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ABSTRACT. The classical Maass Spezialschar is a Hecke-stable subspace of the level one
holomorphic Siegel modular forms of genus two cut out by certain linear relations between
their Fourier coefficients. We define an analogous quaternionic Maass Spezialschar, which
consists of level one quaternionic modular forms on split SO(8) whose Fourier coefficients
satisfy certain linear relations. We characterize this space in terms of the theta lift from
holomorphic Siegel modular forms on Sp(4) and in terms of periods. We also give a conjec-
ture for the Dirichlet series of the standard L-function of quaternionic modular eigenforms
on SO(8) and verify our conjecture on the quaternionic Maass Spezialschar.
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1. INTRODUCTION

The classical Saito-Kurokawa subspace of Siegel modular forms on PGSp(4) has many
characterizations. One way to define the Saito-Kurokawa subspace is in terms of theta
lifts from half-integral weight modular forms on SL(2) to SO(5) ~ PGSp(4). The image
of this theta lift can be characterized in terms Fourier coefficients, yielding the classical
identification of the Saito-Kurokawa subspace with the Maass Spezialschar as recalled in
Section 2. With this definition, it becomes an interesting question to ask whether (semi)-
classical characterizations, such as the Maass relations, apply to generalizations of the Saito-
Kurokawa lifting.
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In the present work, we give an affirmative answer to this question for the theta lift from
Sp(4) to SO(8), and present a generalization of the theory of the Maass Spezialschar of Siegel
modular forms to the setting of quaternionic modular forms on SO(8). In the process, we
develop a notion of Fourier-Jacobi coefficients for quaternionic modular forms on groups of
type SO(4,n + 2). We now summarize the results of this paper.

1.1. The Fourier-Jacobi coefficient. Fix n € Z>, and let V' be a non-degenerate qua-
dratic space over Q of signature (4,n + 2). Assume V' contains an isotropic subspace of
dimension 4 and set G = SO(V'). There is a special class of automorphic forms on G, called
quaternionic modular forms, corresponding to minimal K-type vectors in the quaternionic
discrete series on G(R) [GW96]. Concretely, if ¢ € Z>; then a quaternionic modular form of
weight £ is a vector valued automorphic function ¢: G(Q)\G(A) — V, where V, ~ Sym?C?
is the (2¢ + 1)-dimensional irreducible representation of SU(2).

In analogy with the case of holomorphic modular forms, a weight ¢ quaternionic mod-
ular form ¢ satisfies a specific “Cauchy-Riemann type” equation Dyp = 0 (see Defini-
tion 4.3). This differential equation leads to a semi-classical theory of Fourier coefficients
which we now recall. Let P = MpNp denote the Heisenberg parabolic subgroup of G,
defined as the stabilizer in G of a fixed isotropic two plane U C V. The Levi factor
Mp ~ GL(U) x SO(Va,,) where V4, C V is a non-degenerate subspace of signature (2, n).
The characters of Np(Q)\Np(A) are indexed by ordered pairs [T7, T3] consisting of two ele-
ments 17, T, € V,,,. Given a quaternionic modular form ¢, the results of [Wal03] and [Pol20]
give a family of complex numbers a,([T1,T2]) € C for every [T, T3] € V352 which we refer to
as the quaternionic Fourier coefficients of ¢ (see Definition 4.11).

Recall that a holomorphic Siegel modular form F' of genus 2 and level one has a Fourier-
Jacobi expansion of the form

(see for example [E785, Theorem 6.1]). Here 7,7, 2 € C satisfy Im(7), Im(7’), Im(77/ — 2?) >
0, and ¢,, is a Jacobi form of index m. In our first main result we study an analogue of the
“first” Fourier-Jacobi coefficient ¢;(7, z) in the setting of quaternionic modular forms on G.
To be more precise, fix a line Qb; € U and let () = MgNg be the parabolic subgroup in
G stabilizing Qb;. Given a quaternionic modular form ¢ on G, we define the first Fourier
Jacobi coefficient FJ,(h) of ¢ as

Fl,(h) =L (/{N }X;Ol(n)go(nh) dn) (1.1)

for a certain linear functional £ : V, — C, given in Corollary 7.7. Here x,, : No(Q)\Ng(A) —
C* is a specific non-degenerate character of Ng(Q)\Ng(A). The formula (1.1) defines FJ,,
as an automorphic function on the stabilizer H = Stabyy,{xy, }. Moreover, for our particular
choice of x,,, we have H(R) >~ SO(2,n + 1), and so it makes sense to ask whether FJ, is
(the automorphic function associated to) a holomorphic modular form on H. Our first main
theorem settles this question in the affirmative.

Theorem 1.1. Let the notation be as above, so that ¢ is a weight { quaternionic modular
form on G. Then FJ, is the automorphic function corresponding to a weight £ holomorphic
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modular form on H. Moreover, the classical Fourier coefficients of FJ, are finite sums of
the complex conjugates of the quaternionic Fourier coefficients of .

1.2. D, modular forms. The remaining theorems in this paper are specialized to the case
of n = 2. In this case G ~ SO(8) is split and H ~ PGSp(4) is also split. Moreover, the
quadratic space V3, can be identified with the space of 2-by-2 rational matrices M,(Q). For
a level one form ¢, the Fourier coefficients a,([T7,73]) can be non-zero only if [T, 75] is a
pair consisting of 2-by-2 matrices 77 and 75 with integer entries.

In [Wei06], Weissman develops a theory of Fourier coefficients for quaternionic modular
forms on the two-fold simply connected covering group Spin(8) — G. Theorem 1.1, while
stated for special orthogonal groups, applies equally well to the group Spin(8). Specializing
Theorem 1.1 to this case and applying a triality automorphism on Spin(8) (as discussed in
Appendix A) we obtain the following application.

Theorem 1.2. Suppose ¢ is a level one, weight ¢, quaternionic modular form on Spin(8)
with Fourier coefficients a,([11,13]). For integers a,b,c, define

by (la,b,c]) = ap ([(57), (2 )]

Then the q-series

. a b/2
2= 3 by oty (62 0)7)
a,b,ceZ
is the Fourier expansion of a weight ¢, level one Siegel modular form on Sp(4). Moreover, if
@ 1s cuspidal then so is f.

1.3. The quaternionic Maass Spezialschar. Recall that now G = SO(V) with V' of
dimension 8. Suppose f is a weight ¢ cuspidal holomorphic Siegel modular form on Sp(4). For
test data ¢ € S(V(A)?) for the Weil representation restricted to the dual pair G' x Sp(4), one
can consider the theta lift 64( f), which is an automorphic form on G. In [Pol21a], the fourth-
named author chooses special test data ¢, € S(V(A)?) ® V, for the Weil representation.
Set 6*(f) = 04,(f). It turns out that 6*(f) is a cuspidal quaternionic modular form on G
of weight ¢, and its Fourier coefficients are computed in [Pol21a, Theorem 4.1.1] in terms of
the classical Fourier coefficients of f.

For an integer ¢ > 1, we write A z(G,{) for the space of weight ¢, level one quaternionic
modular forms on G = SO(8) (see Section 4.2). We define the weight ¢ quaternionic Saito-
Kurokawa subspace SK; as the subspace of Aj z(G, ¢) spanned by 0*(f) as f ranges over the
space of level one weight ¢ cuspidal holomorphic Siegel modular forms on Sp(4).

Our main application of Theorem 1.2 is to characterize the space SK; in terms of Fourier
coefficients. More precisely, we define a subspace MS, consisting of forms ¢ € Ay z(G, {) for
which the Fourier coefficients a,(T7,73) satisfy a particular system of linear relations (see
Defintion 5.8). We call MS, the quaternionic Maass Spezialschar of weight ¢. The definition
of MSy is analogous to the classical definition of the Maass Spezialschar on PGSp(4).

It follows easily from [Pol2la] that, with our definition of MS,, there is an inclusion
SK;, € MS,. Using Theorem 1.2, we are able to prove that this inclusion is an equality.
Specifically, given an element ¢ € MS,, if we want to prove that ¢ € SK,, then we must
produce a level one Siegel modular form f on Sp(4) such that ¢ = 0*(f). This f is exactly
given by the g-series of Theorem 1.2. One arrives at one of the main theorems of this paper.

Theorem 1.3. Suppose £ > 16 is even. Then the inclusion SK, C MS, is an equality.
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Let us remark explicitly that the composite map f — 6*(f) — FJg(s), from level one
Siegel modular forms f on Sp(4) to itself is not the identity map. In order to recover f from
v = 0*(f), we instead proceed as follows. Let ¢; denote the pullback of ¢ to Spin(8) and
set o = o(¢1) for o an order three automorphism of Spin(8) coming from triality. Then we
find f as a Fourier-Jacobi coefficient of 5.

1.4. Periods of quaternionic modular forms. Theorem 1.3 characterizes the Saito-
Kurokawa subspace in terms of Fourier coefficients. As we describe below, this subspace
can also be characterized using periods of automorphic forms.

Let L C V be a fixed choice of a split, unimodular lattice. For vy,v, € L spanning a
positive-definite two plane, define H,, ,, € G as the pointwise stabilizer of the vectors vy
and vy. Given a level one, weight ¢ quaternionic modular form ¢ on G, we define

Pvl,vz(‘zp) = @(h)dh,

/Hvl,vz(z)\Hvl,vg(R)
the period of ¢ over the Hy, 4, (Z)\Hy, 1,(R). We define an integer D(vy,v3) as

D(vy,v3) = (v1,v2)* — 4(v1, v1)(va, V).

Finally, let ky € O(L)(Z) have determinant —1. Say that ¢ is in the plus subspace if
©(9) = o(kogky ). (The right-hand side of this expression is independent of the choice of
ko.) One has that SK, is contained in the plus subspace.

Theorem 1.4. Suppose ¢ > 22 is even, and ¢ € Ay z(G, ) is a Hecke eigenform in the plus
subspace. Then ¢ € SKy if and only if there exists vi,vy € L such that Py, ,(¢) # 0 and
D(vy,v9) is odd and square-free.

To put Theorem 1.4 into context, let L(p) be a “lift” of ¢ from the special orthogonal group
SO(V') to the orthogonal group O(V') as in Proposition 8.4, and let 11, be the automorphic
representation generated by L(y). In Theorem 8.13 we verify that ¢ is a quaternionic Saito-
Kurokawa lift if and only if the representation Il has a nonzero theta lift to Sp(4). It
is standard that the representation II;(,) has a nonzero theta lift to Sp(4) if and only if
the representation Il is distinguished by a subgroup of the form H,, ,,, for some vy, vy.
This follows from [HPS83, section 4] together with the non-existence of singular cusp forms
[Li92]. In other words, by collecting results from the literature on the theta correspondence,
one sees that ¢ is a Saito-Kurokawa lift if and only if there is some automorphic form ¢’ in
the representation Il that is distinguished by an algebraic subgroup of the form H,, ,,.
Theorem 1.4 refines this fact by showing that it is enough to check if the function ¢ itself is
distinguished.

Theorem 1.4 can be considered a non-holomorphic analogue of (a consequence of) the
result [Shi75, Proposition 2.1] of Shintani, which considers the theta lift from holomorphic
cusp forms on PGL(2) ~ SO(2, 1) to the metaplectic group Mp(2), and is closely related to
the more general results of Funke-Millson, especially [FM06, Theorem 1.1 and Example 1.3].
In the course of proving Theorem 1.4, we compute the Petersson inner product of a cuspidal
quaternionic modular form ¢ of weight ¢ with a quaternionic modular form Qg, = 6*(Psy),
where Pg, is holomorphic Siegel modular Poincare series of weight £. One aspect of the
proof of Theorem 1.4 that we highlight is the relatively straightforward way in which we
compute the inner product (¢, Qse), at least modulo technical considerations concerning
the convergence of certain archimedean integrals.
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Combining Theorem 1.3 with Theorem 1.4 gives a way to detect if cuspidal quaternionic
modular eigenforms have non-vanishing periods in terms of relations between their Fourier
coefficients. We remark that one should also be able to characterize the Hecke eigenforms in
the quaternionic Maass Spezialschar via a pole at s = 2 in their standard L-functions. See
[GJS09], [GT11], [Yam14],[Evd80], [Oda81].

The remainder of the paper is organized as follows. In Section 2, we recall some well-
known facts about the classical Saito-Kurokawa lift and Maass Spezialschar. In Section 3,
we define various notations that we use throughout the paper. In Section 4, we define
quaternionic modular forms on G and review some results about the Fourier expansion
of quaternionic modular forms. In Section 5, we define the quaternionic Saito-Kurokawa
lifting and quaternionic Maass Spezialschar, and show that the quaternionic Saito Kurokawa
subspace SK, is contained in the quaternionic Maass Spezialschar MS,. In Section 6, we
discuss a conjectural Dirichlet series for the L-functions of irreducible, cuspidal, quaternionic
automorphic representations of G and show that this conjecture is satisfied by the Saito-
Kurokawa lifts. In Section 7, we show that the Fourier Jacobi coefficient of a quaternionic
modular form on G is a Siegel modular form on Sp(4) of the correct weight (see Corollary 7.7),
and using this result we obtain MS, C SK,. In Section 8, we collect results from the literature
on theta lifts that we use in Section 9. In Section 9, we prove Theorem 1.4. The paper
ends with three appendices: Appendix A contains results about the triality on Spin(8) and
Appendices B and C contain technical results used in the proof of Theorem 1.4.
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2. THE CLASSICAL SAITO-KUROKAWA LIFT AND MAASS SPEZIALSCHAR

In this introductory section, we recall the classical Saito-Kurokawa lift to Siegel modular
forms and its image, the Maass Spezialschar. We describe characterizations of this subspace
via linear relations on Fourier coefficients, the Saito—-Kurokawa theta lift, and an inverse map
via the first Fourier-Jacobi coefficient. As explained in the introduction, these characteri-
zations will be generalized to the quaternionic Maass Spezialschar in SO(8) in subsequent
sections.

Let M2(T') denote the space of Siegel modular forms of even weight & and level I' C
Sp(4,Z). Recall that F' € M} (Sp(4,Z)) has a Fourier expansion of the form
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F(Z) _ Z ar (T)627ri Tr(ZT)7
TeS2(Z)Y
where

So(Z)Y ={T € S2(R) : Tr(XT) € Z for all X € S5(Z)}

and Z € Ho, the Siegel upper half space of degree 2. Here Sy(A) denotes symmetric 2 x 2
matrices with coefficients in a ring A. The Fourier coefficients ar(T) are 0 if T" is not positive
semi-definite. If T € Sy(Z)" is positive semi-definite, we can write

b/2

The Maass Spezialschar is the subspace MS;(Sp(4,Z)) of S?(Sp(4,Z)) given by all cusp
forms F' such that

wlofy )= X (i V).

d| ged(a,b,c)

T:(“ b{f), a.bceZ ac>0, V< dac

This space was first studied by Maass [Maa78, Maa79] building on experimental evidence
found by Resnikoff and Saldana [RSn74].

The Maass Spezialschar is isomorphic to the Kohnen plus space S,j_l /2 which for k£ even

is the space of cusp forms of weight k& — % on I'g(4) having a Fourier development of the form

g(z) = Z c(n)q", with c¢(n) =0unlessn=0o0r3 (mod 4).

n>1

Proposition 2.1. (Eichler, Zagier). There is a Hecke-equivariant linear isomorphism from

St 172 to MSi(Sp(4,Z)) sending
Q(Z)ZZ c(n)g" € S 1/2
n>1

to

Za 27r7,Tr ZT)

T>0
where

a b/2\ 1 (4ac—1?
i )= T a(MET)

dlgcd(a,b,c)
The map from Proposition 2.1 is called the Saito- Kurokawa lift. 1t has the kernel function
O (Z,7) = Z N3/2_kwN7k(Z)e2mNT, with Z € Ho, 7 € H,
N>0

where

1 T Z
Z — Z - ’ .
wnk(Z) Z (a(77" = 22) + b7 + cz + d7’ + )k’ (2 T )
(a,b,c,d,e)EZ®
4bd—c?—4ae=N
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More precisely, for k > 8 even, (7, 7) belongs to M2(Sp(4,Z)) as a function of Z, and to
Sk—1/2(I'0(4)) as a function of 7. As explained in Section 3 of [Zag81], the Saito-Kurokawa
lift SK @ Sg—1/2(To(4)) — MZ(Sp(4,Z)) is given via the Petersson inner product by

j—1/2 dudv

v

SK(h)(Z) = /F oM RO Z i)

The function € is the holomorphic projection of a theta series attached to SO(2, 3) [Zag81],
and the Saito-Kurokawa lift is the theta lift from SLy to SO(2,3) ~ PGSp(4).

Let F € S?(Sp(4,Z)). From the point of view of general theta correspondences, the
fact that F' = SKC(h) for some h € Sjy_1/2(I'0(4)) is equivalent to the fact that the theta

—_——

lift of F' to SL(2) is non-zero (see [PS83, Theorem 2.2]). The space Slj—l/z is related to
the space Sa_2(SL(2,Z)) of weight 2k — 2 cusp forms for SL(2,Z) by the Shimura lifting
S: 52_1/2 — Sor_2(SL(2,Z)) (see [Shi73]), which can be given as

S: Zc n)q" I—)Zdel (n?/d*))q
n>1 n>1 djn

Moreover, the isomorphism between Sa;_s(SL(2, Z)) and S}/, /o 1s Hecke equivariant [Koh80].

For k even the Maass Spezialschar MSy(Sp(4,Z)) is also isomorphic to the space Ji; of
Jacobi forms of weight k& and index 1. We can see this in two ways. The first way follows from
the theorem below [EZ85, Theorem 5.4], which states that Jj ; is isomorphic to the Kohnen
plus space. But by Proposition 2.1 this space is isomorphic to the Maass Spezialschar, hence
the Maass Spezialschar is isomorphic to J ;.

Theorem 2.2. For k even, the assignment sending

9(z) =) elm)q" € 57,

n>1
to
Z c(dn —r)q"¢" € Jy,
n,rez
An>r?

giwes a Hecke-equivariant isomorphism between S/j—l/2 and Ji 1.

Alternatively, one can associate to a Siegel modular form in the Maass space its first
Fourier-Jacobi coefficient, and this gives an isomorphism between MS,(Sp(4,Z)) and J ;.
The inverse of the Saito-Kurokawa lift is given by composing this assignment with the one
of Theorem 2.2 (see [EZ85] for more details).

3. PRELIMINARIES

In this section, we set up explicit notation for working with quaternionic modular forms
on special orthogonal groups.

3.1. The underlying quadratic space. Let n € Z-, and let (V, ¢) denote a non-degenerate
quadratic space over Q of signature (4,n + 2). Write (z,y) = q(z + y) — ¢(x) — ¢(y) for the
bilinear form associated to ¢ and assume that V' contains an isotropic subspace of dimension
4. We fix a two-dimensional isotropic subspace U C V. Since (V,q) is non-degenerate we
may fix a second isotropic 2-plane U" such that (-,-) defines a perfect pairing between U
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and UY. We write V4, for the orthogonal complement of U + UY in V so that (Va,,q) is a
quadratic space of signature (2,n) and

V=UsVy,e&U". (3.1)

Let {b1, by} denote a fixed basis of U and write {b_1,b_»} for the corresponding dual basis
of UY so that (b;,b_;) = ¢;; for i,j = 1,2. Then V' admits an orthogonal decomposition

V=Qb & V31 @ Qb (3.2)

where V3,11 = (Qby + Qb_1)* is a quadratic space of signature (3,n + 1). Our assumption
that V' contains an isotropic 4-plane implies that there exists vectors bs, bs,b_3,b_4 € Vo,
such that {by, bo, b3, by} and {b_1,b_2,b_3,b_4} give dual bases for a pair of isotropic 4-planes
which are in perfect duality under (-, -).

Let yo = b3 + b_3 and y; = by + b_4 and write V," for the Q-rational subspace of Vo
spanned by yo and y;. Let V7 (R) denote the orthogonal complement of V,"(R) := V;" ®q R
in V5,(R) := V,, ®q R so that

Van(R) =V, (R) @ V" (R). (3.3)

For j = 1,2 we set u; = (b; +b_;)/v/2 € V(R) and u_; = (b; — b_;)/v/2 € V(R). Thus
{uy,uz,u_1,u_5} is an orthonormal basis of V5,,(R)*. Similarly we set v; = (b3 + b_3)/V2,
Vg = (b4 + b_4)/\/§, V-1 = (bg — b_3)/\/§ and V_9 = (b4 — b_4)/\/§

For much of the paper, we will be working in the case that V' is split over Q of dimension 8.
In this case, we assume that V' is endowed with an integral structure, that is unimodular
for the pairing (-,-). More specifically, we endow V55 with the integral structure V5 o(Z) =
Z-span{bs, by,b_4,b_4}, and set

V(Z) = Zb, © Zby ® V5(Z) © Zb_, © Zb_, (3.4)

3.2. Octonions. When dim(V) = 8, we will identify V' with the Zorn model of the split
octonion algebra over Q (see [SV00, §1.8])

@::{(g Z):a,d,eQ;ve%,gbevgv}.

Here V3 is the 3 dimensional representation of SL(3) with basis {e1, ez, e3}, and V3’ is the
dual of with V3. We write {e7, €3, €5} for the basis of V5’ dual to {ej, e, e3}. The quadratic
norm on O is denoted ng, and we write ¢ for the standard involution on Q. We have the the
trace map tro : O — Q, tro(z) -1 =x + ¢(z), as well as the trilinear form

() OxO0Ox0—Q, (x1,22,23) :=tro(zy - (z2-x3)).

In a slight abuse of notation, for j = 1,2, 3, we set e; := (8 “), e = (e(); 8), e1:=(39), and
€2 := (§7). Then {ej, e, e1,62: j = 1,2,3} gives a basis for 0. We view O as a quadratic
space with respect to the quadratic form ¢(z) = —ng(z). Then, in the case of n =2, V and

O are isomorphic as quadratic spaces via the identification of lists

(bla b27 b37 b47 b—47 b—37 b—2a b—l) = (617 ei‘;v €2, 6;, €2, —€1, €3, GT) (35)
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3.3. Algebraic groups, their Lie algebras, and parabolic subgroups. Now let n be
an arbitrary positive integer and let G' denote the special orthogonal group of (V,¢q), which
we assume acts on the left of V. Let () denote the parabolic subgroup of G defined as
the stabilizer in G of the line Qb;. The Heisenberg parabolic subgroup P is defined as the
subgroup of G stabilizing the space U = Span{b;, by}. Define Mg to be the Levi subgroup
of () that stabilizes Qb_; and define the Levi factor Mp < P as the subgroup stabilizing the
subspace UY = Span{b_1,b_s}. Through its action on the decomposition (3.1) the subgroup
Mp is identified with the product GL(U) x SO(Va,,). Similarly the action of Mg on the
decomposition (3.2) yields an identification Mg ~ GL(1) x SO(V5,41). Let Np and Ng
denote the unipotent radicals of P and @, respectively. We set Z = [Np, Np|, which is
one-dimensional and the center of Np.
The Lie algebra of G can be identified with A2V, where A2V acts on V via

(vAw) -z = (wx)v— (v,x)w. (v,w,x € V)

We note that Lie(Z) = Q-span{b; A bo}. As an Mp representation, the Lie algebra of the
quotient N&* = Np/Z is identified as

U®q Van — Lie(N2), by @ wy + by @ wy > by Awy + by A wy + Lie(Z). (3.6)

Let A denote the adele ring of Q and write ¢ : Q\A — C* for the standard additive
character of Q\A with 1., (x) = ™. For y,y’ € Vo, let €}, denote the unique automor-
phic character of Np(A) satisfying ep,,(exp(by A w + by Aw')) = ((y, w) + (v, w’)) for all
w,w € Vo, (A). We have an Mp-equivariant identification

Uv ®Q ‘/2771 1> HOH](NP(Q)\NP(A), Cl), b_l X Yy + b_g & ’y, — g[y,y’} (37)
Similarly, the abelian Lie algebra Lie(Ng) is identified as an Mg-module via the map
le Xq %,n+1 = Lle(NQ), b1 @ wr— by A w.

Let xy: Ngo(A) — C* denote the automorphic character satisfying x,(exp(b; A v)) =
Y((y,v)) for all v € V5,,11(A). We have an Mp-equivariant identification

Qb1 ®q Vani1 — Hom(Ng(Q)\Ng(A),Ch), b1 @Y Xy (3.8)

When dim V' = 8, we let G’ denote the the spin group of V. If R is a Q-algebra, one can
extend the trilinear pairing (, , ) to O ® R by linearity and then

G'(R) = {g = (91, 92, 93) € SO(O, ng)(R)* : (g171, goT2, g3x3) = (21, T2, 23)Vz; € O ® R}.

The association g — gy defines a map G’ — G when dim(V') = 8. We define P’ = Mp/Np/
to be the Heisenberg parabolic subgroup of G’ given by the inverse image of P under the
map G’ — G. See Appendix A for more on Mp: and Np.

3.4. Compact subgroups. We now define Cartan involutions and maximal compact sub-
groups of the groups with which we work.

In the case of G = SO(V), we proceed as follows. Let o, : Vo,(R) = V5,(R) be
the involution that is +1 on V; (R) and —1 on V, (R). Let ¢ : V(R) — V(R) be the
involution with «(b;) = b_; for j € {1,2,—1, -2} and ¢ restricted to V5, (R) is t2,. Note
that « € O(V)(R). If VT is the ¢ = 1 subspace, and V'~ is the « = —1 subspace, then
V(R) =VT@®V~, and we define K C G(R) as the subgroup that preserves the decomposition
V(R) =V*T ®V~. Note that K = S(O(V*) x O(V™)) and has identity component K° =
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SO(VT) x SO(V™). The corresponding Cartan involution ©, on Lie(G(R)) ~ A*V(R) is
defined as O,(u A v) = t(u) A t(v).
To define quaternionic modular forms on G, we need a distinguished map
K® — SU(2)/ . (3.9)

To see that we have such a map, we make a Lie algebra argument. Namely, recall that
V+ = Span{uy, us, v1,v2}, and following [Pol24, Ch. 8], set

o et = 2(uy —iug) A (v1 —ivg)

o W =i(ug Ay +v1 Avg) = 2(ug — iug) A (uy + ius) + 5(v1 — iv) A (01 + iv2)

[} f+ = —%(Ul + ZUQ> A (Ul + iUQ).
We define a distinguished subalgebra of g by sl3™ = C-span{et, f*,h*}. One obtains
another SL(2) triple in g by replacing vy with —vy in the above formulas: That is, we let sl
be the subalgebra of g with basis

1
2
)

® €/+ = %(ul — ZUQ) VAN (Ul + iUg)
[ ] hH_ = Z(Ul N Uy — V1 /\UQ)
[} f/+ = —%(Ul + ZUQ) VAN (Ul - ivg).
Then so(V*) = sI3" @ sl
The adjoint action of K on the 5[5hSt defines a three-dimensional representation V of K°.
We choose a basis z,y of C? = Vj so that Sym?(13) is identified with sl$*" via et = —z2,
h*t = 2zy, f+ = y?. This gives the map K° — SU(2)/us of (3.9). For an integer ¢ > 1,
write V for the highest weight quotient of the /! symmetric power of V. So, V, is the pull
back of Sym?(14) along (3.9), and V, has a basis 2%, 221y, ..., zy?", y*.
Let {-,-}xo: V;xV; — C denote the unique K-invariant bilinear form on V;, normalized
so that
{x£+vyﬁ—v7l,£—wy€+w}K0 — (_1)€+U5U7w(£ + U)‘(E . U)'
where v,w € {—/,--- ,{} and d,,, is the Dirac delta symbol.
In the case when n = 2, recall that (g1,¢92,93) — ¢1 gives a map G' — G. We define
a maximal compact subgroup K’ of G'(R) as the preimage of K° in G'(R) under this
map. In this case, the Cartan involution on A?Q is given by ©,, where 1(b;) = b_; and
O,(uAv) =t(u) Alv).
We have an action of S3 on G’ by triality operators, which is transparent in the coordinates
g = (91,92,93) on G'. For the convenience of the reader, in Appendix A we make explicit
this action on A?Q via the isomorphisms

Lie(G") ~ Lie(G) ~ A?0,

the first map being induced via (g1, g2,93) +— ¢1. In particular, in Theorem A.1 we show
that K’ is stable by the action of S3. By combining Theorem A.8 with a statement in the
last paragraph of [cDD*22, Section 2.3], one sees that the Ss-action is trivial on slg™",

4. HOLOMORPHIC AND QUATERNIONIC MODULAR FORMS

In this section, we review facts about holomorphic modular forms on groups of type
SO(2,n+ 1) and quaternionic modular forms on groups of type SO(4,n + 2). We also prove
a few facts about the exact functions that appear in the Fourier expansion of quaternionic
modular forms on special orthogonal groups, which—due to the additional complication of
the disconnectedness of the real group SO(4, n + 2)-were not worked out in [Pol20].
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4.1. Holomorphic modular forms on SO(2,n+1). Recall that n > 2. Fix V5,4 to be a
Q-vector space equipped with a non-degenerate quadratic form gs 11 of signature (2,4 1).
Write (z,y)2n+1 = G2nt1(T + Y) — @2n11(%) — @2nt1(y) for the symmetric bilinear pairing
on Vs, associated to g ,41. In this subsection, we discuss holomorphic modular forms on
H := SOV 41). We will later consider V5,41 as a subspace of Vj 12, and our notation is
chosen to be compatible with this embedding.

According to the Hasse principal, there exists a non-zero isotropic vector by € Vi ,q41.
Since go,41 is non-degenerate, we may fix a second istropic vector b_y € V5,41 satisfying
(b2, b_2)2n41 = 1.

Let Vi, := (Qby + Qb_3)* be the orthogonal complement of Qby + Qb_5 in V5,,41. Then

‘/2,n+1 - QbQ S¥ ‘/I,n @ Qb—2~ (41)

The Siegel parabolic subgroup R < H is the subgroup of H defined as the stabilizer of the
line Qby € V5 41. Let Mp < R denote the Levi subgroup of R stabilizing the line spanned
by b_3. The unipotent radical Ng < R is identified with V; ,, as an SO(V;,,) module via the
map

k: Vi — Ng, v+ exp(by A V). (4.2)

Assume there exists y; € V1,(Q) such that (y1,v1)2.,+1 = 2. The symmetric space for the
group H(R) is

h = {Z =X+4+1Y € ‘/1,n ®C: (}/, _y1>2,n+1 > 0 and (Y, Y>27n+1 > O}
We have an identification of f with the set of isotropic elements in V5,11 ® C via the map
b — ‘/2,71 ®R C, Z — T(Z) = _q2,n+1<Z)b2 +Z+ b_g.

This identification yields an action of the identity component H(R)? on b as follows: If

g € H(R)?, then there exists a unique nonzero complex number jx(g,Z) and a unique

element gZ € b so that gr(Z) = ju(g, Z)r(gZ). Observe that jy(g,Z) = (gr(Z), b2)2.n+1-
We can now define classical holomorphic modular forms on §.

Definition 4.1. Suppose ¢ € Z, and I' C H(R) is congruence subgroup, i.e., I' = H(Q)NU
for an open compact subgroup U of H(Ay). Then f : h — C is a holomorphic modular form
of weight ¢ and level I' if

(1) f is holomorphic;
(2) f(vZ) = j(v,2)° f(Z) for all Z € h and v € T N H(R)";
(3) the function p;(g) == ju(g, —iy1)*f(g - iy1) : H(R)? — C is of moderate growth.

If T € Vi, say that T is positive definite if (T, —y1)2,n+1 > 0 and (T, T)g,41 > 0. We say
that T is positive semi-definite if (T, —y1)2nt1 > 0 and (7,741 > 0. Write T > 0 (resp.
T > 0) if T is positive definite (resp. semi-definite).

The bilinear pairing (, )2,41 restricts to give a bilinear form on V; ,,1;, and we use (4.2)
to define a lattice A < V;,, as the dual of x~*(T' N Ng) relative to (, )a,r1. If f: h — Cis
a holomorphic modular form of level I" then f(n-Z) = f(Z) for n € NgNI'. Therefore f
admits a Fourier expansion

FZ)= 3 ag(1)emiTDum,

TeA: T>0
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The condition T > 0 arises as a consequence of the moderate growth assumption. If f is
cuspidal, so that |pf(g)| is bounded, then af(T) # 0 implies that 7" > 0. For more on
holomorphic modular forms on h one might see [Bru02, Chapters 3 and 4].

We define Ky = Stab(Span{bs +b_2,y1}) € H(R) and K% = Ky N H(R)". Then Ky is
a maximal compact subgroup of H(R), and one can verify that KY is the stabilizer of —iy;
in H(R)°. Observe that jg(-, —iy;) : K% — C* is a character.

Suppose that ¢ : T\H(R)? — C is function satisfying ¢(hk) = ju(k, —iy1)*e(h) for all
h € HR)" and k € K. Then the function f,: h — C,

fo(Z) = julg. —iy1)'¢(9), if g~ (—iy) = Z
is well-defined. If f,(Z) is holomorphic, and ¢ is of moderate growth, we say that ¢ is the
automorphic function associated to a holomorphic modular form of weight /.

4.2. Two Definitions of Quaternionic Modular Forms. We present two definitions of
quaternionic modular forms on GG. The first uses differential operators, while the second uses
representation theory. We begin with a general definition of automorphic forms on G, using
the notation given in Section 3.

Definition 4.2. We define A(G), the space of automorphic forms on G, to consist of the
smooth functions ¢ on G(A) such that the following conditions are satisfied:
(1) ¢ is left G(Q) invariant;
(ii) ¢ is right invariant under some open compact subgroup U of G(Ay);
(iii) ¢ is annihilated by an ideal of finite codimension in Z(g), the center of the universal
enveloping algebra of g;
(iv) for every gy € G(Ay), the function g — ¢(gsg) is of moderate growth on G(R);
(v) ¢ is Kfinite.
We write Ay (G) to denote the subspace of A(G) consisting of cusp forms. Then both A(G)
and Ao(G) are naturally (g, K°) x G(A)-modules (see for example [GH24, Definition 6.5]).

Definition 4.3. For an integer ¢ > 1, say that ¢ € A(G) ®c V/ is a quaternionic modular
form of weight ¢ if

(1) Dyp = 0, for a certain differential operator D, (see [Pol24, §7.1]), and

(2) o(gk) = k™ 'p(g) for all g € G(A) and k € K°. Here, since ¢(g) is a vector in the
representation V, of Section 3.4, we write k71(g) to denote the image of (g) under
the action of the element k1.

Let A(G,{) denote the space of quaternionic modular forms on G of weight ¢, and write
Ao(G, ¢) for the subspace of A(G,¥) consisting of cusp forms. When G is split SO(8), we
write Ao z(G, () for the space of cuspidal quaternionic modular forms that are right G(Z)

invariant. Here G(Z) denotes the stabilizer of V(Z) in G(Ay) (see (3.4)). If p € Ay z(G, 1),
we say that ¢ is level one.

For an integer ¢ > 1, let m) be the irreducible representation of G(R)° denoted by the
symbol 7, , in [GWY96, §8]. Then 77 contains the subspace V, as its minimal K°-type with
multiplicity one. For concreteness, we remark that in the case when G is split SO(8), 70 is
discrete series representation for £ > 4 (see loc. cite.). Let 8 denote the highest weight of the
representation A?V of g and for an integer r > 1 let V, 5 denote the irreducible representation
of g with highest weight 73, so that V4 is contained inside of Sym"(A?V') with multiplicity
one. We remark that 7§ has the same infinitesimal character as that of Vie-2)8-
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Write 775, for the subspace of K-finite vectors in 7 endowed with its natural structure
as a (g, K°)-module (see for example [GH24, Proposition 4.4.3]).

Definition 4.4. Define A™?(G, £) as the space of (g, K°)-module homomorphisms from 7y g
to A(G). Similarly, define Ay? (G, ¢) as the space of (g, K)-module homomorphisms from
0 an t0 Ao(G). In the case when G is split SO(8), we define

AP (G, £) = Homg o) (705, AG)7P)

where here A(G)G@) denotes the space of automorphic forms on G that are G (2)—invariant.
Similarly we set

A(G, £) = Homg ko) (g, Ao (G) P,

There is a canonical injection A™P(G,{) — A(G,{) given as follows. Suppose o : 7 —
A(G) is in A"P(G, (). Let {v;}; be a basis of Vy and {v}'} the dual basis of V/ ~ V,. Then
> a(vy) ® v} is an element of A(G, ().

In the case when n = 2, recall that G’ denotes Spin(V'). In Appendix A, we consider
spaces of quaternionic modular forms on G'. We define A(G’) and Ay(G’) exactly as in
Definition 4.2, except that G is replaced with G'. Likewise the spaces of quaternionic modular
forms on G';, A(G', () and Ay(G', /), are defined as in Definition 4.3, except G is replaced
with G’, and K° is replaced with K’. Pullback along the map G’ — G gives a map

A(G, ) — A(G';0),
sending A (G, ¢) to Ao(G'; 0).
4.3. The Explicit Fourier Expansion of Quaternionic Modular Forms. Recalling
the notation from Section 3.3, let dz denote the standard right Z(A)-invariant measure on

Z(Q)\Z(A) ~ Q\A. Suppose ¢ is a quaternionic modular form on G(A). The constant
term of ¢ along Z is defined as the function on G(A) given by

vz(9) = /Z @ p(zg)dz. (4.3)

More generally, if G is any algebraic group over Q, h: G(Q)\G(A) — C a continuous func-
tion, and N a unipotent subgroup of G equipped with a character y: N (Q)\N(A) — C*,
we define the y-th Fourier coefficient of h along N as

hale) = [ xmh(ng)dn (4.4
N(Q)\W(A)
In this notation, the Fourier expansion of ¢, along Z(A)Np(Q)\Np(A) takes the form
pz(9) = D ONpeway(9). (4.5)
[Th,12]€Va,nxVa n

The main result of [Pol20] fully explicates (4.5) in the case when ¢ is a quaternionic modular
form. We use a version of this result from [Pol24]. To state the theorem, we write B to
denote the natural GL(U) x SO(V4,,)-equivariant pairing between UY ®q Va2, and U ®@q Va .
So if Tl, Tll, TQ, TQ/ S VVQ,n then

Bb.1®@Ti+boTy,bi T, + by @Ty) = (T, T)) + (12, T3). (4.6)
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Since Mp preserves the decomposition V = U @& Vs, @ UY, the action of Mp(R) on UY ® Vs,
and U ® Va,, preserves the pairing B. Recall the elements vy = yo/ V2 and vy = y1/ V2
defined in Section 3.1.

Definition 4.5. Let [T, T3] € V5, x V3, and define By, 1): Mp(R) — C by

6[T1,T2](T) = \/él.B(T’_l . (b—l & Tl + b_z & T2)7 b1 X (Ul + ivg) + bg X i(Ul + iUg)). (47)

The ordered pair [T7,75] is said to be positive semi-definite if By, n,)(r) # 0 for all r €
Mp(R)?. We write [T}, T3] = 0 to mean that the pair [T}, T3] is positive semi-definite. We
write [Tl,TQ] = 0 if [Tl,TQ] >0 and (Tl,Tl)(T27T2) — (Tl,T2)2 > 0.

Suppose € Mp(R) ~ GL(U)(R) x SO(Va,)(R). We express r as an ordered pair (m, h)
with m € GL(U)(R) and h € SO(V2,,)(R).

Definition 4.6. [Pol24, section 8.2] Fix an integer ¢ > 1, and suppose [T1, Ts] € Va,,(R)%2.
We define a function

Wit ) GR)—V,
as follows. First suppose [T, T5] is positive semi-definite. If r = (m, h) € Mp(R)°, then
xﬁ—i—v {—v

A () ) Kol o= 49)

Wir, 1 (r) = det(m)] det(m)] 3 (

—0<u<t |5[T1:T2]<7ﬂ)‘

[e.e]

Here K,: R-¢y — R denotes the modified K-Bessel function K,(x) = %/ Lo+ gp

If r is in the non-identity component of the group Mp(R) N G(R)°, the[r)l By ) (1) is still
nonzero and one defines Wi, 1,)(r) again as in (4.8). If ¢ € G(R)?, write ¢ = nmk with
n € Np(R), m € Mp(R)NG(R)? and k € K°. Suppose log(n) = by Awy + by Awg + 2by A by
for some wy,wy € V5, (R) and 2z € R. Then

W[T1,T2](g) = (ei(Tl’wl)H(TQ’wQ))k_l : W[T1,T2]<m>‘

This is independent of the choice of m and k. If [T1, T3] is not positive semi-definite, one
defines Wiz, 1] to be 0 on G(R)".

Finally, let « € Mp(R) be ¢ = ((94),1). If g € G(R) is not in the identity component,
then g € G(R)? and one defines

W[T1,T2] (g) = (_ 1)£W[T2,T1} (Lg>‘

Theorem 4.7. [Pol24, Theorem 8.2.2] Fiz { € Zs and suppose [T1,Tz] € Vi, (R)%2.
The function Wi, 1, is smooth, of moderate growth, and satisfies the differential equation
DWiry ;) = 0. Moreover, suppose F : G(R)? — V is smooth, of moderate growth, and
satisfies the following properties:

(i) If g € G(R)? and k € K° then F(gk) = k~'F(g).
(ii) If g € G(R)? and n € Np(R) satisfies log(n) = by A wy + by A wy + 2by A by, then

F(ng) = Tt p(g),

(iii) If g € G(R)? then DyF(g) = 0.
Then there is A € C so that F = \Wp, 1) on G(R)°.
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Remark 4.8. (i) If £ > n+2 and (T}, T1)(Ty, Tz) — (T1,T2)? # 0 then, with the exception
of the explicit formula (4.8), Theorem 4.7 follows from work of Wallach [Wal03, Theorem
16].

(ii) If n =2 and G’ = Spin(V), then the multiplicity at most one statement of Theorem 4.7
remains valid when G is replaced with G’, and Np is replaced with N’. Indeed, V, appears
in g, and so the central ps in the kernel of the map G' — G acts trivially on V,. Hence,
any function W: G'(R) — V, such that W(gk) = k='W (g) for all g € G'(R) and k € K’,
factors across G(R).

As a corollary to Theorem 4.7 we deduce the following.

Corollary 4.9. Suppose ¢ € Z>, and let p: G(R) — Vy be a weight ¢ quaternionic modular
form on G(A). Then there exists a family of locally constant functions

{amr, m) (@, -): G(Ay) = C: [11,T5] € Vo, X Vi, such that [T, T3] = 0}
such that the Fourier expansion of pz along Z(A)Np(Q)\Np(A) takes the form

©2(91900) = PNp(grgos) + > apry 1) (5 95 ) Wiants 251) (9o0) . (4.9)
[Tl,TQ}GVQW ><V2,n : [Tl,TQ]tO

Remark 4.10. The scaling by 27 is a consequence of the definition of the character ez, 1, and
property (ii) of Theorem 4.7. If n = 2 then the statement of Corollary 4.9 applies equally
well to quaternionic modular forms on G’ = Spin(V'). Indeed, the map G’ — G induces an
isomorphism N’ ~ N, and as such, if ¢ € A(G’;¢) and Z’ denotes the center of N’, then

©z(919) = on(9r900) + Z airy, 1) (¢, gf)W[lszl,szQ](goo)- (4.10)
[T, 12]€Vo,nxVa pn: [T1,1T2]>0

Here W, ) is the pullback of Wir, 1,) along G'(R) = G(R) (see Remark 4.8(ii)).

Definition 4.11. With hypotheses as in Corollary 4.9, let A = [T}, T,] denote an element
in V5, x Vi, and suppose [T7,T5] > 0. Define the A-th Fourier coefficient of ¢ to be the
complex number a,(\) = apr m)(p,1). Similarly, if n = 2 and ¢ € A(G',¢), then with
notation as in (4.10), we define a, () := ajp, 1,)(¢, 1).

4.4. The Vanishing of 37, ;. In this subsection we develop some properties of the the
functions S, 1, defined by (4.7). We write SO(Va,,)(R)" to denote the identity component
of SO(V2,,)(R). The reader may verify the following lemma.

Lemma 4.12. Suppose h € SO(V,,,)(R) and let {w,ws} denote a set of vectors in Vo, ®qR
satisfying (w;, w;) = 0;; fori,j =1,2. Then h € SO(Va,)(R)? if and only if

o (w1, hwy)  (wy, hws)
Xawy.wg () := det ((w% hw) (ws, hwy) > 0. (4.11)

The proposition below is an analogue of [Pol20, Proposition 10.0.01]. Write GL(U)(R.)°
to denote the identity component of GL(U)(R) then Mp(R)? = GL(U)(R)? x SO(V4,,)(R)".

Proposition 4.13. Suppose [T1, T3] € Vo, X Va,.
(1) If R-span{T},T5} is an indefinite or negative definite two plane in Vs, (R) then there
exists 1 € Mp(R)® such that B, ,)(r) = 0.
(ii) If R-span{Ty,T5} is a positive definite two plane in Vo ,(R) then exactly one of B, 1)
and B, 1) has a zero on Mp(R)°.
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(i) If | Biry 1) (1)| is bounded away from zero on the set {(m,h) € Mp(R)": det(m) = 1}
then (T, Th)(Tz, To)— (T, T»)?* > 0. In particular Ty and Ty span a two plane in Vs, (R).

Proof. In the proof below we adopt the temporary notation W = R-span{77,7T>}. Recall
the fixed positive definite two plane V,'(R) = R-span{v;,v;} defined in Section 3.1.

(i) If W is a negative definite two plane then there exists a positive definite two plane P+
such that P is orthogonal to WW. Hence, there exists h € O(V2,,)(R) such that hv; and hvs
give a basis for P*. If necessary, we pre-compose h with any isometry of V4 ,(R) which acts
as the identity on V,"(R) and acts by an orthogonal transformation of determinant —1 on
V,H(R)*. Post composing with k = (ki, k») if necessary, where k1 € O(W), ko € O(V,,), we
may assume h € SO(V3,,)(R)% Since PT and W are orthogonal, the element r = (1,h) €
Mp(R) satisfies By, 1,)(r) = 0.

Next suppose W is a 2 plane of indefinite signature (1,1). Fix a basis {e, f} for W such
that (e,e) = (f, f) =0 and (e, f) = 1. Then there exists m € GL(U)(R)? such that

mil(b,l X T1 -+ b,Q X Tg) = b,1 X e+ b,Q X f

Let uy, € W+ be such that (uy,u;) = 2. Write P™ to denote the positive definite two
plane spanned by the vectors p; = \/Li(e + f) and py = uy + \/Li(e — f). Reasoning as above,
there exists h € SO(Va,,)(R) such that hv; = p; and hvy = po. It follows that if r = (m, h)
then By, 7,)(r) = 0. It remains to show that we can choose r € Mp(R)?. Thus suppose
r ¢ Mp(R)°, which implies h ¢ SO(V5,,)(R)°. Define p} = \/Li(e%—f), Py = —uy+ \%(e —f)
and let A’ € SO(V,,)(R) be such that h'p; = p} and h'py = p,. Then x,, »,(F') = —1 and
Lemma 4.12 implies r’ := (m, h'h) € Mp(R)°?. Moreover, S, 1,)(r’) = 0 as required.

(ii) Assume W is a positive definite 2 plane in V5, (R). Then there exists r € Mp(R)
such that 71 (b_1 @ Ty + b2 @ Ty) = b_; @ v1 + b_y ® vy, and we may assume r = (m, h)
with m € GL(U)(R)°. Define TY, Ty € Va,.(R) by

m b QT +b,@Ty)=b1QT, +b_y®Ty.

If X7, 1;(h) > 0 thenr € Mp(R) and Bz, 1) (1) = V/2i(hvy+ihvy, hvy+ihvg) = 0. Otherwise,
Xy (h) < 0 and Lemma 4.12 implies x7v 7;(h') is negative for all b’ € Mp(R)°. Thus, if
r=(m,h) € Mp(R)? then

‘5[T1,T2](T)‘2 = (Tllv h’lvl)2 + (T2/7 hlU?)Q + (Tllv h/v2)2 + <T2/> h/vl)2 - ZXT{aTQ'(h/) > 0.

Hence [z, 1, vanishes on exactly one of the two components of GL(U)(R)°? x SO(V2,,)(R)
(iii) Assume the quantity |Gr 1,(r)| is bounded away from zero on the subset of pairs
(m, h) € Mp(R)°? with det(m) = 1. Then by part (i), either dim(7W) < 2, or W is a positive
definite 2-plane. If W is a positive definite two plane then the Gram matrix of W has positive
determinant, and therefore (17, T1) (T3, T2) — (T, 1) (15, T1) > 0. The case dim(W') < 2 does
not occur when i, 1, is bounded away from zero. Indeed if 77 and 75 are colinear and
a € R, then there exists m, € SL(U)(R) such that m,, acts by multiplication by « on T}

and T5. It follows that fir, 1,)(1ma,1) = 0 as o — 0.
O

Corollary 4.14. Suppose { € Z>, and p: G(A) — V, is a weight { quaternionic modular
form. If ¢ is cusp form then the Fourier expansion (4.9) takes the form

©72(91900) = > arry 1) (0, 95) Wiarty 2513 (9o )- (4.12)

[Tl,TQ}GVQ,nXVQJL : [Tl,T2]>—0
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Proof. Suppose ¢ is cuspidal and assume [1},75] does not satisfy [17,73] = 0. Fix g5 €
G(Ay). On the one hand, the form ¢ is bounded because it is cuspidal. Therefore, the
function

Joo 7 et 1y (N)P(nggoc) dn.

Np(Q)\Np(A)
is bounded. As such, either a[ThTQ](go, gs) =0, or W[QWTLQWTQ](gOO) is bounded. On the other
hand, the function K,(z) diverges as x tends to 0 from the right. Applying Proposition
4.13(iii), it follows that if {77,75} spans a one plane in V5, (R), then Wirp, 25 (Moo) is
unbounded on Mp(R)?. We conclude that ag, 7,](¢, gr) = 0 as required. O

5. THE QUATERNIONIC SAITO-KUROKAWA LIFTING AND QUATERNIONIC MAASS
SPEZIALSCHAR

In this section we continue with the notation of Section 3.1, specialized to the case n = 2.
So V' is a quadratic space of signature (4,4) and G = SO(V). We let V(Z) be V55(Z) be
as in (3.4). Then V549(Z) >~ Ms(Z), the space of 2-by-2 integer matrices equipped with the
determinant quadratic form. The identification V5 9(Z) =~ M5(Z) is given by

mi1 Mig
mllbg — m21b4 + m126_4 + ’InQQb_g —> .
M1 Mag

As in Section 4.2, we write G(z) for the stabilizer of V(i) inside G(Ay); automorphic forms

A~

invariant by G(Z) are said to be level one. Fourier coefficients of elements in A z(G, ¢) are
indexed by pairs [T1, Ty € V52(Z)%? satistying [Ty, To] > 0.

5.1. The Quaternionic Saito-Kurokawa Lift. In this subsection we recall the statement
of [Pol21a, Theorem 4.1.1], in the case n = 2. Before we give the statement of (loc. cite),
suppose A = [Ty, Ty] € V% and define a 2-by-2 matrix with entries in Q via the formula

1 /(1,1 11,15
SO =5 (ET%TJ ET%TQ;) | (5.1)

Theorem 5.1. [Pol21a, Theorem 4.1.1] Suppose ¢ > 16 is even and let F(Z) = > .o ar(T)q"
be a weight ¢ cuspidal Siegel modular form on Sp(4) of level one. There exists a unique ele-

ment 0*(F) € Aoz(G, (), such that if X = [Ty, Ty] € Vao(Z)®? then the X Fourier coefficient

of 0*(F) is

age(ry(\) = Z | det(r)[“ L ap(tr-TS(A)r=1). (5.2)
r€GL(2,Z)\ My (Z)det#0
Ar—leVs o(2)92

Here A\r~! is the matriz product of the 1 x 2 row vector A = [Ty, Ty] with the matriz r=".
Remark 5.2. The construction of 8*(F') is a special case of the theta lifting from Sp(4) to
SO(V'). Theorem 5.1 is analogous to the computations of Oda [Oda78] who computed the
Fourier coefficients of the theta lifts of holomorphic modular forms on SL(2) to holomorphic
modular forms on SO(2,n).
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5.2. Poincare Lifts on G. Let T denote a half integral, 2-by-2, positive definite matrix.
Write H, for the Siegel upper half space of degree 2, and define Sy(Sp(4,Z)) to be the space
of level 1, weight ¢, holomorphic modular forms on Hy. Write j(+,-): Sp(4,R) x Hy — C
for the standard factor of automorphy and recall the classical Poincaré series

Pry(Z) = > j(v, Z) eI Z) (5.3)
e{(§ 1)} \spe2)

Here I is the 2 x 2 identity matrix. If ¢ is sufficiently large then the sum (5.3) converges
absolutely to an element in S,(Sp(4,Z)).

We now set-up notation to study the theta lift 6*(Pr,). Recall that in Section 3.4 we intro-
duced a distinguished map K° — SU(2) /s together with an identification Lie(SU(2)/u2) ®r
C ~ Sym?(C?). We thus have a K°-equivariant projection

pry : Lie(SO(V)) — Lie(K°) — Lie(SU(2)/pz) — Sym?*(C?). (5.4)

Given X € Sym?(C?), let X* denote the element of V, obtained by raising X to the (-th
power. The C-linear pairing {, } ko on V, can be normalized to be positive-definite when
restricted to the (real) Lie algebra sud®®! of the distinguished SU(2). For u € sud®*!, we write
|ul> = {u,u}go. If [vy,v9] € V(R) x V(R) is such that v; and v, span a positive definite
two plane then pry(v; A vg) # 0 [Pol2la, Lemma 3.2.2], thus we may define
prc(Ad(g™) - v Avy)*
Iprc(Ad(g™") - o1 Awg)) [P+

Proposition 5.3. [Pol21a, Corollary 3.3.7] Suppose ¢ > 16 is even. Let T denote a half
integral, 2-by-2, positive definite matriz. With notation as in (5.1), suppose vy, ve] € V(Z)%?
satisfies S(vy,vy) =T. Write I' = SO(V)(Q) N G(Z) and consider the identification
I\ SO(V)(R) = SO(V)(Q)\SO(V)(A)/G(Z), Tgee = SO(V)(Q)gG(Z).
Then as a function on I'\ SO(V')(R), the theta lift 0*(Pry) is proportional to the function
Qre: T\SO(V)(R) = V;,  Tge — > By ) (goo)- (5.6)

[v1,v2]EV(Z)xV (Z)
S([v1,v2])=T

B[v17v2]: SO<V)(R) — Vg, g = (55)

5.3. The Quaternionic Maass Spezialschar and Saito-Kurokawa Subspace. By The-
orem 5.1 we have a lifting

0*: Se(Sp(4,Z)) — Ao z(G, ), F— 0*(F).
The quaternionic Saito-Kurokawa subspace SKy C Ao z(G,0) is defined as the image of 6*.
Definition 5.4. Suppose A € My(Z)%2. We say that \ is strongly primitive if
{r € GL(2,Q) N Mx(Z): \r~" € My(Z)**} = GL(2, Z).
Remark 5.5. Note that if A = [T}, Ty] € My(Z)®? is strongly primitive and F' € S,(Sp(4,Z)),
then by Theorem 5.1, ag«(r)(A) = ap(S(A)). This property is reminiscent of the clas-
sical Saito-Kurokawa subspace. Indeed, if T is a primitive binary quadratic form and

F € Sy(Sp(4,Z)) is the theta lift of an anti-holomorphic form f on SL(2) then ap(T) =
ag(det(T)).

As a corollary to Theorem 5.1 we deduce the following.
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Corollary 5.6. Suppose A1, Ay € My(Z)®? are strongly primitive elements satisfying S(\) =
S(A2). If o € SKy then ay,(A1) = ap(A2).

Lemma 5.7. Suppose T' = [a, b, c| is a half integral symmetric matriz with a,b,c € Z. Then
there exists a strongly primitive element X = [Ty, Ty) € Ma(Z)®? such that T = S(N).

Proor. We let T7 = (—117 2) and Ty = (—c 0

0 1) so that if A = [T, Ty] then S(\) = T.

Suppose r € GL(2,Q) N My(Z) satisfies A\r—t € My(Z)®? and write r~! = <§j j) with

w,x,y,z € Q. Then
Arl = K“’ y) , <“” Z)} € My(Z)®2.
% % % %

So x,y,z,w € Z which implies det(r~') = det(r)~! € Z. So r € GL(2,Z). O

Definition 5.8. Define the quaternionic Maass Spezialschar MS, as the subspace of Ag z(G, ¢)
consisting of forms ¢ satisfying condition (i) and (ii) below.
(i) If Ay, Ay € Mo(Z)®? are strongly primitive and S()\;) = S()\2) then

ap(A1) = ap(A2).
Let A € My(Z)®2. By Lemma 5.7 there exists a strongly primitive element A\ € My (Z)®?

v

such that S(A) = S(A). If ¢ € Ay z(G,?) satisfies condition (i) then
a2 ™(\) = ay(A)

P

is well-defined independent of the choice of A
(i) If A = [Th, Ty] € Ms(Z)® satisfies Ty, Tz = 0 (see (5.1)) then

ay(\) = > | det(r) |~ abrim (A ). (5.7)
reGL(2,2)\(GL(2,Q)NM>(Z))
Ar—le My (Z)®2?
Remark 5.9. Note that the two conditions of Definition 5.8 can be replaced by the single
condition
ag(A) = > det(r)| " ay (W),

reGL(2,Z)\(GL(2,Q)NM(Z))
Ar—1 6M2(Z)®2

where if y € My(Z)? has S(u) = [a,b, c] then i = {(—lb 2) ’ <—OC é)}

Lemma 5.10. If ¢ > 16 is even, then we have an inclusion SK, C MS,.

Proof. Suppose ¢ = 0*(F) € SK;. The fact that ¢ satisfies property (i) of Definition 5.8
is the content of Corollary 5.6. It remains to show that ¢ satisfies condition (ii). Suppose
A = [T1,Ts) € My(Z)** is such that T1,T» > 0. Let r € GL(2,Q) N M(Z) be such that
Ar—t € My(Z)®2. By Theorem 5.1, it suffices to show that

a?™ (M) = ap(tr-1S(A\)r-1). (5.8)

©

Since S(Ar~!) = 'r=1S(\)r7!, equality (5.8) follows from Theorem 5.1 (see Remark 5.5). [
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6. DIRICHLET SERIES FOR L-FUNCTIONS OF (QUATERNIONIC MODULAR FORMS

In this section, we present a conjectural Dirichlet series for the L-functions of irreducible,
cuspidal, quaternionic automorphic representations I of split SO(8) and show that this
conjecture is satisfied by the Saito-Kurokawa lifts. By a Dirichlet series for an L-function
of an automorphic representation II, we mean a sum of the form ) a,n™° where the a, are
given explicitly in terms of Fourier coefficients of an automorphic form in II.

6.1. Conjecture on Dirichlet series. We recall the formula of Andrianov [And74] for
the standard L-function of Siegel modular forms of full level on Sp(4). Let f be a level
one cuspidal Siegel modular Hecke eigenform of weight ¢ with Fourier expansion f(Z) =
Y ap(T)exp(2mitr(1'Z)), where the sum is taken over half-integral, positive definite, sym-
metric matrices 1. Let m be the automorphic representation generated by the automorphic
function corresponding to f. For a fixed index 7', let S denote a finite set of primes contain-
ing those that divide 8det(7T") and let x7(-) = (-, —det(T"))2 be the automorphic character
induced by the Hilbert symbol. Then one has

L3(w, Std, s) _ a(g'Tqg)
O et s 11~ 2= Td(gpT

(6.1)
9eM3(Z)/ GL2(Z)

Here L (7, Std, s) is the partial standard L-function of 7, ¢° is the partial Riemann zeta-
function, L%(xr,s) is the partial Dirichlet L-function associated to xz, and M5 (Z) denotes
the 2 x 2 integer matrices with nonzero determinant, only divisible by primes away from S.
See [Pol22b, section 5.4] for a modern reference and derivation.

To state the conjecture for Dirichlet series on split SO(8), let ¢ be a level one cuspidal
quaternionic modular Hecke eigenform on SO(8). Let II denote the automorphic represen-
tation generated by ¢; see Lemma 8.1. Let [T},Ty] € My(Z)®? be strongly primitive with
T = S([T1,T3]), and suppose S is a finite set of primes containing all those that divide
8det(7"). Following Definition 4.11, we write a,([11,73]) for the [T}, T5]-th Fourier coef-
ficient of . Finally, let (g(s) denote the Dedekind zeta function of the quadratic field
E = Q(y/—det(T)) determined by the discriminant of 7.

Conjecture 6.1. Let the notation be as above, with L°(I, Std, s) the partial standard L-
function of II. Then for Re(s) sufficiently large,
LS<H, Std, S) Z acp([Tla TQ] . g)

e e [det(g) 71

gEMS (Z)/ GL(2,Z)

We call the right hand side the Dirichlet series for ¢ at [T7, 7] and denote it by D, (17, T3)(s).
The conjecture was found by analyzing a hypothetical Rankin-Selberg integral for cusp forms
on (G similar to that used in the proof of Andrianov’s formula. We hope to prove that this
integral does in fact represent the standard L-function in a future work. At this point, we
are able to provide some evidence for this conjecture as a consequence of Lemma 5.10 by
considering the behavior of the L-function of the theta lift and the Maass relations.

6.2. Evidence from the Maass Spezialschar. Let ¢ = 0*(F') be the Saito-Kurokawa lift
of a cuspidal level one Siegel modular eigenform F' of weight ¢, let II be the automorphic
representation of SO(8) generated by ¢, and let m be the automorphic representation of
Sp(4) generated by the automorphic form corresponding to F. By properties of the theta
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lifting [Ral82], we have that L(II, Std, s) = L(m, Std, s)((s — 1)((s)((s + 1). Proposition 6.4
shows that the Dirichlet series associated to any element of Maass Spezialschar MS, factors
in a similar way. Before we can prove such a proposition, we need a lemma about the action
of My(Z) on Vy = My(Z)%?

We use the following lemma that regards strong primitivity.

Lemma 6.2. Suppose X € My(Z)? is strongly primitive and r € GL(2,Q) satisfies \-r €
MQ(Z)2. Then r € Mg(Z)

Proof. We can write r = kyjdky, with k; € GL(2,Z) and d = diag(mi/ni, ma/ne) with
ged(my,ny) =1, gcd(mg, o) = 1. Suppose A-ky = (1, p12), so that p; € My(Z). Then \-r €

My(Z) implies —[Ll € My(Z) and @ug € My(Z). But from the fact that ged(m;,n;) = 1,
n1 U

1 1
we obtain — gy € My(Z) and —puy € My(Z).
ny %)

Set g = k;'diag(ny,ny)k;'. Then X - g~! € My(Z)? by the previous line. Hence g €
GL(2,Z) so ny,ns = +1. Consequently, r € My(Z) as desired. O

Lemma 6.3. Let S be our fized finite set of primes and suppose X\ € My(Z)?* is strongly
primitive. Suppose g € MJ(Z). If r € GL(2,Q) N My(Z) with X - gr=t € My(Z)*?, then
r, grt € M3 (Z).

Proof. By Lemma 6.2, gr—' € My(Z). Then since g = (gr—')r and because det(g) is a unit
at primes in S, so are det(gr—!) and det(r). O

Proposition 6.4. Let ¢ € Ay z(G,{) be an element of the quaternionic Maass Spezialschar,
MS, so that the Fourier coefficients a, satisfy the conditions of Definition 5.8. Then for a
fized \ = [T1, Ty] € My(Z)®?, the Dirichlet series factors as

CRCEATUED DI TGS DR

reGL(2,2Z)\ M5 (Z) gEMS (Z)/ GL(2,Z)

Proof. To prove this proposition, we calculate

D¢(T1,T2) _ Z asﬂ()‘ ’ g)

s+0—1
gEMS (Z)/ GL(2,Z) | det(g)|

=Y ey > [det(r)[ar ™ (A gr )

gEMS (Z)/ GL(2,Z) reGL(2,Z)\(GL(2,Q)NM2(Z))
with \-gr—1e Mo (Z)®?

LA g
- Z | det(r)[™ [ det(gr1)[++1
gEMS (Z)/ GL(2,Z)

reGL(2,2)\M5 (Z)
with A-gr—teMo(Z)%?

» prlm()\ qr 1)
- > ldelT Y e |
| det(gr=1)]
d€Z>o0 | reGL(2,Z2)\M5 (Z) gEMS (Z)/ GL(2,Z)
| det(r)|=d Agr-teMs (Z))®?
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where the second line uses (5.7), the third is Lemma 6.3, and the last is grading by | det(r)].
Now let Ry = {r1,...,7n,} be a fixed set of coset representatives for

{r € GL(2,Z)\M3(Z): | det(r)| = d},

and let {g;: j € Z=o} be a fixed set of coset representatives of MJ(Z)/GL(2,Z). Then
applying Lemma 6.3 again, the sum rearranges as

. aprim(}\ . h) B
D@(Tl,TQ)(S) = Z d W Z CharhGL(gz)(gj?”i 1)

d€Z~o ie{l,..., Nd},jEZ+
heMs (Z)/ GL(2,Z)

Here chary gr(2,z) is the characteristic function of the coset h GL(2,Z).
Recall that Ny = |Rg4| is the number of coset representatives of GL(2,Z)\ My (Z) of deter-
minant d. We now show that for a given h € M3 (Z),

Na=|{(i,4): 7 € Ra, g;r; ' € hGL(2,Z)}|,
and this will complete the proof. For a fixed element r; € Ry, let
S(d.1) ={g;: g; € hGL(2,Z)r:}

be the set of fixed coset representatives g; in the double coset determined by r;. As these
cosets are disjoint, it remains to show that Ny = S°N [S(d,1)| = |U~Y S(d,i)|. As Ry is a
complete set of coset representatives, we have (N S(d,7) = h(M§(Z)'4|=4), but this is a
union of Ny GL(2,Z) cosets with GL(2,Z) now acting on the right. Thus, there are exactly
N, representatives g; in the set, and the Dirichlet series factors as in (6.2). 0J

We will also need the following well-known fact.

Lemma 6.5. We have an equality of meromorphic functions,

> | det(r)| ™ = ¢5(s)¢%(s - 1).

reGL(2,Z2)\ M5 (Z)

Proof. For each determinant d, there are o(d) = }_,,r orbits of GL(2,Z) on the set of de-

terminant 4+d matrices in My (Z). Observing that the Dirichlet series of o is the convolution
of 1 with the identity function, we have the result. 0J

Corollary 6.6. Let F' be denote a weight £, level 1, degree 2, cuspidal Siegel eigenform, then
Congecture 6.1 holds for ¢ = 0*(F).

Proof. By Lemma 5.10, 0*(F) is in the Mass Spezialschar and thus for any choice of strongly
primitive [T1, Ty] € My(Z)®* the Dirichlet series factors as (6.2) by Proposition 6.4. Now by
Lemma 5.7 and Theorem 5.1 we have that ap. (A - g) = ar(S(A) - g) for all g € M3 (Z).

We note that the Hecke eigenvalues of F' are totally real as the Hecke operators for Sp(4, Z)
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are self-adjoint. Hence, by Lemma 6.5 and (6.1)

Dowy(Ti, Ta)(s) = Y det(r)]> Y ar(S(A) -9)

| det(g)[*+!
reGL(2,2)\M35 (Z) geEMS (Z)/ GL(2,Z)

S\ (s — 1anlSOm L3 (7, Std, s)
_C ( )C ( 1) F(S()\)>CS(25)LS(XS()\),S+1)

LS(HQ*(F), Std, S)
0+ 105 @) L (ks 5 T 1)
The last equality follows from [Ral82], which implies that

L% (g (py, Std, s) = ¢%(s)¢7 (s — 1)¢5 (s + 1) L® (g, Std, 5).

= CL@*(F) ()\)

To complete the proof, we note that (2 (s) = ¢%(s)L"(xs), 5). O

7. THE FOURIER-JACOBI COEFFICIENT

In this section, we complete the proofs of some of the main theorems of the paper, namely
Theorems 1.1, 1.2, and 1.3. The main technical result of this section is Proposition 7.3.
This proposition, in conjunction with Corollary 7.2, is used to complete the proofs of these
results.

7.1. Fourier Coefficients along a Siegel parabolic subgroup. Let ¢: G(Q)\G(A) —
V, denote a vector-valued automorphic form on G(A) such that p(gk) = k~'p(g) for all
k€ K° and g € G(A). The notation k~1p(g) is explained in Definition 4.3.

Recall the inclusion V4, C V3,11 as well as the fixed positive definite two plane V,h C Vo
Recall also the orthogonal basis for V," defined in Section 3 consisting of vectors y, and 1,
such that (yo,v0) = (y1,¥1) = 2 and the character y,, defined in (3.8). Let ¥ denote the
Fourier coefficient of ¢ along Ng corresponding to the character y,, as in (4.4), and let H
denote the stabilizer of yy in SO(V3,,11) < Mg. Then £¥ defines an automorphic function

§7: H(A) =V, &7(h) = U (v, 90))o(exp(by Av)h) dv.

/Vs,n+1 (Q)\V3,n+1(A)

Let V4,41 be the orthogonal complement of Qyq in Vs,,41.Through its action on

V3,n+1/Qy0 = ‘/2,n+17

the group H is identified with SOV 41).

Write R = Mg - Ng for the parabolic subgroup in H stabilizing the line Qbs. The reader is
referred to Section 4.1 for notation concerning the group H. The following proposition gives
a “soft” formula for the Fourier coefficients of £¥ along the unipotent radical Np >~ V;,,. We
remind the reader that yy = b3 + b_3.

Lemma 7.1. Let T € Vi, and write & to denote the Fourier coefficient of £# along Ng
corresponding to the character

nr: Ngp(A) — C, exp(by A v) — (T, v)).
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If ONp ey 1 (9) = / 6[_y$7T] (n)p(ng)dn and h € H(A) then
Np(Q)\Np(A)

&r(h) = / PNp ey (€XP(sb1 A b_g)h)ds
A

Proof. Throughout the proof we adopt the convention that if G is an algebraic group over
Q then [G] :== G(Q)\G(A). Let X = Mp N Ng = exp(Qby Ab_s) and fix T € V;,. Let
N = exp(b; A Va,,) and let V4, denote the orthogonal complement to the line Qyg in V5.
We have No = XN}pZ and Ni = exp(ba A V1,,). Note that if w € Ng, z € X and n; € Np
then

nizw = ni{x, wwe

and the commutator {z,w} satisfies x,,({z,w}) = 1. Thus

/ / Xyo( u)(uwh) du dw
[Nr] /[Ng]

/ / / 6[57T] (w)X;01 (n1)¢z(nizwh) dny de dw

(Ng] J1x] JINL]

/ / / Eior (W)X (M) z(mwzh) dny dw dz. (7.1)
(INa] JIN,

For g € G(A), we have

/N ] /Nl ey (W)X, (N z(nawg) dny dw =~ @iy o1y (9)
R

neQ
Z Plun.11(09): (7.2)
5eX(Q
Plugging in (7.2) into (7.1) gives the lemma. O

The following corollary is a consequence of Lemma 7.1 and Corollary 4.14.

Corollary 7.2. Suppose p: G(Q)\G(A) — Vy is a weight { quaternionic modular form on
G. Then &7(h) # 0 only if T € Vi, satisfies (T,T) > 0. Moreover, with notation as in (4.9)
the Fourier expansion of ¥ along R takes the form

£(hphse) = > (P hy) /R Wiaryo 2271 (€XD(S00b1 A b_9)hoo)dsa (7.3)

TeVin: (T,T)>0

where htho € H(A) and ap(£%, hy) = / Ao, 11 (0, €Xp(s£b1 A b_g)hy)dsy.
Ay

7.2. The Archimedean Component of 7. In this subsection we further refine (7.3) and
explain how our refinement can be used to obtain a scalar valued holomorphic modular form
on H(R). First we recall that Mp is identified with the product G,, x SO(V;,,) via its action
on the decomposition (4.1). We write elements m € My as pairs m = (t,u) with t € G,,
and u € SO(V;,,). The coordinate t € G, is normalized so that (¢,1) - by = tb,.
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Proposition 7.3. Fiz T € Vy,, such that [yo, T] = 0. If hoo = (t,u) € Mp(R)® witht € R+
and u € SO(V1,,)(R)° then

ntle— 2—tTu-y1)) bv, b—v

_ LTy
/RW[ZJO,T}(eXp(Soobl/\b—Q)hoo)dsoo— 5 > T (7.4)

—A<v<l

Proof. To begin, we apply (4.8) to explicate the integrand in the left hand side of (7.4). Let
s € R+ and recall that ho, = (t,u) with ¢t € Ry and u € SO(V4,)(R)". Then unraveling
definitions one obtains

Bryo,r1(exp(sby Ab_g)heo) = =25t + (2 — t(T,u-y1)) (7.5)

To simplify notation we write w = t(T,u - y;). If —¢ < v < £ then (7.5) together with a
manipulation in elementary calculus gives

/OO ( 6[yo,T} (eXp(Sbl A b—2)h00)
oo \|Bpyo.1(exp(sby A b_2)hoo)

) Kl (exp(shy £ b)) s

o0

k

Llvl/2] - )
- % Z <‘QU]J') (Z sgn(v)(Q o w))|v_2k/0 \/(82 n TQ — w‘2)|U|K|v‘ < s2 + |2 — w‘z) ds.

k=0

Hence the formula [GRO7, pg. 693, 6.596(3)] together with (4.8) implies

/W[yo,T] (exp(Socb1 A b_2)hoo)dSee
R

, "B o]\ (isgn(v)(2 — w))I-2ko@k-D/2p (2L
Y Z(ll)(g()( ) (#5)

2k PESEEEEEE
—t<v<t \ k=0
xf—&—vyf—v
XK|U(2k+1)/2(|2_w|>(£_v)'(€+v)') . (76)

Claim 7.4. If hoo € Mg(R)? then Im(Byy, 11(heo)) = 2 — w is positive.

Proof. To begin the proof of Claim 7.4 we note that if ho, € Mg(R)? satisfies Im(S}, 11(hoo)) =
0 then (7.5) implies that S}, r)(he) = 0 which contradicts our assumption that [y, 7] = 0.
This means that 2 — t(T,u - y;) # 0 for all t € R~ and u € SO(V,,,)(R)°, completing the
proof of Claim 7.4. O

Given X € Ry and —¢ < v </ define

LIvl/2] : [v|—2ko(2k—1)/2T ( 2k+1
lv] (isgn(v)X) 2 I (2t
Su(X) = Z (Qk; X vl—(2k+1) /2 : Kjoj(2k+1)/2(X). (7.7)
k=0
Using Claim 7.4, the expression (7.6) simplifies to the form t* > rcvce Su(2 — w)%

Thus to complete the proof of Proposition 7.3 it remains to establish the following claim.

Claim 7.5. If —( < v < { then S,(X) = ﬂe—inv.

The formula [GRO7, pg. 925, 8.468] implies that Sy(X) = me™* /2 as required. Moreover,
by inspection of (7.7) we have S_,(X) = (—1)"S,(X). Hence we may assume that 1 < v < /.
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It follows from (loc cite.) that
oy 1/2) vk

(0—k =142k +1/2) 4
s.x) = le Z jZ ( ) j!(v]—k:—l—j)! e

(7.8)
If k € Zso then I'(k 4+ 1/2) = (2k)!/7 - 4_k/k;!. Therefore (7.8) is equal to the expression

X [v/2] v—k—1

U - k - 1 + J)'2_k_] —1—k—1
. X J 7.9
X“lzz v—2k)(v—k—1—j)!j!k! (7.9)
Let m = j 4+ k. We obtain that
i'me=X vl(v—2k — 14 m)l2-mxv-1-m
W(X) = —1)* . 1
5u(X) 2X%1< 2. VT T e (7.10)
0<k<m<v—1,2k<v

Taking m = 0 in (7.10) gives ©
m > 1 vanish.

Claim 7.6. If m > 1, then

(m—1+v—2k)(-1)"
2. T ammm

. Thus to prove Claim 7.5, we check that the terms with

0<k<m,2k<v

Proof. The sum to be considered is

LR e

But now F(k) := (mfflr:r_”f%) is a polynomial in k of degree at most m—1, s0 Y, (=1)* () F (k) =

0 [GKP89, pg. 190, (5.42)]. O
The proof of Claim 7.5 is now complete, which completes the proof of Proposition 7.3. [

Before proving the next corollary we introduce coordinates on the maximal compact sub-
group Ky := K N H(R) of H(R) and describe how the identity component K9 acts on the
representation Vy. Let W5 (R) = R-span{us,v2} and let W, ,(R) denote the orthogonal
complement W' (R) inside of V4,,11(R). Then

Veni1(R) = Wy (R) © W, (R) (7.11)
is a decomposition of V4,1 1(R) into definite subspaces. The subgroup K is the stabilizer in
H(R) of the decomposition (7.11). So Ky has identity component K% ~ SO(2) x SO(n+1).
To describe the action of K% on V, we first note that SO(n + 1) < SO(V~) and thus
SO(n + 1) acts trivially on V. It remains to describe the action of the subgroup

SO(2) = {exp(fus A vy): 6 € R}.

Since up A vy = —3(e™ — f1) 4+ 2(e'" — f'*) and {z,y} is weight basis for the action of the
slo-triple {e™, AT, f*} we have that
exp(Qug A va) - (—iz +y)* = e (—ix + y)*.

Theorem 1.1 is now proved with the following corollary. Recall the K°-invariant bilinear
pairing { }xo defined in Section 3.4.
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Corollary 7.7. Suppose p: G(Q)\G(A) — V, is a weight { quaternionic modular form on
G. Let £7 denote the V, valued automorphic form obtained by restricting the x,,-th Fourier
coefficient of ¢ to the subgroup H(A) < Mq(A) (see Section 7.1). Then the function

FJ,: H(A) = C, h— {&#(h), (—iz + y)?} ko
is the automorphic function corresponding to a weight £ holomorphic modular form f, on H.

Proof. For h € H(R) and T € 27V;,(Q), define WE7(h) as

WE(h) = {/R Wiyo 71 (eXp(Soobi A b_2)h)dSe, (—iz + y)”}

KO

We claim that WA (hk) = j(k, —iy,)“*W.E/(h) for all h € H(R)? and k € KY, and that
the function Z — j(g, —iy,)*WE7(g), where Z = g - i(—y), is a holomorphic function of
7. This will establish the corollary, and also give the form of the Fourier expansion of the
holomorphic modular form associated to £7.

Recall that Uy = \/Lﬁ(bg + b_g) and Vg = \/Li(bgl + b_4)

= \/iiyl. Above it is calculated that

exp(Qug A v)(—iz +y)* = e (—ix + y)*

and thus
WIIfJ(hBGug/\vg) — €_i€6W1€J(h).

To prove the first claim, we must compute that, if k& = e%2/%2_ then j(k, —iy;) = e .
But an immediate check gives us A vy - (by + iy +b_2) = i(bs + iy; + b_s), which implies that
indeed j(k, —iy;) = e %.

For the second claim, suppose g = exp(v A bg)h, where h = diag(t,u,t™") and v € Vi ,.
Then one calculates g - (—iy;) = Z, with Z = v +itu - (—y;) and j(g, —iy1) = t~'. Now by
Proposition 7.3, there is a nonzero constant n such that

i(g, —iy)) WE (g) = t ! TIWET (h) = nelTv)elTuwn) — peihZ),
The corollary follows. 0

Suppose now n = 2 and ¢ € A(G,{) is a quaternionic modular form on G of weight ¢ > 1.
Let f, denote the holomorphic modular form on H = SO(V,3), where recall that V53 is the
orthogonal complement of yo = b3 + b_3 in Q — span(by, b3, by, b_4,b_3,b_3). We have that
Vi 2 is the orthogonal complement to yo in Q — span(bs, by, b_4,b_3). The Fourier coefficients
of f, are indexed by T € V', (Q) (which can be identified with V} »(Q) via the bilinear form.)
The map

V22(Q)/Qyo — V1v2(Q)

given by T'+— {v — (T, v)} is an isomorphism, so we can index the Fourier coefficients of f,
in terms of 7' € V52(Q)/Quo.

With this indexing, the T Fourier coefficient of f,, call it ar(f,) : H(A;) — C, takes
the following form:

ar(fy)(hy) = / o, (¢, exp(sby A b_a)hy) ds.
Ag

This follows immediately from Corollary 7.2. Suppose now that ¢ is right-invariant by a

compact open subgroup U. Take M € Z~; so that if s € MZ then exp(sby Ab_3) € U. The



28 J. JOHNSON-LEUNG, F. MCGLADE, I. NEGRINI, A. POLLACK, AND M. ROY

natural map
Q/MZ — A;/MZ
is an isomorphism. Consequently

ar(f,)(1) =M™ Z fyo T+ o) (95 1)- (7.12)
HEQ/MZ
All but finitely many terms in the sum are 0.
In case ¢ is of level one, i.e., ¢ € Az(G, {), this expression simplifies further.

Corollary 7.8. Suppose n = 2, and ¢ > 1 is an integer. Let ¢ € Az(G,{) be a level one
quaternionic modular form on G of weight €, and let f, denote the holomorphic modular
form on H = SO(Va3) associated to ¢ via the Fourier-Jacobi coefficient of Corollary 7.7.
For the Fourier coefficients ar(f,)(1), one has the following:

(1) If T € V}',(Q) is not in the image of Va»(Z), then ar(f,)(1) = 0.
(2) Suppose T' € Vao(Z). Then ar(f,)(1) = ay, (e, 1).
Proof. This follows easily from (7.12). O

7.3. Fourier coefficients for Sp(4). In this subsection we specialize to the case n = 2 so
that H = SO(Va3). Our first task is to describe a map Sp(4) — H in explicit coordinates.
Recall yg = b3 + b_3, y1 = by + b_4, Vip = Span(bg —b_3, by, b—4), and

Va3 = Qba + Vi + Qb_s.

Let W, be the standard representation of Sp(4), with symplectic basis ey, e, fi1, fo and write
Vs for the kernel of the contraction map A2W, — Q given by the symplectic pairing. The
Sp(4)-representation A2W, is identified with Span(by, b3, by, b_4,b_3,b_5) via

(] b2 = €1 N €9

[} bg = €1 A f1

e by=ei A fo

e b s=—ex\fi

e b z=exAfo

ebo=—fiAfo
We put a bilinear form on AW, as uy Auy = (u1, us)er A fy Aea A fo for uy, us € A2Wy. Then
the above identification of bases respects the quadratic forms on both sides. Moreover, in
this identification, Vs = Span(be, by — b_3, b4, b_4,b_3), which is V5 3.

Because Sp(4) acts on V; preserving the quadratic form, and because the identification of

Vs with V5 3 respects the quadratic forms on each, we obtain a map 7: Sp(4) — SO(Va3). If
¢ is an automorphic function on SO(Va3), define ¢* := ¢ o .

Let N
-B .
Ksp(4)={(B A ):A—I—ZBEU(Q)}

denote the standard maximal compact subgroup of Sp(4)(R.). If jsp)(7, Z) is the standard
factor of automorphy, then jsp)(-,4l2) is a character Kgpy — C*. We claim that if
k € Kgp(a) then jspay(k,ils) = Jsovss)(m(k), —iyr). Here jsoqs.4) is the factor of automorphy
defined in Section 4.1. Indeed, to compute jso(v, ) (7(k), —iy1), we simply let 7(k) act on

bQ—Z.yl—Fb,Q261/\62—fl/\fg—’i(elAfg—eg/\fl) = (el—ifl)A(eg—’ifg).
Now the claim is immediately verified.
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If ¢ corresponds to a holomorphic modular form, then so does ¢*, and their Fourier
coefficients are related as follows. Suppose s = (4 .,) and set n(s) = (1§) € Sp(4). Then
one computes, under our identification of bases of V5 with V5 3, that

n(s) . b_2 = eXp(bg VAN (’U(bg - b_3) - Ub4 - U)b_4)) : b_Q. (713)
Moreover, if T' = (b72 b{: 2) then
(T,s) = au+bv + cw = (v(bs — b_3) — uby — wb_y, —(cby + bbs + ab_y)). (7.14)

From combining (7.13) and (7.14) one sees that the T-th Fourier coefficient of ¢* is the
—(cby + bbs + ab_4) Fourier coefficient of ¢. Here we note that elements of

Z—Span{bg, b4, b_4, b_3}/<bg + b_3> (715)

index the Fourier coefficients of ¢. And, for v € Z-span{bs, by, b_4,b_3}, we write the v-
Fourier coefficient of ¢ to mean the Fourier coefficient of ¢ corresponding to the image of v
in the lattice (7.15).

7.4. Application of triality to Fourier coefficients. In this subsection we prove Theo-
rem 1.2. To do so, we we will use the following lemma. Recall that G’ — G denotes the Spin

group. If ¢’ is a weight ¢ quaternionic modular form on G’, then ¢’ has Fourier coefficients
arr, 1) (@) : G'(Ay) = C for each T, T5 € Vao; see Remark 4.10.

Lemma 7.9. Suppose ¢ > 1 is an integer and ¢' € A,(G') is a quaternionic modular form on
G’ of weight €. There is a quaternionic modular form ¢! € A,(G') whose Fourier coefficients

satisfy airy 1) (05, 1) = amrymy) (@', 1) where if
[T, T3] = [1b3 — Baba + 6b_4 + v3b_3, —B3bs + aby — Y2b_4 — B1b_3]
then
[T1, T3] = [y2bs — Babs + 0b_g + Y1b_3, —P1bs + aby — y3b_4 — Bab_3.]
Here 0,6, B;, and y; are rational numbers. Moreover, ¢’ is level one if and only .. is level

one, and ¢ is cuspidal if and only if ¢! is cuspidal.

Proof. This will follow from Theorem A.1. To use this result, we only need to make ex-
plicit how the coordinates used to understand triality in Appendix A are identified with the
coordinates [T7, Ty] € V5.

This identification is obtained as follows. Recall the split octonion algebra O of Section 3.2.
Let F = Qx Q x Q. We make use of the Lie algebra isomorphism ®: gz — A?Q (see (A.1)).
Applying the identification (3.5), ® maps the element

y=o'En+v1® (81,8, 83) + 65 @ (11,7%,73) + 0'Ens € 95
to the element
by Ayy 4 ba Ay = b1 A (Bybs — &by + yyb_y + B1b_3) + by A (7V1bs — Bybs + 6b_g + v5b_3).
Likewise, with 717,75 as in the statement of the lemma, set
w:aE12+v1®ﬁ+53®7+5E23.
Then ®(w) = by ATy + by A Ty. Finally, the commutator [w, y| satisfies
[w,y] = ((T1, y1) + (12, y5)) Ens.

The lemma now follows from Theorem A.1. [l
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We are now ready to prove Theorem 1.2 as the following corollary.

Corollary 7.10. Suppose ¢ is a quaternionic modular form of even weight £ on G and level
one. Then there is a Siegel modular form f(Z) on Sp(4) of weight ¢ and level one, such that
for all a,b,c € Z , one has the identity of Fourier coefficients

(o ")) = e D (7.16)

Here T] = —bby + abs + b_3 and Ty = —cby — b_4. Moreover, if ¢ is cuspidal, then so is f.

Proof. Let ¢' be the pullback of ¢ to the spin group G’ and let ¢/ be the quaternionic
modular form of Lemma 7.9. Let T} = yo = b + b_3 and Ty = —(cby + bbs + ab_4). Then in
the notation of Lemma 7.9, (o, 5,7,9) = (—¢, (0,0,b),(1,a,1),0) and so T] = —bby+abs+b_3
and Ty = —cby — b_y.

Let f be the holomorphic modular form on Sp(4) obtained as the Fourier-Jacobi coefficient
of ¢/. Then f is level one since ¢/ is level one. For a,b,c € Z, let a([a,b, c]) denote the

<b‘/12 bég) Fourier coefficient of f. Then we have

le([a, b7 C]) = a[y07—(cb4+bb3+ab74)<90:77 1) = a[T{,TQ’]<907 1)

Here the first equality comes from applying (7.14) and Corollary 7.8 while the second equality
comes from applying Lemma 7.9.

If ¢ is cuspidal, then so is ¢/, and so ¢! is bounded. Thus its first Fourier Jacobi
coefficient is a bounded automorphic function on Sp(4) that corresponds to a holomorphic
modular form. This implies that f is cuspidal, as a holomorphic modular form is cuspidal if
and only if its associated automorphic function is bounded. U

The pair [T, T3] from Corollary 7.10 is strongly primitive. Since S(T7,T3) = <b72 bf ), we
obtain the following, which completes the proof of Theorem 1.3.

Corollary 7.11. Suppose ¢ s a level one, cuspidal, quaternionic modular form of even
weight ¢ > 16 that is in the Maass Spezialschar. Then there is a holomorphic cuspidal
modular form f on Sp(4) so that ¢ = 0*(f). In particular, ¢ is in the Saito-Kurokawa
subspace.

Proof. Let f be the weight ¢, level one holomorphic Siegel modular form for Sp(4) constructed
in Corollary 7.10. By Theorem 5.1, the Fourier coefficients of 6*(f) agree with those of ¢
for [T7, T3] of the form [—bby + abs + b_3, —cby — b_4]. Because both 6*(f) and ¢ are in the
quaternionic Maass Spezialschar, it follows from Definition 5.8 that the Fourier coefficients
of ¢ and 0*(f) agree for all [T, T,]. Consequently, o = 0*(f) as desired. O

8. HECKE STABILITY AND THETA LIFTS

Suppose ¢ is a cuspidal quaternionic eigenform on . The purpose of this section is to
give some equivalent conditions for ¢ to be in the Saito-Kurokawa subspace. In particular,
we prove Theorem 8.13, which gives a mostly representation theoretic criterion for ¢ to be
quaternionic Saito Kurokawa lift. One consequence of this theorem is Corollary 8.14, which
is our starting point for the work of Section 9 on periods.

The results we prove in this section are mostly derived from what is known about the
theta correspondence between symplectic and orthogonal groups. Because we work with
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quaternionic modular forms on a special orthogonal group, instead of an orthogonal group,
we spend some effort relating representations and automorphic forms on these two groups.

Throughout this section, we frequently go between automorphic representations and cus-
pidal automorphic forms that are eigenvectors for the spherical Hecke algebra at primes p.
We now explain this relationship. For a finite set of places S of Q, let AS = H;¢ ¢ Q, denote
the adeles away from S.

Lemma 8.1. Suppose H is a semisimple group over Q, and S is a finite set of places of Q,
containing the archimedean place, and for which H is split at allp ¢ S. Let K, = H(Z,) for
a model of H over Z,. Assume that ¢ is a nonzero cuspidal automorphic form on H which
is K,-invariant for all p ¢ S and is an eigenvector for the K,-bi-invariant Hecke algebra
Hy(H(Qp)) for all such p. Let Vs denote the subspace of the cuspidal automorphic forms

on H generated by the action of H(A®) on p. Then Vs is an irreducible representation of
H(A%).

Proof. Because Vg is contained in the space of cusp forms, it decomposes into a finite direct
sum of irreducible representations of H(A%): Vg = @jvzl V;, with each V; an irreducible

representation of H(A®). Let vy € Vg denote . Write vy = Z;VZI vo,; so that vy ; € V.

Note that each vy ; is nonzero, because Vg is generated by vy. Let Kg = Hm{ ¢ K. Since the
sum is direct and vy is Kg-invariant, each vy ; is as well. It follows that dim(VSK 9) > N.
On the other hand, suppose v € Vs. We will check that st k - v dk is proportional to vy,
and thus N = 1.
To see this, by definition of Vg, we can write v = Y27 a;(h; - vo) for some positive integer
L, some a; € C and some h; € H(A®). The double coset Kgh;Kg is a finite disjoint union
LI, ti;Ks with t;; € Kgh;. Thus

1 &

k- (hi v)dk = — / k- (ti;-vo)dk
[CECEOLEES Y SERCH

Jj=1

1 =
= — k- ti" * Vo dk.

But the sum Zf;l ti; - vo is proportional to vy, because vy is an eigenvector for the Hecke
operator Kgh;Kg. This proves the lemma. [l

8.1. Restriction from O(V). Recall that V is our split quadratic space of dimension 8 with
integral lattice V(Z) spanned by the b;, and G = SO(V). Set G; = O(V), the orthogonal
group of V. We write K, = G1(Z,) for the subgroup of G1(Q/) that stabilizes V(Z,) and

~

G1(Z) =11,G1(Zy). Set ko € Gy to be the element that fixes b; for i € {1,2,3,-1,-2, -3}
and exchanges by with b_,. We will at various times consider k¢ in G1(Q,) or G1(Q) or K7 4.
We begin with a simple lemma.

Lemma 8.2. The natural map
G(Q\G(A)/G(Z) — G1(Q)\G:1(A)/G(Z)

s a bijection.
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Proof. For the surjectivity, if g1 € G1(A), there exists v1 € G1(Q) so that (71)wg1.00 € G(R),
and thus there exists k € G1(Z) so that v1g1k € G(A). For the injectivity, if g, ¢’ € G(A),
and ¢ = gk for some v € G1(Q) and k € Gl(Z), then comparing determinants at the
archimedean place proves v € G(Q), and at all the finite places proves k € GG (2) O

Recall from Definition 4.3 that Ay z(G, ¢) denotes the weight ¢ quaternionic cuspidal mod-
ular forms that are right invariant under G (2) We make an analogous definition of quater-
nionic modular forms on the orthogonal group G;. Let K° denote the identity component of
our fixed maximal compact subgroup of G(R); it is also the identity component of a maximal
compact subgroup of G1(R). As usual, we let A(G;) denote the space of smooth, moderate
growth automorphic forms on Gj.

Definition 8.3. For an integer ¢ > 1, let A(G1,¢) denote the ¢ € A(G;) ® V, satisfying
(1) p(gk) =kt p(g) for all k € K°
(2) Dyp = 0.
We denote Ay(G1, £) the subspace of A(G,¢) consisting of the cuspidal automorphic forms,
and we write Ag z(G1, () for those cuspidal quaternionic modular forms of weight ¢ that are
right invariant under G4(Z).

We have a restriction map Res : Agz(G1,¢) = Ao z(G, ). We use the lemma to define a
lifting map L : Ao z(G,0) = Aoz(G1, ).

Proposition 8.4. Regarding the maps L and Res, we have the following facts:

(1) The maps L and Res are inverse isomorphisms.
(2) If v is a Hecke eigenform on G, then L(p) is a Hecke eigenform on Gy.

Proof. Part (1) of the proposition is immediate from Lemma 8.2. For part (2), suppose
T € H,(G1), the algebra of smooth, compactly supported functions on G1(Q,) that are
bi-invariant under G1(Z,). Let T} be the restriction of T to G(Q,), so that T; € H,(G), the
Hecke algebra of G(Q,). Then T'(g) = T1(g) if g € G(Q,) and T'(g) = T3 (gko) if det(g) = —1.
Now, because L(y) is invariant by ko, we have T'L(¢) = T1L(¢) (normalizing measures
appropriately) so Res(TL(y)) = Tip = A\1p. Applying L gives the desired conclusion. [

Let T" denote the diagonal torus of G or G. Let X be an unramified character of T'(Q,), 7

the irreducible unramified subquotient of I nd ;(5]13/ ’Y), and 71, the irreducible unramified
subquotient of I ndG1 QP (5]13/ 2)() where dp is the modulus character for the Borel subgroup

of G. Here B; ~ B 1s the upper triangular subgroup of G;. Let the normalized spherical
vectors in the inductions be ¢ and ¢;. Observe that the restriction of ¢; to G is ¢.

Lemma 8.5. Let the notation be as above. Suppose x(diag(1,1,1,p,p~1,1,1,1)) = 1. Then
the restriction to G(Qp) of T S Ty, i.e., T, restricts irreducibly to G(Q,).

Proof. For ease of notation, set ¢, = diag(1,1,1,p,p~*,1,1,1). Note that the element kg
stabilizes the upper-triangular subgroup of Gy, and that the condition x(¢,) = 1 implies
X (kobky ') = x(b) for all b € B(Q,).

Let Vi be the space of m, and V the space of m,. We write I; for the induction

I ndgl(gp (51/ ’x) and I for I ndG(Q" (6}3/ ’X). Thus V; is the unique unramified subquotient

of I} and V is the unique unramlﬁed subquotient of 1.
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We have a restriction map /; — I, which is G(Q,) equivariant. We let I] be the subspace
of I given by those functions f that satisfy f(kog) = f(g) for all g € G1(Q,). Note that I}
contains the spherical vector ¢;. Indeed, the function g — ¢;(kog) is right-invariant by K,
and satisfies

¢1(kobg) = x(kobkg )1 (kog) = x(b)b1(kog)

for all b € B(Q,). Thus ¢1(kog) = ¢1(g) for all g € G(Q,). We claim that the restriction
map defines an isomorphism of G(Q,) representations I{ — I.

To see surjectivity, suppose f € I. Define a function f; on G1(Q,) as fi(g) = f(g) if
g € G(Q,), and fi(kog) = f(g) if again g € G(Q,). One checks that f; € I], using that
x(t,) = 1. For injectivity, if fi(g) = 0 for all g € G(Q,) and some f; € I}, then f;(kog) =0
so f = 0. Consequently, I{ — I; is an isomorphism.

Let U C I be the submodule generated by the spherical vector ¢, and let U; C I] be the
submodule generated by the spherical vector ¢;. Let vol(K,) denote the volume of K, and
vol(K( ) denote the volume of K, for a fixed choice of Haar measure. Define

1
= k-vdk
pr(U) VOI(Kp> /Kp v

and similarly for pg, ,, so that these are projections. Now set M = {u € U : pg,(gu) =
0Vg € G(Qp)} and My = {u € Uy : pg, ,(gu) = 0Vg € G1(Q,)}. One has that M is the
maximal proper submodule of U and M; is the maximal proper submodule of U;. We have
Vi = Uy/M, and V = U/M.

If f € I or I, then pg, (g - f)(h) = vol(K1,)~ fK f(hkig) dky and pg, (g - f)(h) =

vol(K. fK (hkg) dk. Now observe that if f € I, then Res(pr, ,(f)) = pk,(Res(f)).
Indeed if h = bk, with k € K, and b € B, then
VOI(KpJ)RGS(pKLP (f))(bk’) = f(bk?k?l) dk’l = X(b) f(k’l) dk’l
Klyp Kl,p

= 2x(b) . f(k) dk = vol(K1p)px, (Res(f))(bk).

It follows that the restriction map induces a well-defined injection V; = Uy /M; — V =
U/M. As V is irreducible, this map is an isomorphism. O

Proposition 8.6. For ¢ > 16 even, the Saito-Kurokawa subspace of Ayz(G, () is Hecke
stable.

Proof. Let fi1,..., fy be a basis of the weight ¢, level one, holomorphic cuspidal Siegel modu-
lar forms on Sp(4). Let F; = L(0*(f;)) be the theta lift of f; to G, so that 6*(f;) = Res(F}).
Then each F} is nonzero, and so the automorphic theta module I, = O¢, (7y,) # 0. It is
proved in [Ral84, Chapter I, section 3] that IIf, consists of cusp forms. In particular, II F,
is contained in the square-integrable automorphic forms. From [GT16], local Howe duality
is known at every place. The cuspidality of TIr, together with local Howe duality implies
IF, is irreducible; see! [Gan24, Proposition 3.1]. Consequently, F; is a Hecke eigenform.
If the Satake parameters at a prime p of f; are diag(a;, 3, 1,5] , Q5 1), it follows from
[Ral82], as explained in [Gan23, Theorem 8.1(c)], that the Satake parameters of F; at p are

IThe proof in this reference is in the notation of unitary groups, but the argument is the same, line-by-line,
for the symplectic-orthogonal dual pairs.



34 J. JOHNSON-LEUNG, F. MCGLADE, I. NEGRINI, A. POLLACK, AND M. ROY

diag(aj, Bj,p, 1,1,p 71, 5;1, aj_l). For these particular Satake parameters, i.e., with two 1’s,
the restriction from GGy to G remains irreducible by Lemma 8.5. Consequently, the finite
part I, ; restricts irreducibly to G, so 0%(f;) = Res(F}) is again an eigenform. Thus SK,
is spanned by eigenforms, so is Hecke stable. 0

We will need Lemma 8.9 (below) soon. We setup this lemma now. Recall from Defini-
tion 4.4 that for an integer £ > 4, we let ) be the quaternionic discrete series representation
of G(R)° with minimal K%type S?(C?)X1KX1, as a representation of SU(2) x SU(2) x SO(4).

Definition 8.7. We set 7, to be the induction from G(R)? to G(R) of w). Let W, denote
the underlying vector space for the (g, K°)-module ngﬁn. As a (g, K)-module, the space of
K-finite vectors my g, in 7y is W/ := W, @& W,. Fix p € K\ K% If k € K° then k acts on
W] as k(wy,ws) = (kwy, pkp~'wy). The element p acts on W) as p(wy, wy) = (we, p?wy). If
X € g, then X acts on W, as X (wy,wq) = (Xwy, Ad(p)(X)ws).

The representation 7, extends to G1(R), because it is isomorphic to its ko-conjugate.
There are two possible extensions, which we denote by II, and II, ® det. Let O(4)~ be the
subgroup of G1(R) that acts as the identity on V. We fix the notation so that O(4)~ acts
as the identity on the minimal K-types of II, (and via the determinant map on the minimal
K-types of II; ® det.)

Definition 8.8. We define Aj7 (G, ) to be the space of (g, K°) homomorphisms from g,
to Ao z(G). We define Ay (G, ¢) to be the space of (g, K) homomorphisms from Il g, to
Aoz(Gh).

If o € A(G), set 1(p) € A(G) as 1(¢)(g) = @(kogky'). We say that ¢ is in the plus
subspace if 1(¢) = ¢. We remark that it follows immediately from the definition of the theta
lift 0* that any ¢ = 6*(f) is in the plus subspace.

Lemma 8.9. If ¢ € Ay7(G, () is in the plus subspace, then L(p) is in Ayz(G1,0).

Proof. Suppose F is a (g, K°)-module homomorphism W, — A z(G). Let ¢ € W}, so that
¢ = (wy,ws) in the notation above. Define F' : W, — A(G) as F'(¢) = F(wy) + pu~ ' F(ws).
One checks that F” is a (g, K') homomorphism.

Define now V¥ : 11, — A(G;) as ¥(¢) = L(F'(¢)). This is (g, K) equivariant. Observe
that k; ' oWokg and ¥ are both (g, K)-equivariant maps from II, to A(G,). If 7 denotes the
minimal K-type of 7) and F'(7) lands in the plus space, then one checks that kg LoWoky and
U agree on 7. By irreducibility of II,, they then agree on II,. This proves the lemma. 0

8.2. Lifts back to Sp(4). We begin with a preliminary result. Recall the notation IT, from
Definition 8.7.

Lemma 8.10. Suppose I =11 ® Il ts a cuspidal automorphic representation on Gy, with
Il a quaternionic discrete series Il, and Ily the irreducible admissible representation of
G1(Ay). Let ¢ be a cusp form in the space of II, and x a degenerate character of Up, the
unipotent radical of the Heisenberg parabolic subgroup. Then the Fourier coefficient v, (g) =
0.

Proof. Let o : I — Ay(G1) be the given embedding. Let L, denote the C-valued linear
form on Ay(G1) given by L, (&) = £,(1). Suppose ¢ = a(vf ® v). Let {v;} be a basis of
V, C I, and {v;} the dual basis. Consider the function F, : G1(R) — V, defined as
E(g9) = 32 Ly(ga(vy @ v;))v). Then F\(g) is a generalized Whittaker function of type y,
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and is a bounded function of g because « lands in cusp forms. Consequently, F)(g) =0 on
G1(R)° by [Pol20, Proposition 10.0.1(3)]

Let ¢ = diag((;'),1,(; 1)) and ko be as usual. Then the 1,¢, ko, tky are in the standard
Levi part of the Heisenberg parabolic subgroup, and meet every connected component of
G1(R). If = is one of these representatives, then note that F,(zg) : G1(R)? = V, is again
a bounded generalized Whittaker function for a degenerate character (namely, x - x). Thus
F\(zg) = 0. Consequently, F\(g) is 0 on all of G1(R), so ¢,(g) must also be identically
0. O

From Lemma 8.10, we now immediately obtain the following proposition. Recall that we
write V. =U + Vo, + U".

Proposition 8.11. Let II = II; ® Il be a cuspidal automorphic representation on G with
[, a quaternionic discrete series. For a vector v € Va,, define N, = exp(U A (U+ N o))
so that N, 1s a subgroup of Np. One has the following facts.

(1) Suppose ¢ € I1. Then the constant term of ¢ over N, is identically 0.
(2) The theta lift of 11 to SL(2) is 0.
(3) The theta lift of 1 to Sp(4) is cuspidal.

Proof. For the first part, the constant term of ¢ over N, can be expanded in term of de-
generate Fourier coefficients of ¢, so it is 0 by Lemma 8.10. For the second part, standard
calculation with the definition of the Schrodinger model of the Weil representation imme-
diately show that the Fourier coefficients of the theta lifts 6,(¢) to SL(2) factor through
periods of ¢ over subgroups S, = {g € G : gv = v}. These subgroups contain the N,’s,
so the periods vanish. The third part follows from the second by the Rallis tower property
[Ral84, Theorem I.1.1], or directly from the first part by a similar calculation with theta lifts
and periods. O]

We will shortly use the following direct corollary of results of Yamana [Yam14]. Recall
that Ag(Sp(4)) denotes the space of cuspidal automorphic forms on Sp(4).

Theorem 8.12. Suppose 111,115 are automorphic cuspidal representations of G, which are
isomorphic (but not necessarily equal in the space of automorphic forms.)
(1) One has that Ogp(Ily) # 0 if and only if Ogpa) (Il2) # 0.
(2) Suppose Ogp(a)(II) is contained in the space of cuspidal automorphic forms on Sp(4)
for every automorphic representation Il isomorphic to I1y. Let Ao(G1)[I1;] denote the
I1; -isotypic subspace of the cusp forms on Gy. If there exists f € Ao(Sp(4)) and test
data ¢ so that 0,(f) € Ao(G1)[I11] is nonzero, then every element of this space is in
the image of the theta lift from Sp(4).

Proof. For the first statement, note that Yamana proves that these theta lifts are nonzero
precisely if the local theta lifts O(II; ,) are nonzero for every place v of Q, and the L-function
L(I1;, Std, s) has a pole at s = 2. These latter conditions only depend on the isomorphism
type of the II;.

For the second statement, let B C Ay(G1)[I1;] be the space of the theta lifts from Sp(4)
and let C' be its orthogonal complement in Ay(G1)[Il;]. Then B is a G1(A)-representation,
and thus so is C'. Suppose for the sake of contradiction that C' is nonzero. Let II, C C'. By
the first part, Ogp4)(Il2) # 0. Let f’ € Ogp4)(II) be a nonzero cusp form in this space. One

has
(2, 05(f")) = (0s(p2), f') # 0.
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Moreover, it follows from [Gan24, Proposition 3.1] and local Howe duality [GT16] that
0,(f') € Ao(G1)[IL1]. This contradicts the statement that Il is orthogonal to B, proving
the claim. O

We now have the following result, which follows from Theorem 8.12.

Theorem 8.13. Suppose ¢ € STQ(G, ) is a nonzero Hecke eigenform in the plus subspace.
The following conditions are equivalent:

(1) ¢ € SKy, i.e., there exists a nonzero level one holomorphic Siegel modular form f of
weight € so that ¢ = 6*(f) in Aoz(G,{);
(2) Osp(ay (L)) # 0;

Proof. 1t is clear that (1) implies (2): Indeed, if ¢ = 6*(f), then there is test data ¢ so that
L(p) = 0,(f) € Ao(G1) is nonzero. Since (0,(f),05(f)) # 0, we see that

/ 007 (9)0s(g. h)FTR) dg dh # 0,
[G1]x[Sp(4)]

50 Ogp(a) (Ll (p)) 7 0.

We now prove that (2) implies (1). Let 7’ be the irreducible cuspidal automorphic rep-
resentation of Sp(4) which is Ogp(a)(IlL(y)). It is irreducible by global Howe duality [GT16]
and is cuspidal by Proposition 8.11. Applying [Gan24, Proposition 3.1], 7’ is generated by
a level one holomorphic Siegel modular form f’ of weight ¢. It follows that O¢, (7') has
nonzero inner product with some element of II;,), and that ©¢, (') is isomorphic to Il ).
By Theorem 8.12, there exists a level one cuspidal automorphic representation m on Sp(4)
for which ©¢, (7) = Il1(,). Indeed, there exists a cuspidal automorphic representation 7; on
Sp(4) and f; € m so that 04(f1) € Ily. Because Il is irreducible, ©¢, (m1) 2 .
But O¢, (m) itself is irreducible, so O¢, (71) = II1(,). One sees that 71 must be unramified
at every finite place and holomorphic discrete series at infinity, so we can take m = 7.

Finally, let f € 7 be the level one Siegel modular form. Then 0*(f) is nonzero, but also
in I1,, so we must have 0*(f) = ¢ as desired. O

For a half-integral 2 x 2 symmetric matrix S, let Pg, be the weight ¢ Poincare series on
Sp(4) associated to S, and let Qg be the associated Poincare lift; see Proposition 5.3.

Corollary 8.14. Suppose ¢ € A7 (G, () is an eigenform in the plus subspace, for £ > 16
even. Then ¢ € SK; if and only if (¢, Qse) # 0 for some S.

Proof. 1If ¢ € SK,, then clearly such an S exists: We have ¢ = 0*(f), and f = Zj a; Ps, 4,
so that ¢ = Zj BiQs, ¢, and hence (p, Qg, ¢) # 0 for some j.

Conversely, assume (p, Qsy) # 0 for some S. This inner product is equal to (L(¢), L(Qss))c,
and L(Qsgy) is a theta lift from Sp(4). Thus Ogp) (Il1() # 0, so the corollary follows from
Theorem 8.13. 0

In the next section, we will study the inner products (¢, Qs,) # 0 using periods of ¢.

9. PERIODS

The purpose of this section is to prove Theorem 1.4, restated below as Corollary 9.8. By
Corollary 8.14, we can characterize the elements of the Saito-Kurokawa subspace in terms
of inner products with the (Js. Thus to prove Theorem 1.4 it remains to relate the inner
products (¢, Qg) to periods of p. That is what we do in this section.
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Recall from Section 3 that we let V' denote the underlying quadratic space for the group
G. Suppose v1,v9 € V. We denote H,, ,, the stabilizer of vy, vy in G. If v1,v5 € V(Q) or
V(R), then H,, ,, is an algebraic group over Q or R. If vy,vy € L = V(Z), then we write
H,, »,(Z) for the subgroup of G(Z) that fixes vy, vs.

Given vy, vy € V(R) spanning a positive-definite two-plane, recall from (5.5) the function
By, v ¢ G(R) = V. Recall that we let V™ C V(R) denote a certain positive-definite
subspace of dimension four; see Section 3.4. That the denominator in the definition of B,, ,,
is nonzero follows from the following lemma, and the fact that if v1, vy span a positive definite
two-plane, then the projection of vy, vy to VT still span a two-plane.

Lemma 9.1. Suppose uy,us € VT span a two-plane. Then pry(uy A ug) is nonzero.

Proof. This is clear for the basis elements uq, us of Section 3.1. It now follows in general by
SO(V™) equivariance of the projection map. d

Suppose now that T is a fixed half-integral, positive definite, symmetric matrix. Set
Xr ={v1,v3 € L: S(v1,v9) =T}. If £ > 16 is even, recall we set

QT;Z(Q) = Z B[v1,v2},€(g>‘

(v1,02)EXT

Similarly, if v, v, € L span a positive-definite two plane, and ¢ > 16 is even, we set

QvlfUQ?Z(g) = Z B[v1,v2};€ (79)‘

'YGHvl,UQ (Z)\G(Z)

Suppose D = —4det(T') is odd and square-free. By [Sah13], the Poincare series Pr with
these T span the space of cusp forms of weight ¢ and level one on Sp(4). By Theorem B.1,
for such T', Q1. = Qy, vy for any vy, ve € L with S(vy,v9) = T. Thus we have:

Corollary 9.2. Suppose { > 16 is even, and ¢ is a level one cuspidal quaternionic modular
form on G of weight . Suppose moreover that ¢ is an eigenform in the plus subspace. Then
w € SK; if and only if (o, Quy ) # 0 for some vy,vy € L with —4det(S(v1,v2)) odd and
square-free.

Our objective for the rest of this section is to reinterpret the inner product (@, Qu, vy:0)
as a period of ¢ over H,, ,,. The inner product (p, Qu, v,:¢) is defined adelically. It can be
interpreted as an integral over the real points of GG, by the following lemma.

Lemma 9.3. The canonical map
G(Z)\G(R) = G(Q)\G(A)/G(2)
s a bijection.

Proof. The map is clearly an injection. For the surjectivity, we must prove that G(Ay) =

A~

G(Q)G(Z). Thus suppose g € G(Ay). By the Iwasawa decomposition for the Siegel parabolic
subgroup NM of G, we can write g = umk with u € N(Ay), m € M(Ay) ~ GL(4,Ay)
and k € G(Z). We can write m = ~k, for some v € M(Q) C G(Q) and k; € G(Z). Thus
g = (v 'uy)kik. But now v~ luy = ks, for some p € N(Q) and ky € G(Z). The lemma

follows. O

To setup our result on the inner product (@, Qy, ), We need an additional lemma.
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Lemma 9.4. Suppose vi,v € V(R) span a positive-definite two-plane. Then the image of
K N Hy,, ., (R) in the long root SUy /s is a nontrivial torus.

Proof. Suppose u;, us span the orthogonal complement in V* of the projection of vy, vy to
V*. Then the projection of K N H,, .,(R) in the long root SU(2)/us is the projection of the
exp(tu; A ug) with ¢ € R. Now the lemma follows by Lemma 9.1. O

We write K, », = KNH,, ,,(R). It follows from Lemma 9.4 that K, ,, stabilizes a unique
line in V,. Suppose v" € V, spans this line. Observe that By, ,,(1) is in the same line, so
that (v, By, 0,(1)) # 0.

If v1,v5 € L, and ¢ is a level one cuspidal quaternionic modular form on G, we define

1
Pan®) = o7y | (W', p(B) dh.
e (V' Bloy,ws] (1)) JHy, 0y (Z)\Hoy 0y (R)

In terms of the vector-valued period P defined in the introduction, note that P, .,(¢) =

% Observe that P, 4, () is invariant by K, ,,, so by Lemma 9.4, P, ,,(¢) # 0 if
v1,v2

and only if P, ., (¢) # 0.

Theorem 9.5. Suppose ¢ > 22. There is a nonzero constant Cy, 4, S0 that (¢, Qv ) =
Coy vy Py 0y (9) for all level one, weight £ cuspidal quaternionic modular forms .

The condition on the weight ¢ > 22 in the statement of Theorem 9.5 comes from a
convergence criterion studied in Appendix C; it can likely be weakened. Before proving
Theorem 9.5, we require one more lemma.

Say that v € V is completely degenerate if v is in the SL(2, C) orbit of a highest weight
line of V,. Additionally, say that a smooth, K-equivariant function b: G(R) — V, is
quaternionic if Dyb = 0. Here D, is the differential operator appearing in Definition 4.3.

Lemma 9.6. Suppose F' : G(R) — Vy, is a quaternionic function so that F(g) is never
completely degenerate. Suppose also that a : G(R) — C is a smooth function with aF
quaternionic. Then a is constant.

Remark 9.7. Suppose v € V,. Consider the condition:
o (v,u) = 0 with u € V, implies u = 0, where (v,u) € S?*~1(V4) is the contraction.
The element v satisfies this condition precisely if v is not completely degenerate. Indeed, by

acting by SL(2,C), it suffices to consider the case u = x. Then (v,z) = 0 implies v is in
Cz?%. We also remark that if (v,v) # 0, then v is not completely degenerate.

Proof of Lemma 9.6. First observe that, because both af’ and F' are K-equivariant, and F'
is never 0, we obtain that a is K-invariant. Now, let p = Vo @ W, {w,} be a basis of W, and
{w)} the dual basis of WVY. Then

D(aF) = aD(F +Z z ® wa)(a)(F,y)wy — (y © wa)(a)(F, x)w,

We have D(F) =0, and the w) are linearly independent. Thus we obtain

(z @ wa)(a)(F,y)ws — (y ® wa)(a)(F,x)wy =0

for all . But by Remark 9.7, (F,y) and (F,z) are linearly independent in S*~1(V3).
Consequently (z ® w,)(a) =0 and (y ® w,)(a) = 0 for all a. In other words, Xa = 0 for all
X € p. One concludes that « is constant. 0J
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Proof of Theorem 9.5. Set

B,(g) = ©(hg) dh.

/Hvl,vg(z)\Hvl,vg(R)
Then B,(g) is quaternionic and left H,, ,,(R)-invariant. Indeed, to see that B,(g) is
quaternionic, we simply need to justify differentiation under the integral over the domain
Hy, 1, (Z)\H,, »,(R). To do this, fix X € p. Then we are interested in proving the equality

d d
a plhge)an = | < o (hget) dh
At Sy, 0y (Z)\Hoy oy (R)

oy oy (Z)\Hop 0y (R) A1

at t = 0. One now justifies the exchange simply by the boundedness of cusp forms.

Now, we claim that there is a constant D; so that B,(g9) = D1By, 1,(g). Indeed, if
ke KNg 'Hy 0(R)g = Kj-14 414y, then

k' Bo(g) = By(gk) = By(g)

because B, is left H,, ,,(R)-invariant. Here k' - B,(g) denotes the action of k~! € K°
on B,(g9) € V,. Thus B,(g) and By, 4,)(g) lie on the same line in V, for every g € G(R).
Because (B, 1,](9): B, ] (9)) # 0 for all g, we can apply Lemma 9.6 to deduce that B,(g) =
D1 By, ,)(g) for some constant D;.

Now, the constant D, is determined by evaluating both sides at ¢ = 1 and pairing with
V', so we obtain Dy = P, ,,(¢).

Now one has

(1 Quy) = / (Boy on)(9): 2(9)) dg
Hyy vy (Z)\G(R)
- / (Buy (9). Bo(9)) dg
Hyy vy (R)\G(R)

= Poyn(9) / (Biar o (9): Bionng(9)) dg.
oy oy (R\G(R)

To justify the unfolding of the integral, we must prove that the first integral converges
absolutely. We have

[(Bloy021(9)s (D] < 1B o] (DI - [l9(@)] < ClIBoy a1 (9)]]-
Thus

/ Bowilo) el dg < € [ 1Bl )11 49
Hoyy g (Z)\G(R) Huy,0p (Z)\G(R)

= / [ By (9)]] dg
Hoyyp,p (R\G(R)

because H.y, v,(Z)\Hy, v, (R) has finite volume and B, ,)(g) is left-invariant by H,, .,(R).
Now the result, for ¢ > 22, follows from Theorem C.1. O

Putting everything together, we have obtained the following result.

Corollary 9.8. Suppose ¢ > 22 is even. Suppose p is a level one, weight {, cuspidal
quaternionic eigenform on G in the plus subspace. Then ¢ is a Saito-Kurokawa lift if and
only if there exists vy,ve € L with S(v1,v2) > 0 and D := —4det(S(v1,v9)) odd and square
free, so that the period P,, ,,(¢) # 0.
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APPENDIX A. TRIALITY

The purpose of this section is to work out facts regarding triality on D4, and how it
interacts with the notion of quaternionic modular forms. This is an important ingredient in
the proof of Theorem 1.2.

To define triality on Dy, recall the trilinear form (x,y, z) = tro(z(yz)) on the octonions
0. See Section 3.2 for notation regarding the octonions. The group G’ = Spin(Q) is defined
as the set of triples (g1, g2, g3) € SO(Q)? that satisfy

(g1x,g2y,932) = (I,y,Z) for all €, Y,z € 0.

The association g — ¢; gives a map of groups G’ — G, which induces an isomorphism on
Lie algebras.

Permutation of the g; induces an Ss action on G’ as follows. For g € SO(Q), let ¢* =
cogoc, where ¢ : O — O is the conjugation on Q. If ¢ € S3 has sgn(o) = 1, we
define o(g1,92,93) = (9o-1(1), Go-1(2), Go-1(3))- For o € Ss with sgn(o) = —1, we define
(g1, 92,93) = (9}1(1),9}1(2),9271(3))- One verifies easily that this maps G’ — G’ and is an
S3 action.

In this section, we understand how this triality interacts with the notion of quaternionic
modular forms on G'. Let P’ be the Heisenberg parabolic subgroup of G’, defined as the
inverse image of P in G’, and similarly define M’ N', K’  p’. Let

W = Hom(N'(Q)\N'(A), C¥)
denote the automorphic characters.

Theorem A.1. Suppose o € Ss.
(1) One has o(M') = M', o(N') = N', o(K') = K', o(p) = p. Moreover, if v € Vy, and
ke K', theno(k)-v' =k-v.
(2) The action of S5 on N' preserves the center Z' of N', and induces an action on the
automorphic characters W.
(3) If ¢ is a weight { quaternionic modular form on G', then v,(g) = p(c(g)) is a
weight { quaternionic modular form on G' and the Fourier coefficients a,, satisfy

ag, (0)(gy) = ag(c™ (w)) (e~ (gy)) for all w € W.
To prove the theorem, we will make explicit the action of triality on g’ = Lie(G’) ~
Lie(G) ~ N?*V.
The Lie algebra g’ = Lie(G’) of G’ is the set of triples (X1, Xo, X3) € Lie(SO(Q))? that
satisfy
(Xqz,9,2) + (x, Xoy, 2) + (x,y, X32) =0
for all z,y,z € O. We denote g = Lie(SO(Q)) the Lie algebra of G = SO(Q).

We have the following well-known lemma.

Lemma A.2. For j = 1,2,3, the map g — g; induces an isomorphism of Lie algebras
g—g.

For z € O, denote ¢, : @ — O left multiplication by x and r, : O — O right multiplication
by x.

Proposition A.3. Ifu,v € O, then

(uAw, %(&L*Zv — lylly,), %(ru*m — TyeTy))
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is a triality triple, i.e., in the Lie algebra of Spin(Q).
Proof. This follows from [SV00, Theorem 3.5.5]. O

We would like to explicitly calculate the triality triples for a basis of elements of A2Q.
This can be done using the following lemmas. Let V; C O denote the space of trace 0
elements. The Lie algebra of G5 embeds in A2Q as the kernel of the map A?V; — V5 given
by u A v — Im(uv); see [Pol21b, section 2.2]. If X € Lie(Gs), then (X, X, X) is a triality
triple. This gives the following lemma.

Lemma A.4. Suppose u,v € V7 and Im(uv) = 0. Then (u A v,u Av,u Av) is a triality
triple.

We can bootstrap off of Lemma A.4 to obtain the following.

Lemma A.5. Suppose Wy, Wy, W3 are two-dimensional isotropic subspaces of @ and W; -
Wit1 = 0. Let uj,v; be a basis of W;. Then there are nonzero oy, g, as so that (ajug A
v, Qs A Vg, azus A v3) is in Lie(Spin(Q)).

Proof. First note that if (X,Y, Z) € Lie(Spin(Q)) and (g1, g2, 93) € Spin(Q) then
(11X, g2Y, g32) € Lie(Spin(0)).

This follows immediately from the definitions. Let u,v be as in Lemma A.4; then we know
(u AN v,u Av,u Av) is a triality triple. Now, if Wy, Wy, W3 are as in the statement of this
lemma, there exists (g1, g2, 93) € Spin(Q) so that g; Span{u,v} = Wj; this follows from, for
example, Lemma 2.2(3) and Lemma 2.3(3) of [PWZ19]. The lemma follows. O

Observe that if (X, Y, Z) is a triality triple, then X +Y +Z € Lie(G2). Because we already
know how the Lie algebra of G5 embeds in A?0), we can frequently use this fact together
with Lemma A.5 to compute many triality triples. We do this now.

Proposition A.6. We have the following triality triples:

(1) (ex Nej,ef i Nej_y, —€a Nej) for j € Z/3Z;

(2) (e Nej,—ea Nef,ejpn ANeja) for j € Z/3Z.

Proof. One computes that W, = Span{ey, e; }, Wy = Span{ej, e5}, W3 = Span{es, €1} satisfy

W; - Wii1 = 0. Because (€1 — €2) A ey + €5 A e} is in Lie(Gsq), the first point follows in the

case j = 1. The other cases follow from the j = 1 case by applying the SL(3) C G, action.
The second point is similar. O

We now setup the main theorem of this section. Let F' be a field of characteristic 0, and
set F = F x F x F with its usual S3-action, given by permuting the factors. We think of F
as a cubic norm structure. So, the norm on E is Ng(z1, 22, 23) = 212223 and the adjoint on
E is (21, 20, 23)" = (2223, 2321, 2129). For 2,2’ € FE one sets 2z x 2/ = (2 + 2/)# — 2% — (/).

Let gg be the associated Lie algebra, as in [Pol20, section 4.2]. We have

gp=(LeE)e Vs E®Vy ® EY.

Here V3 is the standard representation of sl3 and V3’ is the dual representation. Moreover,
E" is the trace 0 subspace of E, and E° acts on E via multiplication \ - x = Az, while E°
acts on EY = F as A -y = —\v. The S3 action on F induces an S3 action on gg.

We will recall the Lie bracket on gg. Before doing so, for v € E°, let ¥, € E° C g be
the map E — E defined as ¥, (z) = uz.
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For X € E and v € EY, there is a map ¢, x : E — E defined as
0, x(Z2) ==y x (X X Z)+ (v, 2)X + (v, X)Z.

Here (v, Z) and (v, X) denotes the canonical pairing between E and the dual EY. One sets
D, x — 2(X,7)lg = @ . The definition of the Lie bracket on gg from [Pol20] uses the
o .

¥, X

We require the following lemma, which relates the ® y with the W,

Lemma A.7. Suppose v € E, v € EY. Then @, , = Wy, with u = vy — %(m,v)lE.

Proof. This is a direct computation:

¥, (2) = = X (% 2) + (.22 + 5 (8,7)

Now (v, 2)z = (z1(n121 + Y222 + 7323), - - -), (2,7)2 = (21(x171 + T272 + T373), .. .), and one
has

v X (x X 2) =7 X (X223 + T329, T123 + 321, T122 + To21)
= ((w123 + w321)73 + (w122 + T221)73, - - ).
Combining the above and using the symmetry between the indices gives the claim. 0

We now explicate the Lie bracket on gg: Take ¢3 € sl3, ¢; € E°, v,0' € V3, 6,8 € V',
X, X' e Jand v,7 € EY. Then
(3,0 @ X +0®@7] = ¢3(v) ® X + ¢3(5) ® 7.
[0, X +0@7]=v®¢;(X)+0®ds(7)
e X,v®XT=wWwAv)® (X x X')
[0®7,0@7]=(0AN)@(yxv)
V@7, X]=(X,7)v®d+v)P,x —0(v)(X,7)

—(X,7) (v %6 — %5@)) +6(0) ((I)%X - %(X, ’y)) |

Note that v ® 6 — 36(v) € sl and &, x — 2(X,7) = @/ y € E°.
Furthermore, the action of sl; and E° on V3’ and EV is determined by the equalities

(¢3(U>7 6) + (Uv ¢3(5)) =0 and ((bJ(X)?V) + (X7 ¢J(7)) =0.
For j # k, let Ej; € sl3 be the matrix with a 1 in the (j, k) position and 0’s elsewhere.
Let vy, v, v3 be the standard basis of V3 and 01, 02, 93 the dual basis of V'. Denote by

b gE—>/\2(O) (Al)
the linear isomorphism given as follows:
(1) ®(Eji) = ef Aej;
(2) ®(vj @ (71,79, 23)) = 2161 N €j + T2€] 4 A€y + x3(—€2 A €y);

(3) ©(6; ® (11,72:73)) = n1(—€2 A €]) + Y2eji1 A €j1 + Y361 A€];
(4) on E° @ is: ®(Wy,) = (uy —uz)er Aea +us(eg A e +ea Ay + ez Ael).

Theorem A.8. The linear map ® is a Lie algebra isomorphism, respecting the S actions.

Proof of Theorem A.8. There are lots of brackets to check.
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(1) Suppose £ # k. Then [®(Ey), ®(v;@x)] = [ex Aer, vi€1 Aej+x9€], A€ +a3(—€a A
e;)] = 01if j # k and is equal to ®(v, @ z) if j = k.
(2) Suppose £ # k. Then [®(Eyy), ®(0; @ v)] = [ef Ao, vi(—€2 A €)) + yaeji1 Aejq +
y3e1 Aej] =0 if £ % j and is equal to (-0 @ ) if £ = j.
(3) Suppose a3 + ag + a3 = 0, and h = oy F11 + asEqy + azEs3 € bgr,, the diagonal
Cartan of sl3. Then [®(h), €1 Aej] = aje Aej. Using the Ss action on A?Q, and that
we already know h € Lie(Gz) C (A?Q)%, we obtain [®(h), P(v; @ z)] = ®(ayv; @ z).
Similarly, we obtain [®(h), ®(J; ® z)] = ®(—a;d; ® z).
(4) Note that e;Aej, ef, Aej_, and —ez Aej all commute. Thus [®(v;®z), ®(v;@2")] = 0.
Similarly, [®(d; ® 7), ®(6; ® )] = 0.
(5) We compute [®(v; ® x), (vj11 ® 2')]. One has
(a) [61 A €j, €1 VAN €j+1] = O,
(b) [e1 Aej, el  ANejl=e ANej_y;
(C) [61 VAN €j, —€2 N €j+1] =€y VAN €i+1;
Thus [®(v; ® (21,0,0)), P(vj41 @2")] = ®(0;-1 ® (0, z12%, 125)). Using the Ss action
on A*0, one deduces that [®(v; ® z), P(vj41 ® 2')] = P(§;_1 ® (z x 7)),
(6) We compute [®(6; @ 7), ®(d;41 ® 7')]. One has
(a) [Fe2 Aef, —ea Nej ] =0;
(b) [—62 VAN 6;, €i—1 N Bj] = —€y N\ €i—1;
(c) [Feanef, e Aej ] =ef Aejyy;
Thus [®(d; ® (71,0,0)), 2(6j11 @7)] = P(vj—1 ® (0, 7174, 717%)). Using the Ss action
on A?0, one deduces that [®(6; ® 7), P(d;11 @ 7)] = P(vj_1 @ (v x 7).
(7) [®(Vay), P(v; ® x)] = (v; ® (2ux)). Indeed, we have

[D(Vyy,), P(v; @ )] = [(u1 — ug)er A €2 +uz(er A el +ex A€y + ez Aes),
zier N ej+ o€ Aej_ g+ xz3(—€a Aey)]
= (u; —ug)(z1€1 A €j + 2363 A €;)
+ ug(—x161 A ej + 2x9€] 1 N €j_1 + X362 N e;)
=20 (v; ® ux).
(8) Similarly, one computes [®(Wy,), P(5; ® )] = ©(J; ® (—2uy)).
(9) Tt is immediately checked that [®(¢), ®(¥,)] = 0if ¢ € sl3 and [Py, P(V,)] = 0.

(10) We are left to compute [®(0 ® v), ®(v ® z)]. First observe that, by explicit compu-
tation,

lejr1 ANeja,en A ] = —ex Aej+ d(er Ael +ea Aes+ ez Aep).
Using this, one obtains
[D(6; @), P(vp @ 2)] = [11(—€2 A €]) + Y€1 Aej1 +y3e1 Aej,
T1€1 A e + Toej g A ey + x3(—€2 Aey)]
=mri(e Aep + djper A €o)
+Yoma(—ex Aej +djr(er Aey +ea Aes +ezAel))
+ y3w3(€] A ex — Gner A €2)
= (v,2)e; Aex + 0jk((1171 — Y373)€1 A €2
+ Yowa(er A el +ea Aey+ ez Aey))
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Set [ = e Nei +e5 Aes+ e5 Aes. Then the above is

(v, 2)(ej N ex — 0l /3) + Oju(n171 — 3w3)e1 A €2 + djr(V2m2 — (7, 2)/3)(—1).
But
[0; @ 7,00 @ 3] = (7, 2)(Eyj — 0j13/3) + @, = (v,2)(Erj — 0jxls/3) + Wy,
with v = xy — %(:C, ~v)1g. This finishes the proof that ® is a Lie algebra homomor-
phism.
To see that ® is S3 invariant: we have already checked this on everything but the ®(WUy,).
But if 0 € S3 and u € E°, we have
o(®(Vau)) = o(®([01 @ u,v1 ® 15])) = o ([®(61 @ u), (01 © 1E)])
= [0(2(61 ® u)),0(P(v1 ® 1p))] = [P(01 @ 0 (u)), D(v1 © 1p)]
= O(VUoo(u))-
This finishes the proof of the theorem. U
From [Pol20], there is given a Cartan involution on gg. On gg, this involution © is given
as:
(1) on sl3, it is O(X) = - X*
(2) on EY, it is given as @(@;7)() = —Dyx) (7). Thus O(¥y,) = —Vy,.
(B) on V3@ E it is O(v ® z) = 1(v) ® ¢(x), and
(4) on V3 @ EV it is (0 ® 7) = ¢(J) ® ¢(7).
Note that this Cartan involution commutes with the S action on gg.
We also have a Cartan involution on A’Q given as O(uAv) = t(u) Au(v), where o(b;) = b_;.

Corollary A.9. The map ® : gg ~ N?Q respects the Cartan involution on each side. In
particular, the Cartan involution on N*Q commutes with the Ss action.

Proof. The proof is an immediate check from the above formulas. 0

We need one additional lemma. Recall that W denotes the space of automorphic characters
on N'. Let W, : G’ — V, denote the generalized Whittaker function specified in [Pol22a,
Equations (1) and (2)].

Lemma A.10. Suppose 0 € S3 and x € W. The generalized Whittaker function W, on G’
satisfies Wy-1,0 (07 (9)) = Wi (9).

Proof. Fix x € W. Define Wi : G'(R) — V, as Wi(g) = W,-110 (0 (g)). We wish to prove
that W, = W, as functions on G’(R). We will use the uniqueness result Theorem [Pol20),
Theorem 1.2.1] or equivalently Theorem 4.7 (see Remark 4.8).

We have Wi (gk) = k~'WW;(g) by Theorem A.1 part (1) (which we have already proved.)
Likewise, because o(p’) = p’, one has D,W; = 0. If n € N'(R), then

Wi(ng) = W10 (07 (n)o71(g)) = x(M)Ws-10»(07(9)) = x(n)Wi(9).
It follows by uniqueness that W; = AW, for some A € C. However, if g = 1, then from

the explicit formula for W, and W,-1(,), one sees Wy(1) = W, (1) # 0. This proves the
lemma. U

Proof of Theorem A.1. Everything is now straightforward, using Theorem A.8, Corollary A.9,
and Lemma A.10. d
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APPENDIX B. AN INTEGRAL ORBIT PROBLEM

In this section, we study an integral orbit problem that is needed for the work on periods
in Section 9. More specifically, we prove Theorem B.1 below which is then used in the proof
of Theorem 1.4.

We setup this theorem now. Suppose L = Z2" is the standard split lattice inside of the
split 2n-dimensional quadratic space V. Let G(Z) denote the stabilizer of L inside of G(Q),
where G is the special orthogonal group of V. Set (vy,vs) = q(v1 + v2) — q(v1) — q(ve) the
split bilinear form on V. Recall that if 77,71, € V, we set

L (h,T) (T, T
S(Tl,T2) = 5 ( ETZ?Tl; ET27T2; ) ‘

Note that if 77,7 € L, then S(T},T3) is a half-integral symmetric matrix. For a general
half-integral symmetric matrix 7', set

Xr={(T,Ty) € L*: S(T},Ty) = T}.

Theorem B.1. Suppose n > 4. Let T be a half-integral symmetric matriz, and assume
D = —4det(T) is odd and square-free. Then G(Z) acts transitively on Xrp.

Define a bilinear form on A2V as

(X1 Ao, 1 Ay2) = (21, y2) (22, 11) — (21, 11) (22, Y2).

Note that (77 A Ty, Ty A Ty) = —4det(S(T1,T3)). To prove Theorem B.1 we will use the
following lemmas.

Lemma B.2. Suppose n > 3, and suppose v € L is primitive, with q(v) = a. Then there
exists g € G(Z) so that gv = aby + b_;.

Proof. Throughout the proof, we set X = Span(by,...,b,) and Y = Span(b_q,...,b_,).
Suppose v = u + w, with v € X and w € Y. Using the GL(n,Z) action from the Levi
of the Siegel parabolic subgroup, we can assume u = a’b; for an integer a/. If o’ = 0,
the lemma follows by using the GL(n,Z) action on w. Suppose then that o' # 0. We
use the GL(n — 1,Z) C GL(n,Z) that fixes b;,b_; to move w to an element of the form
w = wlb_l + wgb_g.

Observe that ged(wy, wsy, a’) = 1. Now, we can apply a unipotent element in the unipotent
group opposite to the Siegel parabolic subgroup to move w to w’ = wib_1 + wyb_o + a’b_3.
Thus w' is primitive, so we can use the GL(n,Z) action to move w’ to b_;. Hence we have
found a ¢’ € G(Z) so that gv =« 4+ b_; with ' € X. We can now finish the proof by using
elements in the unipotent radical of the Siegel parabolic subgroup to move u' to an element
of the form ab;. O

Lemma B.3. Suppose n > 4, and suppose vi,vy € L with D := —4det(S(vy,vs)) odd and
squarefree. Then there exists uy, us € L with Span(uy,us) isotropic and (vy Avg, u; Aug) = 1.

Proof. One first verifies that there exists g € G(Z) so that gv; = ab; + b_; and gvy =
rby + sb_1 + m(Bby + b_3). Indeed, we first apply Lemma B.2 to move v; into the specified
form. We then apply Lemma B.2 again for the subgroup of G(Z) stabilizing by,b_; to move
Vo into the specified form.

Note that if we set o = as — r, then we have D = o — 4m?af.
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Now, if v1,vy are in the above specialized form, then there exists wui,us spanning an
isotropic 2-plane so that (v; Avg, u; Aug) = 1. Indeed, because D = o? —4m?af3, the integers
a and m are relatively prime, so there exists integers x,y so that ax — my = 1. Now one
verifies (vy A vg, u3 A ug) = 1, where uy = by + b3 and uy = xb_1 + yby — xb_3. O

Lemma B.4. Suppose n > 3, ui,us are isotropic and ui A us is primitive in A\2L. Then
there ezist g € G(Z) so that gu; = by and gus = bs.

Proof. Recall that P is the parabolic subgroup stabilizing Span(by, b2). One can leverage the
Iwasawa decomposition to check that G(Q) = P(Q)G(Z). Now, by Witt’s theorem, there
exists g = pk € G(Q) so that gu; = by and gus = by. Here p € P(Q) and k € G(Z). Thus
kuy, kus € Span(by, by) and (kuy) A (kus) is primitive. One now finishes the proof by using
an element in GL(2,Z) in the Levi subgroup of the Heisenberg parabolic subgroup. 0

Proof of Theorem B.1. By Lemma B.3 and Lemma B.4, we can assume (77 ATy, by Aby) = 1.
Say T; = x; +y; withz; € X, y;, €Y.

Observe that 1 = (by A by, y1 Ayo). Thus y; A ys is primitive in A?Y, so we may use the
action of GL(n,Z) from a Levi factor of the Siegel parabolic subgroup to assume y; = b_y,
Y2 = b_s.

Suppose now

S(Ty, Ty) = ( 72 béQ )

Let N denote the unipotent radical of the Siegel parabolic subgroup of GG. Then there exists
n € N(Z) so that nTy = aby + b_; and nTy = bb; + cby + b_5. This claim follows easily by
writing down the action of N(Z).

The theorem is proved. U

APPENDIX C. THE FINITENESS OF AN INTEGRAL

In this section, we prove the finiteness of an integral that arises in the work on periods
in Section 9. For ease of notation, set H = H,, ,,. We prove the following theorem. This
theorem is used in the proof of Theorem 9.5, which is then used in proof of Theorem 1.4.

Theorem C.1. Suppose ¢ > 22. Then the integral

[ UBulo)lds
H(R)\G(R)

18 finite.

Observe that one can identify the quotient space H(R)\G(R) with pairs of vectors (v}, vy) €
V2 for which S(vj,v}) = S(vy,v2). To prove the finiteness of the integral, we work to put
the invariant measure dg in these coordinates.

Notation: Throughout this section, we use the notation A &~ B to mean that there is a
nonzero constant 5 so that A = B.

We begin by understanding some differential forms on a vector space. Suppose V= R",
with coordinates (z1,22,...,2,). We will later take n = 8, but for now, we work more
generally.

Proposition C.2. We have the following facts concerning forms on V.
(1) wpy = d(2} + -+ 27) = 37, 22;dz; is SO(n)-invariant.
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(2) Setwy) = dzy -+ -Ndz, andn; = (—=1)7 7Yz A - ~/\cfz\j/\~ “Ndzy, so that dz;\n; = wpy).
Let wip—1 == >, zjn;. Then w1 is SL,(R) invariant. In fact, if g € GL,(R), then
G Win—1] = det(g)wpn_1].-
(8) wny A W1 = 2(32; 25 )win)-
Proof. One interprets n; € A""H(V) ~ det(V)VV. Then, if §; is dual to z;, we have that
>_; % ®d; is GL,(R)-invariant. The proposition follows. O

We construct invariant differential forms on V2. We use the variables (wy, ..., w,) for the
coordinates on the first copy of V', and the z;’s as coordinates on the second copy of V. Set
Q1 = Zj w?-, G2 = Zj w;zj, and gy = Zj zj2 To distinguish between differential forms
defined using the coordinates w from forms defined using z, we use superscripts. So, we let
W 1] denote the form wy,_; defined in Proposition C.2, and let Win_1) = > ;w;ny’, where
nY = (=1 dwy A - Adw; A -+ A dwy,.

Now, if j < k, set 3, = (1)t A - Adzi A - - Adzg A+ - -Adzy, so that dzjAdzk A5y =
wp,- Similarly define 77, Now let

Wity = Y (Wi — wiz)n
1<j<k<n
and w[2n 5 = Wg) A w[zn_l].
Proposition C.3. We have the following facts concerning differential forms on V2.

(1) The g;; are SO(n)-invariant.
(2) The (n —2)-form wy,”, is SL(n, R)-invariant.

Proof. We leave this to the reader. U

Set wE’T’LZH = >_; 2z} This is again an SL(n, R)-invariant differential form. Let det(Q) =

G122 — Gia-

Proposition C.4. One has the following equalities:
(1) 2qo2 det(Q)w E” 1 A w[n = = (—q11q22dq11 + 2q11G22dq12 — q11q12dq22) N wf;;f_g]-
(2) 2q22 det(Q) [n 1] A W[n 1= ( qudqll + 2q12q22dq12 — Q%deZQ) A wf;’;f,g].
(3) 2qo2 det(Q)wy, Wy, 2] Awp = (=1)" det(Q)dgaz A w[Qn 3-

Proof. One computes dg;; A w[uzj o~ 5 in terms of wi ) Awp,_yy, w[

then inverts the expression.

- 1] /\w[n 1 [n 2] /\w[n], and
Lemma C.5. One has
(1) 4(]22 det(Q)WEZ] A wfn} = (—1)ndqll VAN dqlg A dq22 VAN wf;;f_?’].

Proof. From the previous proposition, (—1)"dgs A wf‘z”ni:,)] = 2q22w§;’f2] Awp,- Now, wedging
with dqi1 A dgqi2, we get

dgi1 N dgia A wﬁ’fﬂ AWy =2 (Z wj zg dwy N dwkf) A (Z (wjz, — wkzj)n;ffk> A Why-
J' K Jsk

It is now a straightforward computation. O
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Suppose V = V© @ V,~ is a quadratic space of signature (a,b), so that a +b = n. In our

application, a = b = 4. We let uq,...,uq, v1,...,0, be the coordinates on the two copies of
Vot in V2 and zq,..., 2, y1,. ..,y be the coordinates on the two copies of V;~ in V2. Let
= jxg, Ty = Zj x;y; and rop = Zj y]2-. Similarly, let ¢, = Zj u?, tig = Zj u;v;, and

tog = > ; sz. Finally, set s;; = t;; — r;;. Let T, R, S be the two-by-two matrices with entries
tij, Tij, Sij, so that S =T — R. We set

Ve ={(v},vy) € V*: ((v},0])) = S}

Vg
to be the collection of vectors with Gram matrix S.

Theorem C.6. Suppose S is positive-definite. Then there is a nonzero cubic homogeneous
polynomial P(R,T) in the variables r;; and t;; so that 4r22t22 det(R) det(T)wy, has the

same restriction to VS? as P(R,T)dri1 A drig A drgg A w[ g A wr

2n 3]
[2b 3"

Proof. We have w[ g = w[n o) N Wh_1)- Now,

W[n_l} = W[a—l] A W[b] + (—1) [a] A W[b 1
Also

Wiy = Wiala) AWl el Awply + (=D Y (g — vy AT
1<j<a,1<k<b
Observe that dt;; = dr;; when restricted to V&. We can use formulas above to put our
2n — 3 form in the desired shape For example,

1 u,v xT
~ 120 A wiy A (r2owpy)
T22 det (T)
~ dryy A drig A drag N A
T22t22 det(R) det(T) = "2 22 w[ 3] w[% 3
As another example,
Z wvRn; A A wi_yy A wiy
j.k
Nw[a I]Aw[a 1]/\(,(}[ }/\W[]
Then wi, ) Awp,_y = m a(t) A wé: 5> where a(?) is a linear combination of the dt;;
with quadratic coefficients. Additionally, one has that
/ 1 / 1
Y Yo T Y Yo Y
Wyy—q A Wiy = - drag AWy Awy,_y = - det(R)ﬁ( ) A wigy g

where () is a 2-form in the dr;; with linear coefficients.

The other terms are similar to one of the above two examples. This completes the proof,
except for the non-vanishing of P(R,T'). However, it is easy to see using Lemma C.5 that
Wiy 5 has nonzero restriction to Vg, so the theorem follows. O

To go further, we parameterize V& explicitly in terms of the Borel subgroup B(R) of
GL(2,R) and compact sets. First, let B'(R) be the subgroup of B(R) with positive diagonal
entries. Next, denote A; = {(a1,as) € V2 : T(ay,as) = 15}. Here T'(ay, ay) is the 2 x 2 matrix
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with entries the inner products (a;,a;) . Similarly, denote By = {(b1,b2) € Vi? : R(by,bs) =
1o}, Finally, set V&, to be the open subset of V§ consisting of pairs ((u,x), (v,y)) with
det(R(z,y)) # 0. We define a diffeomorphism ¥ : B'(R) x A; x By — V¢, as follows.

Given b € B'(R), let r(b) = bbt, t(b) = S + bb, r5(b) = 7(b)1/2, and t5(b) = t(b)*/?. Here
the square roots are the unique symmetric positive definite ones. Then

(b, (a1, az), (b1, b)) = (r2(b) (a1, az)", t2(b) (b1, b)").

We require the following lemma.

Lemma C.7. Suppose g € GLy(R). Let T = gg', and let o4 be the pullback of wg’:_g] to
Ay. Then the pullback of g*wé’;’_a = wfg(:fg]t to Ay is toy det(T)* 20 4.

Proof. The action of g = (g;;) on the variables is u — gj1u + g12v and v — ga1u + gaov.
We write ¢ = bk. First observe that k*w{é’;’_?)] pulls back to o4. Indeed, the action of

SO(2) preserves Ay, and so k*o4 is another SO(a)-invariant 2a — 3 form on A; (which has
dimension 2a — 3), so k*o 4 is proportional to 4. This defines a continuous homomorphism
SO(2) — R*, which therefore must be trivial. Thus k*c4 = 04.

For the pull back of b*wé’:_?)], it is easy to compute explicitly. If b = (b;;), then u —
biiu + bigv and v = bagv. Thus u; — byu; + bigv; and v; — bypv;. We obtain that
VWi g = b2, det(b)“_lwé’;_g] + ¢, where € is divisible by wy,;. But, because v +---+v; = 1
is fixed on Aq, Wi pulls back to 0.

Combining the above, and the fact that the k£ action commutes with pullback, we obtain

the lemma. O
One computes that if R = bb', then
dTn A d?”lg N d?"gg == 4b22 det(b)dbn N db12 VAN dbgg.

k w,z
We can now compute ¥ Wign—3)-

Theorem C.8. One has Vw5 = 1P(R,T)det(T)*=3/% det(R)"3/?driy A driz A dras A
oa Nop, where P(R,T) is a cubic homogeneous polynomial in the variables r;j,t;;.

Proof. One has w2 O i t2(b)*wyzq—3) plus terms involving the db;;. Similarly for wr, (b))

[2a—3] [26—3]
Thus the theorem follows from Lemma C.7 and Theorem C.6. 0
Lemma C.9. There is a positive constant D, that only depends upon S, so that |r;;| <

D det(T) and |t;;| < D det(T). Consequently, there is a positive constant C so that |P(R,T)| <
C det(T)3.

Proof. We have 711,19 < tr(R) < tr(T), and ty1,t < tr(T). Additionally, 73, < 713799,
so |ria] < tr(R)/2 < tr(T) (by AM-GM) and similarly |t12] < tr(7"). So it suffices to prove
that tr(7) < Ddet(T) for some D > 0. To do this, let ¢ > 0 be the minimum of the
quadratic form v'Sv on the unit circle in the plane. Let A, Ay be the eigenvalues of T,
with corresponding unit eigenvectors ey, es. Then since T > S, \; = e?Tej > eéSej > e
Consequently,

tI‘(T) = )\1 + )\2 = )\1)\2(/\1_1 + )\2_1) S 26_1 det(T)

This proves the lemma. ]
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Proof of Theorem C.1. We will prove that if £ > 2n 4 5, then the integral of || B, ,](9)||
over H(R)\G(R)/K is finite.

We have <B[”1702] (g)’ B[vl,v2](g)> ~ det(T>_(e+1)7 50 HB[”I,Uﬂ (g)H ~ det(T>_(e+1)/2' By The-
orem C.8 and Lemma C.9, the measure dg on H(R)\G(R)/K is bounded by a positive
constant times det(7)"dt1; A dt1a A dtey. We therefore must bound

/ det(T)"~OFO2dt ) A dtyy A digs.
T>S

Now d*T := det(T)~%/2dT, where dT = |dt,; A dtis A diys|, is a GLy(R) invariant measure
on the positive definite cone. We therefore must bound [ .. ¢ det(T)"1=42@*T. Making a

change of variables, it suffices to bound [,.., det(T)”“*Z/Qd*_T = [1o, det(T)"~(+0/24T .
We write T = 1 + bb', so that - -

det(T) = 1+ tr(bb') + det(b)® = 1+ b3, + b3, + b3y + bl b5y > 1+ b3, + b7y + by.
We thus must bound

/ (1 By + By + 0,)" "0 20y 152, dbyy A by A dbs.
bll,b2220,b126R

Let r = (b2, +b2,4+0%,)Y/2. Asr — oo, the integrand decays as r~“+?"*2. Hence if {—2n—2 >
3, the integral converges. This proves the theorem. 0
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