ON THE VANISHING AND CUSPIDALITY OF D, MODULAR FORMS
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ABSTRACT. We develop vanishing and cuspidality criteria for quaternionic modular forms
on G = Spin(4,4) using a theory of scalar Fourier coefficients. By analyzing a Fourier-
Jacobi expansion for these forms, we prove that a level one quaternionic modular form on
G vanishes if and only if its primitive Fourier coefficients are zero. Using this criterion, we
characterize Pollack’s quaternionic Saito-Kurokawa subspace by imposing equalities between
certain primitive Fourier coefficients. This characterization strengthens earlier work of the
author with Johnson-Leung, Negrini, Pollack, and Roy. We also study quaternionic modular
forms in the more general setting of a group G ; associated to a cubic norm structure J. Here
we establish a new relationship between the degenerate Fourier coefficients of quaternionic
modular forms, and the Fourier coefficients of the holomorphic modular forms associated
to their constant terms. As a consequence, we prove that in weights ¢ > 5, a level one
quaternionic modular form on Spin(4,4) is cuspidal if and only if its non-degenerate Fourier
coefficients satisfy a polynomial growth condition.
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Let G be the split spin group of rank 4 over the rational numbers. Given an automorphic
function ¢ on G, one can ask the following two fundamental global questions; (i) does ¢
vanish identically, and (ii) is ¢ cuspidal? The purpose of this paper is to apply a theory of
scalar Fourier coefficients to address problems (i) and (ii) when ¢ is a quaternionic modular
form on . Before we can formulate our results, we need to review some preliminary ideas.
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1.1. Quaternionic Modular Forms on G. In [Wei06], Weissman studies D, modular
forms, which are certain automorphic functions on G. Weissman’s work is influenced by
that of Gan-Gross-Savin [GGS02], who studied an analogous class of modular forms on Gs.
Pollack [Pol20] later studied a generalization of this class of automorphic forms in the setting
of a reductive group GG; associated to a cubic norm structure J. In Pollack’s conventions, a
weight ¢ € Z-y quaternionic modular form on G is a vector-valued automorphic function
that is annihilated by the Schmid differential [Sch] associated to a quaternionic G;(R) rep-
resentation in the sense of [GW96].
One notable feature on a Dy modular form ¢ is the set of scalar Fourier coefficients,

{Ay[B] € C: B = [T1,T] € My(Z)**\{[0, 0]} }.

The coeflicients A,[B] arise from taking Fourier coefficients of ¢ along a Heisenberg group
Np, which is the unipotent radical of a maximal parabolic subgroup P in GG. The existence
of A,[B] as scalar is non-trivial, and relies on results regarding the generalized Whittaker
vectors of quaternionic G(R)-representations ([Wal03, Theorem 16] and [Pol20, Theorem
1.2]). Another important feature of a D, modular form ¢, is the structure of their constant
term along Np. In [Pol20, Theorem 11.1.1], it is shown that the constant term ¢y, gives
rise to a holomorphic modular form ® on a Levi factor Mp of P. More specifically, the
derived subgroup M& is isomorphic to SL3, and @ is the automorphic form associated to a
holomorphic modular form on three copies of the upper half plane.

1.2. Primitivity in the Fourier Expansion of D, Modular Forms. Given an automor-
phic form ¢, it is generally important to develop criteria to assess whether ¢ is identically
zero. When ¢ has scalar Fourier coefficients, these may be applied to study the vanishing of
¢ in unique ways. For example, let ¢ be the automorphic function on Sp,(Aq) associated
to a Siegel modular form F,, of level one, and genus 2. Then F, admits a Fourier expansion

Fo(Z) =) A,[T)exp(2nitr(TZ)).

T>0

Here Z is an element in the Siegel upper half space of genus 2, and 7' = [a, b, ¢| runs over the
set of positive semi-definite, integral, binary quadratic forms. The complex scalars A,[T] are
the Fourier coefficients of . Say that the coefficient A, [T is primitive if ged(a, b, ¢) = 1.

Zagier [Zag81, pg. 387] proves that ¢ vanishes identically if and only if each of the primitive
coefficients A,[T] is 0. The interplay between the vanishing of the coefficients A,[7"], and
the vanishing properties of ¢ has since developed into an area of significant interest. For
example, Saha [Sah13] proves a refinement of Zagier’s Theorem, which in the case of cuspidal
©, characterizes the vanishing of ¢ using a sparser subset of fundamental Fourier coefficients.
The result of (loc. cit.) is generalized to vector valued, possibly non-cuspidal, Siegel modular
forms of arbitrary genus in [BD22]. We refer the reader to the introductions in [AD19; Sah13]
for a survey of similar vanishing results. Our first main theorem, is an analogue of Zagier’s
Theorem for D, modular forms.

Theorem 1.1. Let ¢ be quaternionic modular forms on G of weight £ > 0 and level one
such that A,[B] = 0 for all primitive B € My(Z)®*. Then ¢ = 0. Here we say that a pair
B € My(Z)%? is primitive if Q-span{ B} N My(Z)®? = Z-span{B}.

In the setting of quaternionic modular forms on Gg, [GGS02, Theorem 16.12], gives an

analogue of Theorem 1.1, showing that a level one cuspidal quaternionic Hecke eigenform on
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(G5 is zero if and only if its primitive Fourier coefficients are zero. Our proof of Theorem 1.1,
which does not generalize to modular forms on G5, utilizes certain Fourier-Jacobi coefficients
for D4 modular forms. To define these coefficients, let R = MrNg be a maximal parabolic
subgroup of G corresponding to an outer vertex in the Dynkin diagram of G, and write Ng
for the abelian unipotent radical of R. Given a character x: Ngr(Q)\Ngr(A) — C, the x
Fourier-Jacobi coefficient of ¢ is

Fle;x)(g) = p(ng)x'(n)dn.

/NR(Q)\NR(A)

When ¢ is cuspidal, the coefficient F(ip; ) is studied for a specific non-degenerate character
X in [Joh+24, Corollary 7.6]. In [Pol24, Theorem 7.12], a generalization of F(¢;x) is ana-
lyzed for non-degenerate y, when ¢ is a cuspidal quaternionic modular on certain exceptional
groups in types Fy, Fg, Fr, and Eg. In the present work, we study the coefficients F(; x)
for a general non-trivial character y, without assuming ¢ is cuspidal.

To prove Theorem 1.1, we apply the coefficients F(y; x) to adapt the original proof of Za-
gier’s Theorem [Zag81, pg. 387] into the setting of Dy modular form. The implementation
of this proof strategy on G presents several novelties.

Firstly, the analytic properties of the non-degenerate Fourier Jacobi coefficients are sig-
nificantly more difficult to analyze in the case of Dyj-modular forms. Indeed, the classical
Fourier-Jacobi coeflicients of a Siegel modular form F’ easily inherent their holomorphy prop-
erties from those of F. Similarly, the non-degenerate Fourier-Jacobi coefficients F(; x) obey
certain holomorphy properties, however, these properties are more difficult to prove since ¢
is not holomorphic (see Proposition 6.7). In particular, our analysis of the non-degenerate
coefficients F(¢; x) depends on the explicit formula for the generalized Whittaker function
of quaternionic G(R)-representation proven in [Pol20, Theorem 1.2].

Secondly, the unipotent radical Ng supports non-trivial degenerate characters, and the
degenerate coefficients F(p;x) must be analyzed separately from the non-degenerate co-
efficients. This makes the proof of Theorem 1.1 more challenging in the case when ¢ is
non-cuspidal. More specifically, to prove Theorem 1.1 for non-cuspidal ¢, we establish a
new relationship between the degenerate Fourier coefficients A,[B] of ¢, and the Fourier
coefficients of the holomorphic modular form ® (see Proposition 6.5). In Subsection 8.2, we
show that this relationship is true in the generality of quaternionic modular forms on the
group (; associated to a cubic norm structure J.

Remark 1.2. Yamana [Yam09] has shown that the proof of Zagier’'s Theorem is broadly
applicable to holomorphic modular forms on classical groups. Likewise, by making use of
the orthogonal Fourier Jacobi expansion studied in [Pol24], the forthcoming work [McG26]
generalizes our proof of Theorem 1.1 to the quaternionic modular forms on the group G.
It is natural to consider Theorem 1.1 first in the setting of the group G on account of
Theorem 1.5, which applies to the quaternionic Maass Spezialschar of [Joh+24], and has no
known analogue outside of type D, (see Remark 1.6). Another reason to focus on type Dy
is because the arithmetic invariant theory of SLy(Z)* acting My(Z)®? is particularly rich.
More specifically, we have the following conjecture, which is unique to type Dj.

Conjecture 1.3. Let ¢ be a cuspidal quaternionic modular forms on G of weight ¢ > 0 and
level one such that A,[B] = 0 for all projective B € My(Z)*®2. Then ¢ = 0. Here the term
projective has the same meaning as in [Bha04, §2.3, pg. 221].

3



1.3. An Application to The Quaternionic Maass Spezialschar. Let SOg denote the
split special orthogonal group of rank 4 over Q. Then SOg supports a theory of quaternionic
modular forms which is closely related to the theory of modular forms on G. In fact, if
@ is a quaternionic modular form on SOg of level 1, then ¢ is uniquely determined by its
pull back to G (see Lemma 7.2), which is a quaternionic modular form on G. As such, a
level one quaternionic modular form ¢ on SOg has an associated set of Fourier coefficients
{A,[B]: B € My(Z)#*\{[0,0]}}, for which the statement of Theorem 1.1 holds true.

In [Pol21], Pollack studies the theta correspondence arising from the dual pair Sp, xOs,
and describes the lifting of a level one holomorphic modular form F' on Sp,, to a level one
quaternionic modular form 6*(F') on SOg. The Fourier coefficients of the quaternionic Saito-
Kurokawa lift 0*(F) are given as linear combinations of the Fourier coefficients of F' [Pol21,
Theorem 4.1.1]. In [Joh+24], the authors characterize the quaternionic modular forms 6*(F)
using a system of linear equations. This result is analogous to the characterization of the
classical Saito-Kurokawa subspace via the Maass Relations; see for example [EZ85, §6, (9)].

In Section 7, we refine [Joh+24, Theorem 1.3], to characterize the modular forms 6*(F)
in the style of [Zag81, Theorem 1 (iii)], which states that a level one, genus 2 Siegel modular
form F, is a Saito-Kurokawa lift if and only if each primitive Fourier coefficient A,[T’] only
depends on the discriminant disc(7"). Our characterization uses a construction of [Bha04],
which associates B = [T7, T,] with the binary quadratic form in variables x and y given by,

T(B) = det(2Ty — yT3).
We also require a more refined notion of primitivity (see [Joh+24, Definition 5.4]).
Definition 1.4. Say that [T}, Ty] € My(Z)®? is strongly primitive or slice primitive if
Q-span{T}, To} N My(Z) = Z-span{Ty, T }.

As progress toward Conjecture 1.3, we establish Corollary 6.11, showing that a cuspidal
D4 modular form ¢ vanishes if and only if the slice primitive Fourier coefficients of ¢ are
zero. Combining [Joh+24, Theorem 1.3] and Corollary 6.11 yields the following application.

Theorem 1.5. Suppose ¢ > 16 is even and let ¢ be a level one, cuspidal, quaternionic
modular form on SOg of weight ¢. The following are equivalent:
(i) There exists a level one, weight ¢, Siegel modular form F on Sp, such that ¢ = 0*(F).
(i) If B, B' € My(Z)%? are slice primitive and satisfy T(B) = T(B'), then A,[B] = A,[B'].

The problem of characterizing theta lifts is well studied within the general theory of
automorphic forms. For example, in the case when ¢ is a certain type of quaternionic Hecke
eigenform on G, condition (a) above is equivalent to the condition that ¢ admits a non-zero
period along an embedded copy of SOg in SOg [Joh+24, Corollary 9.8]. As such, Theorem 1.5
posits an indirect connection between the slice primitive Fourier coefficients A,[B], and the
study of automorphic period integrals. Further connections to the properties of automorphic
L-functions are available via the Rallis inner product formula; see for example [Yam14].

Remark 1.6. Theorem 1.5 seems to be particular to the case of quaternionic modular forms
on SOg. Indeed, if n > 2, then [Pol21, Theorem 4.1.1] describes a more general situation,
involving a class of quaternionic modular forms on SO(4,n+ 2) that are theta lifts from Sp,.
It appears that these theta lifts on SO(4,n + 2) only admit a characterization in the style of
Theorem 1.5 in the special case when n = 2. Indeed, if x is a non-degenerate character of
Ng, then the stabilizer of x in M& is identified with Spin(2, 3), and Spin(2, 3) ~ Sp, via an
exceptional isomorphism. The proof of Theorem 1.5 makes essential use of this identification.
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1.4. Characterizing Quaternionic Cusp Forms via a Hecke Bound. A central ques-
tion in the theory of automorphic forms is the problem of determining whether a given
automorphic function is cuspidal. This question interacts in fascinating ways with theories
of scalar Fourier coefficients. For example, assume F,, is a level one, genus 2 Siegel modular
form of weight ¢ > 4. Then, Kohnen-Martin [KM14, Theorem 2.1] prove ¢ is cuspidal if and
only if A,[T] < |disc(T)|*? for all positive definite forms 7. The aforementioned theorem
has an antecedent in [Koh10], where it shown that certain elliptic cusp forms are similarly
characterized by the sizes of their Fourier coefficients. These results relate two fundamental
properties of modular forms; the growth of their Fourier coefficients, and cuspidality. As
such, they are of broad interest. For example, in [BD14], the authors reprove [KM14, Theo-
rem 2.1] by a different method, and extend the result to Siegel modular forms of higher genus.
We recommend the introduction to [Das25] for an overview of related work. In Section 8,
we establish an analogue of [KM14, Theorem 2.1].

Theorem 1.7. Suppose ¢ is a level one, quaternionic modular form on G of weight { > 5.
Then @ is cuspidal if and only if, for all B € My(Z)®? satisfying disc(T(B)) < 0,

(1.1) Ay[B] <, |dise(T(B))| >

To the author’s knowledge, Theorem 1.7 is the first instance of a result characterizing the
cuspidality of quaternionic modular forms, on any group, via the growth of their Fourier
coefficients. With that having been said, in [GGS02, Proposition 8.6], the authors establish
the bound (1.1) for cuspidal quaternionic modular forms on Gs. In Proposition 5.8, we
generalize the technique of (loc. cit.) to establish the bound (1.1) for all cuspidal D, modular
forms. To prove the converse implication of Theorem 1.7, the Fourier-Jacobi coefficients
F(p;y) are of indispensable use, as are the ideas underlying the proof of [KM14, Theorem
2.1]. The proof of Theorem 1.7 also requires a general cuspidality criterion for quaternionic
modular forms (Theorem 1.8), which we believe is of independent interest.

To set up Theorem 1.8, let C' denote a composition algebra over Q, and write H3(C')
for the cubic norm structure consisting of 3 x 3 Hermitian matrices with entries in C. Let
J =G3 or J = H3(C), and write G for the Q-rational algebraic group associated to J in
[Pol20]. So, G is an adjoint group of real rank 4 and type Dy, Fy, Fs, E7, or Es. Let P; be
the Heisenberg parabolic subgroup of G, and write N; for the unipotent radical of Pj.

Theorem 1.8. Suppose ¢ is a quaternionic modular form on G ;. Write gy, for the constant
term of ¢ along the unipotent radical Ny. If pn, =0, then ¢ s cuspidal.

Theorem 1.8 has application to the study of algebraicity results. For example, in the forth-
coming work [Hu+26], the authors apply Theorem 1.8 to prove that the Fourier coefficients
of certain degenerate Heisenberg series on (G ; are algebraic numbers.

For the proof of Theorem 1.8, we assume J is any cubic norm structure with a positive
definite trace pairing. As a consequence of [Pol20, Proposition 11.1.1.], if ¢ is a quaternionic
modular form on G, then ¢y, gives rise to a holomorphic modular form ® on a Levi sub-
group of P;. In Proposition 8.3, we show that the Fourier coefficients of ® are given as finite
sums of the degenerate Fourier coefficients of ¢. Conversely, if J is a cubic norm structure
of the type appearing in Theorem 1.8, then Lemma 8.5 and Lemma 8.6 imply that every
degenerate Fourier coefficient of ¢ is a finite sum of Fourier coefficients of . Hence, in the
setting of Theorem 1.8, the vanishing of ¢y, implies that all degenerate Fourier coefficients

of ¢ are zero, which can used to deduce the cuspidality of ¢ (see Subsection 8.3).
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Remark 1.9. Our proof of Theorem 1.7 does not directly generalize to quaternionic modular
forms in other Dynkin types. This is because we use a unique features of D, modular form.
Namely, in Proposition 8.1, we show that if ¢ is a level one, non-cuspidal, D, modular form,
then ¢ has a non-zero, primitive, rank 3 Fourier coefficient. We refer the reader to [Pol18,
Definition 4.3.2] for the definition of rank in this setting. In forthcoming work [McG26],
we combine Theorem 1.8, with the results of [Pol24], to give a uniform proof of Theorem
1.7 in types Dy, Fy, Fg, E7, and Es. The benefit of Proposition 8.1 is that it implies a
stronger version of Theorem 1.7. More specifically, in Theorem 8.8 we show that a level one
D, modular form ¢ is cuspidal if, for all primitive B € My(Z)®? satisfying disc(T'(B)) < 0,
A[B] <, |disc(T(B))| = . In other words, the cuspidality of ¢ is characterized by the

growth of the primitive, non-degenerate Fourier coefficients A, [B].

1.5. The structure of paper. Section 3 fixes notation and recalls basic properties of the
group G. In Section 4 we review preliminaries on holomorphic modular forms. Section 5
introduces quaternionic modular forms on G and recalls the structure of their scalar Fourier
coefficients. The orthogonal Fourier-Jacobi expansion for quaternionic modular forms on G
is developed in Section 6, where the vanishing criterion of Theorem 1.1 is proven. Section 7
applies this result to yield Theorem 1.5. Finally, in Section 8, we analyze the degener-
ate Fourier coefficients of quaternionic modular forms on G, and prove Theorem 1.8 and
Theorem 1.7 .
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3. ALGEBRAIC PRELIMINARIES

3.1. Standard Notation. The symbols Z, Q, C, and R denote the rings of integers, ra-
tional numbers, complex numbers, and real numbers respectively. Given a prime number p,

Z, and Q, are the rings of p-adic integers and p-adic numbers respectively. Let A denote
the adele ring of Q, and ¥: A/Q — C* be a fixed non-trivial additive character of A/Q.

3.2. The Quadratic Space V. Throughout, (V, ¢) denotes a non-degenerate split quadratic
space over Q of dimension 8. Write (z,y) = ¢(x + y) — q(z) — q(y) for the bilinear form
associated to ¢ and let

{bl7 b27 b37 b47 6747 b*37 b727 b*l}

be a basis of V' consisting of isotropic vector by;, 1 = 1,...4. We choose this basis so that

(byi,byj) = 0 and (by;,bgj) = 0, for all 4,5 = 1,...,4. Here §;,; denotes the Kronecker

delta symbol. Next, we let U C V be the isotropic two-plane spanned by {b;,b,}, and UY
6



denote the isotropic two plane spanned by {b_1,b_2}. Write V55 to denote the orthogonal
complement of U + UY in V. So (Va,q) is a split quadratic space of signature (2,2) and

(3.1) V=U®VeaU".

Later, it will be convenient to identify V5o with the space of 2 x 2 matrices My over Q with
q\vl2 equal to the determinant of M,. We form this identification V5o = M, via the map

10 0 0 0 O 0 1
(3.2) b3|—><0 O)’ b3|—><0 1), b4r—>(_1 O)’ b4r—><0 O)'

Similarly, we let V3 3 denote the orthogonal complement of Qb; +Qb_; inside V. So V' admits
an orthogonal decomposition

(3.3) V=Qb & V33® Qb-1,
where V33 = (Qb; + Qb_1)* is a split quadratic space of signature (3, 3).

3.3. The Group G. Throughout the paper, G = Spin(V') denotes the spin group associated
to the split 8-dimensional quadratic space V. We fix a covering homomorphism 7: G —
SO(V). Consider embedding of SO(V')-modules,

(3.4) /2\V — End(V)

sending vy A vy € /\2 V to the endomorphism vy A vy - & = (x,v)v; — (2,v1)vy Where x €
V. Then (3.4) induces an identification between A?V and Lie(SO(V)). Furthermore, (3.4)
promotes to an identification of Lie algebras where the bracket on A%V is defined by

(3.5) v Aw, V' AW =wAw- V) AW+ A (VAW W),

As such, A%V gives a model for the Lie algebra of G, in which the adjoint action is described
by g- (v Aw) = gv A gw for g € G and v,w € V.

The Lie algebra Lie(G) admits another model gg, defined via an algebraic structure £
known as a cubic norm structure. We refer the reader to [Pol18, §4.2] for the general definition
of cubic norm structures. For our purposes, an important example will be the cubic norm
structure, £ = G2, which consists of 3 by 3 diagonal matrices (z1, 29, 22).

As a subset of the space of 3 by 3 matrices, F naturally carries a multiplicative structure.
The cubic norm structure on E is specified by the choice of base point 1p = (1,1,1),
the norm Ng: E — G, given by Ng(Z) = det(Z), and the adjoint on F, which is the
quadratic map (-)#: E — E given by (21, 20, 23)" = (2223, 2321, 2122). For Z, Z' € E one sets
Zx 7' =(Z+ 2" - Z# — (Z')#. We define a trace pairing (Z, Z') g = 212} + 222 + 2325,
which induces an identification £V = E.

Let V3 = Span{ey, €2, e3} be the standard representation of SLs, and V3" = Span{d, 02, 93}
its dual. Then V3 and V5’ are endowed with an action of the Lie algebra sl;. Let E° be
the trace 0 subspace of E. So E consists of elements Z € E such that (Z,1g)g = 0.
Equivalently, we view elements of E° as endomorphism of E, where an element v € E°
corresponds to the endomorphism V,,: £ — E, which is given by x — ux.

As a vector space, gg is given as

(3.6) gr=(sL o E)® (Va3 E)® (V' @ EY)

We refer the reader to [Pol20, §4] for the definition of the Lie bracket on gg.
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3.4. The Heisenberg Parabolic Subgroup P. Let U (resp. UY) denote the isotropic
subspace of V' with basis {b1,by} (resp. {b_2,b_1}). The Heisenberg parabolic subgroup
P < @ is defined as the stabilizer
P= Stabg(U).

The Levi decomposition of P takes the form P = MpNp . Here Np is the unipotent radical
of P and Mp is the Levi factor Mp = Stabp(U"). Equivalently, P is the parabolic subgroup
associated to the grading on Lie(G) defined by the element hp := by Ab_y + by A b_s. That
is, ad(hp) has eigenvalues —2,—1,0, 1,2 on Lie(G), Lie(Mp) is the 0 eigenspace of ad(hp),
and Lie(Np) is the direct sum of the 1 and 2 eigenspaces of ad(hp).

Using the definition (3.5), Lie(Mp) = U AUY 4 Voo A Voo, and so

Lie(Mp) = Lie(GL(U)) @ Lie(SO(Va,2)).
Since G is semi-simple and simply connected, the same is true of the derived subgroup Mg
[Spr98, 8.4.6(6)]. Therefore, since Lie(M &) = Lie(SL(U)) @ Lie(SO(Va ),
M3 = SLy x SLy x SLs .

Since Lie(Np) = U AU 4+ U A Vs, the center Z < Np equals the A = 2 eigenspace of hp.
Thus Lie(Z) = Q-span{b; A by}, [Np, Np] = Z, and the Lie algebra of N& := Np/Z is
Lie(N2*) = {by Av + by Av' + Lie(Z): v,0' € V2,2}. If Ty, Ty € Voo, let
(37) €mn,T) NP(Q)\NP(A) — C~*
be the character associated to the functional by A v+ by AV — (T1,v) + (T, 0').

As a module over Mp(Q), the character lattice of Np(Q)\Np(A) is
(38) U\/ X ‘/272 :> HOIH(NP(Q)\NP(A), Cl), b_l X T1 + b_2 X T2 —> 5[T1,T2]~

Via the isomorphism [Joh+24, Theorem A.8], Lie(N2") is identified with the subalgebra of
192} giVGH by Lle(N]aib) = QE12 +e ® E+ 53 & EV + QEQI, and Lle(Z) = QElg.
Consider, W :=Q® E & EY & Q as a symplectic vector via the form

{(a,b,c,d), (d',b, ¢, d))w, =ad — (b, )+ (¢,V)p — dd,

where a,d’,d,d € Q, b,b € E, and ¢,¢ € EV. Given w € Wg, let &, denote the character
of Np associated to the functional aFs + e; ® b+ 05 ® ¢ + dE9 — (w, (a, b, ¢,d))w,. Then
w — &, induces a second identification

(3.9) Wg = Hom(Np(Q)\Np(A),CY).

By [Joh+24, §7.4], under the isomorphism Wy ~ UY ® V45 induced by (3.8) and (3.9), if
w = (a,diag(S31, B2, Bs), diag(v1, v2,73), d) € Wg then, e, is identified with [z, ) where

(3.10) (11, T5] = [y1b—4 — Pob_g + dbs + v3bs, —B3b_4 + ab_3 — y2b3 — B1bs).

3.5. The Orthogonal Parabolic Subgroup R. Let R denote the parabolic subgroup of
G that stabilizes the line Qb;. Then R admits a Levi decomposition R = MrNgr where Mg
is the subgroup of R stabilizing the line Qb_;, and Nz < R denotes the unipotent radical of
R. Equivalently, R is the parabolic subgroup of G associated to the element hgp = by A b_q,
which acts on Lie(G) with eigenvalues —1,0, 1. Since Lie(Mg) = by Ab_q + /\2 V3 3 equals to
the A = 0 eigenspace of ad(hg),

(3.11) Lie(Mp) = Lie(GL(Qb)) @ Lie(SO(Vs3)).
8



Hence, M ~ Spin(V33), and the identification Lie(Ng) = b; A Va3 gives an M&-module
isomorphism between V33 and the character lattice of Ng(Q)\Ng(A). Precisely, we have
(3.12) V33(Q) = Hom(Ng(Q)\Ng(A),C*), y— X,

where x,(exp(b; Av)) = ¢((v,y)) for all v € V33(A) and y € V53(Q).

3.6. The Siegel Parabolic Subgroup ('. In this subsection we assume that y € V33
is orthogonal to the plane Q-span{by,b_»} and satisfies (y,y) # 0. Define V35 to be the
complement of Qy inside V33, so that Vj 3 is a rational quadratic space of signature (2,3).
The group M’ = M, is defined as

(3'13) M = Stabspin(VS,s)(y) = Spin(ViS).

Since y is orthogonal to Qbs, M’ contains a parabolic subgroup )" defined as the stabilizer
in M’ of the line Qby. Write Q)" = Mg N for the Levi decomposition of )’ where

MQ/ = StabQ/(Qb,Q).
We let V/, denote the orthogonal complement of Qbs + Qy + Qb_» inside of V3 3. Then My
acts on V; 3 preserving the decomposition V33 = Qby + V5 + Qb_s.

The unipotent radical Ng» < @' is abelian, and may be identified as a module over the
derived subgroup Mg" ~ Spin(V{,) according to the map V/, = Ng, v — exp(by A v). As
such, Hom(Ng (Q)\Ng (A), C') is identified with V/,(Q) via
(3.14) Vi5(Q) = Hom(Ng (Q)\Ng/(A),CY), S epg.

Here the character € g is defined in (3.7).

3.7. Compact Subgroups. Let V* be the definite 4 plane in V(R spanned by the vectors
1 1 1 1

= by +0_1), by +b_s), bs + b_3), by +b_
Uy \/5( 1 1), U \/5( 2 2), U1 \/5( 3 3), U2 \/§( 4 1)
Set V7~ := (V*)+ so that V™ is the negative definite subspace spanned by
1 1 1 1
Uy =—=(0b1 —b_1), u_9=-—7(bs—b_3), v_1=-—7(b3—b_3), v_9=—7(bsy—b_y).
1 2( 1 1) 2 \/i( 2 2) 1 \/5( 3 3) 2 \/5( 4 1)

The maximal compact subgroup K., < G(R) is defined as
K, = Stabg(R)(V+).

Then the Lie algebra £, = Lie(K ) is the 1 eigenspace of the Cartan involution 6: A?V —
A%V given by 0(b; Absj) = b_; Abxj. Set pg to be the —1 eigenspace of §. Then if € = £, ® C
and p = po ® C, we obtain a Cartan decomposition of g = Lie(G) ®q C as g =t p.

At the level of groups, we have a homomorphism

(3.15) Spin(V™*) x Spin(V™) — K., (g,h) — gh,

which is induced by the inclusions of Clifford algebras Cl(V*) — CI(V(R)). The kernel
of (3.15) is the diagonally embedded py = {(1,1),(—1,—1)}. By comparing dimensions,
it follows that the derivative of (3.15) is an isomorphism. Hence, K2 = (Spin(V") x
Spin(V7))/ue. Since G is simply connected, and simple, G(R) is connected. Hence, K, =
K%, and K, = (Spin(V™") x Spin(V™))/pa.
When we define quaternionic modular forms on GG in Subsection 5.1, it will be necessary
9



to speak about a distinguished three dimensional representation V of K. To define V, we
make a Lie algebra argument. Following [Joh+24, §3.4], consider the SLy triple in g:

(i) et = (w1 — iug) A (v — ivs)

(11) h+ = Z(Ul A ug +v1 A Ug) = %(Ul — ZUg) VAN (Ul + ZUQ) + %(’Ul — i’l)z) N (U1 + iUQ)
(ili) f = —3(u + iu) A (v1 + ivy).
Then K, acts on sly = C-span{et, h™, f*} via the adjoint representation, which defines the
representation V. We choose a basis z,y of C? = V; so that V is identified with Sym?V; via

et = —a?, ht =2y, f* =y> For [ € Z>,, we write V, for the /" symmetric power of V.
So
(3.16) V, = Sym*(V4),

which has a basis 2%, 2% 1y, ... 2?1 y*.  The Lie algebra so(V 1) contains a second SLs

triple sl;, which is obtained by replace vy with —v, in the definition of sly. Then so(V*) =
sly@sl,. Similarly, so(V ~) admits an orthogonal decomposition as so(V ™) = sl + 5’ where
sy (resp. sl) is obtain by replacing u; with u_; and v; with v_; in the definition of sly (resp.
sl;). In this way, we present £ = £ ®r C as

(3.17) t = sl @ sl @ sl) sl
Write L < K., to denote the subgroup of K, with Lie algebra sl; + s[5 + sl;". Then
Ko = (SU(2) x L)/ ps.

and L = SU(2)xSU(2)xSU(2). The embedding p» — SU(2)x L sends —1 to (—1, —1,—1, —1).
Thus if V5 denotes the standard two dimensional representation of SU(2) and W = Vo, ®@ Vo ®
Va, then Vo KW gives a representation representation of K, and as K -module, we have

(3.18) p=TV, W

4. PRELIMINARIES ON HOLOMORPHIC MODULAR FORMS

4.1. Holomorphic modular forms on M’. Suppose y € V; 3 satisfies (y,y) > 0. Recall the
orthogonal parabolic subgroup R = MrNg and the subgroup M’ = Spin(V; 3) of Subsection

3.5. Let y =y/+/(y,y) and let g, € G(R) be any element satisfying

Gy V1 =Y, Gy Ut1 = Ut1, Gy U2 = U42, Gy V42 = U4o.

Then g, K g, !is the maximal compact subgroup in G(R) stabilizing the 4-plane spanned by
{ur, ug, 7, v2}. Let K, == (9,Kxg,"') N M'(R) be the maximal compact subgroup of M'(R)
stabilizing the subspace R-span{us, vs} and write Vi to denote the representation of K, on
the vector space V obtained by k- v = g, kg, - v.

Recall that V7, denotes the complement of Qb, + Qy + Qb_5 in V3 3. Then the symmetric
domain M'(R)/K, is identified with the complex manifold

b, = {X +iV € V], ®q C: (Y,—V2v;) > 0 and (Y,Y) > 0}.

To identify M'(R)/K, with b, recall that V5 5 denotes the complement of Q-span{y} in Vz 3.
Then b’, maps into the subspace of isotropic elements in V3 3 ®q C via the map

(4.1) by, — Va3 ®q C, Z—r(Z):=—q(Z)by+ Z + b_s.
10



This yields an action of the identity component M'(R) on b; as follows: If g € M'(R), then
there exists a unique element j,(g, Z) € C* and a unique element gZ € b; so that

gr(Z) = jy(g, 2)r(92).
Observe that j,(g, Z) = (gr(Z), by) and K, is the stabilizer of i(—+/2v;) in M’(R)). Moreover,
Jy (s, —iv/205) K, — C* is a character.

Later, we will specialize to the case when y = bs + ab_3/2 with a € 2Z . In this case we
have explicit coordinates on b given as follows. Let yy = b3 — ab_3/2 so that

Vi = Z-span{bs, y,, b4}
Then a general vector Z € V{, ®q C takes the form
(4.2) Z =—1'by+ zyy — Tb_4
where 7/, 7, 2 € C. A short computation shows that with notation as in (4.2), Z € b, if and
only if Im(7) > 0, Im(7’) > 0, and Im(7) - Im(7") — %Im(2)2 > 0.

Definition 4.1. Suppose ¢ € Z, and ' C M’'(R) is a discrete subgroup. We say that
f b, = C is a holomorphic modular form of weight ¢ and level I if:

(1) f is holomorphic,

(2) f(vZ) =4, (v, 2)' f(Z) for all Z € b, and v € I, and

(3) £(g) := (g, —ivV2v2) " f(g - (—iv/2vy)) : M'(R) — C is of moderate growth.

Definition 4.2. Suppose ¢ € Z, and I' C M’'(R) is a discrete subgroup. We say that a
function ¢ : M'(R) — C is the automorphic function associated to a holomorphic modular
form of weight ¢ and level I if £ is of moderate growth and satisfies the following conditions:

(1) if goo € M'(R) and v € I' then §(79s0) = £(9oo),

(2) if goo € M'(R) and k € K, then £(gook) = j,(k, —iv/202) 7%€(gno), and

(3) if goo € M'(R) and Z := g, - (—iv/203) € b, then the formula

F(Z) = jy (oo, =1V 202) ¢ (goo)

is holomorphic in Z.

4.2. The Fourier Expansions of Modular Forms on M'. We continue with the notation
of the previous subsection. Thus y € V33 denotes a vector in the orthogonal complement to
R-span{ug, vo} satisfying (y,y) > 0. Furthermore, we assume that y is orthogonal to by, in
which case M’ contains the parabolic subgroup )’ = Mg N¢ of Subsection 3.6.

Since the unipotent radical Ng is abelian, we may apply the identification (3.14) to Fourier
expand an automorphic function £: M'(Q)\M'(A) — C in characters of Ng/ (Q)\Ng/(A) as

(4.3) o) =g+ >, &sl)

SeV! ,(Q): 5£0

Here g € M'(A) and &s(g) = / £(ng)ep s (n)~" dn.
Ngr(Q\Ng/ (A)
For the remainder of this subsection, we specialize to the case when y = nbs + nab_3/2,
where n € Z>; and o € 2Z. For this choice of y, the complement of Qy in Vi3 is

V2/,3 = Q-span {52, by, b_y4, y&/, 5—2}
11



where

«
Yo = bz — 5573-

Let M'(Z) = M'(Q)NG(Z) viewed as a discrete subgroup of M’(R). Regarding the stucture
of M'(Z), we record the following elementary result.

Lemma 4.3. Let V/y(Z) = Z-span {by, y.,b_4}. Then
(4.4) No(Q) N M'(Z) = {exp(ba Av): v € V] ,(Z)}.
Suppose £: M'(R) — C is the automorphic functions associated to a holomorphic modular

form of weight ¢ and level M'(Z). Writing Ng/(Z) = Ng(R) N M'(Z), the character lattice
of Ng/(Z)\Ng (R) is identified with the Z-linear dual of V/,(Z), i.e.

Vi45(Z)" = Z-span {b4, éyg, 64} :
More precisely, we have an My (Z) equivariant identification
(4.5) Vi5(2)" = Hom(Ng(Z)\Ng/(R),C"), S ep,s.
Thus if goo € M'(R), Z = g - (—iv/203), and
Fe(Z) = jy(9oor —iV/202) € (g00),
then fe Fourier expands along Ng/(Z)\N'(R) as
(46) f2) = Y AdS]exp(2ri(S, 2)).
SEVII,2(Z)¥0
Here the scalars A¢[S] are the Fourier coefficients of £ and
Via(Z)2o = {S € Vi5(Z)": (5.8) 2 0, (S, —v2v5) > 0}.
The condition S € V/,(Z)¥, is a consequence of the Koecher principle.
Using (4.2), and writing
S = —nby —mb_, — zy;/
with n,r,m € Z, the expansion (4.6) takes the form )
Y,

(47) fg(’]’l7 z, T) = Z Ag[_nbzl _ mb_4 o aya]GQﬂ'i(T/m—i-nT—i-rz)'

n,r,m € Z
n,m,2anm —r2 >0

Grouping terms in (4.7) gives the classical Fourier-Jacobi expansion (see for example [EZ85]),
fe(T!, 2,7) = Zm6Z>0 G (T, 2)e>™™  where

T .
. = Al—nbs — mb_4 — — \% 27rz(m-+'rz)'
(4.8) G (T, 2) g ¢[—nby —mb_y aya]e

n,r €4
n,2anm —r2 >0

The coefficients ¢,,, satisfy the following well known transformation law.

Lemma 4.4. Suppose (¢%) € SLy(Z), z € C and 7 € C satisfies Im(r) > 0. Then

ar+b 2 2mimez a2 P
4. m\ 3 5] = - 1 d)" om y <)
(4.9) ¢ (cr+d c7'+d> exp( cT+d )(CT+ ) 9m(72)
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Proof. The transformation law (4.9) follows from property 2 of Definition 4.1. In more detail,
recall the Q-rational morphism from M’ to SO(V; 3) defined via the action of M’ on Vj ;.
Writing elements of SO(V} 3) as matrices relative to the basis {by, by, Yy, b_4,b_2}, we consider

ab
(4.10) v: SLy — SO(Vy ), vy = (OCL Z) = () = (Cdl . b) .

Then ¢ lifts to give a map i: SLy — M.
Suppose v = (¢}) € SLy(Z). Applying the description of the action of M" on b; given
n (4.1), one calculates that with respect to the coordinates (4.2), j,,.(i(y), Z) = ¢ + d and

c(rm’ — 22a/2) +dr’ 2 ar+b
cr+d "ot +d et +d

(4.11) i(y) (7, 2,7)= (

Using (4.11) in tandem with the Fourier-Jacobi expansion of f¢, we obtain

(012) i) - (o) = 3 6m (—”*b,—z )exp (—‘2””“2“/2)@2%’.

= ct+d er+d ct+d

Since € is of level M'(Z), Definition 4.1 impliesfe (i(7) - (7', 2, 7)) = (er +d)* fe(7, 2, 7) for all
v € SLy(Z) and Z € b, . Thus, (4.9) follows by equating the coefficient of e i (4.12)
with the coefficient of e>™™™ in (c1 + d)! fe(7/, 2, 7). O

4.3. A Primitivity Theorem for Modular Forms on }’. In this subsection, we continue
with the notation of the preceding subsection. Our goal is to establish Theorem 4.5, which
has its origins in a result of Zagier [Zag81, pg. 387]. Theorem 4.5 is closely related to a
special case of [Yam09, Theorem 3], except for the fact that the level subgroup M'(Z) is
different from the level subgroups considered in (loc. cit.). In spite of this difference, the
proof of Theorem 4.5 is essentially a special case of the proof given in (loc. cit.).

Theorem 4.5. Suppose £: M'(R) — C is the automorphic functions associated to a holo-
morphic modular form of weight ¢ > 0 and level M'(Z). Suppose A¢[S] = 0 for all vectors
S € V{5(Z)" such that Q-span{S} N V] ,(Z)" = Z-span{S}. Then { = 0.

Proof. For the sake of contradiction, we suppose £ # 0. Then there exists mg > 0 such that
the Fourier-Jacobi coefficient ¢, (7, 2) # 0. Since ¢,,, is holomorphic in the variable z, we
may develop ¢, (7, 2) into a Taylor series as ¢, (7, 2) = >, 5 A(7)2” where

(27'('7:)'/145 —nb4 — mob_4 — Zy(\l/]

(4.13) ()= > - a e2minT.

n>0 r € Z such that
2anmg —12 >0

Applying the transformation law (4.9), we conclude that for all (¢ %) € SLy(Z),

omica /2’ : 1 at +b
4.14 M\ (T)2" % = Ay v,
(4.14) ZZ ( cr+d ) (7)2 Z (T +d)v+t (c7’+d> :

v>0 ]>o v>0
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Let vy > 0, be minimal such that \,,(z) # 0. By equating the coefficients of z*° on the left
and right hand sides of (4.14), we deduce that

ar +b B Vol
Ao (c7’+d> = (cT+d)"°"N, (2).

It follows that A, (7) is an elliptic modular form of weight ¢+ 1 and level SLy(Z). Inspecting
(4.13), we determine that the numbers

(QWi)VOAg [—nb4 — mob_4 - gygf

a(n) == Z ™

r € Z such that
2anmg — 12 >0

are the Fourier coefficients of an elliptic modular form on SLy(Z) of weight ¢ + v > 0. The
proof now follows from the argument given in the proof of [Yam09, Theorem 3]. U

4.4. The Hecke Bound Characterization of Cusp Forms on M’. Continuing with the
notation of the previous subsection, we assume

«
Y="Ya = b3+§bfs~

The purpose of this subsection is to prove the following cuspidality criterion.

Theorem 4.6. Suppose ¢ > 5 and let fe be a weight { holomorphic modular form of level
M'(Z). Then f¢ is cuspidal if and only if, for all S € V] (Z)%, satisfying (S,S) > 0,

(4.15) AdS] <, (S,9) %

Remark 4.7. As we shall see, the proof of Theorem 4.6 is essentially the same as the proof
of [KM14, Theorem 2.1]. With that said, the statement of Theorem 4.6 differs from that of
(loc. cit.) in at least two respects. For one, [KM14, Theorem 2.1] pertains to modular forms
on Sp, of level one. However, though there is a connection between modular forms on M’(Z)
and level one Siegel modular forms in the case when a = 2, these two families of modular
forms are, in general, distinct from one another. Secondly, in Theorem 4.6, ¢ > 5 and the
exponent in (4.15) equals (¢ + 1)/2. However, in (loc. cit.), the authors assume ¢ > 4 and
their bound takes the form

(4.16) Ae[S] <, (S, 5)7.

For our application to quaternionic modular forms, we require the additional flexibility af-
forded by the bound (4.15), though this comes at the cost of excluding ¢ = 4. In the setting
of modular forms on Sp,,, the tradeoff between the exponent in the Hecke bound, and the
range of weights is well understood (see [BD14, Theorem 4.1]).

The proof of Theorem 4.6 requires a close analogue of [KM14, Theorem 2.2].

Proposition 4.8. Suppose ¢ > 5 and let ¢ be a Jacobi form of level one, weight ¢ and index
m > 0. Following [EZ85], we record the Fourier expansion of ¢ as

¢(7_’ Z) _ Z c(n, r)627ri(n7'+7”z).
n>0,reZz
such that 2 < 4mn
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Then ¢ is cuspidal if and only if the Fourier coefficients c(n, r) satisfy the following condition:
ifn>0,r€Z, and D := 1> — 4mn < 0, then

(4.17) c(n,r) <g |D|7

Proof. For the proof of the “only if” implication see [KM 14, Lemma 4.1]. Conversely, suppose
the non-degenerate Fourier coefficient of ¢ satisfy the bound (4.17). Let f € Z-( be such
that f? | m and write m/f? = ab® with positive integers a,b such that a is the square-
free part of m/f?. Then applying the argument in the proof of [KM14, Theorem 2.2], we

may assume that ¢ is a linear combination of Eisenstein series, and there exists a primitive
Dirichlet character x: (Z/fZ)* — C such that

_ nab®/1% r
(4.18) c(n.r) =D\ > ﬂlﬁﬂ(‘ﬁfﬂao
b a| (n,r,ab? /12)
r/d =0 (mod 1)

Here \; € C and the numbers ¢; fQ(n, r) are Fourier coefficients of the Eisenstein series E%)Q

in [EZ85, pg. 26]. By [KM14, Lemma 4.3], if r > 0 is coprime to f, and D =r? —4nf?is a
fundamental discriminant, then there exists a constant A, ; > 0 such that

€} 2, 7)| > Agg DI,

On the other hand, since ¢ > 5, % </l - %, and so the inductive argument of [KM14, pg.
1330] implies Ay = 0 for all ¢ | b. Hence, ¢ is necessarily zero, which completes the proof. [

Proof of Theorem 4.6: The “only if” implication follows directly from the Hecke bound
(4.16), which is satisfied for all holomorphic cusp forms on M’. The converse implication
is proven by the argument presented in [KM14, §3]. In more detail, assuming the Fourier
coefficients A¢[S] satisfy (4.15) for (5,.5) > 0, the results of Proposition 4.8 and Lemma 4.4
imply that A¢[S] = 0 whenever S = —nby — mb_, — Ly satisfies m > 0 and (S,S) = 0.
Since Mg acts transitively on the isotropic lines in V/,, it follows that A¢[S] = 0 for all
non-zero S € V{,(Z) satistying (S, S) = 0. It remains to show that the constant term of f;
vanishes, which is achieved by examining the m = 0 term in (4.12). O

4.5. Relation to Modular Forms on Sp,. In this subsection we review the relationship
between the theory of modular forms on M’ = M, in the case when a = 2, and the theory
of genus two Siegel modular forms. This relationship is also explained [Joh+24, §7.3].

Let Sp, denote the split symplectic group of rank 2 over Q, and let 7: Sp, — SO(V53)
denote the map constructed in (loc. cit.). Since Sp, and M’ are simply connected, 7 lifts to
give an isomorphism 7: Sp, — M’. Hence, if ¢ is the automorphic function on M’ associated
to a holomorphic modular form, we define

£ :=por.
Proposition 4.9. [Joh+24, §7.3] If € is the automorphic function corresponding to a weight
¢ holomorphic modular form on M’ of level M'(Z), then £ is the automorphic function on

Spy corresponding to a genus 2, Siegel modular form Fe« of weight £ and level 1. Moreover,
the Fourier expansion of Fg- takes the form

(4.19) Fe(Z) =) Be[Tlexp(2mitr(TZ)),  (Z € bgy,).
= 15



Here T' runs over half-integral positive semi-definite matrices T = <b72 béz ), and the Fourier
coefficients Be«[T'] satisfy

(4.20) Be. Kbi? o/ 2)} = Ag|—chs — g(b3 —by) —ab_y].

c

4.6. Holomorphic Modular Forms on M. In Subsection 3.4, we gave an identifi-
cation between the derived subgroup of the Heisenberg Levi factor Mp, and the group
SLy x SLg x SLy. In this subsection we give preliminaries regard the holomorphic modular
forms on the derived subgroup Mg

Let hgr, be the complex upper half-plane and write b Mer = s, X bsr, X bsr,. Following

[Pol20, Proposition 2.3.1], we define an automorphy factor

Jrger Mg (R) % fJMger = C, (91,92, 93), (21, 22, 23)) = Jsr2 (91, 21) 510 (92, 22) Jsr (93, 23)
where jsr,: SLa(R) X bs, — C is the standard factor of automorphy j((¢5%),z2) = cz + d.

Definition 4.10. Write byaer = bst, X bst, X sy, so that MEr(R) acts on barger. Let
{ € Z~y and suppose I' < M3 (R) is a discrete subgroup. A holomorphic modular form on
b Mer of weight ¢ and level I is a function f: b Mer = C such that

(1) f is holomorphic,

(2) if 2 € bpae and vy € I' then f(7y - 2) = jpgae (7, 2) f(2), and

(3) &: MET(R) —» C, &(g) == Jnrger (7, 2)7¢f(g- (i,i,7)) is of moderate growth.

Lemma 4.11. Assume { € Z~q. Suppose f: Dasger — C is a weight { holomorphic modular
form of level M3 (Z). Write the classical Fourier expansion of f as

(4.21) f(Zh 22, 23) = Z a(nh Na, n3>e27ri(mz1+mzz+n323).

n1,n2,n3>0
If a(ny,na,n3) = 0 for all (n1,ne,n3) € Z2, satisfying ged(ny, ng,n3) =1, then f = 0.

Proof. Suppose for a contradiction that f # 0. Then there exists w = (wy, wq, w3) € b Mer
such that f(w) # 0. Therefore,

f ) = a(ni.no.n 627Ti(n2w2+n3w3) eQﬂ'inlz.
1 1,762, 73

n12>20 \n2,n3>0

is a non-zero elliptic modular form of weight ¢ > 0. So there exists m > 0, such that
9(22,23) = 2., nuso a(m, ng,mg)e®™(22473%) i a non-zero, weight ¢ holomorphic modular
form on hgp, X bhsr, of level SLy(Z) x SLy(Z). Applying the same logic to g, there exists
an integer m’ > 0 such that h(z3) = Y - ja(m,m’,n3)e*™™* is non-zero, weight £ > 0
modular form on hgy,, of level SLy(Z). Thus if d = ged(m,m’), then there exists an integer
m” > 0 such that ged(d, m”) =1 and a(m, m’,m”) # 0, completing the proof. O

5. PRELIMINARIES ON QUATERNIONIC MODULAR FORMS

5.1. Quaternionic Modular Forms on G. Let ¢ € Z>; and recall the representation V,
defined in (3.16). Following [Pol20], we now define quaternionic modular forms on G.
We begin by reviewing the construction of a differential operator D, which goes back to

the work of Schmid [Sch]. To specify Dy, let g = €@ p be the Cartan decomposition of the
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complexified Lie algebra g of G(R) from Subsection 3.7. Let {X,} be a basis of p and {X}
the dual basis of p¥. One has that, as a representation of K, p ~ p¥ ~ Vo KW, where the
distinguished SU, acts trivially on W (see (3.18)).

For a K.-equivariant function F' : G(R) — Vy, set D/F = Yoo XoF' ® X /. The sum is
independent of the choice of basis and D,F" takes values in

Ve®p' = (Sym* ™ (Va) @ W) & (Sym™ ™ (V2) @ W).
Let pr be the projection V, ® p¥ — Sym%_l(Vg) ® W. Then D, = pro D,.

Definition 5.1. Suppose ¢ € Z>;. The space of weight ¢ (quaternionic) modular forms M,
on G is the space of smooth, moderate growth functions ¢: G(A) — V, such that:

(1) if v € G(Q) and g € G(A) then ¢(y9) = ¢(g),
) there exists an open compact subgroup Ky < G(Ay) such that ¢ is right K s-invariant,
) if k € K, and g € G(A), then ¢(gk) = k~1p(g),
) Dyp =0, and
) pis Z(g ) finite.
Let S, be the subspace of M, consisting of cusp forms. So Sy consists of forms ¢ € M, such
that if N' < G is the unipotent radical of a proper Q-rational parabolic subgroup then

on(g) = / ¢(ng) dn
N(@Q)\N(A)

is identically zero. Write M,(1) (resp. S¢(1)) to denote the subspace of M, (resp. Sy)
consisting of forms ¢ such that p(gk) = p(g) for all g € G(A) and k € G(Z).

(2

(3
(4
(5

5.2. The Fourier Expansion of Quaternionic Modular Forms on G. The Heisenberg
parabolic subgroup P = MpNp is defined in Subsection 3.4, and the unipotent radical Np
of P is two-step nilpotent with center Z.

Recall the identification of the character lattice Hom(Np(Q)\Np(A), C!) given in (3.8).
If 11,7, € V55(Q), and ¢ € My, we define the Fourier coefficient yr, 1) through the formula

G emn GA) >V pma) = [ P(9)ef () dr.
Np(Q)\Np(A)

Then since Z = [Np, Np|, we may Fourier expand the constant term ¢y as

(5:2) 0z(9) = enp(9) + > o m)(9).

T1,T2€V22(Q): [T1,T2]#[0,0]

Write (-, -) for the GL(U) x SO(V42)-invariant pairing between UY ®q Va2 and U ®q Vao.
So if Ty, 17,15, T € Vo 2(R), then

(b @T+by® T by @T 4+ by @TL) = (T, T) + (Tn, TY).
For T1, T, € V25(R), define By, 7,1: Mp(R) — C by the formula
(53) /B[Tl Ty) ( ) \/_Z< ( -1 & T1 + b_2 X Tg) b1 (24 (’Ul + ’i’UQ) + b2 X i(’Ul + Z"UQ)).
For the convenience of the reader we recall that vy = (b +b_3)/v/2 and vy = (by + b_4) /2.

Definition 5.2. Let [T}, Ty] € Voo (R)®2. We say [T}, T3] is positive semi-definite if Sy, 7,1 (r) #
0 for all r € M(R)". We write [T}, T3] = 0 to mean that the pair [T}, T5] is positive semi-
definite. Moreover, we write [T}, Ty = 0 if [T1,T] = 0 and (11, T1) (T3, Tz) — (T3, T)* > 0.
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Given r € Mp(R) we write the image of m under the projection p: G(R) — SO(V)(R)°
as p(r) = (m, h) with the understanding that m € GL(U)(R) and h € SO(V4)(R)°.

Modulo a technicality regarding the difference between G and G4, the following result is
proven in [Pol20]. With that said, a version of Theorem 5.3 is available in [Wal03, Theorem
16], though (loc. cit.) does not establish (5.4), which is of crucial importance to us.

Theorem 5.3. Fiz { € Z>, and suppose [Ty, Ty] € Voo R)®2. Then up to scalar multiple,
there is a unique moderate growth function Wi, m,: G(R) = V¢ such that:

(1) If g € G(R) and k € Ko then Wir, 1,)(9k) = k"W, 1,1 (9).

(2) If g € G(R) and n € Np(R) satisfy log(n) = by A wy + by A wg + zby A by for

wi,wy € Vao(R) and z € R, then Wir, 1,1(ng) = e!Tren+illawiny, o (g).

(3) If g € G(R) then DgW[Tl’TQ](g) = 0.
Moreover Wir, 1,1(g) = 0 unless [Ty, 1] = 0, and if [T1,T5] = 0 then the function Wir, 1,)(9)
is uniquely characterized by requiring that for all v € Mp(R)?,

( B[Tl,Tz} (T)
|B[T1,T2} (T‘) |

{+v, —v

) Ko (|Bery 1y (r)]) (¢ fv)!?(Jg — )’

(54) Wi, (1) = det(m)’| det(m)| Y

—<v<t

2

Proof. The statement is identical to that of [Joh+24, Theorem 4.5] except for the fact G =
Spin(V') as opposed to SO(V'). However, since the central uy in Spin(V) is contained in K,
and this subgroup acts trivially on V,, property (1) of the theorem statement implies that
Wiry 1, factors across SO(V)(R)°. Hence, the result follows directly from (loc. cit.). O

1 [~ -1
Here K,: R=g — R denotes the modified K-Bessel function K,(x) = —/ v te 2T gt
0

As a corollary to Theorem 5.3 we have the following.

Corollary 5.4. Suppose { € Z>, and let ¢: G(R) — V; be a weight { quaternionic mod-
ular form on G(A). If [T1,Ts) € Vao(Q)%? is non-zero and not positive semi-definite then
o, = 0. Moreover, there exists a a unique family of locally constant functions

{CL[TI’TQ}(()O, ) G(Af) — CI [Tl,T2] € ‘/2,2(Q>€B2 SUCh that [Tl,TQ] i 0}

such that @[T1,T2](gfgoo) = a[T1,T2](90a gf)W[Zle,QwT2]<goo) fOT’ all [Tla TZ] = 0. In particular, the
Fourier expansion of pz along Z(A)Np(Q)\Np(A) takes the form

(5.5) ©2(91900) = Pnp(grgos) + > airy 1) (0 95 ) Wians 213 (9o ) -
Tl,TQEVQ’Q(Q)Z [Tl,TQ}tO

Definition 5.5. Suppose ¢ € My and B = [T, Ty] € V,5(Q)%? satisfies B] = 0. The Fourier
coeflicients of ¢ indexed by B is defined as A, (B) = A, [T1, T5] = apry (@, 1).

The constant term ¢y, is essentially a holomorphic modular form on Mp. More precisely,
following [Pol20, Proposition 11.1.1], the function

(5.6) ©: Mp™(R) = C, ®(m) = jyaer (m, (1,1,1) {onp (m), y*

descends to a holomorphic modular form on b Mer in the sense of Definition 4.10. Here
{, }k., denotes the unique K, invariant symmetric bilinear form on V, satisfying

{$Z+Uy€—’u’ xﬂ—wyé+w}Koo _ (_1)é+v5v7w(£ + U)!(€ _ U)!
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where 9, ,, denotes the Kronecker delta function.
Next we recall a result of [Joh+24, §4.4], which establishes a positive semi-definiteness
support property for the Fourier coefficients of quaternionic modular forms on G.

Proposition 5.6. [Joh+24, Proposition 4.9] Let T1,T> € Va2(R), W = R-span{Ti,T>},
and Vy (R) = R-span{vy, va}.
(1) If R-span{T1, T2} is an indefinite two plane, a negative definite two plane, or a negative
definite line, then there exists r € Mp(R)" such that By my(r) = 0.
(it) If |Biry ;) (1)] is bounded away from zero on Mg (R) then (Tv, T1) (T, T»)—(T1, T2)? > 0.
In particular Ty and Ty span a two plane in Vao(R).

We conclude with an application of Proposition 5.6 to the study of cusp forms ¢ € Sy,
which will be applied during the proof of Corollary 6.11.

Corollary 5.7. Suppose { € Z>y and p: G(A) — Vy is a weight { quaternionic modular
form. Then ¢ is a cusp form if and only if the Fourier expansion (5.5) takes the form

(57) @Z(gfgoo) = Z a[Tl,TQ](spagf)W[ZﬂTl,Qﬂ'TQ} (goo)
T1,T2€V2,2(Q): [T1,T2]>0

Proof. For the proof of the forward implication, we refer the reader to [Joh+24, Corol-
lary 4.10]. To handle the backward implication, suppose ¢ is such that ¢y, = 0 and
arr, 1) (¢, 95) = 0 whenever [T, T5] does not satisfy [T7, T3] > 0.

The group G contains 4 conjugacy classes of maximal parabolic subgroups. Two of these
conjugacy classes are represented by the Heisenberg parabolic subgroup P, and the orthog-
onal parabolic subgroup R. Since R corresponds to an outer node in the Dynkin diagram
of G, representatives for the remaining two conjugacy classes may be obtain by translating
R by the triality outer automorphisms described in [Joh+24, Theorem A.8]. By [Joh+24,
Theorem A.1], the triality outer automorphism of G stabilize Np, and induce an action of the
symmetric group S3 on the space M,. Moreover, the induced action of S3 on M, preserves
the subspace consisting of forms whose Fourier coefficients are supported on positive definite
indices. Hence, in order to prove that ¢ is cuspidal, it suffices to show that the constant
term ¢n,AN, = 0.

Writing g € G(A) as g = g9 , a standard manipulation gives that

(58) SONPONR(gfgoo) = Z aw(@vgf)W%rw(goo)'
weV2,2(Q)%%: cw|Nprng=1

Since Lie(Np N Ng) contains the subspace by A Vao, it w = [11, T3] satisfies ey|npnn, = 1,
then 77 = 0. Hence, the only terms appearing in (5.8) are those for which w = [T}, T5] does
not satisfy [T7, T5] = 0. Therefore, pn,nn, =0, and ¢ is cuspidal. O

5.3. The Hecke Bound for Quaternionic Modular Forms on G. If B = [11,T3] €

V2.2(Q)®2, we define
T, 1) (11,T5)
B — d t ( 1,41 1,42 )
UB) = de (((T2>T2) (T3, To)
Then r € Mp acts on Va2(Q)®? preserving Q up to a similitude character v: Mp — G, i.e.
Q(r- B) = v(r)*Q(B).

To define v, write the image of r € Mp under the projection Mp — GL(U) x SO(Va2) as

(m,h). Then v(r) = det(m). The purpose of this subsection is to prove an analogue of
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the Hecke bound for quaternionic cusp forms on G. Our proof is adapted from [GGS02,
Proposition 8.6], in which the authors prove an analogous bound for modular forms on Gs.

Proposition 5.8. Suppose ¢ € Sy is a weight ¢ cuspidal quaternionic modular form on G.
If B € V45(Q)®* satisfies B > 0, then

A[B] <, Q(B)F.
Proof. Assume B € V,(Q)%? satisfies B > 0. Independent of the choice of B, we fix
an element By € V55(R)% such that Q(By) = 1. The group Mp(R) acts transitively
on the elements B’ € V55(R)%? such that Q(B’) > 0. Therefore, we may fix an element
mo € Mp(R) such that mg - By = B. It follows that Q(B) = v(mg)*.
By definition, if m., € Mp(R), then

(5.9) /[N | o(nme)ep(n) ™t dn = A [B] - Wp(me)

where Wp is given by (5.4). Fix an element ug € Vy so that if {-, -}k is the K, invariant
bilinear form on V, then

200 ifv =0,
0 else.

{7y uo bk, = {

Since Mp is a split, connected, and reductive, Mp is an almost direct product of ME* and
the radical of Mp, R(Mp), which is a central torus [Spr98, Corollary 8.1.6]. As Mp has
rank 4, and M&" = SLy x SLy X SLy, R(Mp) is isomorphic to the multiplicative group G,,.
We choose this isomorphism so that the natural action of R(Mp) on UY ® V4 is identified
with the action of G,, on UY ® V45 by scalar multiplication. In this way, we may write
v(mo)tmo € Mp(R) and

{Wa(v(me)tmo), uo} . = v(v(mo) " mo)[v(v(mo)~mo)| Ko (185 (v(mo) 'my)|)

:Q(B) 2 {WBO(l)’UO}KOO‘

Since ¢ is cuspidal, |p(g)| is bounded on G(Q)\G(A). Therefore, since the domain of
integration in (5.9) is compact, we may set m., = v(mg) 'mg to obtain

[ —

A, [B]| < {Wa, (1), w0}k

6. THE FOURIER-JACOBI EXPANSION OF MODULAR FORMS ON (G
Given an automorphic form ¢ on G(A), and a vector y € V33(Q), define
Fle;y): GA) =V, g p(ng)xy(n)~" dn.
Nr(Q)\Nr(A)

Here the the character y, is as defined in (3.12).
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6.1. Soft Analysis of F(y;y): The case of isotropic y. Suppose ¢ is a vector valued au-
tomorphic function of G(A) and let y € V5 3(Q) be non-zero and isotropic. In this subsection,
we establish Lemma 6.1, which gives a relationship between the degenerate Fourier-Jacobi
coefficient F(ip;y), and Fourier coefficients of ¢ along the Heisenberg unipotent radical Np.

We are considering the case of isotropic y, and since M%" ~ Spin(V33), we restrict to
considering the case of y = nb, where n € Z\{0}. Then F(p;y)|cmr) is left invariant under
the rational points of the parabolic subgroup in Spin(V33) stabilizing bs. Let N denote the
unipotent radical of this parabolic subgroup. So,

1 0 0 0 O
01 v *x 0
Nx~d=1]00 1 « ol €eSOV):veVay,,
0O 0 o 1 o
0o 0 o 0 1

and Hom(N(Q)\N(A),C*) = {ejo11: T € V22(Q)}, where € p) is defined in (3.7). Since
N is abelian, we may Fourier expand F(p;nbs) in terms of the coefficients

(6.1) b)) = [ o, TG (1)

Here g € G(A) and T € V55(Q). Regarding FX (¢; nby) we have the following.
Lemma 6.1. Suppose g € G(A) andT € V55(Q). Let o1 be the character of Np(Q)\Np(A)

defined in (3.7) and write ppr(g) = / o(ng)epr(n)~"dn. Then
Np(Q)\Np(A)
(6.2) F7 (@3 nbs)(g) = \ o (ns)ppry(exp(shy Ab_s)g) ds.
Q\A

Proof. Throughout the proof we abbreviate notation by writing [G] := G(Q)\G(A) to denote
the adelic quotient of an algebraic group G. Plugging in definitions, one obtains

(6.3) F (p;nby) (g / / @ (urg) X, ( )[OT]()dudr
[N] J[NR]

The character y,s, is trivial on Z < Npg. Since N is abelian, we may thus factor the inner
integral in (6.3) across Z to obtain

(6.4) FN (i mbs) (g / / o2 (urg) Xk (W)erg () du dr.
[N] NR/Z

Let X = MpN Ng = {exp(tb; Ab_3): t € G,}. Since Ng is abelian, the integral over [Nr/Z]
in (6.4) is an iterated integral over X (Q)\X (A) and [Ng/(ZX)]. Moreover, the commutator
[X, N] is contained in Z. Hence, moving the integral over [X] to the left of the integration
over [N], one arrives at the expression

©5) )= [ @ [ [ eseurgel ) dudrds.
[X] [N] /[NRr/(ZX)]

Since N x Ng/(ZX) = N2, (6.5) may be rewritten as

(6.6 Ftemb)o) = [ o) [ eatemg)eiinm dnds
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Fourier expanding ¢ along N2*(Q)\N&(A), we apply the inclusion X < Mp and the fact
that Mp normalized Np to simplify the inner integral in (6.6) as

| ertangginmyn= [ 1 (w0g)ily () di
[N (VB’] T1,T2€V22(Q)

(67) = Z (p[ThTﬂ({L‘g)/ . 5[T1,T2} (l'nx_l)g[?)}T] (n) d’fL
T1,T2€V22(Q) [N”]

Fix s € A, x = exp(sb; A b_3), and suppose n = exp(by A v + by A V') with v,v" € Vo5(A).

Then znz™" = exp(by A (v + sv') + by Av) and so if Ty, Ty € V55(Q),

(6.8) / e m(wna ™ ey (n) dn:/ V((Ty, v+ s0') + (To,v) = (v, T)) dv dv'.
[NgP] [Va,2] /[V2,2]

The double integral above is non-zero if and only if (71, v+ sv) + (Ty,v") — (v/, T') = 0 for all
v,v" € Va9(A). Setting v' = 0 this condition reduces to (T1,v) = 0 for all v € V55(A). Since
V52 is non-degenerate, it follows that the integral (6.8) is non-vanishing if and only if 73 =0
and T, = T. Thus the sum in (6.7) reduces to a single term equal to p 7)(xg). Therefore,
(6.6) simplifies to (6.2) as required. O

6.2. Soft Analysis of F(y;y): The case of non-isotropic y. Let ¢ is a vector valued
automorphic function on G(A), and suppose y € V5 3(Q) is non-zero and non-isotropic. The
goal of this subsection is to give companion result to Lemma 6.1, that analyses F(¢;y) in the
case when y is non-isotropic. By the result of [Joh+24, Lemma B.2], the orbits of M&™(Z)
on the space of non-isotropic vectors in Vs 3(Z) are exhausted by representatives

(6.9) NYq = nbs + %b_?)

where n € Z>, and a € 2Z\{0}. For ease of notation we write y, = bs + ab_3/2

To analyze F(p;ny,), we study its Fourier expansion in characters of the [Ng/|. Here @’
denotes the Siegel parabolic subgroup of M’ = Stab Mer (y) (see Subsection 3.6).

Since M’ stabilizes ny,, the coeflicient F(¢;ny,) is left invariant by Ng/(Q). Hence, we
may Fourier expand F(p;ny,) in characters of Ng/ (Q)\Ng/(A) as

Flomp)o) = S F(enpa)o)
SeVY ,(Q)
where g € G(A) and
7¢ (einua)lo) = [ F(nya) (wg)ergly (w) du,
Ng(Q)\Ng/ (A)

In analogy with Lemma 6.1, we have the following relationship between the Fourier coeffi-
cients ]-"SQ (p;nYa)(g) and Fourier coefficients of ¢ along the Np.

Lemma 6.2. Let o € 2Z\{0} and n € Z>;. Suppose S € V{,(Q) and g € G(A). Let
Plnya,s) denote the Fourier coefficient of ¢ along Np corresponding to the character gp,y, s)-
Then

F9 (s nya)(g) = /A e (XD(sb1 Ab2)g) ds, (g € G(A)).
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Proof. The statement is a mild generalization of a [Joh+24, Lemma 7.1] with essentially the
same proof. The details of the general proof are available in [McG25, Lemma 4.0.3]. O

6.3. The Fourier-Jacobi Expansion of Quaternionic Modular Forms on G. In this
subsection we combine Lemma 6.1 and Lemma 6.2 with the results of Subsection 5.1 to refine
the Fourier-Jacobi expansion,

(6.10) o9 =eng@+ Y. Fle)g)-

y€V373(Z)Z y#0
in the case when ¢ € M,(1).

Proposition 6.3. Suppose ¢ € My(1) is a weight ¢ quaternionic modular form of level 1.
Then the Fourier-Jacobi expansion (6.10) takes the form

(6.11) P(go) = PN (goo) + > F (23 9)(9oo)

y€V3,3(Z)\{0}: (v,9)>0

for all g € G(R). Moreover, if ¢ € Sy(1), then for g € G(R), (6.11) takes the form

(6.12) Plg) = Y F(#iy)(ge0)-

y€V3,3(Z): (v,)>0

Proof. Since ¢ has level one, to prove that F(¢;y)|a®) = 0 for a given y € V5 3(Z), it suffices
to show that F(¢;y)|am) = 0 for any y' in the same Mg (Z) orbit of y.

Initially, we suppose ¢ € M,(1) and y € V33(Z) satisfies (y,y) < 0. Then by [Joh+24,
Lemma B.2], there exist o € 2Z_y and n € Z>; such that y is in the same M (Z) orbit
as Ny, = nbz + nab_3/2. Combining Lemma 6.2 with Corollary 5.4, if S € V/,(Q) then

Fgl(% nYa)(gso) 18 equal to
(613) / af[ﬂl/a,S](@? eXp(Sfbl VAN b—?)) de . / W[27rnya,27TS}(eXp(Soob1 A b_2)goo) dsoo~

Since ny, is a vector of negative norm, Proposition 5.6(a) implies that the pair [ny,, S] is not
positive semi-definite. Therefore, Wigrpy, 2x5) = 0 according to Theorem 5.3, and F(p; nya)
vanishes identically on G(R). Hence, we have proven expression (6.11).

We now address the proof of (6.12). Thus suppose ¢ is cuspidal. It remains to show that
F(p;y) vanishes identically on G(R) whenever y € V33(Z) is isotropic. For this, it suffices
to show that F(p;nby) vanishes identically on G(R) for all n € Z_,. Applying Lemma 6.1,
F(¢;nby) vanishes identically on G(R) provided o] vanishes identically on G(R) for all
T € V55(Q). When T' = 0, @011 = ¢n, vanishes since ¢ is cuspidal. If T # 0, then a
consequence of definition 5.2, [0, 7] does not satisfy [0,7"] > 0. Hence, the vanishing of ¢ 1
follows from Corollary 5.7. O

6.4. Hard Analysis of F(p;y): The case of isotropic y. In this subsection, we further
refine Lemma 6.1 in the case when ¢ is a weight ¢ quaternionic modular form of level 1. The
main results are Proposition 6.4 and Corollary 6.5. The proofs of these result use Lemma

8.2 and Proposition 8.3, for which the reader should consult Section 8.
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Proposition 6.4. Letn € Zg, and g € G(R). Recall the Fourier coefficients F (¢; nba)(g)
defined in (6.1). If T € Va2(Q)\{0} then FN (p;nbs)(g9s) = 0 for all g, € G(R), and

(6.14) F(o;mb2)(9s0) = /Q\A Oy (exp(shy A b_2)goo )~ (ns) ds.

Proof. In light of Lemma 6.1 and the fact that S is abelian, expression (6.14) follows imme-
diately from the vanishing of FX (¢;nb2)(gs) for all non-zero T € V55(Q). Thus suppose
T € V55(Q) is non-zero and s € A. One checks that for m = exp(sb; A b_) and [T}, T3] =
[0, 77, the hypotheses of Lemma 8.2 are satisfied, and thus the term ¢jo 71(exp(sby Ab_2)gso)
appearing in the integrand of (6.2) is independent of s. It follows that

F1 (93mb2) (g0) = ©10,77(9o0) oA Y (ns) ds = @o71(gec) - 0 = 0.

O

The lemma above shows that the degenerate Fourier-Jacobi coefficient F(¢;nbs) factors
across the constant term ¢ny,. In Subsection 5.1, we saw that ¢y, is closely related to a
holomorphic modular form on the group M&" = SL3. As such, it is natural to consider
Fourier coefficients of ¢y, along the unipotent radical of a Borel subgroup of Mg, Using
the isomorphism of [Joh+24, Theorem A.8], the unipotent radical of such a subgroup has
Lie algebra

€2 ® E = Q—span{b,g VAN b,4, bg A bfl, b3 A b,4}.

Given a triple of C' = (a,b,c) € Q3 we let nc denote the character of [exp(es @ E)]
corresponding to the linear functional

by Nb_1 +yb_3 ANb_y + xbg Nb_y — bz — ay — cx.
Proposition 8.3 shows that the Fourier coefficient (¢n, )exp(esor),c: G(A) = V, defined by

(6.15) (onp Jesp(erorc(9) = / e (ug)ng (w) du,
[exp(e2®F)]

is equal to an integral transform of a Fourier coefficient of ¢ along Np. More precisely, we
have the following corollary to Proposition 8.3.

Corollary 6.5. Let ¢ € M, be a weight ¢ modular form of level 1 of G = Spin(V'). As in
(5.6), write ® for the holomorphic modular form on MS™ associated to the constant term
©np. Folllowing the notation in (4.21), write the Fourier expansion of the classical modular
form associated to ® as

(6.16) f@(Zh 29, 23) — Z a(p(c)€27ri(az1+bzz+cz3).

C:(a,b,c)EZ’dZO

Then there exists a non-zero scalars B € C such that if C € Z3, then

(617) CL(P(C) =B- / a[ab3+cb,3,—bb74}<gp> U’) du.
Sc(Ag)\exp(e2®E)(Ay)

Here Sc denotes the stabilizer of the character €y, yeb_s,—bb_4] i1 exp(es @ F).

Proof. This is a restatement of the equality (8.9) in the case G; = G* and g; = 1. O
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6.5. Hard Analysis of F(p;y): The case of non-isotropic y. Our goal in this subsection
is to refine the result of Lemma 6.2 in the special case when ¢ € M,(1) is a modular form
on G of level 1. The main result is Proposition 6.7, which shows that for such a ¢, the
non-degenerate Fourier-Jacobi coefficients of Lemma 6.2 give rise to holomorphic modular
forms in the sense of Subsection 4.1.

We adopt the notation of Lemma 6.2, so n € Z>;, a € 2Z\{0}, and ny, = nbs +nab_s/2.
By Proposition 6.3, if ¢ € M,(1) then F(p;nya)(goo) = 0 whenever a < 0 and g, € G(R).
Hence, we may assume « > 0, in which case F(p;y) Fourier expands along N as

(6.18) Fleinya)(g) = > F&(eimya)(g).
SeV{ ,(Q)

In fact, if S € V], is a vector of negative norm, then the line of reasoning applied during

the proof of Proposition 6.3 implies that ]-"gl(go; ny,) vanishes identically on G(R). Thus, if
g = goo € G(R), then (6.18) takes the form

(6.19) F(9:190) (900) = o FE(eimya)(gw)-

SEV/ ,(Q): (5,9)=0

The summation indices appearing in (6.19) resemble the indices which appear in the Fourier
expansion of holomorphic modular forms on M’ (see (4.6)). However, since Ko, N M’ is
not necessarily a maximal compact subgroup of M’, it is necessary to introduce a modified
definition of F(p; ny,) in order to obtain holomorphic modular forms on M’ from F(¢;nya,).
For this we recall the element g, € G(R) and the representation V§ introduced in Subsection
4.1. Define _
Flpinya): G(A) = Vi, g F(03na)(99y.)-

Then F(g;nya)(gk) = k™' - F(g;nya)(g) for all g € G(A) and k € K,,. Furthermore,
Lemma 6.2 and Theorem 5.3 imply that

F9:190)(900) = o FE(emya)(gw),

SeV{,(Q): (5,5)=0

where for S € V/,(Q) satisfying (5, S) > 0,

(6.20) J,TSQ (93 1Ya)(goo) = / a[nya,S}(QOa xf) dry - W[Zﬂnya,%rS}(xoogoogya) dTo.
X(Ay) X(R)

Here g € G(R) and X = {exp(sb; Ab_3): s € G,}. Given g € My (R), let G, to be the
image of g, in SO(V;3). We express g, as an ordered pair g, = (t,u) with ¢ € R and
u € SO(V/,)(R)°. The coordinate ¢ € R is normalized so that (¢,1) - by = tby. In [Joh+24,
Proposition 7.3], the archimedean integral in (6.20) is evaluated when o = 2 and n = 1. The
computation in (loc. cit.) generalizes to the case of general a and general n as follows.

Lemma 6.6. Suppose o € 2Zo, n € Zxy1, and S € V/,(Q) is such that [ny,, S| = 0. Let
Joo € My (R)° and write ., = (t,u) with t € Rso and u € SO(V/,)(R)°. Then
tfe—Qﬂw(nal/Z—t(S,u-vg)) xé—l—vyé—v
Wfrnaw ToolJoo adxoo: 7"
/Xm) v 2551 (Foc oo ) 2v/3nalr? ((+ )i~ v)!

—<v<l

Proof. The result is proven by applying the same computational techniques as in [Joh+24,

Proposition 7.3]. For a detailed account, the reader may consult [McG25, Lemma 4.0.9]. O
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Lemma 6.6 is applied to establish the holomorphy statement in the following result.

Proposition 6.7. Let o € 2Z~o, n € Z~q, and suppose ¢ € My(1). Then the function

§nya): MR) = €, goo > { F(0ima) (goc), (—i + 1) }

is the automorphic form associated to a weight £ holomorphic modular form on M’'.

Ko

Proof. The result is proven by an argument parallel to the one given in the proof [Joh+24,
Corollary 7.6]. Again, the reader may consult [McG25, Proposition 4.0.12] for full details.
Since it will be relevant shortly, we note that as a consequence of the argument in (loc. cit.),
the Fourier expansion of £¥(ny,) along the Ny takes the form

EMYa)(gos) = Y, E7(nYa)5(900)

SeVY 5(Q)>0

where
Jua (i, —1V/200) €% () 5(goc) = 115 - €275,

Here j,, (-, —iv/2vy) is the automorphy factor of subsection 4.1 and

_ 1/2
e 2/ 2mna $E+vy€7v

= = 5" n ) d : v ) —1 2
775 2\/5”0[1/2 /);'(Af)a[ ya,S](SD l‘f) J/‘f { Z ¢ (€+U)'(€—U)' ( Zx+y) }

—<v<t

Koo

O

By examining the explicit formula for ng given in the proof above, we obtain the following
corollary to Proposition 6.7.

Corollary 6.8. Given p € My(1) and S € V{,(Q) such that (S,S) > 0, define

(6.21) Age(nya)[S] = / fnya,5) (P, XD (5701 A b_3)) dsy.

Ag
Then the numbers {A[S]: S € V{,(Q): (S,5) > 0} are the Fourier coefficients of a holo-
morphic modular form on b, of level M'(Z). Hence, Ace(ny,)[S] # 0 implies S € Vi ,(Z)<,.

6.6. The Primitivity Theorem. In this subsection, we apply the results of Subsections
6.4 and 6.5 to establish the main result of this section, Theorem 1.1. Before giving the proof
of Theorem 1.1 we require the following lemma.

Lemma 6.9. Assume { € Z-o and suppose ¢ € M,y(1). Recall the orthogonal parabolic
subgroup R = MrNpg defined in Subsection 3.5. If ¢ = on,, then ¢ = 0.

Proof. Assume ¢ = ¢pn,. The weight ¢ is positive, and hence it suffices to show that ¢
is constant. Moreover, since G(A) = G(Q)G(R)G(z), it is enough to prove that ¢|gm)
is constant. Let X denote the subgroup of G(R) generated by G(Z) and Ni(R). Then
o(x) = ¢(1) for all z € X, and so we are reduced to proving that X = G(R).

As (G is semi-simple and split, GG is the special fiber of a finite Chevalley group G defined
over Z [Ste68, Theorem 6]. So, G(Z) contains representatives for each of the Weyl reflections
in GG. Since the root system of G is simply laced, the Weyl group of G acts transitively on
the set of roots of G [Spr98, Lemma 10.2.2(ii)]. Hence, X contain the root subgroup U,(R)
for every root a of GG. Since G is simply connected, G(R) is generated by the root subgroup

U.(R) as a runs over the set of roots (see for example [Spr98, §9.4]). Hence, X = G(R). O
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We are ready to give the proof of our first main result.

Proof of Theorem 1.1. Suppose for a contradiction that ¢ # 0. Then ¢|gm) # 0, and
applying Lemma 6.9 in tandem with (6.11), there exists a non-zero vector y € V;3(Z) such
that (y,y) > 0 and F(¢;y)|cmr) is not identically zero. The proof partitions into the case
when y is non-isotropic, and the case when vy is isotropic.

First we suppose y is non-isotropic. Then there exists a € 2Z-, and n € Z>; such that
F(o;nya)|am) # 0. Applying (6.20) and (6.21), there exists S € V/,(Q) such that

Age(nya)[S] # 0
By Corollary 6.8 and Theorem 4.5, we may assume S is primitive. Then (6.21) gives that

(6.22) Aoy [S] = /  fny,,s)(exp(sby A b_o)) = Z Apnya, S + snya.
AslZ s€Q/Z

If s € Qo) and Ay[nya, S+ snys] # 0, then S+ sny, € Vo2(Z). Fix n',m/,r" € Z such that
ged(n/,m’, ") =1 and

/

r

S = —n’b4 — m'b_4 — _y(\x/'
(07

Then S + sny, € Va2(Z) implies + sn € Z, and thus nas € Z. Hence,
o

T o no—1 s—1r s+
Ageum[S]= D, _ Ay {”ya,—n’m —mlbog byt b

Let s € Zgna—1) be such that (s+7")/2 and (s —1')/a are integral. Then, given d € Z>, such
that d divides n’/, m/, (s +r')/2, and (s — ') /a, d also divides r’. Hence, d = 1 and (6.22)
expresses Age(ny,)[S] as a sum of primitive Fourier coefficients of ¢, which is a contradiction.

Next we consider the case when y is isotropic. Hence, there exists an isotropic vector
y € V33(Z) such that F(¢;y)|em) # 0. Then we may suppose y = nb, for some n € Z\{0}.
By Corollary 6.4, the constant term ¢y, satisfies pn,|gr) Z 0. Hence, there exists C' € Q®
such that the Fourier coefficient (¢, )exp(esam),c of (6.15) is not identically zero on G(R).
Hence, we may may assume the coefficient a,(C') of (6.16) is non-zero, and by Lemma 4.11,
we may take C' = (a,b, c) € Z3 to be such that ged(a, b, c) = 1.

Let = € E be such that (x,C)g # 0, then by Corollary 6.5,

(6.23) a,(C) = Bc- Y Aylabs + cb_s + s(C,x)pb_s, —bb_4].
s€Q/Z
However, since ged(a, b, c) = 1, if s € Q/Z, then by assumption,
Aylabs + cb_3 + s(C,x)pb_g, —bb_4] = 0.
So, (6.23) contradicts a,(C') # 0. Hence F(¢;y)|am) = 0, which completes the proof. O

Definition 6.10. We say that a pair [T, T3] € Va(Z)®? is slice primitive if
Q—span{Tl, Tg} N %)2(2) = Z—span{Tl, TQ}

Corollary 6.11. Let { > 0 and suppose @ is a weight ¢ cuspidal quaternionic modular form
of level one. Write the Fourier expansion of vz as

(6.24) ©(goo) = > A [Ty, To)We(90),

T ,TQGVQQ(Z) : [T1 7TQ}>—0
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and assume N [Ty, To] = 0 for all slice primitive vectors [T1, Ts] € Vao(Z)®2. Then ¢ = 0.

Proof. Assume A, [T}, Ty] = 0 for all slice primitive vectors [T7,T] € Va2(Z)®2. By Theo-
rem 1.1, it suffices to show that if [T7, o] € Vo 2(Z)®? is primitive, then A,[T1, T3] = 0.
Assume [T, T»] > 0 is primitive. Applying (3.2), we may write

m={ (2 a)- (5 1))

where a,...,h € Z are jointly coprime. Since ¢ is of level 1, [Bha04, Appendix Ch. II]
implies that we may assume

(625) [Tl, TQ] = [ya7 —nb4 - mb_4 + Tb_3] .

Moreover, since [T}, T3] = 0, Proposition 5.6 implies a > 0.
Consider the Fourier expansion of the holomorphic modular form £#(y,) of Corollary 6.8.
/

By (6.22), if n/,m/,7" € Z and S = —n'by — m'b_, — T—ygf then Age(y,)[S] equals
«

a—1

(6.26) Z A, {ya, —n'by — m'b_y +

s=0

s—1 s+

bs +

bos| = Aya, —n'by —m'b_y +1'b_3].

Clearly, if S is primitive, then [y,, —n'by — m'b_4 4 1'b_3] is slice primitive. Thus, Ag¢(y,)[S] =
0 for all primitive S, and Corollary 6.8, together with Theorem 4.5, implies £%(y,) = 0.
Hence, by (6.26), A [y, —1'by — m'b_y + 1'b_3] = 0 for all n’', m’, 1" € Z. Thus, (6.25) implies
ATy, T5] = 0 as required. O

As a corollary to Theorem 1.1 and Corollary 6.11, we obtain the following.

Corollary 6.12. Let @1, ps € My(1) be level one quaternionic modular forms on G.
(i) If Ay, [B] = Ay, | B for all primitive B € Voo(Z)®2. Then @1 = .
(11) If p1 and o are cuspidal and

Ag,[B] = A, [B],

= A,
for all slice primitive B € Va5(Z)%?, then @1 = ps.

7. AN APPLICATION TO THE QUATERNIONIC MAASS SPEZIALSCHAR

7.1. Quaternionic Modular Forms on SOg. Let V denote the 8-dimensional split qua-
dratic space of Subsection 3.2. In this subsection, we review the definition of quaternionic
modular forms on SO(V') following [Pol21]. We also explain some notation concerning the
Fourier coefficients of modular forms on SO(V).

Write 7: G — SO(V)) for the projection homomorphism defined in Subsection 3.3. The
representation V of Subsection 3.7 occurs in the Lie algebra of the maximal compact sub-
group Ko, < Spin(V)(R). Therefore, V descends along 7 to give a representation of the
identity component of the maximal compact subgroup Kso, < SO(V)(R), which is the
image of K, under 7. Similarly, the differential operator D, of Subsection 5.1 descends
to give a Ko, invariant differential operator on smooth functions SO(V)(R) — V. Let
so(V) = Lie(SO(V)) ®q C and write Z(so(V')) for the center of the universal enveloping
algebra of so(V).

Definition 7.1. A weight ¢ > 0 quaternionic modular form on SO(V') of level one is a

smooth moderator growth function ¢: G(A) — V, such that
28



(i) If g € SO(V)(A) and v € SO(V)(Q) then ©(vg) = ¢(9),
(ii) If g € SO(V)(A) and k € SO(V)(Z) then ¢(gk) = ¢(g),
(iif) If g € SO(V)(A) and ko € Ko, then ¢(gks) = k3 @(g),
(iv) Dyp =0, and

(v) ¢ is Z(so(V))-finite.

Clearly, if ¢ is a quaternionic modular form on SO(V') of level one, then the pull-back of
¢ by 7 is a level one quaternionic modular form Spin(V') in the sense of Subsection 5.1.

Lemma 7.2. Suppose @1 and @y are quaternionic modular forms on SO(V') of level one.
Fori=1,2, let m*p; denote the pull-back of p; to Spin(V'). If m* @1 = m*py then @1 = vs.

Proof. Let V(Z) = Z-span{by;: i = 1,2,3,4}.The quotient SO(V)(Q)\ SO(V)(A;)/ SO(V)(Z)
classifies isomorphism classes of lattices in the genus of V(Z). Thus, by the Hasse principle

[SO(V)(Q\SO(V)(Af)/SO(V)(Z)| = 1,

and if I' = SO(V)(Z)NSO(V)(Q), then SO(V)(Q)\ SO(V)(A)/G(Z) =T\ SO(V)(R). Since
I contains elements in the non-identity component of SO(V)(R), it follows that ; is de-
termined by its restriction to SO(V)(R)? As Spin(V)(R) surjects onto SO(V)(R)", the
statement follows. d

Suppose ¢ is a level one quaternionic modular form on SO(V) and B € V4 5(Z)%?. Define
the Fourier coeflicient A,[B] via the equality A,[B] = Az+,[B]. Then we obtain the following
Corollary to Lemma 7.2 and Corollary 6.11.

Corollary 7.3. Suppose @1 and py are cuspidal level one quaternionic modular forms on
SO(V). Assume Ay, [B] = Ay, [B] for all slice primitive B € Voo(Z)®2. Then ¢1 = .

7.2. The Quaternionic Saito-Kurokawa Lifting. In this section we define the quater-
nionic Saito-Kurokawa subspace SK, of modular forms on SOsg. Suppose B = [T}, Ty] €
V%2 and define a 2-by-2 matrix with entries in Q via the formula

1 T17T1 T17T2
(7.1) T(B) = 2 (ETQ,T1; ET2;T2;> '

Theorem 7.4. [Pol21, Theorem 4.1.1] Suppose £: Sps(Q)\ Sp,(A) — C is the automorphic
function associated to a level one, cuspidal, holomorphic modular form of even weight £ > 16.
Write the classical Fourier expansion of § in the form Fe(Z) =3 . Be[T] exp(2mitr(TZ)).
For all B € V5(Z)%®? satisfying B = 0, define

(7.2) Ag-(rp) (B) = > | det(r)|“ L Be[fr—1T(B)r—1].

r € GL2(Z)\M2(Z)3et#0 s.t. Br—1 € V5 9(Z)9?

Here Br~! is computed as a matriz product where B = [Ty, Ts] is a 1 X 2 matriz with entries
in Vao(Z). Then the numbers Ng-(r,)(B) are the Fourier coefficients of a non-zero, weight (,
level one, cuspidal quaternionic modular form, 6*(F¢), on SOs.

Definition 7.5. Suppose ¢ > 16 is even and let Sy(Sp,(Z)) denote the space of cuspidal
holomorphic Siegel modular forms of weight ¢, genus 2, and level 1. Define the quaternionic

Saito-Kurokawa subspace of weight ¢ as SK, = {0*(F): F' € Sy(Sp,(Z))}.
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7.3. The Quaternionic Maass Spezialschar. The purpose of this subsection is to present
a characterization of SK, which is analogous to the characterization of the classical Saito-
Kurokawa subspace given by [Zag81, Theorem 1(iii)].

Definition 7.6. The weight ¢ quaternionic Maass Spezialschar MS; is the subspace of level
one, weight ¢ quaternionic modular forms ¢ on SO(V) such that if By, By € Va2(Z)%? are
slice primitive and T'(B;) = T'(Bz) (see (7.1)), then A,[B1] = Ay[By].

Definition 7.6 should be compared to [Joh+24, Definition 5.8]. The reader will note that
the condition in Definition 7.6 is equivalent to condition (i) in (loc. cit.). The next Lemma

shows that condition (ii) of (loc.cit) is redundant, which explains its absence in Definition
7.6.

Lemma 7.7. Suppose p € MS,. Given B € Vy5(Z)®2, choose a slice primitive B € Vy 5(Z)®?
such that T(B) = T(B), such a choice of B exists by [Joh+24, Lemma 5.7]. Define

Agrlm[B] — A@[B]
Then, for all B € V,4(Z)%?,
(7.3) Ay[B] = > | det(r)|“ T AR [ Br Y.

rEGLA(Z)\Ma(Z)det40 . Br—1¢Vy o(Z)02
In other words, Definition 7.6 is equivalent to [Joh+2/, Definition 5.8].

Proof. Suppose ¢ € MS, and let F¢ be the holomorphic Siegel modular form that is associated
to ¢ by [Joh+24, Corollary 7.7]. Define ¢' = 6*(F¢). By [Joh+24, Lemma 5.10], the Fourier
coefficients A,/ [B] satisfy (7.3). Hence, it suffice to prove that ¢ = ¢'. Applying Corollary
7.3, it is enough to show A,[B] = Ay[B] for all slice primitive B € V3 5(Z)%2,

Suppose
_(a b2
= (6/2 c )

with a, b, c € Z. On the one hand, [Joh+24, Corollary 7.7| implies B¢ [T = A, [T, T,] where
Ty, = by + bby + ab_3 and Ty = —cby — b_4. Since [T7, Ts] is slice primitive and ¢ € MS,, this

implies that A,[B] = B [T] for all slice primitive B € V5 5(Z)%? satisfying T'(B) = T.
On the other hand, when B is slice primitive, the summation (7.2) consists of a single term,

and so the equality ¢’ = 6*(Fg) implies Ay [B] = Be[T| for all slice primitive B € Vs 5(Z)%?
satisfying T'(B) = T'. Since T' was arbitrary, we conclude that A,[B] = B¢[T(B)] = A/[B]

for all slice primitive B € My(Z)®?, completing the proof. O
Proof of Theorem 1.5. In light of the equivalence between Definition 7.6 and [Joh+24, Defi-
nition 5.8], Theorem 1.5 follows as corollary to [Joh+24, Theorem 1.3]. O

8. THE HECKE BOUND CHARACTERIZATION OF CuspP FORM ON (G

The purpose of this section is to prove Theorem 1.7 and Theorem 1.8. We work in the
general setting a group G, associated to cubic norm structure J. We have that G ; = G4
when J = FE is the algebra of diagonal 3 x 3 matrices. Hence, the results we obtain for G
will also apply to level one forms on the group G. Throughout, any unexplained notation
has the same meaning as in [Pol20]. Similarly, we refer the reader to (loc. cit. ) for the

precise definitions of quaternionic modular forms on G;.
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8.1. Non-Vanishing of Rank 3 Fourier Coefficients. The purpose of this subsection is
to explain the proof of the following proposition. We refer the reader to [Poll8, Definition
4.3.2] for the definition of rank as it pertains to elements of Wg =~ 1/2%2.

Proposition 8.1. Suppose ¢ € M,y(1) is non-zero and non-cuspidal. Then there exists a
rank 3 primitive element B € V35(Z)%* such that Ay[B] # 0.

Proof of Proposition 8.1 assuming Theorem 1.8. Assume ¢ is non-cuspidal. Then Theo-
rem 1.8 implies that ¢, # 0. Hence, the semi-classical holomorphic modular form ¢ of
(5.6) is non-zero. As in (4.21), write a,(nq,ng, ng) for the Fourier coefficients of fg, the
classical holomorphic modular form on b s corresponding to ®. By Lemma 4.11, there

exists a triple of coprime positive integers C' = (nq, no,n3) such that a,(C) # 0. Now by
(6.23), there exists z € E and s € Q/Z such that

A@[abg + Cb_g + S(C, [L’)b_4, —bb_4] 7é 0
Since ged(a, b, ¢) = 1, the element B = [abs+cb_3+s(C, x)b_y4, —bb_,] is primitive. Moreover,
in the coordinates given by the isomorphism V3 2(Z)%? ~ Wy, B = (0,0,C, s(C,z)). Hence

Q(B) =0 and B’ = (0,0,0, Ng(C)) where the operation B + B’ is described in [Pol18, §4.3
pg. 20]. Therefore, since a, b, and ¢ are positive, B’ # 0 and so B has rank 3 as required. [J

8.2. The Degenerate Coefficients of a Quaternionic Modular Form. In this subsec-
tion, we assume J is a cubic norm structure such that trace pairing (-, ) is positive definite.
Let K ;o be the maximal compact subgroup of G ;(R) from [Pol20, §5]. The Heisenberg par-
abolic subgroup of G; [Pol20, §4.3.2] is denoted P; = N;H ;. Here H; is the Levi subgroup
of P; defined in [Pol20, §2.2] . So Lie(N,;) = e® W; + QF;3 and

W ~ Lie(N%"), W e®w,

where V, = (e, f) is the standard representation of SLy. Write (-, -)w, for the usual symplectic
form on W;. We refer the reader to [Pol20] for any unexplained notation.

Given w € W, define ¢,, € Hom(N;(Q)\N,(A),C*) by

ew(exp(e ® w')) = ((w, w')w,).

If p: G;(A) — V, is an automorphic function, the Fourier coefficient ,, is defined as
bt GA) = Ve o) = [ ctnglentm L n
Ny

Regarding the Fourier coefficients ¢,,, we have the following.

Lemma 8.2. Let w € W; be non-zero and g = gsgooc € Gj(A) be such that g €
N;(R)H;(R)*KY . Assumem € H;(Ay)x H;(R)* is such that there exists mq € H;(Q),
Mo € Hy(R)E, and my € H;(Ay) satisfying (i) m = mqmoemy, (ii) mq and my, stabilize
Ew, (111) Moo is unipotent, and () p(mysg) = p(g). Then p,(mg) = @u(9).

Proof. Let ny, € N;(R), my € H;(R)*, and k, € K be such that g, = ngmgk,. By
[Pol20, Theorem 1.2.1], there exists a unique collection of locally constant functions

{aw: GJ(Af) —C:we WJ}
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such that ¢, (mg) = aw(Mg)Wiomw(Moogoo). Here Wyory, is the generalized Whittaker
function of (loc. cit.). Let £ be the archimedean component of ¢,. By the equivariance
properties of Wjory,

(8.1) Puw(mg) = aw(mfgf)gzjo(moongm;l)kg_l Wiarw(Mecmyg).

Inspecting the formula in (loc. cit.), hypothesis (ii) and (iii) imply that W orw(memy) =
W orw(my). Moreover, (ii) implies that e (moongm}) = 2°(n,), and so (8.1) simplifies to

ww(mg) = puw(mysg). Applying hypothesis (iv) completes the proof. O

The next proposition involves the 3-step parabolic subgroup () < G ; associated to the ele-
ment hg = Ey1+E5—2F33. Since ad(hg) acts on Lie(G ) with eigenvalues —3, —2, —1,0, 1, 2, 3,
() admits a Levi decomposition @ = MyNg where Mg, is the zero eigenspace of ad(hg). The
Lie algebra of the unipotent radical Ny decomposes into ad(hg) eigenspaces as

Lie(Ng) = Lie(Ng)!V @ Lie(Ng)®? @ Lie(Ng)¥.

Here Lie(Ng)t = (v; ® J) @ (va ® J), Lie(Ng) = 63 ® JV, and Lie(Ng)E = QFE)3 ® QEqs.
Moreover,

Lie([Ng, Ng]|) = Lie(Ng)™ @ Lie(Ng)P.

Since hg = Eiq + Eay — 2F33, Mger is the principle SLs in GG; containing the root subgroup
exp(QE12). Let ng € MG (Z) denote a representative for the Weyl reflection in the hyper-
plane orthogonal to ae. We view n, € G;(A) via the diagonal embedding G(Q) — G(A).

Given C € JY\{0}, let no: [Ng] — C* be the character of Ng associated to the linear
functional v; @ X + v, ® Y — (C,Y),, and let

Sc = {exp(v2 ® ) | x € J such that (z,C); = 0}.
be the stabilizer of we = (0,0, C,0) inside exp(vy ® J).

Proposition 8.3. Suppose ¢ is a weight { modular form on G; and fiz C € JY. Write
we = (0,0,C,0) € W, and let on, denote the constant term of ¢ along Nj. Define

on,clg) = / o, (ug)ng' (u)du.

[exp(v2®J))]
If g € G(A) is such that g € N;(R)H;(R)*KY  then
82) owo0) = | Puc(unag)du.

Sc(A)\ exp(v2®J)(A)
Proof. The result is proven by calculating
PNgme(9) = / p(cg)ne(c)™ de
[NQ]

in two different ways.
To obtain the left hand side of (8.2), we calculate oy, ;. by Fourier expanding ¢ along

the center Z. Let oy, n,] be the constant term of ¢ along [Ng, Ng|. Then ¢x,, n,) Fourier
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expands in characters of [N5"] as ¢, v (9) = > deqeesv P00.ed)(9)- Hence,

ONome(9) = / / PINo.No) (cxg)ns () da de
fexp(v207)\NZ] J [exp(v2©.7)]

©(0,0,¢,d) (zg)ng' (x) / £(0,0,0,d)(¢) dedx
fexp(va @)\ NG

(8.3) = /
[exp(v2®J)] deQ,ceJV

The quotient exp(vy ® J )\Ng?b is identified with the subgroup of Ngb whose Lie algebra is
spanned by v; ® J. So the inner integral in (8.3) vanishes unless the summation index ¢ = 0.
Since the subgroup exp(v, ® J) stabilizes €(0,0,0,4) for all d € Q, (8.3) simplifies to

59 oranco) = [

e @ / S 0000)(39)15 (@)d
exp(va®J

[exp(v2@)] g2

Applying Lemma 8.2, the function x — 0,04 (2g) is constant for all d # 0. Hence the
second integral in (8.4) vanishes and we obtain ¢, ,.(9) = ¥n,.c(9)-

To finish the proof, we obtain the right hand side of (8.2) by calculating ¢n, . in a
different way. This time we factor $[Ng,No] across the central subgroup Z "'=n,Z n;l as

(8'5) @[NQ,NQ](Q): Z 90(0,0,c,d)(na9)-
ceJV,deQ

Then applying (8.5), we obtain

¥Ngne (g) = / / SO[NQ,NQ](ng)nal(C) dx de
[exp(v2®J)] J [exp(v1®J)]

(8.6) = ©(0,0,c,d)(NaTg) / £(0,0,¢,d) (nacng )ng'(c) deda.

/[;Xp(’ln ®J)] dGQ,CEJv [eXp(v2®J)]

The inner integral appearing in (8.6) vanishes unless ¢ = C. Hence

PNome(9) = / Z © 00,04 (TN0g) dx
[exp(v2®J)] deQ

= / Z Pwc (umnag) dr
[exp(v2®J)]

ueSc(Q)\ exp(v2®J)(Q)

(8.7) = Ouwe (TN09) dx.

/SC’(Q)\QXP(U2®J)(A)
By Lemma 8.2, the function x — ¢y, (2n49) is left Sc(A) invariant. So, (8.7) simplifies to
ONome(9) = fSC(A)\eXp(w@J)(A) Yuwe (Tnqg)dr and the proof is complete. O
Recall [Pol20, Proposition 11.1.1], which states that if m € H;(A;) x H;(R)%, then
o, (m) = v(m)|p(m)|(2(m)[z*] + Blay’] + &' (m)[y*]).
Here 8 € C is constant and ® is a holomorphic modular form on H7F.

For C € JV\{0}, write C > 0if (C,1,); and (C#,1;);) > 0. Then, ® Fourier expands as

q)(mfmoo) = CI)eXp(vz@J) (mfmoo) + Z AC’ (mf)j(mom Z.)_ee%ri(moo'(ih)’C)J'
CeJv\{0}: C>0
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Here notation is as follows:
(1) Pexp(uey) is the constant term of ® along exp(v, ® J),
(2) j(Mmeo,1) is the automorphy factor of [Pol20, §2.3], and
(3) {Ac: Hj(Af) — C} is a family of locally constants functions.
Let ug € Vy be such that if {-, -}Kgoo is the KROO invariant pairing on V,, then

1, ifv=/¢
l—v, l+v — ) )
So by definition, if m = m;ms € H;(A;)H;(R)*,
(8.8) {onsclmpme) uo} g = v(m)|v(m)|Ac(my)j(me, i)~ fe?mme (1A,

Since i (9f90) = Guwe (91)Wi2rwe (9s0), Proposition 8.3 implies that ¢y, «(g) is factorizable
for all gy € G;(Ay) and goo € N;(R)H,;(R)*KY . In particular, the functions v‘|v|Ac
extend to functions on G;(Ay) by the formula

(8.9) vl Ac(gy) = / G (g )t
Sc(Ay)\ exp(v2®J)(Ay)

Here = means that the left-hand side is a constant multiple of the right hand side.

Lemma 8.4. Suppose C € JY\{0} is such that C > 0. Then the implied constant in (8.9)
s non- zero and indepedent of C.

Proof. In [Pol20, §11], the author constructs Klingen Eisenstein series on G for which the
Fourier coefficients Ac are non-trivial. Hence, the non-vanishing statement is a consequence
of showing that the implied constant in (8.9) is independent from C.

Assume C' > 0. Since the trace pairing (-,-); on J is positive definite, S¢ is contained in
exp(vy ® J) as subgroup of codimension 1. Hence, G, — S¢\ exp(vy ® J) via the map

(8.10) t— z(t) == exp(vy ® tC/(C, C)).

If R is a topological ring equipped with a measure, then Sc(R)\ exp(ve ® J)(R) inherits a
measure via (8.10). With this normalization, the implied constant in (8.9) is equal to

8.11) (2(1.) / Wi (@(B)na), o} i, dt.
R

Since n, € K9, (8.11) simplifies to

21,0y {/ W 2mwe (2(s)) ds, ng - UD}
R
Therefore, it suffices to show that
(8.12) el @17 / Wigmwe (2(s)) ds
R

is independent of C. If r¢(i) = (1, —il;, —1,,4);, € W;(C), then

(we, z(s) - ro(d))w,,= s +1i(C,1;).
34

KJ,oo



Hence,by [Pol20, Theorem 1.2.1],
1
ds = l—v1r, £+v
/RWJ,%wc(x(S)) S o _qu[a} Iy ]/R

Applying [Pol24, Lemma A.4] and the fact that (C,1,), > 0,

s+ 2mi(C,15) 7\ " . -
/E;( 5+27Ti<0,1J)J Kv(‘s‘f‘Qﬂ'l(C, 1J)J‘)d$—

Hence, (8.12) is independent of C' as required. |

<|$ + 27TZ(C, 1J)

a1\ .
s+2mi(C, 1), ) Bullst2mi(C, 1)) ds.

eI 6—277(0,1J)J

DO | —

8.3. The General Cuspidality Criterion. We continue to assume J is a general cubic
norm structure with a positive definite trace form. The proof of the following lemma is
adapted from [Pol24, Lemma 13.6.].

Lemma 8.5. Suppose C' € JV is non-zero and define

@C: GJ<Af) - C> @C(g) = awc(UQ) du.

/Sc(Af)\eXP(U2®J)(Af)
If g € GJ(Af), then

G (9) = /A Bolexp(ain)g) da.

Proof. Using the measure defined by (8.10), -(g9) = fAf Ay (exp(vy ® sx)g)ds where x =
C/(C,C). Then, if ef,_ is the finite adelic part of the character e, &« € Ay, and g € G ;(Ay),

Polexp(akia)g) = / e (exp(sv2 ® x) exp(alia)g) ds
Ay

= /A 5£C.exp(sv2®$)(exp(aElg))awC(exp(svg ®x)g)ds
7

= VI ((C, as) 1)y (exp(s5v2 ® 1) g)ds.
Ay

Now fix gf € G;(Ay). Since ¢’ — ay.(9'gy) is smooth on G;(Ay), there exists M, € Z such

o~

that for u € exp(MyZE1), and ¢’ € Gj(Ay), aw.(g'ugr) = aw,(9'gs). Then

Polexp(akin)g) = / W ((C,asz) 5)aw. (exp(sve @ 2)g) | W/ ((C,as'z);)ds'ds.

Af/MyZ M,Z

So P (exp(aEs)g) # 0 implies a € Ve, = {o/ € Ap: o/ ((C, o/Mgzx)) = 1}. Therefore,

/ Polexp(aFErp)g) da = / Y((C, asx) j) . (exp(sv2 ® x)g) ds do
Ay Vo,g J Ay

— [ tclesp(srz@a)g) [ 0((Cuase))dads

Vo,g

= Z Ay (exp(svy @ )g) ((C,asx) ) da.

s€Q/M,Z Ve,
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To complete the proof, it suffices to show that if s € Q satisfies fch »((C,asx) ) da # 0,
then s € M,Z. Let 3 € Q be such that ¢/ (a) = ¢£d(5a) for all a € Ay. Here Q/J;ctd is

~

the standard additive character of A with ker(y/ ) = Z. So, if ¥((C,asz);) = 1 for all

a € Vi, then B(C,asz); € Z for all a € Veg- Since 1/(5(C, Myx)s) € Vg, it follows that
s € MyZ as required. O

Before completing the proof of Theorem 1.8 we require one additional lemma.

Lemma 8.6. Suppose J = G2 or J = H3(C) with C a composition algebra over Q. If
w € W;(Q) is non-zero and rank(w) < 4 then there exists m € H;(Q) and C € JY such
that rank(w) = rank(C'), v(m) =1, and m - w = we.

Proof. Applying [Pol20, Lemma 10.0.2], there exists an element m € H;(R) such that
vim) = 1 and m-w = (0,0,¢,d) for some C € JY and d € Q. In fact, the proof of
(loc. cit.) is valid when the field R is replaced by Q. Hence, we obtain m € H;(Q) such
that v(m) =1 and m - w = (0,0, C, d).

Since J contains a non-zero element y such that y# # 0, we may act on m - w through the
element n(y) of [Pol20, §2.2] to ensure that C' # 0. Assuming C' # 0 and d # 0, we may then
arrange for the case when d = 0 by selecting x € J appropriately such that (C,x) # 0, and
acting on (0,0, C, d) by the element n(z) of (loc. cit.). In this way we construct m € H;(Q)
such that v(m) =1 and

m-w = we.

It remains to prove that rank(w¢) = rank(C'). This is immediate in the case when rank(w¢) =
3, since wy = (0,0,0,N;(C)) and so N;(C) # 0. For the case when rank(wg) = 2,
N;(C) = 0 since w}, = 0, and one can apply [Pol18, Lemma 4.3.4] to conclude that C# # 0.
Finally, for the case when rank(w¢) = 1, rank(C') = 1 as a consequence of (loc. cit.). O

Proof of Theorem 1.8. Suppose ¢x, = 0. Then applying (8.8), if C' € JY then v*|v|Ac(gy) =
0 for all g5 € G(Ay). Therefore, by (8.9), Br(gs) = 0forall C € J¥ and gy € G(Ay). Hence,
by the result of Lemma 8.5, a,.(gf) = 0 for all C' € J¥ and g; € G(Ay).

We conclude that a,(gr) = 0 whenever w € W; is in the same H,;(Q) orbit of an element
of the form we for C' € JY. Hence, by the result of Lemma 8.6, a,,(g7) = 0 for all g; € G(Ay)
and non-zero w € W satisfying rank(w) < 4. In case of J = G3, one may now complete the
proof by applying Corollary 5.7.

For the case when J = H3(C') it remains so that if ¢y, ., = 0 for all w € W) satisfying
rank(w) < 4, then ¢ cuspidal. This is achieved by a similar argument to the one given in
Corollary 5.7. Namely, let U denote the intersection of the unipotent radicals of the maximal
parabolic subgroups containing a fixed minimal parabolic subgroup F,. In this case G; has
a rational root system of type Fy, and the description of the Lie(U) furnished by [Pol25,
Remark 9.4.7] implies that the constant term of ¢ along U takes the form

eu(g) = Z Pnyw(9)-
R GHIGHEST

> , ( ) ,0) satisfies rank(w) < 4,

wy = 0 which implies that ¢ is cuspidal. 0J
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8.4. The Hecke Bound Implies Cuspidality. We recall that if a € 2Z>,, then
Voo = Quya + Vl/,2

where \/'1’72 denote the orthogonal complement of y, in V55. Before we establish the main
result of this section, we require one preparatory lemma.

Lemma 8.7. (1) Suppose n,ov € Z and T € Voo, Write S for the orthogonal projection
of T' onto the subspace Vi ,. If B = [ny,, T then

Q(B) = n*a(S, 9).

(ii) Assume B € Va2(Z)*? is a primitive element satisfying rank(B) = 3 and B = 0.
Then there exists a € 2Z>y, and n,m,r € Z such that B is in the same M (Z)-
orbit as

[Ya, —by — mb_4q + 1b_3]

Proof. Statement (i) is a direct computation using the formula
QT 1)) = (Th, Th)(Ts, Tz) — (Th, T)?.
For statement (ii), we apply the primitivity of B and [Bha04, Appendix Ch. II] to reduce to
the case
B = Yo, —nbg — mb_y4 + rb_3]
where a,n, m,r € Z. It remains to show that we may assume o > 0.

Since B = 0, Proposition 5.6(i) implies @ > 0. Hence, without loss of generality, we may
assume « = 0. Then via the isomorphism (3.10), B maps to an element of the form

w = (r,b,0,1)
where b = (n,0,m) € E. Since rank(B) = 3,
w’ = (=12, 7rb, 207 1) # 0.

Therefore, either r # 0 or b# # 0. Since Q(B) = r? + 4Ng(b) = 0, r # 0 and b# = 0 gives
a contradiction. Hence, we may assume b* # 0, in which case Th = —nby — mb_, + 7b_3
satisfies (Ty,T3) # 0. Therefore, since B = 0, Proposition 5.6 implies (T3, T3) > 0, which
implies mn > 0. Therefore, since a = 0, there exists k € Z such that ged(k,m,n) = 1 and

(T2 + kya, To + k‘ya) > 0.

Hence, B is in the M&%(Z) orbit of an element [y,, T3] where T} is a primitive element in
Vao(Z) of positive norm. Hence, there exists h € SO(V22)(Z) and 8 € 2Z>; such that
h- Ty = ys. Therefore, B is in the Mg™(Z) orbit of the element [ys, —h - ya], as required.

U

We are now ready to establish the main result of this section.

Theorem 8.8. Suppose { > 5 and let p € My(1) be a weight £, level one, quaternionic
modular form on G = Spin(V). Assume that if B € Va2(Z)®? is primitive and satisfies
B >0, then

£+1

Ag[Bl <, Q(B) =

Then ¢ is cuspidal.
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Proof. By the result of Proposition 8.1, it suffices to show that if B € V55(Z)%? is primitive
and rank(B) = 3, then A,[B] = 0. Hence, we assume B = 0 is primitive of rank 3. Then by
Lemma 8.7(ii), there exists aw € Z>y, and n,m,r € Z such that

A[B] = Ay[ya, —nby — mb_y + 7b_3).
By (6.26), if S = —nby — mb_y — ry?/«,
Ap[B] = Age(ya) [S]-

Since S is the orthogonal projection of T' = —nby —mb_4 +rb_3 onto the V/,, Lemma 8.7(i)
implies (5, S) = 0. Hence, to show A,[B] = 0, it suffices to prove that {¥(y,) is cuspidal.

With a view to to applying Theorem 4.6, assume S" = —n'by —m'b_y — 'y /o € V] 1(Z)%,
satisfies (S,5") > 0. Then by (6.26),

Age (o) [9'] = N[BT,

where B’ = [y,, —n'by — m'b_4 + 1'b_3]. Without loss of generality, we may assume B’ = 0,
and Lemma 8.7(ii) implies Q(B’') = a(5’,S") > 0. Therefore, B’ > 0, and so by assumption
Aeey)[9] = Ao[B) <, Q(B)F < (8',8)F
Hence, £#(y,) satisfies the hypothesis of Theorem 4.6, and is thus cuspidal. 0

Proof of Theorem 1.7. This is a direct consequence of Theorem 8.8 and Proposition 5.8. [

BIBLIOGRAPHY

[AD19] Pramath Anamby and Soumya Das. “Distinguishing Hermitian cusp forms of
degree 2 by a certain subset of all Fourier coefficients”. In: Publ. Mat. 63.1 (2019),
pp. 307-341. 1SSN: 0214-1493,2014-4350. DOI: 10 .5565/PUBLMAT6311911. URL:
https://doi.org/10.5565/PUBLMAT6311911.

[BD14] Siegfried Bocherer and Soumya Das. “Characterization of Siegel cusp forms by the
growth of their Fourier coefficients”. In: Math. Ann. 359.1-2 (2014), pp. 169-188.
1SSN: 0025-5831,1432-1807. DOT: 10.1007/s00208-013-0997 -z. URL: https:
//doi.org/10.1007/s00208-013-0997~z.

[BD22]  Siegfried Bocherer and Soumya Das. “On fundamental Fourier coefficients of
Siegel modular forms”. In: J. Inst. Math. Jussieu 21.6 (2022), pp. 2001-2041.
ISSN: 1474-7480,1475-3030. DOI: 10 . 1017 / S1474748021000086. URL: https :
//doi.org/10.1017/S1474748021000086.

[Bha04]  Manjul Bhargava. “Higher composition laws. I. A new view on Gauss composition,
and quadratic generalizations”. In: Ann. of Math. (2) 159.1 (2004), pp. 217-250.
1SSN: 0003-486X,1939-8980. DOI: 10.4007/annals.2004.159.217. URL: https:
//doi.org/10.4007/annals.2004.1569.217.

[Das25]  Soumya Das. Fourier coefficients and cuspidality of modular forms: a new ap-
proach. 2025. arXiv: 2407 . 15222 [math.NT]. URL: https://arxiv.org/abs/
2407 .15222.

[EZ85] Martin Eichler and Don Zagier. The theory of Jacobi forms. Vol. 55. Progress
in Mathematics. Birkhauser Boston, Inc., Boston, MA, 1985, pp. v+148. ISBN:
0-8176-3180-1. pO1: 10.1007/978-1-4684-9162-3. URL: https://doi.org/10.
1007/978-1-4684-9162-3.

38


https://doi.org/10.5565/PUBLMAT6311911
https://doi.org/10.5565/PUBLMAT6311911
https://doi.org/10.1007/s00208-013-0997-z
https://doi.org/10.1007/s00208-013-0997-z
https://doi.org/10.1007/s00208-013-0997-z
https://doi.org/10.1017/S1474748021000086
https://doi.org/10.1017/S1474748021000086
https://doi.org/10.1017/S1474748021000086
https://doi.org/10.4007/annals.2004.159.217
https://doi.org/10.4007/annals.2004.159.217
https://doi.org/10.4007/annals.2004.159.217
http://arxiv.org/abs/2407.15222
https://arxiv.org/abs/2407.15222
https://arxiv.org/abs/2407.15222
https://doi.org/10.1007/978-1-4684-9162-3
https://doi.org/10.1007/978-1-4684-9162-3
https://doi.org/10.1007/978-1-4684-9162-3

[GGS02]

[GW96]

[Hu+-26]

[Joh+24]

[KM14]

[Koh10]

[McG25]

[McG26]

[Pol18]

[Pol20]

[Pol21]

[Pol24]

[Pol25]

[Sah13]

Wee Teck Gan, Benedict Gross, and Gordan Savin. “Fourier coefficients of mod-
ular forms on G5”. In: Duke Math. J. 115.1 (2002), pp. 105-169. 1sSN: 0012-7094.
DOI: 10.1215/S0012-7094-02-11514-2. URL: https://doi.org/10.1215/
S0012-7094-02-11514-2.

Benedict H. Gross and Nolan R. Wallach. “On quaternionic discrete series rep-
resentations, and their continuations”. In: J. Reine Angew. Math. 481 (1996),
pp- 73-123. 18sN: 0075-4102. por: 10.1515/crll.1996.481.73. URL: https:
//doi.org/10.1515/cr11.1996.481.73.

Bryan Hu, Jennifer Johnson-Leung, Finn McGlade, Aaron Pollack, and Manami
Roy. “Algebraicity of Eisenstein Series on Exceptional Groups and Deligne’s Con-
jecture for Gy”. In: in preparation (2026).

Jennifer Johnson-Leung, Finn McGlade, Isabella Negrini, Aaron Pollack, and
Manami Roy. The quaternionic Maass Spezialschar on split SO(8). 2024. arXiv:
2401.15277 [math.NT]. URL: https://arxiv.org/abs/2401.15277.

Winfried Kohnen and Yves Martin. “A characterization of degree two Siegel cusp
forms by the growth of their Fourier coefficients”. In: Forum Math. 26.5 (2014),
pp. 1323-1331. 18SN: 0933-7741,1435-5337. DOI: 10. 1515/ forum-2011-0142.
URL: https://doi.org/10.1515/forum-2011-0142.

Winfried Kohnen. “On certain generalized modular forms”. In: Funct. Approz.
Comment. Math. 43 (2010), pp. 23—-29. 1SsN: 0208-6573,2080-9433. DOI: 10.7169/
facm/1285679143. URL: https://doi.org/10.7169/facm/1285679143.

Finn McGlade. On the Fourier-Jacobi Expansion of Quaternionic Modular Forms
on Spin(8). Thesis (Ph.D.)—University of California, San Diego. ProQuest LLC,
Ann Arbor, MI, 2025, p. 97. 1SBN: 979-8288-80478-6. URL: https://gateway .
proquest.com/openurl?url_ver=7Z39.88-2004&rft_val_fmt=info:ofi/fmt:
kev:mtx:dissertation&res_dat=xri:pgm&rft_dat=xri:pqdiss:32003257.
Finn McGlade. “On the Cuspidality and Vanishing of Quaternionic Modular
Forms on Exceptional Groups”. in preparation. 2026.

Aaron Pollack. “Lifting laws and arithmetic invariant theory”. In: Camb. J. Math.
6.4 (2018), pp. 347-449. 1SSN: 2168-0930. DOI: 10.4310/CJIM.2018.v6.n4d . al.
URL: https://doi.org/10.4310/CIM.2018.v6.nd.al.

Aaron Pollack. “The Fourier expansion of modular forms on quaternionic excep-
tional groups”. In: Duke Math. J. 169.7 (2020), pp. 1209-1280. 1sSN: 0012-7094.
DOI: 10.1215/00127094 - 2019 - 0063. URL: https://doi.org/10.1215/
00127094-2019-0063.

Aaron Pollack. “A quaternionic Saito—Kurokawa lift and cusp forms on G2”. In:
Algebra Number Theory 15.5 (2021), pp. 1213-1244. 1ssN: 1937-0652. DOI: 10 .
2140/ant.2021.15.1213. URL: https://doi.org/10.2140/ant.2021.15.1213.
Aaron Pollack. Automatic convergence and arithmeticity of modular forms on
exceptional groups. 2024. arXiv: 2408.09519 [math.NT]. URL: https://arxiv.
org/abs/2408.09519.

Aaron Pollack. “Exceptional Siegel Weil theorems for compact Sping”. In: Math-
ematische Annalen 391.3 (2025), pp. 4271-4324. por: 10 . 1007 /s00208-024 -
03024-2. URL: https://doi.org/10.1007/s00208-024-03024-2.

Abhishek Saha. “Siegel cusp forms of degree 2 are determined by their funda-
mental Fourier coefficients”. In: Math. Ann. 355.1 (2013), pp. 363-380. ISSN:

39


https://doi.org/10.1215/S0012-7094-02-11514-2
https://doi.org/10.1215/S0012-7094-02-11514-2
https://doi.org/10.1215/S0012-7094-02-11514-2
https://doi.org/10.1515/crll.1996.481.73
https://doi.org/10.1515/crll.1996.481.73
https://doi.org/10.1515/crll.1996.481.73
http://arxiv.org/abs/2401.15277
https://arxiv.org/abs/2401.15277
https://doi.org/10.1515/forum-2011-0142
https://doi.org/10.1515/forum-2011-0142
https://doi.org/10.7169/facm/1285679143
https://doi.org/10.7169/facm/1285679143
https://doi.org/10.7169/facm/1285679143
https://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqm&rft_dat=xri:pqdiss:32003257
https://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqm&rft_dat=xri:pqdiss:32003257
https://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqm&rft_dat=xri:pqdiss:32003257
https://doi.org/10.4310/CJM.2018.v6.n4.a1
https://doi.org/10.4310/CJM.2018.v6.n4.a1
https://doi.org/10.1215/00127094-2019-0063
https://doi.org/10.1215/00127094-2019-0063
https://doi.org/10.1215/00127094-2019-0063
https://doi.org/10.2140/ant.2021.15.1213
https://doi.org/10.2140/ant.2021.15.1213
https://doi.org/10.2140/ant.2021.15.1213
http://arxiv.org/abs/2408.09519
https://arxiv.org/abs/2408.09519
https://arxiv.org/abs/2408.09519
https://doi.org/10.1007/s00208-024-03024-2
https://doi.org/10.1007/s00208-024-03024-2
https://doi.org/10.1007/s00208-024-03024-2

[Sch]

[Sprog|

[Ste68]

[Wal03]

[Wei06]

[Yam09]

[Yam14]

[Zag81]

0025-5831,1432-1807. DOI: 10.1007/s00208-012-0789-x. URL: https://doi.
org/10.1007/s00208-012-0789-x.

Wilfried Schmid. “Homogeneous complex manifolds and representations of semisim-
ple Lie groups”. In: Representation theory and harmonic analysis on semisimple
Lie groups. Vol. 31. Math. Surveys Monogr. Dissertation, University of California,
Berkeley, CA, 1967. Amer. Math. Soc., Providence, RI, pp. 223-286.

T. A. Springer. Linear algebraic groups. Second. Vol. 9. Progress in Mathematics.
Birkhauser Boston, Inc., Boston, MA, 1998, pp. xiv+334. 1SBN: 0-8176-4021-5.
DOI: 10.1007/978-0-8176-4840-4. URL: https://doi.org/10.1007/978-0-
8176-4840-4.

Robert Steinberg. Lectures on Chevalley groups. Notes prepared by John Faulkner
and Robert Wilson. Yale University, New Haven, CT, 1968, pp. iii+277.

Nolan R. Wallach. “Generalized Whittaker vectors for holomorphic and quater-
nionic representations”. In: Comment. Math. Helv. 78.2 (2003), pp. 266-307. 1SSN:
0010-2571. por: 10.1007/s000140300012. URL: https://doi.org/10.1007/
s000140300012.

Martin H. Weissman. “D, modular forms”. In: Amer. J. Math. 128.4 (2006),
pp. 849-898. 18SN: 0002-9327. URL: http://muse. jhu.edu/journals/american_
journal_of_mathematics/v128/128.4weissman.pdf.

Shunsuke Yamana. “Determination of holomorphic modular forms by primitive
Fourier coefficients”. In: Math. Ann. 344.4 (2009), pp. 853-862. 1SSN: 0025-5831,1432-
1807. por: 10.1007/s00208-008-0330-4. URL: https://doi.org/10.1007/
s00208-008-0330-4.

Shunsuke Yamana. “L-functions and theta correspondence for classical groups”.
In: Invent. Math. 196.3 (2014), pp. 651-732. 1sSN: 0020-9910,1432-1297. poI: 10.
1007 /s00222-013-0476-x. URL: https://doi.org/10.1007/s00222-013-
0476-x.

D. Zagier. “Sur la conjecture de Saito-Kurokawa (d’apres H. Maass)”. In: Seminar
on Number Theory, Paris 1979-80. Vol. 12. Progr. Math. Birkh&user, Boston,
MA, 1981, pp. 371-394. 1SBN: 3-7643-3035-X.

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF OKLAHOMA, NORMAN, OK 73072, USA
E-mail address: finn.mcglade@ou.edu

40


https://doi.org/10.1007/s00208-012-0789-x
https://doi.org/10.1007/s00208-012-0789-x
https://doi.org/10.1007/s00208-012-0789-x
https://doi.org/10.1007/978-0-8176-4840-4
https://doi.org/10.1007/978-0-8176-4840-4
https://doi.org/10.1007/978-0-8176-4840-4
https://doi.org/10.1007/s000140300012
https://doi.org/10.1007/s000140300012
https://doi.org/10.1007/s000140300012
http://muse.jhu.edu/journals/american_journal_of_mathematics/v128/128.4weissman.pdf
http://muse.jhu.edu/journals/american_journal_of_mathematics/v128/128.4weissman.pdf
https://doi.org/10.1007/s00208-008-0330-4
https://doi.org/10.1007/s00208-008-0330-4
https://doi.org/10.1007/s00208-008-0330-4
https://doi.org/10.1007/s00222-013-0476-x
https://doi.org/10.1007/s00222-013-0476-x
https://doi.org/10.1007/s00222-013-0476-x
https://doi.org/10.1007/s00222-013-0476-x

	1. Introduction
	2. Acknowledgments
	3. Algebraic Preliminaries
	4. Preliminaries on Holomorphic Modular Forms
	5. Preliminaries on Quaternionic Modular Forms
	6. The Fourier-Jacobi Expansion of Modular Forms on G
	7. An Application to The Quaternionic Maass Spezialschar
	8. The Hecke Bound Characterization of Cusp Form on G
	Bibliography

