™t dn = A [B] - Wp(me)

where Wp is given by (5.5). Fix an element ug € Vy so that if {-, -}k is the K, invariant
bilinear form on V, then

20! if v =0,

0 else.

{xeivngrvauO}Koo - {

Since Mp is a split, connected, and reductive, Mp is an almost direct product of Mg and
the radical of Mp, R(Mp), which is a central torus [Spr98, Corollary 8.1.6]. As Mp has
rank 4, and M&" = SLy x SLy X SLy, R(Mp) is isomorphic to the multiplicative group G,,.
We choose this isomorphism so that the natural action of R(Mp) on UY & Va4 is identified
with the action of G, on UY ® V45 by scalar multiplication. In this way, we may write
v(mo)~'mo € Mp(R) and

{Wa(v(mo)~tmo), uo} . = v(v(mo) ™ mo) v (v(mo)~'mo)| Ko (185 (v(mo) ~'mo)])

=Q(B) 2 {WBO(l)au()}Koo'

Since ¢ is cuspidal, |¢(g)| is bounded on G(Q)\G(A). Therefore, since the domain of
integration in (5.9) is compact, we may set ms, = v(mg) 'mg to obtain

AelBll < {WBOH(%H,OZO}KW Q(B)* .

6. THE FOURIER-JACOBI EXPANSION OF MODULAR FORMS ON (G

Given a vector valued automorphic form ¢: G(A) — V, and a vector y € V33(Q), define

Flpiy): GAA) =V, g~ ¢(ng)xy(n)~" dn.
NR(Q)\Nr(A)

Here the the character x, is as defined in (3.12).

6.1. Unfolding F(p;y): The case of isotropic y. Suppose ¢ is a vector valued automor-

phic function of G(A) and let y € V33(Q) be non-zero and isotropic. In this subsection,

we establish Lemma 6.1, which gives a relationship between the degenerate Fourier-Jacobi

coefficient F(ip;y), and Fourier coefficients of ¢ along the Heisenberg unipotent radical Np.

We are considering the case of isotropic y, and since M3 ~ Spin(V3 3), we restrict to con-

sidering the y = nby where n € Z\{0}. Then F(y;y)|qm) is left invariant under the rational
18



points of the parabolic subgroup in Spin(V33) stabilizing by. Let N denote the unipotent
radical of this parabolic subgroup. So,

1 0 0 0 O
0 1 v =x= O
N~¢=]0 0 I, = o € SO(V) NS ‘/2,2 ,
0O 0 O 1 0O
0O 0 0o 0 1

and Hom(N(Q)\N(A),C*) = {epm: T € V22(Q)}, where g1y is defined in (3.7). Since
N is abelian, we may Fourier expand F(p;nbs) in terms of the coefficients

(6.1) P (pinba)(a) = | o, TG )

Here g € G(A) and T € V55(Q). Regarding F (p;nby) we have the following.
Lemma 6.1. Suppose g € G(A) and T € V55(Q). Let €o.1) be the character of Np(Q)\Np(A)

defined in (3.7) and write ppm(g9) = / o(ng)ejpr(n)~" dn. Then
Np(Q)\Np(A)
(6.2) Fr (p3nbs)(g) = \ U (ns)ppo,ry (exp(sby A b_z)g) ds.
Q\A

Proof. Throughout the proof we abbreviate notation by writing [G] := G(Q)\G(A) to denote

the adelic quotient of an algebraic group G. Let X = Mp N Np = {exp(thy Ab_s): t € G,}

and Np = {exp(by Av): v € Vao} so that Ny = ZX Nj. Note that if r € N and z € X then
6[07T] (ITIil) = 8[07T] (7”)

Hence,

FN (p;nby)(g / / (urg) X, (u)e [OT( r) dudr
(N] J[Ng)

:/ / / oz(nixrg anz( x)e OT]( r)dny dz dr
[N] J[X]

:/ XEJQ(@// wz(nlmg)s[g’lﬂ(r)dnldr@
[X] [N] J[NE]

Now for g € G(A),
/ / 902(”17"9)5[_0,17’](7") dn1 dr = ¢jo1)(9)-
[N] J[Np]
Therefore,

FY (inb)o) = [ X (explshy Ab-a)pm(explsh Abs)g) ds
Q\A

as required. O
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6.2. Unfolding F(p;y): The case of non-isotropic y. Let ¢ be a vector valued auto-
morphic function on G(A), and suppose y € V53(Q) is non-zero and non-isotropic. The goal
of this subsection is to state a companion result to Lemma 6.1, that analyses F(p;y) in the
case when y is non-isotropic. By the result of [Joh+24, Lemma B.2], the orbits of M (Z)
on the space of non-isotropic vectors in Vs 3(Z) are exhausted by representatives

(6.3) NYy = nbs + ?b_?,

where n € Z>, and a € 2Z\{0}. For ease of notation we write y, = bs + ab_3/2
To analyze F(p;ny,), we study its Fourier expansion in characters of the [N¢/|. Here @’
denotes the Siegel parabolic subgroup of M’ = Stab Mer (y) (see Subsection 3.5).

Since M’ stabilizes ny,, the coeflicient F(¢;ny,) is left invariant by Ng/(Q). Hence, we
may Fourier expand F(p;ny,) in characters of Ng/ (Q)\Ng/(A) as

Floinya)lg) = > F&(pnpa)(9)
SeV!,(Q)

where g € G(A) and

F& (pinya)(g) == F (5 mya) (wg)ep gy (w) duw.

/NQ/(Q)\NQ/(A)
In analogy with Lemma 6.1, we have the following relationship between the Fourier coeffi-

cients .7-";;2/(90; nYa)(g) and Fourier coefficients of ¢ along the Np.

Lemma 6.2. Let a € 2Z\{0} and n € Z>;. Suppose S € V{,(Q) and g € G(A). Let
Plnya,s) denote the Fourier coefficient of ¢ along Np corresponding to the character gp,y, s)-
Then

F& (0;n90)(g) = /AsO[nya,s] (exp(sby A b_2)g) ds, (9 € G(A)).

Proof. The statement is a mild generalization of a [Joh+24, Lemma 7.1] with the same proof.
The details of the general proof are available in [McG25, Lemma 4.0.3]. O

6.3. The Fourier-Jacobi Expansion of Quaternionic Modular Forms on G. In this
subsection, we combine Lemma 6.1 and Lemma 6.2 with the results of Subsection 5.1 to
refine the Fourier-Jacobi expansion,

(6.4) plg) =enga)+ DY, Tl
yEV3,3(Z): y;éO
in the case when ¢ € M,(1).

Proposition 6.3. Suppose ¢ € M,(1) is a weight ¢ quaternionic modular form of level 1.
Then the Fourier-Jacobi expansion (6.4) takes the form

(6.5) P(goo) = ONg(goo) + > F(;9)(9o0)

yeV3,3(Z)\{0}: (y,9)20
for all g € G(R). Moreover, if ¢ € Sy(1), then for g € G(R), (6.5) takes the form
(6.6) P(goo) = > F(59)(goo)-

y€V3,3(Z): (v,)>0
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Proof. Since ¢ has level one, to prove that F(¢;y)|cm) = 0 for a given y € V3 3(Z), it suffices
to show that F(¢;y)|qm) = 0 for any y' in the same Mg (Z) orbit of y.

Initially, we suppose ¢ € M,(1) and y € V33(Z) satisfies (y,y) < 0. Then by [Joh+24,
Lemma B.2], there exist a € 2Z ¢ and n € Z>; such that y is in the same M3 (Z) orbit as
NYo = nbz+nab_3/2. Combining Lemma 6.2 with (5.4), if S € V{,(Q) then .FSQ/(QO; NYa)(goo)
is equal to

(6.7) / Ulnya,s)(9s exp(spb1 A b_3)) dsy - / Wiornya,275](€XP(S0cb1 A b—2)goo) dSec.
Ay R

Since ny, is a vector of negative norm, [Joh+24, Proposition 4.13(a)] implies that the pair
[Ya, S] is not positive semi-definite. By (5.4), Wigrny, 2x5) = 0, and F(p;ny,) vanishes
identically on G(R). Hence, we have proven expression (6.5).

We now address the proof of (6.6). Thus suppose ¢ is cuspidal. It remains to show that
F(p;y) vanishes identically on G(R) whenever y € V33(Z) is isotropic. For this, it suffices
to show that F(p;nby) vanishes identically on G(R) for all n € Z_,. Applying Lemma 6.1,
F(¢;nby) vanishes identically on G(R) provided o] vanishes identically on G(R) for all
T € V55(Q). When T' = 0, @011 = ¢n, vanishes since ¢ is cuspidal. If T # 0, then a
consequence of Definition 5.2, [0, 7] does not satisfy [0, 7] > 0. Hence, the vanishing of ¢ 1
follows from Corollary 5.5. O

6.4. The Degenerate Fourier-Jacobi Coefficients of Modular Forms on G. In this
subsection, we further refine Lemma 6.1 in the case when ¢ is a weight ¢ quaternionic modular
form of level 1. The main results are Proposition 6.4 and Corollary 6.5. The proofs of these
result use Lemma 8.2 and Proposition 8.3, for which the reader should consult Section 8.

Proposition 6.4. Letn € Z g, and goo € G(R). Recall the Fourier coefficients Fi (¢; nb2)(g)
defined in (6.1). If T € Va2(Q)\{0} then F¥ (p;nbs)(gos) = 0 for all go, € G(R), and

(6.8) F(p;nbs)(geo) = /Q\A oy (exp(shy Ab_2)geo )t 1 (ns) ds.

Proof. In light of Lemma 6.1 and the fact that S is abelian, expression (6.8) follows imme-
diately from the vanishing of F& (¢;nb2)(gso) for all non-zero T € V55(Q). Thus suppose
T € V55(Q) is non-zero and s € A. One checks that for m = exp(sb; A b_») and [T}, T3] =
[0, 77, the hypotheses of Lemma 8.2 are satisfied, and thus the term ¢jo 71(exp(sby Ab_2)go0)
appearing in the integrand of (6.2) is independent of s. It follows that

Fp (03nb2)(9o0) = ©j0,77(9o0) - ¥ (ns) ds = ¢p11(g0) - 0 = 0.

O

The lemma above shows that the degenerate Fourier-Jacobi coefficient F(p;nby) factors
across the constant term ¢y,. In Subsection 5.1, we saw that ¢y, is closely related to a
holomorphic modular form on the group Mg = SL3. As such, it is natural to consider
Fourier coefficients of ¢y, along the unipotent radical of a Borel subgroup of M. Using
the isomorphism of [Joh+24, Theorem A.8], the unipotent radical of such a subgroup has
Lie algebra

e ® E = Q-span{b_3 A b_4, bQ A b_l, b3 A b_4}.
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Given a triple of C' = (a,b,c) € Q3, we let nc denote the character of [exp(e; ® E)]
corresponding to the linear functional

Tbo Nb_1 +yb_3 Nb_y 4+ xb3 Nb_4 — bz — ay — cx.
Proposition 8.3 shows that the Fourier coefficient (¢n, )exp(esor),c: G(A) = V, defined by

(6.9) (oxp Jesptenrc(9) = / onp (ug)ns () du,
[exp(e2®F)]

is equal to an integral transform of a Fourier coefficient of ¢ along Np. More precisely, we
have the following corollary to Proposition 8.3.

Corollary 6.5. Let ¢ € My(1) be a weight ¢ modular form of level 1 of G = Spin(V). As
in (5.8), write ® for the holomorphic modular form on ME™ associated to the constant term
©np. Folllowing the notation in (4.19), write the Fourier expansion of the classical modular
form associated to ® as

(6.10) fq,(zl, 2, 23) — Z a¢(0)627ri(a21+bz2+023)'

C:(a,b,c)ezgo

Then there exists a non-zero scalar B € C such that if C € Z3, then
(6.11) a,(C) =B - / abs+cb_s,—bb_4] (P, U) du.
Sc(Af)\exp(e2®E)(Ay)

Here Sc denotes the stabilizer of the character €(ap,qch_s,—bb_,) i1 eXp(e @ F).

Proof. This is a restatement of the equality (8.9) in the case G; = G*™ and gy = 1. The
coefficient agp,4cb_5,—pv_4) is right invariant by n, since ¢ is of level one. [

6.5. The Non-Degenerate Fourier-Jacobi Coefficients of Modular Forms on G.
Our goal in this subsection is to refine the result of Lemma 6.2 in the special case when
¢ € M,(1) is a modular form on G of level 1. The main result is Proposition 6.7, which
shows that for such a ¢, the non-degenerate Fourier-Jacobi coefficients of Lemma 6.2 give
rise to holomorphic modular forms in the sense of Subsection 4.1.

We adopt the notation of Lemma 6.2, so n € Z>y, a € 2Z\{0}, and ny, = nbs +nab_s3/2.
By Proposition 6.3, if ¢ € M,(1) then F(p;nya)(goo) = 0 whenever a < 0 and g, € G(R).
Hence, we may assume « > 0, in which case F(¢p;y) Fourier expands along N as

(6.12) Floinya)9) = Y TS (@inga)(9)-
SEV! ,(Q)
In fact, if S € V], is a vector of negative norm, then the line of reasoning applied during

the proof of Proposition 6.3 implies that ]-"gl(ga; ny,) vanishes identically on G(R). Thus, if
g = goo € G(R), then (6.12) takes the form

(6.13) F(03190) (goo) = > FZ (0:190) (9oo).
SeV{ ,(Q): (5,5)>0

The summation indices in (6.13) resemble the indices which appear in the Fourier expansion
of holomorphic modular forms on M’ (see (4.6)). However, since K., N M’ is not necessarily

a maximal compact subgroup of M’, it is necessary to introduce a modified definition of
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F(p;ny,) in order to obtain holomorphic modular forms on M’ from F(¢;ny,). For this,
recall the element g, € G(R) and the representation V§ introduced in Subsection 4.1. Define

Fleinya): G(A) = Vi, g F(¢;nYa) (90, )-

Then F(;nya)(gk) = k™ - F(o;nya)(g) for all g € G(A) and k € K,,. Furthermore,
Lemma 6.2 and (5.4) imply

Floinya)ge) = D, F§ (¥in9a)(900);
SeV{,(Q): (5,9)>0

where for S € V/,(Q) satisfying (5, S) > 0,

(6-14) «7'—? (%nya)(goo) = / a[nya,S](SOaxf) dry - W[27mya,27r5] (xoogoogya) dro.
X(Ay) X(R)

Here goo € G(R) and X = {exp(shbi Ab_3): s € G,}. Given go, € My (R), let g, to be the
image of g., in SO(V;3). We express g, as an ordered pair g, = (t,u) with t € R and
u € SO(V/,)(R)". The coordinate ¢ € R is normalized so that (¢,1) - by = tby. In [Joh+24,
Proposition 7.3], the archimedean integral in (6.14) is evaluated when o = 2 and n = 1. The
computation in (loc. cit.) generalizes to the case of general a and general n as follows.

Lemma 6.6. Suppose o € 2Z~g, n € Z>y, and S € V{,(Q) is such that [ny,, S| = 0. Let
Joo € My (R)° and write g, = (t,u) with t € Rsg and u € SO(V/,)(R)°. Then

tée—Q\/iﬂ'(nal/Q—t(S,umg)) v x@—l—vyé—v
2v/2nal/?

W TN T o000 d o =
/X<R> e 215 (Foo e ) C )= )]

—L<v<t

Proof. The result is proven by applying the computational techniques in the proof of [Joh+24,
Proposition 7.3]. For a detailed account, the reader may consult [McG25, Lemma 4.0.9]. O

Lemma 6.6 is applied to establish the holomorphy statement in the following result.
Proposition 6.7. Let o € 2Z~¢, n € Z~, and suppose ¢ € My(1). Then the function

E(nya): MR) = €, goo > { F(0ima) (goc), (—i + 1) }

is the automorphic form associated to a weight £ holomorphic modular form on M’.

e}

Proof. The result is proven by an argument parallel to the one given in the proof [Joh+24,
Corollary 7.6]. Since it will be relevant shortly, we note that as a consequence of the argument
in (loc. cit.), the Fourier expansion of £¥(ny,) along the N¢ takes the form

é(p(nya)(gm) = Z gp(nya)S(goo)

Sev{,Q(Q)ZO

where
Jya (s =iV/202) €7 (nya) 5(goc) = s - €277

Here jy, (-, —iv/2vy) is the automorphy factor of Subsection 4.1 and

_ 1/2
e 2V 2mna xf%»vylfv

- . . U g 20
Tls 2\/5720[”2 /X(Af)a[nya,S}(gpﬁxf>dxf { Z ? (€+U)'<€—U>"< ZZ’-‘—y) }

—A<v<t
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By examining the formula for ng above, we obtain the following.

Corollary 6.8. Given p € My(1) and S € V/,(Q) such that (S,S) > 0, define

(6.15) Age(ny)[S] = /A Ufnya,s) (@, exp(spbr Ab_3)) dsy.
7

Then the numbers Ag.[S] are the Fourier coefficients of a holomorphic modular form on b,
of level M'(Z). Hence, A¢e(ny,)[S] # 0 implies S € V] y(Z)%,.

6.6. The Primitivity Theorem. In this subsection, we apply the results of subsections
6.4 and 6.5 to establish the main result of this section, Theorem 1.1. Before giving the proof
of Theorem 1.1 we require the following lemma.

Lemma 6.9. Assume ¢ € Z-y and suppose ¢ € M,;(1). Recall the orthogonal parabolic
subgroup R = MrNp defined in Subsection 3.4. If ¢ = pn, then ¢ = 0.

Proof. Assume ¢ = y,. It suffices to show that ¢ is constant. Since G(A) = G(Q)G(R)G(Z),
it is enough to prove that ¢|qm) is constant.

Let H denote the subgroup of G(R) generated by G(Z) and Ngr(R). Then ¢(x) = ¢(1)
for all z € H, and so we are reduced to proving that H = G(R). As G is semi-simple and
split, G is the special fiber of a finite Chevalley group G defined over Z [Ste68, Theorem
6]. So, G(Z) contains representatives for each of the Weyl reflections in G. Since the root
system of G is simply laced, the Weyl group of G acts transitively on the set of roots of G
[Spr98, Lemma 10.2.2(ii)]. Hence, H contain the root subgroup U, (R) for every root « of G.
Since G is simply connected, G(R) is generated by the root subgroup U,(R) as a runs over
the set of roots (see for example [Spr98, Subsection 9.4]). So H = G(R) as required. O

We are ready to give the proof of our first main result.

Proof of Theorem 1.1. Suppose for a contradiction that ¢ # 0. Then ¢|gm) # 0, and
applying Lemma 6.9 in tandem with (6.5), there exists a non-zero vector y € V3 3(Z) such
that (y,y) > 0 and F(¢;y)|cmr) is not identically zero. The proof partitions into the case
when y is non-isotropic, and the case when y is isotropic.

First we suppose y is non-isotropic. Then there exists o € 2Z~y and n € Z>, such that
F(o;n9a)lamr) # 0. Applying (6.14) and (6.15), there exists S € V/,(Q) such that

Age(nya)[S] # 0.
By Corollary 6.8 and Theorem 4.5, we may assume S is primitive. Then (6.15) gives that

(6.16) Age(nya)[S] = /  fny,,s)(exp(sby A b_g)) = Z A [nYa, S + snya).
Az s€Q/Z

If s € Qo) and Ay[nya, S+ snys| # 0, then S+ sny, € Va2(Z). Fix n',m/,r" € Z such that
ged(n/,m’, ") =1 and
/
S = —n'b4 - m’b,4 — r—y(\;
a
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Then S + sny, € Va2(Z) implies + sn € Z, and thus nas € Z. Hence,

na—1 _ 7«/ s+ 7”/

A T S
A{*”(nya)[s] - ZSZO Atp [nya7 _n,b4 - m/b—4 + o b3 + 5 b_3 .

Let s € Zjga—1) be such that (s+r')/2 and (s —r')/c are integral. Then, given d € Z> such
that d divides n/, m/, (s +r')/2, and (s — ) /a, d also divides r’. Hence, d = 1 and (6.16)
expresses Age(ny,)[S] as a sum of primitive Fourier coeflicients of ¢, which is a contradiction.

Next we consider the case when y is isotropic. Hence, there exists an isotropic vector
y € V33(Z) such that F(¢;y)|am) #Z 0. Then we may suppose y = nb, for some n € Z\{0}.
By Corollary 6.4, the constant term ¢y, satisfies pn,|gr) Z 0. Hence, there exists C' € Q?
such that the Fourier coefficient (¢n, )exp(esom),c of (6.9) is not identically zero on G(R).
Hence, we may may assume the coefficient a,(C') of (6.10) is non-zero, and by Lemma 4.10,
we may take C' = (a,b, c) € Z* to be such that ged(a, b, c) = 1.

Let x € E be such that (z,C)g # 0, then by Corollary 6.5,

(6.17) a,(C) =B+ Y Aglabs + cb_s + s(C,x)pb_s, —bb_4].
s€Q/Z
However, since ged(a, b, c) = 1, if s € Q/Z, then by assumption,
Aw[abg + beg + S(C, iL’)Eb,4, —bb,4] =0.
So, (6.17) contradicts a,(C') # 0. Hence F(¢;y)|am) = 0, which completes the proof. O
Definition 6.10. We say that a pair [T1, Ts] € Va2(Z)®? is strongly primitive if
Q-span{T1, 1>} N Vo2(Z) = Z-span{T1, T5}.

Corollary 6.11. Let £ > 0 and suppose @ is a weight ¢ cuspidal quaternionic modular form
of level one. Write the Fourier expansion of vz as

(6.18) P(goo) = > AT, ToWi(9eo)

Tl,T2€V2,2(Z): [Tl,T2}>-0
and assume A,[T1, To] = 0 for all strongly primitive vectors [T1, To] € Vao(Z)®2. Then ¢ = 0.

Proof. Assume A,[T1,T5] = 0 for all strongly primitive vectors [T1,Ts] € Va2(Z)%%. By
Theorem 1.1, it suffices to show that if [T, Ty] € Va2(Z)®? is primitive, then A,[T7, T3] = 0.
Assume [T7, Ts] > 0 is primitive. Applying (3.2), we may write

mr= (2 8) (5 )]

where a,...,h € Z are jointly coprime. Since ¢ is of level 1, [Bha04, Appendix Ch. II]
implies that we may assume

(619) [Th TQ] = [you —nb4 - mb_4 + Tb_3] .

Moreover, since [T, T3] = 0, [Joh+24, Proposition 4.13(iii)] implies o > 0.
Consider the Fourier expansion of the holomorphic modular form £#(y,,) of Corollary 6.8.
25



/

By (6.16), if /,m/,7" € Z and S = —n'by — m'b_4 — T—y(\j then Age(y,)[S] equals
o

(6.20)
a—1 s — 7 s+ r!
DA, [ya, —n'by — m'b_y + by + —5—b-s| = Ay (Yo, —1'by — m'b_y + 7'b_3] .
(0
s=0

Clearly, if S is primitive, then [yo, —n'by — m'b_4 4 1'b_3] is strongly primitive. Thus, Age(y,)[S] =
0 for all primitive S, and Theorem 4.5 implies £¥(y,) = 0. Hence, by (6.20),

A [Yo, —n'by —m'b_y +1'b_3] =0
for all n',m’, 7" € Z. Thus, (6.19) implies A[T}, T3] = 0 as required. O
As a corollary to Theorem 1.1 and Corollary 6.11, we obtain the following.

Corollary 6.12. Let @1, ps € My(1) be level one quaternionic modular forms on G.
(i) If Ay, [B] = Ay, | B for all primitive B € Voo(Z)®2. Then @1 = .
(11) If p1 and o are cuspidal and

Ag,[B] = Ay, [B],

1 2

for all strongly primitive B € Va5(Z)®2, then o1 = ¢s.

7. AN APPLICATION TO THE QUATERNIONIC MAASS SPEZIALSCHAR

7.1. Quaternionic Modular Forms on SOg. Let V denote the 8-dimensional split qua-
dratic space of Subsection 3.1. In this subsection, we review the definition of quaternionic
modular forms on SO(V) following [Pol21]. We also explain some notation concerning the
Fourier coefficients of modular forms on SO(V).

Write m: G — SO(V') for the projection homomorphism defined in Subsection 3.2. The
representation V of Subsection 3.6 occurs in the Lie algebra of the maximal compact sub-
group K, < Spin(V)(R). Therefore, V descends along 7 to give a representation of the
identity component of the maximal compact subgroup Kso, < SO(V)(R), which is the
image of K., under w. Similarly, the differential operator D, of Subsection 5.1 descends
to give a Ko, invariant differential operator on smooth functions SO(V)(R) — V. Let
s0(V) = Lie(SO(V)) ®q C and write Z(s0(V')) for the center of the universal enveloping
algebra of so(V).

Definition 7.1. A weight ¢ > 0 quaternionic modular form on SO(V') of level one is a
smooth moderator growth function ¢: G(A) — V, such that

(i) If g € SO(V)(A) and v € SO(V)(Q) then ¢(vg) = »(9),
(ii) If g € SO(V)(A) and k € SO(V)(Z) then ¢(gk) = ¢(g),
(iii) If g € SO(V)(A) and ko € Kgos then ¢(gks) =kl p(g),
(iv) Dy =0, and
(v) ¢ is Z(so(V))-finite.

Clearly, if ¢ is a quaternionic modular form on SO(V) of level one, then the pull-back of
¢ by 7 is a level one quaternionic modular form Spin(V') in the sense of Subsection 5.1.

Lemma 7.2. Suppose @1 and @y are quaternionic modular forms on SO(V') of level one.
Fori=1,2, let ™ ¢; denote the pull-back of ¢; to Spin(V'). If m*¢p1 = 7" @y then p1 = @s.
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Proof. Let V(Z) = Z-span{by,: i = 1,2,3,4}.The quotient SO(V)(Q)\ SO(V)(Ay)/SO(V)(Z)

classifies isomorphism classes of lattices in the genus of V(Z). Thus, by the Hasse principle
[SO(V)(Q\SO(V)(Af)/SO(V)(Z)] = 1,

and if I' = SO(V)(Z)NSO(V)(Q), then SO(V)(Q)\ SO(V)(A)/G(Z) = '\ SO(V)(R). Since
I' contains elements in the non-identity component of SO(V)(R), it follows that ; is de-
termined by its restriction to SO(V)(R)?. As Spin(V)(R) surjects onto SO(V)(R)°, the
statement follows. O

Suppose ¢ is a level one quaternionic modular form on SO(V) and B € V;5(Z)%2. Define
the Fourier coefficient A,[B] via the equality A,[B] = Az+,[B]. Then we obtain the following
Corollary to Lemma 7.2 and Corollary 6.11.

Corollary 7.3. Suppose @1 and py are cuspidal level one quaternionic modular forms on
SO(V). Assume Ay, [B] = Ay, [B] for all strongly primitive B € Va5(Z)®2. Then o1 = ps.

7.2. The Quaternionic Saito-Kurokawa Lifting. In this section we define the quater-
nionic Saito-Kurokawa subspace SK; of modular forms on SOg. Let B = [T}, Ty] € V#(Q)
and define a 2-by-2 matrix with entries in Q via the formula

1 T17T1 T17T2
(7.1) T(B) =35 (ETQ,Tlg ET%T?;) .

Theorem 7.4. [Pol21, Theorem 4.1.1] Suppose &: Sp,(Q)\ Spy(A) — C is the automorphic
function associated to a level one, cuspidal, holomorphic modular form of even weight ¢ > 16.
Write the classical Fourier expansion of & in the form Fe(Z) = Y o Be[T) exp(2mitr(TZ)).
For all B € Va5(Z)%? satisfying B = 0, define

(7.2) Ag-(ro)(B) = > | det ()| Be[tr—1T(B)r~1].

r € GLo(Z)\M2(Z)3¢#0 s.t. Br—1 € V5 5(Z)®?

Here Br~! is computed as a matriz product where B = [Ty, Ts] is a 1 X 2 matriz with entries
in Vao(Z). Then the numbers No-(r,)(B) are the Fourier coefficients of a non-zero, weight (,
level one, cuspidal quaternionic modular form, 8*(F¢), on SOg.

Definition 7.5. Suppose ¢ > 16 is even and let Sy(Sp,(Z)) denote the space of cuspidal
holomorphic Siegel modular forms of weight ¢, genus 2, and level 1. Define the quaternionic
Saito-Kurokawa subspace of weight ¢ as SK, = {0*(F'): F € S¢(Sp4(Z))}.

7.3. The Quaternionic Maass Spezialschar. The purpose of this subsection is to present
a characterization of SK, which is analogous to the characterization of the classical Saito-
Kurokawa subspace given by [Zag81, Theorem 1(iii)].

Definition 7.6. The weight ¢ quaternionic Maass Spezialschar MS; is the subspace of level
one, weight ¢ quaternionic modular forms ¢ on SO(V) such that if By, By € Va2(Z)%? are
strongly primitive and T'(By) = T(Bs) (see (7.1)), then Ay[By| = A,[Bs].

Definition 7.6 should be compared to [Joh+24, Definition 5.8]. The condition in Definition
7.6 is equivalent to condition (i) in (loc. cit.). The next lemma shows that condition (ii) of

(loc.cit.) is redundant, which explains why it is absence in Definition 7.6.
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Lemma 7.7. Suppose ¢ € MS,. Given B € Va2(Z)%?, choose a strongly primitive B €
Va2 (Z)P? such that T(B) = T(B), such a choice of B exists by [Joh+2/, Lemma 5.7].
Define

AZ™B] = A, [B].
Then, for all B € Vao(Z)%?,

(7.3) A,[B] = > | det(r)|“ T AR [ By Y.

rEGLa(Z)\Ma(Z)d4et#0: Br—1¢eVs 5(Z)®2
In other words, Definition 7.6 is equivalent to [Joh+2/, Definition 5.8].

Proof. Suppose ¢ € MS, and let F¢ be the holomorphic Siegel modular form that is associated
to ¢ by [Joh+24, Corollary 7.10]. Define ¢' = 6*(F¢). By [Joh+24, Lemma 5.10], the Fourier
coefficients A,/ [B] satisfy (7.3). Hence, it suffice to prove that ¢ = ¢'. Applying Corollary
7.3, it is enough to show A,[B] = Ay[B] for all strongly primitive B € V3 5(Z)%2,

Suppose
[ a b/2
= <b/2 c >

with a,b,c € Z. On the one hand, [Joh+24, Corollary 7.10] implies that if B¢[T] is the T
Fourier coefficient of F¢, then B¢ [T] = A,[Th,Ts] where Ty = —bby + abs + b_3 and Ty =

—cby —b_4. Since [T7, T3] is strongly primitive and ¢ € MS,, this implies that A, [B] = B¢ [T]
for all strongly primitive B € V5 5(Z)%? satisfying T'(B) = T.

On the other hand, when B is strongly primitive, the summation (7.2) consists of a single

term, and so the equality ¢’ = 0*(F¢) implies A[B] = B¢[T] for all strongly primitive
B € Vh5(Z)%* satisfying T(B) = T. Since T was arbitrary, we conclude that A [B] =

B¢[T'(B)] = Ay [B] for all strongly primitive B € M(Z)%?, completing the proof. O

Proof of Theorem 1.4. In light of the equivalence between Definition 7.6 and [Joh+24, Defi-
nition 5.8], Theorem 1.4 follows as corollary to [Joh+24, Theorem 1.3]. O

8. THE HECKE BOUND CHARACTERIZATION OF CusP FORM ON (G

The purpose of this section is to prove Theorem 1.6 and Theorem 1.7. We work in the
setting of a group G, associated to cubic norm structure J. We have that Gy = G*! when
J = G3. Hence, the results we obtain for G ; will also apply to level one forms on the group
G. Throughout, any unexplained notation has the same meaning as in [Pol20]. We refer the
reader to (loc. cit. ) for the precise definition of quaternionic modular forms on G .

8.1. Non-Vanishing of Rank 3 Fourier Coefficients. The purpose of this subsection is
to explain the proof of the following proposition. We refer the reader to [Poll8, Definition
4.3.2] for the definition of rank as it pertains to elements of Wg ~ VQ%Q.

Proposition 8.1. Suppose ¢ € M,(1) is non-zero and non-cuspidal. Then there exists a
rank 3 primitive element B € V35(Z)%* such that Ay[B] # 0.

Proof of Proposition 8.1 assuming Theorem 1.7. Assume ¢ is non-cuspidal. Then Theo-

rem 1.7 implies that ¢, # 0. Hence, the semi-classical holomorphic modular form ¢ of

(5.8) is non-zero. As in (4.19), write a,(nq,ng,ng) for the Fourier coefficients of fg, the

classical holomorphic modular form on b Mer corresponding to ®. By Lemma 4.10, there
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exists a triple of coprime positive integers C' = (nq, na,ng) such that a,(C) # 0. Now by
(6.17), there exists z € E and s € Q/Z such that

Aw[&bg + beg + S(C, .Z')b,4, —bb,4] 75 0.

Since ged(a, b, ¢) = 1, the element B = [abs+cb_3+s(C, x)b_4, —bb_4] is primitive. Moreover,
in the coordinates given by the isomorphism V35(Z)%? ~ Wg, B = (0,0,C, s(C,x)). Hence
Q(B) = 0 and B’ = (0,0,0, Ng(C)) where the operation B ++ B’ is described in [Poll8,
Subsection4.3 pg. 20]. Therefore, since a, b, and ¢ are positive, B’ # 0 and so B has rank 3
as required. O

8.2. The Degenerate Coefficients of Quaternionic Modular Forms. In this subsec-
tion, we let J be a cubic norm structure such that the trace pairing (-, ) is positive definite.
Let K be the maximal compact subgroup of G;(R) from [Pol20, Section 5]. The Heisen-
berg parabolic subgroup of G [Pol20, Subsection 4.3.2] is denoted P; = N;H ;. Here H; is
the Levi subgroup of P; from [Pol20, Subsection 2.2] . So Lie(N;) = e ® W; + QE;3 and

W ~ Lie(N5"), w = e®w,

where V5 = (e, f) is the standard representation of SLy. Write (-, -)w, for the usual symplectic
form on W;. We refer the reader to [Pol20] for any unexplained notation.
Given w € W, define ¢,, € Hom(N;(Q)\N,(A),C*) by

ew(exp(e @ w')) = Y ((w, w')w,).

If o: G;(A) — Vy is an automorphic function, the Fourier coefficient ¢,, is defined as
pu G > Ve eule) = [ plngleu( ™ dn
Ny

Regarding the Fourier coefficients ¢,,, we have the following.

Lemma 8.2. Let w € W; be non-zero and g = gsgoo € Gj(A) be such that g €
N;(R)H;(R)*KY . Assumem € H;(Ay)x H;(R)* is such that there exists mq € H;(Q),
Mo € Hy(R)E, and my € H;(Ay) satisfying (i) m = mqmoemy, (ii) mq and my, stabilize
Ew, (111) Moo is unipotent, and (1) p(mysg) = ¢(g). Then p,(mg) = @u,(9).

Proof. Let ny, € N;(R), my € H;(R)*, and k, € K be such that g, = ngmgk,. By
[Pol20, Theorem 1.2.1], there exists a unique collection of locally constant functions

{aw: GJ(Af) —C:we WJ}

such that ¢, (mg) = aw(Mgr)Wi2rw(Mocls). Here Wjor, is the generalized Whittaker
function of (loc. cit.). Let €3 be the archimedean component of ¢,. By the equivariance
properties of Wy oz,

(8.1) Puw(mg) = aw(mfgf)gfuo(moongm;ol)kg_l Wizmw(Meomy).

Inspecting the formula in (loc. cit.), hypothesis (ii) and (iii) imply that W orw(memy) =
W omw(my). Moreover, (ii) implies that e (moongm}) = £2°(n,), and so (8.1) simplifies to
ww(mg) = vuw(mysg). Applying hypothesis (iv) completes the proof. O
The next proposition involves the 3-step parabolic subgroup ) < G ; associated to the ele-
ment hg = Ey1+FE»—2FE33. Since ad(hg) acts on Lie(G ;) with eigenvalues —3, —2,—1,0, 1,2, 3,
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@ admits a Levi decomposition ) = MgNg where M, is the zero eigenspace of ad(hg). The
Lie algebra of the unipotent radical Ng decomposes into ad(hq) eigenspaces as

Lie(Ng) = Lie(Ng)! @ Lie(Ng)? @ Lie(Ng)¥.

Here Lie(Ng)t = (v1 ® J) @ (va ® J), Lie(Ng) = 65 ® JV, and Lie(Ng)E = QFE13 ® QEas.
Moreover,
Lie([Ng, No]) = Lie(Ng)! @ Lie(Ng)®?.

Since hg = Ey1 + Eyy — 233, Mger is the principle SLy subgroup of G; containing the
root subgroup exp(QFE12). Let n, € Mg‘“(Z) denote a representative for the Weyl reflection
in the hyperplane orthogonal to «.

Given C € JY\{0}, let no: [Ng] — C* be the character of Ng associated to the linear
functional v; ® X + v, ® Y — (C,Y),, and let

Sc ={exp(ve ® ) | € J such that (z,C); =0}
be the stabilizer of we = (0,0, C,0) inside exp(ve ® J).

Proposition 8.3. Suppose ¢ is a weight { modular form on G; and fiz C € JY. Write
we = (0,0,C,0) € Wy and let py, denote the constant term of ¢ along N;. Define

onyclg) = / o, (ug)ng' (u)du.

[exp(v2®J)]
If g € G(A) is such that g € N;(R)H;(R)*KY  then
(32) ox,clo) = [ P (un,g)du.

Sc(A)\ exp(v2J)(A)
Proof. The result is proven by calculating
ovanc(@)i= [ eleopote) ! de
[Nel

in two different ways.

To obtain the left hand side of (8.2), we calculate oy, ;. by Fourier expanding ¢ along
the center Z. Let on,,n,) be the constant term of ¢ along [Ng, Ng|. Then ¢, n,) Fourier

expands in characters of [N5"] as ¢, v (9) = > deqeesv P00 (9)- Hence,

PONoue(9) = / / PINg.No) (cxg)ns () da de
fexp(v20 1) \NZ] J [exp(v2©.7)]

©(0,0,c,d) (wg)nal (z) / €(0,0,¢,d) (c)dedx
[exp(v2@J)\N&P]

(8.3) = /
[exp(v2®J)] deQ,ceJV

The quotient exp(v, @ J)\Ng” is identified with the subgroup of N&” whose Lie algebra is
spanned by v; ® J. So the inner integral in (8.3) vanishes unless the summation index ¢ = 0.
Since the subgroup exp(v, ® J) stabilizes €(0,0,0,4) for all d € Q, (8.3) simplifies to

50 exgnelo) = [

L enlagc! e / S v0000)(39)15 (2)dz
exp(va®J

[exp(v28.)] 420

Applying Lemma 8.2, the function z — (0,04 (xg) is constant for all d # 0. Hence the

second integral in (8.4) vanishes and we obtain ¢, ».(9) = ¥n,.c(9)-
30



To finish the proof, we obtain the right hand side of (8.2) by calculating ¢n, . in a
different way. This time we factor ¢, n,) across the central subgroup Z "'=naZn,! as

(8-5) @[NQ,NQ](Q): Z @(o,o,c,d)(nag)-
ceJV,deQ

Then applying (8.5), we obtain

YN e (g) = / / SD[NQ»NQ]<C:U9)7751(C) dx de
[exp(v2®J)] J [exp(v1®J)]

(8.6) = ©(0,0,¢,d) (naxg) / €(0,0,¢,d) (nacngl)nal(C) dedz.

/[GXP(UU@J)] deQ,ccJv [exp(v2®J)]

The inner integral appearing in (8.6) vanishes unless ¢ = C. Hence

¥Ng.nc (g) = / Z @(o,o,c,d)(ﬂmag) dz
[exp(v2®J)] deQ

= / Z Ouwe (Urnag) dx

[exp(v2®J)] ueSc(Q)\ exp(v2®J)(Q)

(8.7) = / Cuwe (TNag) dx.
Sc(Q)\ exp(v2®J)(A)
By Lemma 8.2, the function x — ¢, (xn.9) is left Sc(A) invariant. So, (8.7) simplifies to
ONome(9) = / Yuwe (Tngg)dz and the proof is complete. 0
Sc(A)\ exp(v2®J)(A)

Let ug € V, be such that if {-,-}xo is the K9 invariant pairing on V/, then

1, ifvo="/¢
{—v_ l+v _ ) )
(i s~ {)

As a consequence of [Pol20, Proposition 11.1.1], if ¢ is a weight ¢ quaternionic modular form
on Gy and m € H;(Ay) x Hy(R)*, then

else.

{ion, (mymes), uob iy = v(moo)|v(moe) | (m me)

where @ is an automorphic form on H;(A;)H;(R)* associated to holmorphic modular form
on H;(R)*. Precisely, if j(me, ) is the automorphy factor of [Pol20, Subsection 2.3], then
for any m; € Hj(Ay), the function H;(R)E — C, me + j(Moo, 1) ®(maomy) descends to a
holomorphic modular form on the disconnected symmetric space H7 associated to H,;(R)*.

For C' € JY\{0}, write C > 0 if (C,1;); > 0 and (C#,1;);) > 0. Then, ® Fourier

expands as

D(Mmoe) = Pexp(vaeg) (MyMse) + Z Ao () (Mg, i) e imee (12).0)s,
CeIV\{0}: C>0

Here notation is as follows:
(1) Pexp(ay) is the constant term of & along exp(v, ® J),
(2) j(Mmoo,1) is the automorphy factor of [Pol20, Subsection 2.3], and

(3) {Ac: H;(Ay) — C} is a family of locally constants functions.
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Let ug € V be such that if {-,-}xo is the K invariant pairing on V, then

1, ifvo=/¢
l—v, l+v — ) )
So by definition, if m = m;m., € H;(A;)H;(R)*,
53)  {owpolmme)so} g = v(ma) ()| Ac(mg)j(mae, i) e im0,

Since Yy (9£950) = Qwe (95)Wi2rwe (9), Proposition 8.3 implies that ¢y, «(g) is factorizable
for all g € G;(Ay) and g € NJ(R)HJ(R):EKF}’OO. In particular, the functions Ao extend
to functions on G;(Ay) by the formula

(8.9) Aclgr) =

/ Ay (Unggr)du.
Sc(Ap)\ exp(v2®J)(Ay)

Here = means that the left-hand side is a constant multiple of the right hand side.

Lemma 8.4. Suppose C € JY\{0} is such that C > 0. Then the implied constant in (8.9)
1s non- zero and indepedent of C'.

Proof. In [Pol20, Section 11], the author constructs Klingen Eisenstein series on G, for
which the Fourier coefficients Ac are non-trivial. Hence, the non-vanishing statement is a
consequence of showing that the implied constant in (8.9) is independent from C'.

Assume C' > 0. Since the trace pairing (-,-); on J is positive definite, S¢ is contained in
exp(vy ® J) as subgroup of codimension 1. Hence, G, — S¢\ exp(vy ® J) via the map

(8.10) t — x(t) == exp(vy @ tC/(C,C)).

If R is a topological ring equipped with a measure, then S¢(R)\ exp(vy ® J)(R) inherits a
measure via (8.10). With this normalization, the implied constant in (8.9) is equal to

(8.11) €2ﬂ(1J’C)J/{WJ,Qﬂwc(x(t)na)>u0}KJ,oo dt.
R

Since n, € K§,, (8.11) simplifies to

2™ (17,0)g {/ WJ,27rwc(x(S)) ds, ng, - Uo}
R

Therefore, it suffices to show that

(812) 627‘—(071J)J./ WJ727er(ZL‘(S)) ds
R

is independent of C. If r¢(i) = (1, —il;, —1,,1); € W;(C), then

(we, x(s) - 1o(i))w,, = s +i(C, 17),.
Hence,by [Pol20, Theorem 1.2.1],

| Waznwelats s = 5= 3 - [

_i<v<t R

KJ,oo

<|$ + 27TZ(C, 1J)

a1\ .
s+2mi(C, 1)), ) Bullst2mi(C, 1)) ds.

Applying [Pol24, Lemma A.4] and the fact that (C,1;); > 0,

|s +2mi(C,15) 71\ ° ' B
/R( s+2mi(C, 1)), K, (s +2mi(C,1,),]) ds =

O 6727T(C’1J)J

N | —
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Hence, (8.12) is independent of C' as required. O

8.3. The General Cuspidality Criterion. We continue to assume J is a general cubic
norm structure with a positive definite trace form. The proof of the following lemma is
adapted from [Pol24, Lemma 13.6.].

Lemma 8.5. Suppose C' € JV is non-zero and define

Po: Gi(Af) = C, Pelg) = Qe (ug) du.

/90(Af)\exp(v2®J)(Af)
If g € GJ(Af), then

we (9) = /A Po(exp(akiy)g) da.

Proof. Using the measure defined by (8.10), $(g) = / Ay (exp(ve ® sx)g)ds where z =
Ag
C/(C,C). Then, if 5{0(; is the finite adelic part of the character ,,,, @ € Ay, and g € G;(Ay),

Polexp(aBin)g) = / g (exp(sv2 ® ) exp(aBin)g) ds
Ay

= [l ptason PlOB) e (xp(sts & ) ds
f

= Wi ((C, QsT) )y, (exp(svy @ x)g)ds.
Ay

Now fix gf € G;(Ay). Since ¢’ — ay.(9'gy) is smooth on G ;(Ay), there exists M, € Z such

o~

that for u € exp(M,ZE13), and ¢’ € Gj(Ay), aw.(9'ugs) = aw.(g'gf). Then
Polexp(akin)g) = / W ((Cyasz) g)aw. (exp(sve @ 2)g) [ W/ ((C,as'z);)ds'ds.
Ay /M,Z M,Z

So Bo(exp(abiy)g) # 0 implies a € Ve, = {o/ € As: o/ ((C, o/ M,Zz)) = 1}. Therefore,

/ Polexp(aFErr)g) da = / V((C, asx) j)aw,. (exp(sve ® x)g) ds do
Ay Vog J Ay

= /A A (exp(sv2 ® x)g) Y((C,asx)y)dads

Ve,g

= Z Ay, (exp(svy @ )g) Y((C,asz)y) da.

s€Q/M,Z Ve
The proof is now complete since if Y((C,asx)y)do # 0, then s € M,Z. O
Ve

Before completing the proof of Theorem 1.7 we require one additional lemma.

Lemma 8.6. Suppose J = G3 or J = H3(A) where A a composition algebra over Q such
that the quadratic norm on A is positive definite. If w € W;(Q) is non-zero and rank(w) < 4
then there exists m € H;(Q) and C € JV such that rank(w) = rank(C'), v(m) = 1, and

m-w = we.
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Proof. Applying [Pol20, Lemma 10.0.2], there exists an element m € H;(R) such that
vim) = 1 and m-w = (0,0,¢,d) for some C € JY and d € Q. In fact, the proof of
(loc. cit.) is valid when the field R is replaced by Q. Hence, we obtain m € H;(Q) such
that v(m) =1 and m - w = (0,0, C, d).

Since J contains a non-zero element y such that y# # 0, we may act on m - w through
the element nY(y) of [Pol20, Subsection 2.2] to ensure that C' # 0. Assuming C' # 0 and
d # 0, we may then arrange for the case when d = 0 by selecting x € J appropriately such
that (C,z) # 0, and acting on (0,0, C,d) by the element n(x) of (loc. cit.). In this way we
construct m € H;(Q) such that v(m) =1 and

m-w = we.

It remains to prove that rank(w¢) = rank(C'). This is immediate in the case when rank(w¢) =
3 since w) = (0,0,0, N;(C)), and so N;(C) # 0. For the case when rank(wg) = 2,
N;(C) = 0 since w}, = 0, and one can apply [Pol18, Lemma 4.3.4] to conclude that C# # 0.
Finally, when rank(we) = 1, rank(C') = 1 as a consequence of (loc. cit.). O

Proof of Theorem 1.7. Suppose ¢y, = 0. Then applying (8.8), if C' € JY then Ac(gy) =0
for all gf € G(Ay). Therefore, by (8.9), P(gs) =0 for all C' € JY and gy € G(Ay). Hence,
by the result of Lemma 8.5, ay,.(gf) = 0 for all C' € J¥ and gy € G(Ay).

We conclude that a,(g;) = 0 whenever w € W is in the same H;(Q) orbit of an element
of the form w¢ for C' € JY. Hence, by the result of Lemma 8.6, a,,(gs) = 0 for all gr € G(Ay)
and non-zero w € W satisfying rank(w) < 4. In case of J = G2, one may now complete the
proof by applying Corollary 5.5.

For the case when J = H3(A) it remains so that if pn,,, = 0 for all w € W satisfying
rank(w) < 4, then ¢ cuspidal. This is achieved by a similar argument to the one given in
Corollary 5.5. Namely, let U denote the intersection of the unipotent radicals of the maximal
parabolic subgroups containing a fixed minimal parabolic subgroup F,. In this case G; has
a rational root system of type Fj, and the description of the Lie(U) furnished by [Pol25,
Remark 9.4.7] implies that the constant term of ¢ along U takes the form

eu(g) = > PNyw(9)-

Since any element w € W; of the form w = (x, §22> , <§ § §> ,0) satisfies rank(w) < 4,

wu = 0, which implies that ¢ is cuspidal. U

8.4. The Hecke Bound Implies Cuspidality. We now return to considering the group
G = Spin(V) and recall that if a € 2Z~, then

‘/2,2 = an b ‘/1/,2'

Here V{, denotes the orthogonal complement of y, in V5. Before we establish the main
result of this section, we require one preparatory lemma.

Lemma 8.7. Given a € Z and T € V25(Q), let S be the projection of T' onto V7 ,.

(i) Suppose n,a € Z and T € Vao. If B = [nya,, T] then Q(B) = n*a(S, S).

(ii) Assume B € Vao(Z)®? is a primitive element satisfying rank(B) = 3 and B = 0.
Then there exists o € 2Z>y, and n,m,r € Z such that B is in M3 (Z)-orbit of the
element [y, —nby — mb_y4 + rb_3).
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Proof. Statement (i) is a direct computation. For (ii), we apply the primitivity of B and
[Bha04, Appendix Ch. II] to reduce to the case

B= [ya, —nb4 — mb_4 + T’b_g]
where a,n, m,r € Z. It remains to show that we may assume o > 0.
Since B > 0, [Joh+24, Proposition 4.13(i)] implies a > 0. Hence, without loss of general-
ity, we may assume « = 0. Then under (3.10), B maps to an element of the form
w = (r,0,0,1)
where b = (n,0,m) € E. Since rank(B) = 3,
w = (—r2,7b, 267, r) # 0.

Therefore, either r # 0 or b# # 0. Since Q(B) = r? + 4Ng(b) = 0, r # 0 and b* = 0
gives a contradiction. Hence, b% # 0 and Ty = —nby — mb_y + rb_s satisfies (T, Tp) # 0.
Therefore, since B = 0, [Joh+24, Proposition 4.13(i)] implies (75,73) > 0, which implies
mn > 0. Therefore, since a = 0, there exists k € Z such that ged(k, m,n) =1 and

(Ts + kyo, To + kya) > 0.

Hence, B is in the M3 (Z) orbit of an element [y, Ty] where Ty is a primitive element in
Vo2(Z) of positive norm. Hence, there exists h € SO(V22)(Z) and f € 2Zs; such that
h-Ty=ys, and B is in the M (Z) orbit of [ys, —h - ya], as required.

U

We are now ready to establish the main result of this section.

Theorem 8.8. Suppose £ > 5 and let ¢ € M,y(1) be a weight €, level one, quaternionic
modular form on G = Spin(V). Assume that if B € Va5(Z)®? is primitive and satisfies
B >0, then

041

Ag[B] <, Q(B) =
Then ¢ is cuspidal.
Proof. By the result of Proposition 8.1, it suffices to show that if B € V55(Z)%? is primitive

and rank(B) = 3, then A,[B] = 0. Hence, we assume B > 0 is primitive of rank 3. Then by
Lemma 8.7(ii), there exists a € Z>1, and n,m,r € Z such that

A,[B] = Ay[Ya, —nby — mb_y + 1b_3).
By (6.20), if S = —nby — mb_y — ry?/«,
Ap[B] = Ageyo) [S]-

Since S is the orthogonal projection of T' = —nby —mb_4 +7b_3 onto the V{,, Lemma 8.7(i)
implies (5, S) = 0. Hence, to show A,[B] = 0, it suffices to prove that {¥(y,) is cuspidal.

With a view to to applying Theorem 4.6, assume S" = —n'by —m'b_y —r'yy /o € V] 1(Z)¥,
satisfies (5’,.5") > 0. Then by (6.20), Aece(y.)[S'] = Ap[B'], where B' = [yo, —n'by — m/b_4 +
r'b_3]. Without loss of generality we may assume B’ > 0. Lemma 8.7(i) implies Q(B’) =
a(S’,S") > 0. Therefore, B’ > 0, and so by assumption

A8 = AolB] <, QBT <0 (51,8 %,
Hence, £%(y,) satisfies the hypothesis of Theorem 4.6, and is thus cuspidal. ]

Proof of Theorem 1.6. This is a direct consequence of Theorem 8.8 and Proposition 5.6. [
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