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Siegel Modular Forms

e The symplectic group

Sp, = {(é g) € My(R): AB' = BA', CD' = DC', and AD' — BC' = }
acts on the complex three-fold

Hy = {C j) € Mb(C): im(r),im(7'),im(r) im(7’) — im(z)? > o}

via the biholomorphic transformations (£ 5) - Z = (AZ + B)(CZ + D)~

Definition (Siegel Modular Forms)

Let ¢ € Z>( and write M,(Sp4(Z)) for the space of holomorphic functions
F: 7’{2 —C

such that F(y-Z) = det(CZ+ D)'F(Z)Vy = (2 B) € Sp,(Z) and Z € H,.

@ (Koecher Principle) = F € M,(Sp,(Z)) is bounded as im(Z) — co.
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The Fourier Expansion of Siegel Modular Forms

@ We have the abelian unipotent subgroup
N(Z) = {(é f) . Be My(Z) and B' — B} < Sp,(2).
@ Soif F e M/(Sp,(Z)) and B € M,(Z) satisfies B = B' then
F(Z)=F(Z + B).
@ It follows that F € Mg(Sp4(Z)) has a Fourier expansion

Z A[T] exp(2ritr(TZ))

T>0
nor/2 )

where T runs over cn,r,me Zon,mydnm —r =0
r/2 m

@ Alternatively, T can be thought of as the binary quadratic form
[n,r,m] = nx> + rxy + my*

Say T is primitive if the content ¢(T') := ged(n,r,m) = 1.
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Siegel Modular Forms Semi-Classically

@ Sp, acts transitively on H, and il, has stabilizer

_ A -B . t t t t
K—{<B A).AB—BA,AA +BB =1;.

@ Given an arbitrary function F: H, = Sp, /K — C define

¢r: Spy—C. () = j(g.1)'F(g-ib)
where j((2 5).i) = det(Ci + D).
@ Then F € M,(Sp,(Z)) if and only if ¢ satisfies:
(i) IfyeSps(Z), g€ Sps, and k € K then
or(v8) =¢r(g)  and  or(gk) = j(ki)~‘or(g).
(i) ¢F satisfies a Cauchy Riemann type equation Dcrer = 0.

@ The above generalizes to an arbitrary semi-simple real Lie group G
provided the maximal compact K < G contains a central copy of C'.
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The Saito Kurokawa Lift
In 1977 Saito and Kurokawa formulated a conjecture concerning a lift
SK*: M;_12(To(4)) = Me(Sp4(Z)), h— SK*(h).
Here M,_,/,(I'0(4)) = {weight £ — 1/2 elliptic modular forms on I'y(4)}.
Theorem (Maass 1979)

@ Fix h a modular form onT(4) of weight ¢ — 1/2 with Fourier series

h(z) = i c(n)e™m, (ze C: Im(z) > 0).
n=0

ZdlE(T) d[_lc (#?(T)) 5 T 7& Os
5£(1 = 6)c(0), T=0

Then the numbers A[T| are the Fourier coefficients of a modular form

@ ForT >0, letA[T] = {

SK*(h) € M((Sp4(Z)).
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® q
SK*(h) as a theta lift

Given 7 in the upper half plane and Z = <§ Z) € H, define

{_-/
Q(Z.7) = Y. N ()™
N>0
1
where wy ((Z) = Z

(abc.de)eT’ (a(é€ — 22) + bE + cz + dé + e)l’
dbd—® — Age—N

@ Using the theory of theta series attached to lattices, Kudla proves

Qu(-,7) € Me(Spy(2)) and Q(Z.-) € S¢—i2(To(4)).

@ Ifhe S, 1,(o(4)) then SK*(h) is the Petersson inner product

dud
SK*(h): Z h(u + iv)Q (Zou — iv) v~ P
To(4)\H v
@ This realizes SK* in the general theory of theta correspondences.
From this perspective, one wants to characterize the image of SK*.
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Maass Spezialschar

The image of SK* can be characterized via classical Fourier coefficients.

Theorem (Maass-Zagier (1980))
Suppose F(Z) € M¢(Sp,(Z)) with Fourier expansion

Z A[T] exp(2rite(TZ)).

T=0
The following are equivalent.

(a) There exists h e M,_,,>(T'o(4)) such that F = SK*(h).

(b) T = (r;Lz ’Zf) > 0 is non-zero then

AlT] = D d'A [(f;’gé‘f) /(%) )] . (Maass Relation)
d€Zx, : d|ged(n,r,m)

(c) If Ty, T, = 0 are primitive and det(T) = det(T,) then A[T,] = A[T»].
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The trivial implications (a)=—=(c) & (a)=(b).

Suppose F = SK*(h) and write F(Z) = > ;- A[T] exp(2nitr(TZ)).

(i) HT = ( y ’,/nz) > 0 is non-zero then Maass’ theorem implies

r/2
—4det(T
AlT)= ) d™'c (d—z()> (1)
dle(T)
(i) Soe(T) = 1implies A[T] = ¢ (—4det(T)) depends only on det(T).
2 det(T)
nm/d* r/(2d) \ __
(i) 1f () > 1and d | e(T) then det () 70V ) = ==

r/(2d) 1

A [(Z’(’éﬂg r/(IZd))] —¢ (4(:1—?(T)> : @)

(v) Substituting (2) into (1) gives the Maass relation.

(iv) Since ( nm/d r/ (2‘”) is also primitive, (ii) and (iii) imply
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The Fourier-Jacobi Expansion of Siegel Modular Forms

@ The implications (b) = (a) and (c) = (b) are non-trivial.
@ Their proofs rely on studying the Fourier Jacobi exapansion of F,
1

FUCD) = 2 @™ gu(r)i= | F((15)e ™ ar.

m=0 0
Here ¢,,(t,z) is called a Jacobi form ~ modular form on SL;(Z) = Z*

@ If F satisfies the Maass relations, then ¢, (7, z) naturally determines
an element 1 € M,_,,(I'0(4)) such that F = SK*(h).

@ Additionally for the implication (¢) = (b) one must show:

Theorem (Zagier 1980)

If F € M¢(Sp,(Z)) satisfies A[T| = 0 for all T primitive. Then F = 0.

@ This is proven by analyzing the leading order term in the Taylor
expansion of each ¢,, about z = 0.

@ These Taylor coefficients turn out to be modular forms on SL,(Z).
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The Group SOg

Let H = R{1,4, j,ky and set V = H ® H equipped with the quadratic form

0((q1.92)) = la|> = la2*.  (q1.92 € H)

Define
SOg = {g € SL(V): O(g - (91,42)) = O((q1,42))}

= {geSLs: 'gJg=J}

Here J is the 8-by-8 symmetric matrix with ones on the antidiagonal.
e Let SOg (Z) = SOg N SLg(Z)
e Let K < SOg be the stabilizer of the decomposition V = H @ H.
e Then K° ~ SO(H) x SO(H).
e SOg /K" has no invariant complex structure. No central C' < K°!
Consider the embedding

p:H — K =80, (p(g) - (q1.92) = (291, 42))-

Then H' < K° will substitute for the lack of a central C' < K°.
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Modular Forms on SOg.

Recall K < SOg is a maximal compact subgroup.

The identity component K° has a natural representaion V ~ Sym? C? on
the complexification of Lie(H') < Lie(K").

Definition

Let M,(SOg(Z)) denote the space of functions

®: SOz — Sym(V)

such that ®@ is smooth, of moderate growth and satisfies
@ If y € SOg(Z) and g € G then ®(yg) = ®(g).
@ Ifke K*and g € G then ®(gk) = k~'d(g).

@ The function @ satisfies a specific differential equation D® = 0.

The above generalizes to an arbitrary semi-simple real Lie group G
provided the maximal compact K < G contains a normal copy of H'.
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The Fourier Expansion of Modular Forms on SOg

@ P < SOg parabolic stabilizing an isotropic two plane in V.

@ Write N for the unipotent radical of P.

Theorem (Wallach 2003, Pollack 2020)

Let @ € S¢(S0s(2)), Z = [N, N], and define ®;(g) := {, ), ©(zg)dz.
Then ®,(g) Fourier expands along N**(Z)\N* as

Dz(g) = > A[T1, Tl Wig, 1,1 (8)-

[T1,T>] € My (Z) ® M (Z)
such that Q[T,T>] > 0

e Q(T,T) is the binary quadratic form
O[Ty, T;] = det(xTy — yT>).

o Wr,1,1(g): SOs — Sym'(V) is an explicit special function which
depends only on ¢, [T}, T,], and the choice of K.
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From Sp, to SOs.

For modular forms on SOg(Z), we have a version of Maass’ 79 Theorem.

Theorem (Pollack 2021)
o Letl e Zs>3 and suppose F € S (Sp,(Z)) has Fourier expansion

F(Z) = ) A[T] exp(2nitr(ZT)).
7>0
e Foreach [T1,T;] € My(Z) ® M, (Z) satisfying O[T, T>] > 0, let

AT, T>] = > | det(y)|“'A[Q[T, Taly~'].
¥ € GLy(Z)\M, (2)%et#0 st
[Ty, To]y~! EM(Z)OMa(Z) .
The number A[T,, T,] are the Fourier coefficients of a unique element

6% (F) € S (SOs(Z)).

Say [T}, T,] € Ma(Z) @ M,(Z) is primitive if V y € My(Z)%#,
[T, T2y ' e My(Z) @My (Z) <« ye GLy(Z).
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Maass Relations on SOg

Theorem (Johnson-Leung, M, Negrini, Pollack, & Roy)

Suppose € € Z= 3 and @ € S,(SOg(Z)) with Fourier Expansion

Dy(g) = > A[T1, T2 )Wz, 1,1 ()

[T1.T2] € My (Z) @ M, (Z)
such that O[T, T>] > 0

The following are equivalent.

(a) There exists F € S;(Sp,(Z)) such that ® = (F)*.
(b) If [T\, T,] € My(Z) ® M,(Z) satisfies O[Ty, T,]| > 0 then

A[T),T,] = >, | det(y)|“~ AT, Ta]y~!

¥ € GLy(Z)\Mp(2)4#0 s.t
[T, 2]y~ ! e My (Z) @My (2Z)

Here [Ty, Tz]y~' € My(Z) ® M»(Z) is a specific primitive element
(determined by [T, T.]y~"') satisfying O[T, T>]y~! = Q[T, T-]y~".
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Fourier Jacobi Expansion of Modular Forms on SOg
As in the classical example, the implication (b) = (a) relies on
developing a Fourier-Jacobi expansion for modular forms on SOs.
@ (O < SOg parabolic stabilizing an isotropic line in V.
@ Q= LU with L ~ GL; x SOg and U a split quadratic space of dim 6.
@ O e S,(SOs(Z)) Fourier expands along U(Z)\U as
)= >, F)(),

YeU(Z): (y.y)>0

where FJ(y)(g) = J cp(ug)efzﬂi<y,u>du_
U@\

@ FJ(y) restricts to an automorphic form on Stabsg, (v) ~ PGSp, < L.

@ One can explicate the Fourier expansion of FJ(y)lpgsp, along the
Siegel unipotent radical in PGSp,.

@ From this analysis one proves that FJ(y) naturally determines a
scalar valued holomorphic modular form on PGSp,.
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First Fourier Jacobi-Coefficients

For a specific y € U satisfying {y,y) = 2, the proceeding discussion gives:

Theorem (Johnson-Leung, M, Negrini, Pollack, & Roy)
Suppose @ € S ,(SOg(Z)) with Fourier Expansion

Dz(g) = Z ATy, T Wiz, 1,1 (8)

[T1.T>] € My (Z) ® M (Z)
such that O[T, T,] > 0

n r/2

There exists a F € S ;(Sp,(Z)) such that if T = (, 2 'm

T -th Fourier coefficient of F satisfies

n=als 9.6 )

) > 0 then the

@ A similar statement holds for general y, however, unlike in the
classical case, the level of FJ(y) may deepens as {y,y) — .
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One Missing Ingredient

Suppose © € S,(SO0g(Z)).

@ Based on the analogy with the classical Spezialschar, one may have
expected to see an equivalence in our main theorem of the form
(@) There exists F € S;(Sp,(Z)) such that ® = 6*(F).
(c) If [T, T], [T],T;] are primitive then

Q[Tl’ TZ] = Q[T{’ Té] == A[Tl’ TZ] = A[T;’ Té]

@ This would follow from an analogue to Zagier 1980 theorem, namely
that @ is determined by its primitive Fourier coefficient.

@ Zagier's theorem has served as a trove of new results e.g. Saha
(2013) has shown that F € S/(Sp,(Z)) is determined by the A[T|s
corresponding to discrimants of imaginary quadratic fields.

@ One could speculate about similar statement for modular forms on
SOs(Z). Work of Bhargava and Weissman predicts connections
between Fourier coefficients of modular forms on SOg(Z) and the
fine structure of ideal class groups of imaginary quadratic fields.
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