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ABSTRACT. The classical Maass Spezialschar is a Hecke-stable subspace of the level one
holomorphic Siegel modular forms of genus two, i.e., on Sp,, cut out by certain linear
relations between the Fourier coefficients. It is a theorem of Andrianov, Maass, and Zagier,
that the classical Maass Spezialschar is exactly equal to the space of Saito-Kurokawa lifts.
We study an analogous space of quaternionic modular forms on split SO(8), and prove the
analogue of the Andrianov-Maass-Zagier theorem. Our main tool for proving this theorem
is the development of a theory of a Fourier-Jacobi coefficient of quaternionic modular forms
on SO(4,n + 2).
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The classical Saito-Kurokawa subspace of Siegel modular forms on PGSp, has many char-
acterizations. One way to define the Saito-Kurokawa subspace is in terms of theta lifts from
half-integral weight modular forms on SLs to SO5 ~ PGSp,. The image of this theta lift
can be characterized in terms Fourier coefficients, yielding the classical identification of the
Saito-Kurokawa subspace with the Maass Spezialschar as recalled in Section 2. With this def-
inition, it becomes an interesting question to ask whether (semi)-classical characterizations,

such as the Maass relations, apply to generalizations of the Saito-Kurokawa lifting.
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In the present work, we give an affirmative answer to this question for the theta lifting
from Sp, to SOg, and present a generalization of the theory of the Maass Spezialschar of
Siegel modular forms to the setting of quaternionic modular forms (QMF) on SOs. In the
process, we develop a notion of Fourier-Jacobi coefficients for quaternionic modular forms
on groups of type SO(4,n + 2). We now summarize the results of this paper.

1.1. The Fourier-Jacobi coefficient. Fix n € Z>, and let V' be a non-degenerate qua-
dratic space over Q of signature (4,n + 2). Assume V' contains an isotropic subspace of
dimension 4 and set G = SO(V'). There is a special class of automorphic forms on G, called
quaternionic modular forms, corresponding to minimal K-type vectors in the quaternionic
discrete series on G(R) [GW96]. Concretely, if ¢ € Z>; then a quaternionic modular form of
weight £ is a vector valued automorphic function ¢: G(Q)\G(A) — V, where V, ~ Sym?*C?
is the (2¢ + 1)-dimensional irreducible representation of SU(2).

In analogy with the case of holomorphic modular forms, a weight ¢ quaternionic mod-
ular form ¢ satisfies a specific “Caucy-Riemann type” equation Dyp = 0 (see Definition
4.2). This differential equation leads to a semi-classical theory of Fourier coefficients which
we now recall. Let P = MpNp denote the Heisenberg parabolic subgroup subgroup of
G, defined as the stabilizer in G of a fixed isotropic two plane U C V. The Levi factor
Mp ~ GL(U) x SO(V,,,) where V5, C V is a non-degenerate subspace of signature (2,n).
The characters of Np(Q)\/Np(A) are indexed by ordered pairs [17, T3] consisting of two ele-
ments T, Ty € V,,,. Given a quaternionic modular form ¢, the results of [Wal03] and [Pol20]
give a family of complex numbers

{a ([T1, T2]): (Th, T3) € V;DRQ} cC

which we refer to as the quaternionic Fourier coefficients of ¢ (see Definition 4.7).

Our first main result gives an analogue of the classical Fourier Jacobi expansion of Siegel
modular forms (see for example [PS69, Ch.4, §1], [K1i90, Ch. IV]) in the setting of quater-
nionic modular forms on the group G. To be more precise, fix a line Qb; C U and let
@ = MgNg be the parabolic subgroup in G stabilizing Qb;. Given a quaternionic modular
form ¢ on G, we define the first Fourier Jacobi coefficient FJ,(h) of ¢ via an integral

FJ,(h) = {/{N ]X;)l(n)go(nh) dn, (—iz + y)%} : (1.1)

KO

Here x,, : No(Q)\Ng(A) — C* is a specific non-degenerate character of Ng(Q)\Ng(A),
{z,y} is a particular basis of C? (so that (—iz +y)* € V), and {, } o is the (unique up to
scaling) SU(2)-invariant bilinear pairing on V,. The formula (1.1) naturally defines FJ,, as
an automorphic function on the stabilizer H = Staby,{xy,}. Moreover, for our particular
choice of x,,, we have H(R) ~ SO(2,n + 1), and so it makes sense to ask whether FJ, is
(the automorphic function associated to) a holomorphic modular form on H. Our first main
theorem settles this question in the affirmative.

Theorem 1.1. Let the notation be as above, so that ¢ is a weight ¢ quaternionic modular
form on G. Then FJ, is the automorphic function corresponding to a weight { holomorphic
modular form on H. Moreover, the classical Fourier coefficients of FJ, are finite sums of
the quaternionic Fourier coefficients of .
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1.2. D, modular forms. The remaining theorems in this paper are specialized to the case
of n = 2. In this case G ~ SOy is split and H ~ PGSp, is also split. Moreover, the quadratic
space V5, can be identified with the space of 2-by-2 rational matrices M5(Q). For a level one
form ¢, the Fourier coefficients a,([11, T3]) can be non-zero only if [T}, T5] is a pair consisting
of 2-by-2 matrices T} and 75 with integer entries.

In [Wei06], Weissman develops a theory of Fourier coefficients for quaternionic modular
forms on the two-fold simply connected covering group Sping — G. Theorem 1.1, while
stated for special orthogonal groups, applies equally well to the group Sping. Specializing
Theorem 1.1 to this case, and applying a triality automorphism on Sping, we obtain the
following. (The reason we apply triality is for application to Theorem 1.3, and is explained
below.)

Theorem 1.2. Suppose ¢ is a level one, weight ¢ cuspidal quaternionic modular form on
Sping, with Fourier coefficients a,([T1,T5]). For integers a,b, c, define

by (la,b,c]) = ap ([(57), (2 %))

Then the q-series

> b, (a,b,c)) ("))
a,b,cEZ

is the Fourier expansion of a weight £, level one cuspidal Siegel modular form on Sp,.

1.3. The quaternionic Maass spezialschar. In [Pol21, Theorem 4.1.1], a special lift
f — 6*(f) from cuspidal holomorphic Siegel modular forms f on Sp, to cuspidal quaternionic
modular forms (QMFs) on split SOg =: G is developed. For an integer ¢ > 1, we write
Aoz(G,0) for the space of weight ¢, level one QMFs on G (see Section 4.2). We define the
weight { quaternionic Saito-Kurokawa subspace SK, as the subspace of Agz(G,¢) spanned
by 6*(f) as f ranges over the space of level one cuspidal holomorphic Siegel modular forms
on Sp,.

Our main application of Theorem 1.2 is to characterize the space SK; in terms of Fourier
coefficients. More precisely, we define a subspace MS; of A z(G,¥) as consisting of ¢ for
which the Fourier coefficients satisfy infinitely many linear relations, described below in
Section 5. We call MS, the quaternionic Maass Spezialschar of weight ¢. The definition of
MS;, is analogous to the classical definition of the Maass Spezialschar on PGSp,.

Now, it follows easily from [Pol21] that, with our definition of MS,, there is an inclusion
SK;, € MS,. Using Theorem 1.2, we are able to prove that this inclusion is an equality.
Specifically, given an element ¢ € MS,, if we want to prove that ¢ € SK,, then we must
produce a level one Siegel modular form f on Sp, such that ¢ = 6*(f). This f is exactly
given by the g-series of Theorem 1.2. One arrives at the main theorem of this paper.

Theorem 1.3. Suppose £ > 16 is even. Then the inclusion SK, C MS, is an equality.

Let us remark explicitly that the composite map f — 6*(f) — FJg(s), from level one
Siegel modular forms f on Sp, to itself is not the identity map. In order to recover f from
v = 0*(f), we instead:

(1) pullback ¢ to Sping, to obtain a QMF ¢;
(2) apply a particular triality automorphism o € C5 C S3 to ¢y to obtain ps = o(¥1);
(3) take a Fourier-Jacobi coefficient of ¢y, f = FJ,,.
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One could also theta lift from Siegel modular forms on Sp, to quaternionic modular forms
on SO(4,n + 2) with n > 2; this is partially developed in [Pol21]. However, in this more
general setting, we do not know how to characterize the image of the theta lift in terms of
Fourier coefficients.

1.4. Periods of quaternionic modular forms. Theorem 1.3 characterizes the Saito-
Kurokawa subspace in terms of Fourier coefficients. This subspace can also be characterized
in terms of periods. We now setup this result.

Let L C V be a fixed choice of a split, unimodular lattice. For vy,vs € L spanning a
positive-definite two plane, define H,, ,, € G as the pointwise stabilizer of the vectors v;
and vy. Given a quaternionic modular form ¢ on G of weight ¢, we define

Purwn(p) = ¢(h)dh

/I:I'Ulvﬂz (Z)\H'Uly’UQ(R)
the period of ¢ over the H,, ,,(Z)\H,, ,(R). Let D(vj,vy) be the integer (vy,v9)? —
4(7)1, U1>(U2, ’UQ).

Finally, let kg € O(L)(Z) have determinant —1. Say that ¢ is in the plus subspace if
©0(g9) = o(kogky ). (The right-hand side of this expression is independent of the choice of
ko.) One has that SK, is contained in the plus subspace.

Theorem 1.4. Suppose ¢ > 22 is even, and ¢ € Ay z(G, ) is a Hecke eigenform in the plus
subspace. Then ¢ € SKy if and only if there exists vi,vy € L such that Py, v, () # 0 and
D(vy,v9) is odd and square-free.

Characterization of theta lifts in terms of periods are well-studied. The contribution of
Theorem 1.4 is simply its precision. In more detail, let L(¢) be a “lift” of ¢ from the special
orthogonal group SO(V) to the orthogonal group O(V') as in Proposition 8.2, and let Il
be the automorphic representation generated by L(y). In Theorem 8.11 we verify that ¢
is a quaternionic Saito-Kurokawa lift if and only if the representation Il ,) has a nonzero
theta lift to Sp,. Now, it is standard that IIy,) has a nonzero theta lift to Sp, if and only
if the representation Iy, is distinguished by a subgroup of the form H,, ,,, for some vy, v,.
Theorem 1.4 refines this standard computation by showing that it is enough to check if the
function ¢ itself is distinguished.

We remark that one should also be able to characterize the Hecke eigenforms in the
quaternionic Maass Spezialschar via a pole at s = 2 in their standard L-functions. See
[GJS09], [GT11], [Yam14],[Evd80], [Oda81].

The remainder of the paper is organized as follows. In Section 2, we recall some well
known facts about the classical Saito-Kurokawa lift and Maass Spezialschar. In Section 3,
we define various notations that we use throughout the paper. In Section 4, we define
quaternionic modular forms on G and review some results about the Fourier expansion
of quaternionic modular forms. In Section 5, we define the quaternionic Saito-Kurokawa
lifting and quaternionic Maass Spezialschar, and show that the quaternionic Saito Kurokawa
subspace SK, is contained in the quaternionic Maass Spezialschar MS,. In Section 6, we
discuss a conjectural Dirichlet series for the L-functions of irreducible, cuspidal, quaternionic
automorphic representations of G and show that this conjecture is satisfied by the Saito-
Kurokawa lifts. In Section 7, we show that the Fourier Jacobi coefficient of a quaternionic
modular form on G is a Siegel modular form on Sp, of the correct weight (see Corollary 7.6),
and using this result we obtain MS, C SK,. In Section 8, we collect results from the literature
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on theta lifts that we use in later sections. In Section 9, we prove Theorem 1.4. The paper
ends with three appendices: Appendix A contains results about the triality on Sping and
Appendices B and C contain technical results used in the proof of Theorem 1.4.
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2. THE CLASSICAL SAITO-KUROKAWA LIFT AND MAASS SPEZIALSCHAR

In this introductory section, we define the classical Maass Spezialschar and give different
characterizations for it, including one via the Saito-Kurokawa lift. Most of the charac-
terizations given here for the Maass space of Siegel modular forms will be generalized to
quaternionic forms on SO(8) in subsequent sections.

Let M{(T") denote the space of Siegel modular forms of even weight & and level I' C
SPa,(Z). Recall that F' € M{(Sp,,(Z)) has a Fourier expansion of the form

PZ)= Y ap@)emmen),
TES,(Z)V
where

S,(Z)Y ={T € S,(R) : Te(XT) € Z for all X € S,(Z)}

1
—{TESg(Q)5tiiezu tij€§Zf0fi?&j}-

Here S;(R) (resp. S,(Q)) denotes symmetric g X g matrices with coefficients in R (resp.
Q). The Fourier coefficients ap(T") are 0 if T is not positive semi-definite. If g = 2 and
T € So(Z)Y is positive semi-definite, we can write

(2.1)

T (V2 b ez ace>0. 1< dac
b/2 ¢

Following the notation of [EZ85], we let Ap(a, b, c) := ap(T). We will now define a subspace
of M3(Sp,(Z)) called the Maass Spezialschar, which we will also call “Maass subspace”.

Definition 2.1. The Maass Spezialschar, alternatively Maass subspace, is the subspace
MSy(Spy(Z)) of SZ(Spy(Z)) given by all cusp forms F' such that

oo (i )= S e (g ).

d| ged(a,b,c)
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This space was first studied by Maass [Maa78, Maa79] building on experimental evidence
found by Resnikoff and Saldana [RSn74].
The Maass spezialschar is isomorphic to the Kohnen plus space S,j_l /2 which for k£ even

is the space of cusp forms of weight k — % on ['y(4) having a Fourier development of the form

g(z) = Z c(n)q", with c¢(n) =0unlessn=0o0r3 (mod 4).
n>1
Proposition 2.2. (Eichler, Zagier). There is a Hecke-equivariant linear isomorphism from
Si_1/y to MS(Spy(Z)) sending

g(z):z c(n)g" € S 1/2

n>1
to
Z Ap(a,b, c)e%iTr(ZT)),
T>0
where )
Ar(a,b,c) = Z dl_lc<4acd—2_b>.

d|ged(a,b,c)
The map from the Proposition is called the Saito- Kurokawa lift. It has the kernel function
OW(Z,7) = NFwy(2)e”™™N7, with Z € Hy, 7 € H,

N>0

where

1 T Z
Z = Z - / .
wnk(Z) Z (a(77" = 22) + b7 + cz + d7’ + )k’ (2 T >

(a,b,c,d,e)EZ5
4bd—c?—4ae=N

More precisely, for k > 8 even, Qx(Z,7) belongs to M3 (Sp,(Z)) as a function of Z, and to
Sk—1/2(T'0(4)) as a function of 7. As explained in Section 3 of [Zag81], the Saito-Kurokawa
lift SK @ Sg_1/2(Lo(4)) = MZ(Sp,(Z)) is given via the Petersson inner product by

dud
SK(h)(Z) = / h(u+ i) (2, u — o)t 2L
Fo(4)\H v
The function € is the holomorphic projection of a theta series attached to SO(2, 3) [Zag81],

and the Saito-Kurokawa lift is the theta lift from SL; to SO(2,3) ~ PGSp,.

Let F' € S?(Spy(Z)). From the point of view of general theta correspondences, the fact
that F' = SIC(h) for some h € Sj_1,2(I'0(4)) is equivalent to the fact that the theta lift of
F to SLy(Z) is non-zero (see [PS83, Theorem 2.2]). The space 5;71/2 is related to the space

Sor_2(SLa(Z)) of weight 2k — 2 cusp forms for SLy(Z) by the Shimura lifting S : 5;1/2 —
Sok—2(SLa(Z)), which can be given as

S:) em)g" =Y (> dTle(n/d?)g"

n>1 n>1 din

Moreover, the isomorphism between Soj,_2(SL2(Z)) and S}, J 18 Hecke equivariant [Koh80].
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The fact that So;_2(SLo(Z)) and S, Jo are isomorphic as Hecke modules can be used,

together with Proposition 2.2, to prove the following theorem, which is proved in[Koh07,
Theorem 16] and gives an alternate characterization of the Maass subspace.

Theorem 2.3. Let k be even. Then for each normalized Hecke eigenform f € Sap_o(SLo(Z))
there exists a cuspidal Hecke eigenform F € S2(Sp,(Z)) (uniquely determined up to a non-
zero scalar) such that

Lspin<F7 S) = g(S —k + 1)C(S —k + Q)L(f7 8)7
where L(f,s) is the L-function of f and both L-functions are given in the classical normal-

1zation. The space generated by these F'’s is the Maass Spezialschar.

For k even the Maass Spezialschar MS(Sp,(Z)) is also isomorphic to the space Ji; of
Jacobi forms of weight k and index 1. We can see this in two ways. The first way follows from
the theorem below [EZ85, Theorem 5.4], which states that Jj ; is isomorphic to the Kohnen
plus space. But by Proposition 2.2 this space is isomorphic to the Maass Spezialschar, hence
the Maass Spezialschar is isomorphic to J ;.

Theorem 2.4. For k even, the assignment sending

9(2) = Y eln)g" € S,

n>1
to
Z c(dn —r3)q"¢" € Jpa
n,reZ
An>r?

gives a Hecke-equivariant isomorphism between 5;71/2 and Jy 1.

Alternatively, one can associate to a Siegel modular form in the Maass space its first
Fourier-Jacobi coefficient, and this gives an isomorphism between MSy(Sp,(Z)) and Jy 1.
The inverse of the Saito-Kurokawa lift is actually given by composing this assignment with
the one of Theorem 2.4 (see [EZ85] for more details).

3. PRELIMINARIES

In this section, we set up explicit notation for working with quaternionic modular forms
on special orthogonal groups.

3.1. The underlying quadratic space. Let n € Z-, and let (V, ¢) denote a non-degenerate
quadratic space over Q of signature (4,n + 2). Write (z,y) = q(z + y) — ¢(x) — ¢(y) for the
bilinear form associated to ¢ and assume that V' contains an isotropic subspace of dimension
4. We fix a two-dimensional isotropic subspace U C V. Since (V,q) is non-degenerate we
may fix a second isotropic 2-plane U" such that (-,-) defines a perfect pairing between U
and UY. We write V3, for the orthogonal complement of U + U" in V so that (V4,,q) is a
quadratic space of signature (2,n) and

V=U&V,,&U". (3.1)

Let {b1, bo} denote a fixed basis of U and write {b_1,b_»} for the corresponding dual basis
of UY so that (b;,b_;) = ¢6;; for i,j = 1,2. Then V admits an orthogonal decomposition

V=Qb ® Vi1 @ Qb4 (3.2)
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where V3,11 = (Qb; + Qb_;)* is a quadratic space of signature (3,n + 1). Our assumption
that V' contains an isotropic 4-plane implies that there exists vectors bs, by, b_3,b_4 € Vo,
such that {by, bo, b3, by} and {b_1,b_5,b_3,b_4} give dual bases for a pair of isotropic 4-planes
which are in perfect duality under (-,-).

Let yo = b3 + b_3 and y; = by + b_4 and write V," for the Q-rational subspace of V4,
spanned by yo and y;. Let V7 (R) denote the orthogonal complement of V,"(R) := V;* ®q R
in V5,(R) := V,, ®q R so that

Van(R) =V, (R) @V, (R). (3.3)

For j = 1,2 we set u; = (b; +b_;)/v/2 € V(R) and u_; = (b; — b_;)/v/2 € V(R). Thus
{uy,u9,u_1,u_5} is an orthonormal basis of Va,,(R)*. Similarly we set v; = (bs +b_3)/v/2,
Vg = (b4 + b_4)/\/§, V-1 = (bg — b_3)/\/§ and V_9 = (b4 — b_4)/\/§

For much of the paper, we will be working in the case that V' is split over Q of dimension 8.
In this case, we assume that V' is endowed with an integral structure, that is unimodular for

the pairing (-, -). More specifically, we assume that V; is endowed with a unimodular integral
structure, and that V(Z) = Zby @ Zby ® Vo(Z) ® Zb_1 & Zb_,.

3.2. Octonions. In this case that dim(V") = 8, we will also have occasion to identify V' with
the split octonions over Q.

Definition 3.1. An octonion algebra © is an eight dimensional algebra over a field F', neither
associative nor commutative, such that:

(1) the multiplication map - : © x © — F' is distributive,

(2) there exists an element 1 € © with 1 -2 =z -1 for each x € O,

(3) there exists a non-degenerate quadratic form ng : © — F,

(4) ne(z - y) = ne(z)ne(y) for all x,y € O©.

We will refer to the map ng as the norm map. One can show that it is possible to define an
involution * on ©, i.e. a map % : © — O such that (z-y)* = y*-2*. Moreover, z+z* € F'-1
for all z € ©. We can then define the trace map

trg : © > F
by tre(z) - 1 =z + 2*. We also have a trilinear form
(,,):OxOXxO = F
given by
(21, T2, x3) :=tro(xy - (x2 - 3)).
Remark 3.2. Some properties of the trilinear form are:
(1) tro(xy - (e - z3)) = tro((x1 - z2) - x3), even if x1 - (x9 - z3) is not necessarily equal to
(21 - 22) - x3;
(2) (21,29, x3) = (23,21, x2) = (X2, 23,21), i.e. the trilinear form is invariant under cyclic
permutations;
(3) (z1,22,3) = tro(z: - (x2 - 13)) = tre((a} - x3) - a7) = tre(a} - (2 - 7)) = (23, 23, 27).
We now construct the so-called Zorn model O, which gives an example of an octonion

algebra. Let V3 be the three-dimensional defining representation of SLj and let V3” be its
dual representation. Then let

a v
@:{(¢ d):a,d,EF;Ue%7¢e‘/3>v}’
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with multiplication

a v a v\ aa' + ¢'(v) av' +dv—o N
o d) \¢ d)  \do+dd +vAr d(v') + dd’ '

Here an explicit identification A?V3 ~ V3" and A?V;’ ~ V5 is being made.
The norm form is

no (6 a)) = ad — ¢(v).

a v\ [(d —v
¢ d) "~ \—=¢ a)’
hence tro((¢4)) = a+ d.

Let eq, e9, e3 be the standard basis of V3 and e}, e}, 5 the dual basis of V3’. A basis for O
is given by the following matrices:

0 e
6]’: (O 0]) ]:17273a

. (0 0\ .
ej'_ <6; O>7j_172737

where we again abuse notation; and the matrices

]

To obtain an eight-dimensional quadratic space (V,¢q) from ©, we identify V' with © and
set ¢ : V — Q the quadratic form as ¢(x) = —ng(x). We define the b; via the identification
of lists

The involution on O is

where we are abusing notation;

(bla b27 b37 b47 b—47 b—37 b—2a b—l) = (617 6;)7 €2, 637 €2, —€1, €3, 63{) (34)

3.3. Algebraic groups, their Lie algebras, and parabolic subgroups. Now let n be
arbitrary and let G denote the special orthogonal group of (V,¢q), which we assume acts
on the left of V. Let ) denote the parabolic subgroup of GG defined as the stabilizer in G
of the line Qb,. The Heisenberg parabolic subgroup subgroup P is defined as the subgroup
of G stabilizing the space U = Span{b;,by}. Define Mg to be the Levi subgroup of @
that stabilizes Qb_; and define the Levi factor Mp < P as the subgroup stabilizing the
subspace UY = Span{b_1,b_5}. Through its action on the decomposition (3.1) the subgroup
Mp is identified with the product GL(U) x SO(Va,,). Similarly the action of Mg on the
decomposition (3.2) yields an identification Mg ~ GL(Qb1) x SO(V3,,41). Let Np and Ng
denote the unipotent radical of P and @, respectively. We set Z = [Np, Np|, which is
one-dimensional and the center of Np.
The Lie algebra of G can be identified with A2V, where A2V acts on V via

(vAw)- -z = (wx)v— (v,2)w. (v,w,x €V)

We note that Lie(Z) = Q-span{b; A bo}. As an Mp module, the Lie algebra of the quotient
N#b = Np/Z is identified as

U ®Q ‘/2,71 :) Lie(Nf_l,b), bl X wy + bg X Wy > bl N wp + b2 N wy + Lle(Z) (35)
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Let ¢ : Q\A — C* denote the standard additive character. For y,y" € Vi, let g}
denote the unique automorphic character of Np(A) satisfying ep, ,q(exp(by Aw +by Aw')) =
Y((y, w) + (¥, w)) for all w,w" € V5,(A). We have an Mp-equivariant identification

UY @q Vo = Hom(Np(Q)\Np(A),C"),  b1®@y+bo®@y —ey,  (3.6)
Similarly, the abelian Lie algebra Lie(NNg) is identified as an My-module via the map
Qb1 ®Q ‘/3,71_;,_1 = Lie(NQ), b1 X w — b1 A w.

Let x,: No(A) — C* denote the automorphic character satisfying x,(exp(by A v)) =
Y((v,y)) for all v € V5,,41(A). We have an Mp-equivariant identification

Qb_1 ®q Vanr1 — Hom(Ng(Q)\No(A),CY), b1 @y X, (3.7)
We denote by G’ the spin group, defined as follows:

G'={9="(91.92.93) € SO(Q”@)?’ 1 (9171, ga2, g33) = (21, To, 23)V; € O}

The association g — ¢; defines a map G’ — G when dim(V') = 8. We set P = Mp/ Np: the
Heisenberg parabolic subgroup subgroup of G’ defined as the inverse image of P under the
map G’ — G. See Appendix A for more on Mp: and Np.

3.4. Compact subgroups. We now define Cartan involutions and maximal compact sub-
groups of the groups with which we work.

In the case of G = SO(V), we proceed as follows. Let o, : Vo, (R) = V5,(R) be
the involution that is +1 on V" (R) and —1 on V,-(R). Let ¢ : V(R) — V(R) be the
involution with «(b;) = b_; for j € {1,2,—1, -2} and ¢ restricted to V5, (R) is t2,. Note
that © € O(V)(R). If VT is the « = 1 subspace, and V™~ is the « = —1 subspace, then
V(R) =VT @V, and we define K C G(R) the subgroup that preserves the decomposition
V(R) = VT @ V~. Note that K = S(O(V*) x O(V™)) and has identity component K° =
SO(V*) x SO(V™). The corresponding Cartan involution ©, on Lie(G(R)) ~ A*V(R) is
defined as O,(u A v) = t(u) A t(v).

To define quaternionic modular forms on G, we need a distinguished map

K® — SU(2)/ . (3.8)

To see that we have such a map, recall that V1 is four-dimensional, and thus there is an
exceptional isomorphism SO(V™) = (SU(2) x SU(2))/u2. Mapping to the first SU(2)/us in
this pair, we obtain a map K° — SO(V*") — SU(2)/us. To pick out this “first” SU(2), and
its irreducible 3-dimensional representation, we make a Lie algebra argument. Namely, we
have V™ = Span{uy, ug, v1,v2}, and we set (as in [Pol22a, Ch. 8])

[} €+ = %(Ul — ZUQ) N (Ul - ivg)
o Wt =i(ug Aug + vy Avg) = %(ul —dug) A (ug + dug) + %(vl —ivg) A (v1 + ivg)
[ f+ = —%(Ul + ZUQ) N (Ul + iUQ).
This gives us our “first” sl,. The “second” sl, is obtained by replacing v, with —wv, in the
above formulas: That is, it has basis
o 't = Lluy —iuy) A (v1 + ivs)
o Nt =i(u; Aug — vy Aug)
o [T =—1(uy +iug) A (v — ivy).

[\
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The adjoint action of K° on the first sl; defines our distinguished three-dimensional represen-
tation of K°. We choose a basis x,y of C? = V; so that Sym?(V3) is identified with the first
sly via et = —x%, ht = 2xy, fT = y?. This gives our distinguished map K° — SU(2)/pus.
For an integer ¢ at least 1, we write V, for the highest weight quotient of the ¢ symmetric
power of this three-dimensional representation of K°. In other words, V, = Sym*(3) as a
representation of SU(2)/pus, pulled back to K°. It has a basis 22, %1y, ... xy?~1 y*.

In the case of G’, the spin group, we define a maximal compact subgroup K’ C G'(R) to
be inverse image of K or K° in G'(R). In this case, the Cartan involution on A%Q is given
by ©,, where ¢(b;) = b_; and ©,(u Av) = t(u) At(v). We have an S3 action on G', and K’ is
stable by this S3 action: this follows from the work in Theorem A.1. Moreover, if sly denotes
the “first” sly in Lie(G'(R)) ~ A?Q, then the Sz-action is trivial on this sly. This follows
from Theorem A.8 and a statement in the last paragraph of [cDD*22 Section 2.3].

4. HOLOMORPHIC AND QUATERNIONIC MODULAR FORMS

In this section, we define holomorphic and quaternionic modular forms on SO(4,n + 2).
In Theorem 4.5, we recall a result of Pollack on generalized Whittaker functions necessary
for the existence of Fourier expansions of QMF and show that the Fourier expansions of
quaternionic cusp forms are supported on positive-definite indices in Corollary 4.10.

4.1. Holomorphic modular forms on SO(4,n + 2). Recall that n > 2 and fix V5,41 to
be a Q-vector space equipped with a non-degenerate quadratic form ¢ of signature (2,n+1).
Write (z,y) = q(x +y) — ¢(x) — q(y) for the symmetric bilinear pairing on V3,41 associated
to ¢. In this subsection, we discuss holomorphic modular forms on H := SO(Va,,11). We
will later consider V5,11 as a subspace of Vj 12, and our notation is chosen to be compatible
with this embedding.

According to the Hasse principal, there exists a non-zero isotropic vector by € V5 ,,41. Since
¢ is non-degenerate, we may fix a second istropic vector b_s € V4,1 satisfying (ba, b_2) = 1.

Let Vi, := (Qby + Qb_3)* be the orthogonal complement of Qby + Qb_5 in V5,,41. Then

Vo1 = Qb ® Vi, & Qb_s. (4.1)

The Siegel parabolic R < H is the parabolic subgroup of H defined as the stabilizer of the

line Qby € V3 41. Let Mp < R denote the Levi subgroup of R stabilizing the line spanned

by b_3. The unipotent radical Ng < R is identified with V3, as an SO(V},,) module via the
map

k: Vip = Npg, v — exp(ba A v). (4.2)

Fix y; € Vi, satisfying (y1,71) = 2. The symmetric space for the group H(R) is
h={Z=X+YeV,C:(Y,—y)>0and (YY) > 0}.
We have an identification of h with the set of isotropic elements in V5,411 ® C via the map
h — Vo, ®r C, Z—=r(Z):=—q(Z)by+ Z + b_s.

This identification yields an action of the identity component H(R)? on b as follows: If
g € H(R)?, then there exists a unique nonzero complex number jx(g,Z) and a unique
element g7 € b so that gr(Z) = ju(g, Z)r(gZ). Observe that jy(g,Z) = (gr(Z), bs).

We can now define classical holomorphic modular forms on §.

Definition 4.1. Suppose £ € Z, and I' C H(R)" is a congruence subgroup. Then f : h — C
is a holomorphic modular form of weight ¢ and level I" if
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(1) f is holomorphic
(2) f(vZ) = j(v, 2)'f(Z) forall Ze b and v €T
(3) the function ¢;(g) == ju(g,iy1)~*f(g-iy1) : HR) — C is of moderate growth.

If T e Vi, say that T is positive definite it (T, —y,) > 0 and (7,7") > 0. We say that 7" is
positive semi-definite if (T, —y;) > 0 and (7,7) > 0. Write T' > 0 (resp. 7' > 0) if and only
if T is positive definite (resp. semi-definite). If f: h — C is a holomorphic modular form of
level ' then f(n-Z) = f(Z) for n € Ng NT'. Therefore f admits a Fourier expansion

F2)= Y afm)enns,

TeA: T>0

Here we make use of (4.2) to define the lattice A < Vi, according to the formula A :=
kY (TN Ng). If f is cuspidal, so that |p(g)| is bounded, then a;(T) # 0 implies that 7' > 0.
We define Ky = Stab(Span(by +b_5,;)) C H(R) and K% = Kz N H(R)®. Then Ky is a
maximal compact subgroup of H(R), and one can verify that KY is the stabilizer of i(—y;)
in H(R)°. Observe that jg(-, —iy;) : K% — C* is a character.
Suppose that ¢ : T\H(R)" — C is function satisfying ¢(hk) = jg(k, —iy1)*e(h) for all
h € HR)" and k € K. Then the function f, : h — C,

f‘P(Z) = j(g, _iyl)esp(g)’ if g- <—iy1) =7

is well-defined. If f,(Z) is holomorphic, and ¢ is of moderate growth, we say that ¢ is the
automorphic function associated to a holomorphic modular form of weight /.

4.2. Two Definitions of Quaternionic Modular Forms. Quaternionic discrete rep-
resentation were introduced by Gross-Wallach [GW96]. Later, Gan-Gross-Savin [GGS02]
studied quaternionic modular forms on G5. More recently, several papers of Pollack study
quaternionic modular forms on more general groups.

We present two related definitions of quaternionic modular forms. The first uses differential
operators, while the second uses representation theory.

Definition 4.2. Suppose ¢ : G(Q)\G(A) — V, is an automorphic form, so that in partic-
ular ¢ is smooth and of moderate growth. We say that ¢ is a quaternionic modular form of
weight ¢ if

(1) ¢ is K%equivariant, i.e., p(gk) = k~1¢(g) for all g € G(A) and k € KY;

(2) Dy =0, for a certain specific linear first order differential operator D,.
We denote A(G, ¢) the space of quaternionic modular forms on G of weight ¢, Ay(G, ¢) the
space of quaternionic modular cusp forms. When G is split SO(8), we write A z(G, ¢) for
the quaternionic modular cusp forms that are right G(Z) invariant.

To specify the differential operator Dy, let g = € @ p be the Cartan decomposition of the
complexified Lie algebra g of G(R) with respect to the compact subgroup K°. Let {X,}
be a basis of p and {XY} the dual basis of p¥. One has that, as a representation of K,
p ~pY ~ Vo ®W, where the distinguished SU, acts trivially on W. For a K%equivariant
function F : G(R) — Vy, set D,F = Yo XoF ® X /. The sum is independent of the choice
of basis and D,F takes values in V, ® p¥ ~ Sym> ' (V3) ® W @& Sym>**(V5) ® W. Let pr
be the projection V, ® p¥ — Sym?~!(V3) @ W. Then D, = pro 54.
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Definition 4.3. For an integer ¢ > 4, we let 7} be the quaternionic discrete series repre-
sentation of G(R)° with minimal K°-type S*(C?) ® 1 ® 1, as a representation of SU(2) x
SU(2) x SO(4). It has the same infinitesimal character as the highest weight submodule of
Sym‘™*(A?V). We define A;?(G, £) to be the space of (g, K°) homomorphisms from 79 to
Ao(G, ¢), and similarly Aj7(G, ) for the subspace of maps that land in the G (2)—invariant
functions (when dim(V') = 8.)

There is a canonical injection Ay (G,¢) — Ao(G, {) given as follows. Suppose a : ) —
Ao(G) is in Ay™(G, (). Let {v;}; be a basis of V, and {v}} the dual basis of V/ ~ V.
Then }; a(v;) ® v} is an element of Ay(G, 0).

We will take Definition 4.2 as our definition of quaternionic modular forms, because it is
a priori broader. In section 8, we will also need Definition 4.3.

4.3. The Explicit Fourier Expansion of Quaternionic Modular Forms. Let dz de-
note the standard right Z(A)-invariant measure on Z(Q)\Z(A) ~ Q\A. Suppose ¢ is a
quaternionic modular form on G(A). The constant term of ¢ along Z is defined as the
function on G(A) given by

7 = zq)dz. 4.3
vz(9) /Z (Q)\Z(A)so( 9) (4.3)

As a general piece of notation, suppose G is an algebraic group over Q and let ¢: G(Q)\G(A) —
C denote an automorphic function. If A is a unipotent subgroup of G equipped with a char-
acter x: N(Q)\WN(A) — C* then we define the y-th Fourier of ¢ along N via the integral

U lg) = /N o, ) (4.4)

In this notation, the Fourier expansion of ¢ along the compact abelian group Z(A)Np(Q)\Np(A)
takes the form

0z(0) = D ONpeway(9). (4.5)

[TlaTQ]EVQm XVZ,n

The main result of [Pol20] fully explicates (4.5) in the case when ¢ is a quaternionic modular
form. We use a version of this result from [Pol22a]. To state the theorem, we write B to
denote the natural GL(U) x SO(V4,,)-equivariant pairing between U ®q Va2, and U ®@q Va ..
So if T4, 17,15, T; € V., then

Bb.i1®@Ti+boTy,b T, + by @Ty) = (11, T)) + (12, T3). (4.6)

We express a general element r € Mp(R) as 7 = (m, h) with the understanding that m €
GLy(U)(R) and h € SO(Va,,)(R). Recall the elements v; = yo/v/2 and vy = 3, /v/2 defined
in (3.1).

Definition 4.4. Let [T}, T3] € V5, x V5, denote an ordered pair. Define S, n,: Mp(R) — C
by the formula

/B[Tl,T2](T) = \/§iB(T_1 . (b_l X Tl + b_g X Tg), bl X (Ul + ivg) + b2 X i(’Ul + i’Ug)). (47)

The ordered pair [T1, Ty] is positive semi-definite if i, 1,)(r) # 0 for all r € Mp(R)". We
write [T1, T3] > 0 to mean that the pair [T}, T3] is positive semi-definite. We write [T, Ts] > 0
if [Tl,TQ] t 0 and (Tl,Tl)(TQ,Tz) — (Tl,T2)2 > 0.
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Theorem 4.5. [Pol22a, Theorem 8.2.2] Fiz { € Z>y and suppose [T1,Ts] € Vy2. Then up to
multiplying by a constant, there is a unique moderate growth function Wi, 1,1: G(R) = V,
satisfying the conditions (i)-(iii) below:
(i) If g € G(R) and k € K° then Wiy 1,)(9k) = k™" Wi, 1,1(9).
(i) If g € G(R) and n € Np(R) satisfies log(n) = by A wy + by A we + 2by A b, then
Wi, 1) (ng) = Tt w2 Wi, 1)(g).

(iii) If g € G(R) then DgW[Tl’TQ](g) = 0.
Moreover Wir, 1,1(g) = 0 unless [T1,T5] = 0, and if [T1,T5] = 0 then the function Wir, 1,(9)
is uniquely characterized by requiring that for all r = (m,h) € Mp(R)°,

5[T1,T2]<T) )v xf—l-fuyé—y
Wi, 1, =d “4q (— K, T (48
[T1,T: ](7") et(m) I et(m)| _KZU:<K |B[T1,T2] (’T‘)| (lB[T T ](T)D ( )

(0 + )l —v)!
Here K,: Rg — R denotes the modified K-Bessel function K,(z) = 5 [~ o temr (T gy

If / > n+ 2 and one adds the assumption that (Ty,7T))(Ty, Ty) — (T1,T2)* # 0 then
Theorem 4.5 follows from earlier work of Wallach [Wal03, Theorem 16] with the exception
of the explicit formula (4.8). As a corollary to Theorem 4.5 we deduce the following.

Corollary 4.6. Suppose ¢ € Z>, and let p: G(R) — Vy be a weight ¢ quaternionic modular
form on G(A). Then there exists a family of locally constant functions

{amr, 1) (@, -): G(Af) = C: [11, T3] € Vo, X Vi, such that [Ty, T3] = 0}
such that the Fourier expansion of pz along Z(A)Np(Q)\Np(A) takes the form

02(91950) = ONp (9190) + > agry, ) (0, 95 ) WenTy 2o (9s0). - (4.9)

[T1,T2)€Va,nx Vo, : [T1,T2]>0

Definition 4.7. With hypotheses as in Corollary 4.6, let A = [T}, T3] denote an element
in Vs, x Va, and suppose [T1,T5] = 0. Define the A-th Fourier coefficient of ¢ to be the
complex number a, () := ajp, 1,)(¢, 1).

4.4. The Vanishing of 31, ). In this subsection we develop some properties of the the
functions S, 1, defined by (4.7). We write SO(V2,,)(R)" to denote the identity component
of SO(V,,)(R). The reader may verify the following lemma.

Lemma 4.8. Suppose h € SO(Va,,)(R) and let {wy,ws} denote set of vectors in Vo, ®q R
satisfying (w;, w;) = i fori,j =1,2. Then h € SO(Va,,)(R) if and only if

hwy)  (wy, hw,)
iy () o= det (01 hwn) - (wn wa)y 4.10
Xwr, 2( ) € ((w%hwﬁ (wz’th) ( )
The proposition below is an analogue of [Pol20, Proposition 10.0.01]. Write GL(U)(R)°
to denote the identity component of GL(U)(R) then Mp(R)? = GLy(R)? x SO(V3,,)(R)°.

Proposition 4.9. Suppose [T, T3] € Va,, X Va,.
(1) If R-span{T},T»} is an indefinite or negative definite two plane in Va,,(R) then there
exists 1 € Mp(R)? such that B, ,)(r) = 0.
(ii) If R-span{Ty,T5} is a positive definite two plane in Va,(R) then exactly one of B, )
and Bir, ) has a zero on Mp(R)°.
(1) If |Byry 1) (1)| is bounded away from zero on the set {(m,h) € Mp(R)%: det(m) = 1}
then (T, Th)(Tz, To) — (T4, T»)?* > 0. In particular Ty and Ty span a two plane in Vs, (R).
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Proof. In the proof below we adopt the temporary notation W = R-span{T7,7T>}. Recall
the fixed positive definite two plane V,"(R) = R-span{v;, vy} defined in §3.1.

(i) If W is a negative definite two plane then there exists a positive definite two plane P*
such that P* is orthogonal to W. By the Witt extension theorem there exists h € O(V2,)(R)
such that hv, and hv, give a basis for P*. If necessary we pre-compose h with any isometry
of V5,,(R) which acts as the identity on V;"(R) and acts by an orthogonal transformation
of determinant —1 on V" (R)*. In this way we may ensure that h € SO(V4,)(R). Since P*
and W are orthogonal, the element r = (1,h) € Mp(R) satisfies B, 1,)(r) = 0. To ensure
that r € Mp(R)? it may be necessary to pre-compose h with an isometry of V3, (R) which
interchanges v; and v, and acts by an orthogonal transform of determinant —1 on V" (R)*.

Next we address the case when W is a 2 plane of indefinite signature (1,1). Fix a basis
{e, f} for W such that (e,e) = (f, f) = 0 and (e, f) = 1. Without loss of generality we may
assume that there exists m € GL(U)(R)? such that m™(b_; QT +b_o®Ts) = b_1Q@e+b_o® f.
Let u, € W+ be such that (uy,u;) = 2. Write P™ to denote the positive definite two
plane spanned by the vectors p; = \%(e + f) and py = uy + %(e — f). Reasoning as
we did in the case of W negative definite, we conclude that there exists h € SO(Va,,)(R)
such that hv; = p; and hvy = ps. Now a short computation shows that if r = (m, h)
then By 1,)(r) = 0. It remains to show that we can choose r € Mp(R)°. Thus suppose
r ¢ Mp(R)? which implies h ¢ SO(Vz,)(R)". Define p} = \%(e + f), vy = —uy + \%(e -
and let b’ € SO(V2,,)(R) be such that h'p; = p| and h'py = p). Then x,, »,(h') = —1 and so
Lemma 4.8 implies A’ ¢ SO(V3,,)(R)%. Since # (SO(V2,)(R)/SO(V2,)(R)?) = 2 it follows
that h'h € SO(V,,,)(R)°. Thus if A ¢ SO(Va,)(R)? then r := (m,'h) € Mp(R)? satisfies
Biry, (1) = 0 as required.

(ii) Assume W is a positive definite 2 plane in V5, (R). Reasoning as in the case of W
negative definite, there exists r € Mp(R) such that r=1(b_1@T1+b_2@Ts) = b_1Qv1+b_sQus.
Without loss of generality we may assume that r = (m,h) with m € GL(U)(R)°. Define
Tl,a TQ, S %,n(R) by the equality m_l(b_l ®T1 +b_2 ®T2) = b_l ®T1/+b_2®T2’. If XT{,TQ’(h) >0
then r € Mp(R) and the equality B, 7,)(r) = V/2i(hvy + ihve, hva + ihvy) = 0 implies that
Biry 1) has a zero on Mp(R)?. Conversely if x7v 1;(h) < 0 then Lemma 4.8 implies xr7 7 (1)
is negative for all /' € Mp(R)?. Thus if r = (m,h') € Mp(R)? then

|Biry ) (1)1? = (T7, h'v1)? + (T3, W'va)? + (17, h'va)* + (T3, W'v1)? — 2x7y 1y (B) > 0.

Hence Sz, 7, vanishes on exactly one of the two components of GL(U)(R)° x SO(V2,,)(R)
(iii) Assume the quantity |Gr 1,(7)| is bounded away from zero on the subset of pairs
(m,h) € Mp(R)? with det(m) = 1. Then by what we proved in part (i), either dim(W) < 2
or W is a positive definite 2-plane. If W is a positive definite two plane then there exists
NS (0,7T) such that (Tl,TQ) = HT1H”T2H COS(G) and so (Tl,Tl)(TQ,TQ) — (T17T2>(T27T1) =
|71 || T2 )|*(1—cos 0) > 0. The case dim(W) < 2 does not occur when S, 1] is bounded away
from zero. Indeed if T} and T3 are colinear and « € R~ then there exists m, € SL(U)(R)
such that m,, acts by multiplication by a on both 7' and T5. It follows that Bir, m,)(ma, 1) = 0

as a — 0.
U
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Corollary 4.10. Suppose { € Z>; and ¢: G(A) — V, is a weight { quaternionic modular
form. If ¢ is cusp form then the Fourier expansion (4.9) takes the form

@Z(gfgoo) = Z a[T1,T2](S07gf)W[Qﬂ'Tl,ZfrTg](goo)- (41]—)
[Tl,TQ}GVQ,nXV27nZ [T1,T2]>0

Proof. Suppose ¢ is cuspidal and assume [T}, 7] # 0. Fix gf € G(Af). On one hand, the
form ¢ is rapidly decaying relative to the K°-invariant norm (-,-)xo on V,. In particular ¢
is bounded and the function

/ ©(ngrgos)err ) (n) "Hdn = agry 1) (0, 95)Wianty 2513 (9o0)
Np(Q)\Np(A)

is the integral of the bounded function ge — @(ngrgso)err, 1) (n) ! over the compact domain
Np(Q)\Np(A). Assuch, either ajr, 1,(, gf) = 0, or the function Wiarr, 271 (goo) is bounded
relative to the K%-invariant norm on V,. On the other hand, the function K_,(z) has a pole
(and is thus unbounded in absolute value) as 2 — 0T. Applying Proposition 4.9)(iii), it
follows that if —¢ < v < ¢ and {T},7>} spans a one plane in V5, (R), then

MP(R)O — REO, Moo =2 | (W[QNT1,27rT2}(moo)7 ngvyﬂv)](o ’

is unbounded in absolute value. We conclude that apr, ,)(, gf) = 0 as required. U

5. THE QUATERNIONIC SAITO-KUROKAWA LIFTING AND QUATERNIONIC MAASS
SPEZIALSCHAR

In this section we continue with the notation of §3.1, specialized to the case n = 2. So V'
is a quadratic space of signature (4,4) and G = SO(V). We let V(Z) denote the Z-span of
the by, j =1,2,3,4 and V23(Z) denote the Z-span of by;, j = 3,4. We have V5, = M>(Q),
the space of 2-by-2 rational matrices equipped with the determinant quadratic form, via the
identification

mir Mi2
mnbg — m21b4 + m12b_4 + mQQb_g —> .
ma1 Mg

In this notation, V52(Z) = My(Z), the space of 2-by-2 integral matrices. We write K; <
SO(V)(Ay) for the level subgroup corresponding to V(Z); automorphic forms invariant by

K are said to be level one. Fourier coefficient of elements in Ag z(G, ¢) are indexed by pairs
[Ty, Ty] € Vao(Z)*? satistying |17, Ty] > 0.

5.1. The Quaternionic Saito-Kurokawa Lift. In this subsection we recall the statement
of [Pol21, Theorem 4.1.1], in the case n = 2. Before we give the statement of (loc. cite),
suppose A = [T}, Ty] € V% and define a 2-by-2 matrix with entries in Q via the formula

L (T, Th) (Th, T3
SO = 2 (ET%Tl; ETz,T2§) ' (5.1)

Theorem 5.1. [Pol21, Theorem 4.1.1] Suppose F(Z) =, ar(T)q" is a weight ¢ cuspidal
Siegel modular form on Sp, of level one. There exists a unique element 0*(F) € Ay z(G,¥)
such that if X = [T, Ts] € Va2(Z)®? then the X Fourier coefficient of 0*(F) is

ag-(;m () = > | det(r)[“Lagp(tr-LS(\)r-1). (5.2)

r € GLa(Z)\M2(Z)9et#0 s.t. Ar—1 € V3 5(Z)®2

Here A\r~! is the matriz product of the 1 x 2 row vector A = [Ty, Ty] with the matriz .
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Remark 5.2. The construction of 0*(F') recovers the theta lifting from Sp, to SO(V). It
bears a close analogy to the construction of a family of holomorphic modular forms given in
[Oda78] and [RS81].

5.2. Poincare Lifts on G. Let T denote a half integral, 2-by-2, positive definite matrix.
Write H, for the Siegel upper half space of degree 2, and define S,(Sp,(Z)) to be the space
of level 1, weight ¢, holomorphic modular forms on Hs. Write j(-,-): Sp,(R) x Hy — C for
the standard factor of automorphy and recall the classical Poincaré series

Pro(Z)= Y iy, 2) e (53)
ey F)ism@
If ¢ is sufficiently large then the sum (5.3) converges to an element in S;(Sp,(Z)).
We now set-up notation to study the theta lift 6*(Pry). Recall that in §3.4 we introduced

a distinguished map K° — SU, /uy together with an identification Lie(SUsy /ps) ®@r C =~
Sym?(C?). We thus have a K°-equivariant projection

pry : Lie(SO(V)) — Lie(K°) — Lie(SUy /o) — Sym?(C?). (5.4)
Given X € Sym?(1%), let X* denote the element of V, obtained by raising X to the (-th
power. We write || - [|? to denote the unique Kinvariant quadratic norm on Sym?(C?).

If [v1,v9] € V(Z) x V(Z) is such that v; and vy span a positive definite two plane then
pry(vi Awvg) # 0 [Pol21, Lemma 3.2.2], thus we may define

prc(Ad(g™) - v1 A wg)
[pr g (Ad(g1) - w1 A wg))][26HL

Proposition 5.3. [Pol21, Corollary 3.3.7] Suppose ¢ > 16 is even. Let T denote a half
integral, 2-by-2, positive definite matriz. With notation as in (5.1), suppose vy, ve] € V(Z)%?
satisfies S(vi,vy) =T. Write I' = SO(V)(Q) N Ky and consider the identification

T\ SO(V)(R) = SO(V)(Q\SO(V)(A)/Ky, Tgo = SO(V)(Q)gee K-
Then as a function on I'\ SO(V)(R), the theta lift 0*(Pry) is proportional to the function

Qre: T\SO(V)(R) = Vy, g = Z Bl v0](9o0)- (5.5)

[v1,v2]EV(Z)XV(Z): S([v1,v2])=T

B[U17U2]: SO<V)(R) — Vg, g

5.3. The Quaternionic Maass Spezialschar and Saito-Kurokawa Subspace. By The-
orem 5.1 we have a lifting

0*: Sg(Sp4(Z)) — Aoyz(G,g), F— 9*(F)
The quaternionic Saito-Kurokawa subspace SKy C Ao z(G,¢) is defined as the image of 6*.

Definition 5.4. Suppose A € My(Z)%2. We say that \ is strongly primitive if
{r € GLy(Q) N My(Z): Ar~' € My(Z)*®*} = GLy(Z).

Remark 5.5. Note that if A = [T}, Tz] € My(Z)%? is strongly primitive and F € Sy(Sp,(Z))
then by Theorem 5.1 we have ag-(r)(A) = ap(S())). This property is reminiscent of the
classical Saito-Kurokawa subspace. Indeed if 7" is a primitive binary quadratic form and F' €
S¢(Sp,(Z)) is the theta lift of an anti-holomorphic form f on SLy then ap(T) = af(det(T')) =
az(—det(T)).
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As a corollary to Theorem 5.1 we deduce the following.

Corollary 5.6. Suppose A1, Ao € My(Z)? are strongly primitive elements satisfying S(\) =
S(A2). If o € SK then ay,(A1) = ay(A2).

Lemma 5.7. Suppose T' = [a,b,c| is a half integral symmetric matriz with a,b,c € Z. Then
there exists a strongly primitive element X = [Ty, Ty) € My(Z)®? such that T = S(\).

10 0 1 i

b a) and Ty = (—c O) so that if A = [T, T,] then S(\) =T

Suppose 7 € GLy(Q) N My(Z) satisfies \r~1 € My(Z)%? and write r~1 = (Z) ﬁ) with

w,x,y,z € Q. Then
Ar ! = Kw y) , (“" Z)} € My(Z)®2.
* ok x %

So x,y,z,w € Z which implies det(r~') = det(r)™! € Z. So r € GLy(Z). O

Proor. We let T} = (

Definition 5.8. Define the quaternionic Maass Spezialschar MS, as the subspace of Ag z(G, ¢)
consisting of forms ¢ satisfying condition (i) and (ii) below.
(i) If A1, Ay € My(Z)®? are strongly primitive and S(\;) = S(Az) then
ag(A1) = ag(Aa).

Let A € My(Z)®2. By Lemma 5.7 there exists a strongly primitive element A\ € My (Z)®?

v

such that S(A\) = S(A). If ¢ € Ay z(G, ¥) satisfies condition (i) then
a2 (\) = a,(N)

is well defined independent of the choice of A
(ii) If X = [T1,Ty] € Mo(Z)® satisfies T1, T > 0 (see (5.1)) then

ay(\) = > | det(r)|“tabim (A,
r € GL2(Z)\(GL2(Q) N M2(Z)) s.t. Ar~1 € M2(Z)P?

Remark 5.9. Note that the two conditions of Definition 5.8 can be replaced by the single
condition

a,(N) = > [ det(r)[“ta,(Ar1)),

r € GL2(Z)\(GL2(Q) N M2(Z)) s.t. Ar—1 € My(Z)®?

where if € M5(Z)? has S(u) = [a,b, c] then fi = {(ll) 2) ’ (-OC é)}

Lemma 5.10. We have an inclusion SK, C MS,.

Proof. Suppose ¢ = 0*(F) € SK;. The fact that ¢ satisfies property (i) of Definition 5.8
is the content of Corollary 5.6. It remains to show that ¢ satisfies condition (ii). Suppose
A = [T}, Ty] € My(Z)®? is such that 71,75 = 0. Let r € GLy(Q) N Ms(Z) be such that
Ar~t € My(Z)®2. By Theorem 5.1, it suffices to show that

a?™ (MY = ap(tr-1S(A\)r-1). (5.6)

©
Since S(Ar~!) = 'r=1S(\)r7!, equality (5.6) follows from Theorem 5.1 (see Remark 5.5). [
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6. DIRICHLET SERIES FOR L-FUNCTIONS OF (QUATERNIONIC MODULAR FORMS

In this section, we present a conjectural Dirichlet series for the L-functions of irreducible,
cuspidal, quaternionic automorphic representations I of split SO(8) and show that this
conjecture is satisfied by the Saito-Kurokawa lifts. By a Dirichlet series for an L-function
of an automorphic representation II, we mean a sum of the form ) a,n™° where the a, are
given explicitly in terms of Fourier coefficients of an automorphic form in II.

6.1. Conjecture on Dirichlet series. We recall the formula of Andrianov [And74] for the
standard L-function of Siegel modular forms of full level on Sp,. Let f be a level one cuspidal
Siegel modular eigenform of weight ¢ with Fourier expansion f(Z) = ) a¢(T) exp(2mitr(T'Z2)),
where the sum is taken over half-integral, positive definite, symmetric matrices 7. Let 7 be
the automorphic representation generated by the automorphic function corresponding to f.
For a fixed index T, let S denote a finite set of primes containing those that divide 8 det(T')
and let x7(-) = (-, — det(T") ), be the automorphic character induced by the Hilbert symbol.
Then one has

L tT
alT) CS(QS)(;S,(Std,; )+ = 2 ]dZt((g )yi)“' (6.1)
T GEMS(2)/ GLa(@) | D

Here L(7, Std, s) is the standard partial L-function of 7, ¢° is the partial Riemann zeta-
function, L°(xr,s) is the partial Dirichlet L-function associated to 7, and M3 (Z) denotes
the 2 x 2 integer matrices with nonzero determinant, only divisible by primes away from S.
See [Pol22b] for a modern reference and derivation.

To state the conjecture for Dirichlet series on split SO(8), let ¢ be a level one cuspi-
dal quaternionic modular form on SO(8) and II the irreducible automorphic representation
generated by ¢ with standard L-function L(II, Std, s). Let [T}, Ty] € My(Z)®? be strongly
primitive with 7" = S([T1,T3]), and suppose S is a finite set of primes containing all those
that divide 8 det(7"). Following Definition 4.7, we write a, ([T, T3]) for the [T7, T5]-th Fourier
coefficient of . Finally, let (g(s) denote the Dedekind zeta function of the quadratic field
FE determined by the discriminant of 7.

Conjecture 6.1. Let the notation be as above. Then

L3(11, Std, s) ap([Th, T3] - 9)
T,.T. - —e DR
D St~ 2 T

We call the right hand side the Dirichlet series for ¢ at [17, 73] and denote it by D, (11, 15).
The conjecture was found by analyzing a hypothetical Rankin-Selberg integral for cusp forms
on G similar to that used in the proof of Andrianov’s formula. We hope to prove that this
integral does in fact represent the standard L-function in a future work. At this point, we
are able to provide some evidence for this conjecture as a consequence of Lemma 5.10 by
considering the behavior of the L-function of the theta lift and the Maass relations.

6.2. Evidence from the Maass Spezialschar. Let ¢ = 6*(F') be the Saito-Kurokawa lift
of a cuspidal level one Siegel modular eigenform F' of weight ¢, let II be the automorphic
representation of SO(8) generated by ¢, and let m be the automorphic representation of
Sp(4) generated by the automorphic form corresponding to F. By properties of the theta
lifting [Ral82], we have that L(II, Std, s) = L(m, Std, s)((s — 1)((s){(s + 1). Proposition 6.4
shows that the Dirichlet series associated to any element of Maass Spezialschar MS, factors
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in a similar way. Before we can prove such a proposition, we need a lemma about the action
of MQ(Z) on VE) = MQ(Z)®2.
We use the following lemma that regards strong primitivity.

Lemma 6.2. Suppose A € My(Z)? is strongly primitive and r € GLo(Q) satisfies A - r €
MQ(Z)Q. Then r € MQ(Z)

Proof. We can write r = kijdk, with k; € GLy(Z) and d = diag(m/ny, me/ny) with
ged(my,ny) = 1, ged(ma,ng) = 1. Suppose A - ky = (1, p12), so that p; € My(Z). Then
A -1 € My(Z) implies mypy/ny € My(Z) and mops/ns € Mo(Z). But from the fact that
ged(my,n;) = 1, we obtain py/ny € My(Z) and pg/ne € Mo(Z).

Set g = k; 'diag(ny, no)k; . Then X\-g~! € My(Z)? by the previous line. Hence g € GLy(Z)
so ny,ng = +1. Consequently, r € My(Z) as desired. O

Lemma 6.3. Let S be the finite set of primes and X\ € My(Z)? strongly primitive. Suppose
g € M5(Z). Then if r € GLa(Q) N My(Z) with X - gr=! € My(Z)®? we have that r, gr=' €

Proof. By Lemma 6.2, gr—' € My(Z). Then since g = (gr—')r and because det(g) is a unit
at primes in S, so are det(gr—!) and det(r). O

Proposition 6.4. Let ¢ € Ay z(G, ) be an element of the quaternionic Maass Spezialschar,
MS, so that the Fourier coefficients a, satisfy the conditions of Definition 5.8. Then for a
fized X\ = [T, Tz] € My(Z)®?, the Dirichlet series factors as

qPrim () .
D, (T}, Ty) = > | det(r)|~* > W. (6.2)

reGL2(Z)\M5 (Z) gEMS (Z)/ GL2(Z)

Proof. To prove this proposition, we calculate

aap()"g)
X =
9eMS (Z)/ GL2(Z)

= > | det(g)[' > | det(r)|“ ™ (X gr7")
geM3(Z)/ GL2(Z) r€GL2(Z)\(GL2(Q)NM2(Z))
with A\-gr=1eMy(Z)®?2
rim —1
S D ) et
9EMS (2)/ GLa (2) | det(gr)l
reGL2(Z)\M5 (Z)
with A\-gr=1eMy(Z)9?

CLprim()\ . g,'nfl)
_ —5 L4
B Z Z | det(r)] Z | det(gr—1)[s+-1 )
d€Z>o0 | reGL2(Z)\M5(2Z) gEMS5 (Z)/ GL2(Z)
| det(r)|=d A-gr~teMs5(2))®?

where the second line follows from the quaternionic Maass relations, the third is Lemma 6.3,
and the last is grading by | det(r)].
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Now let Ry = {r1,...,7n,} be a fixed set of coset representatives for
{r € GLy(Z)\M5(Z): | det(r)| = d}

and let {g;: 7 € Zso} be a fixed set of coset representatives of M5(Z)/GLy(Z). Then
applying Lemma 6.3 again, the sum rearranges as

agrim()\ . h)

D, (T, Ty) = Z diSW Z chary, gr,(z) (9]’7”;1) )
de€Z~o 1€{1,...,Ng},jEZ+
heMs (Z)/ GL2(Z)

where char is the characteristic function.

Recall that Ny = | Ry is the number of coset representatives of GLy(Z)\M5(Z) of deter-
minant d. We now show that for a given h € M5(Z),

Ny = |{(2,j) r; € Ry, ngZ-_l S hG’LQ(Z)}|7

and this will complete the proof. For a fixed element r; € Ry, let S(d,i) = {g;lg; €
h GLy(Z)r;} be the set of fixed coset representatives g; in the double coset determined by
r;. As these cosets are disjoint, it remains to show that Ny = S>N [S(d,d)| = | N4 S(d, ).
As R, is a complete set of coset representatives, we have Uﬁil S(d,i) = h(M5(Z)!9t1=4) but
this is a union of Ny GLy(Z) cosets with GLy(Z) now acting on the right. Thus, there are
exactly Ny representatives g; in the set, and the Dirichlet series factors as in (6.2). 0

We will also need the following well-known fact.

Lemma 6.5. We have an equality of meromorphic functions,

> Idet(r)| " = ¢5(s)¢%(s - 1).

reGL2(Z)\M5 (2)

Proof. For each determinant d, there are o(d) GLy(Z) orbits in M3 (Z), where o is the sum
of divisors function. Observing that the Dirichlet series of o is the convolution of 1 with the
identity function, we have the result. 0

Corollary 6.6. Let F' be denote a weight ¢, level 1, degree 2, cuspidal Siegel ergenform, then
Congecture 6.1 holds for ¢ = 0*(F).

Proof. By Lemma 5.10, 8*(F) is in the Mass Spezialschar and thus for any choice of strongly
primitive [T, To] € My(Z)®* the Dirichlet series factors as (6.2) by Proposition 6.4. Now by
Lemma 5.7 and Theorem 5.1 we have that ag. (A - g) = ap(S(A) - g) for all g € M5 (Z).
Hence, by Lemma 6.5 and (6.1)

Dy« (ry(Th, T) = Z | det(r)|™* Z ar(S(A) - g)

| det(g)[*+¢~1
reGL2(Z)\M5(Z) gEMS (Z)/ GL2(Z)
L3 (mp, Std, s)

= (%(s)¢% (s — Da(S(A —

¢7(s)¢7 (s = D)a(S( ))QS(QS)LS(XS()\),S"‘l)

LS<H9*(F), Std, S)
G505+ DC @) B (s, + 1)
The last equality follows from [Ral82], which implies that
L8 (Tor ), Std, 5) = CS(5)C5(5 — 1)¢3(5 + )L (mp, Std, ).

= CLQ*(F)()\)



22 J. JOHNSON-LEUNG, F. MCGLADE, I. NEGRINI, A. POLLACK, AND M. ROY

To complete the proof, we note that (3 (s) = ¢%(s)L"(xs), 5). O

7. THE FOURIER-JACOBI COEFFICIENT

In this section, we complete the proofs of some of the main theorems of the paper, namely
Theorems 1.1, 1.2, and 1.3. The main technical result of this section is Proposition 7.3.
This proposition, in conjunction with Corollary 7.2, is used to complete the proofs of these
results.

7.1. Fourier Coefficients along a Siegel parabolic. Let ¢: G(Q)\G(A) — V, denote
a vector valued automorphic form on G(A) such that ¢(gk) = k= - p(g) for all k € K° and
g€ G(A).

Recall the inclusion V5, C V5,11 as well as the fixed positive definite two plane Voh CVy -
Recall also the orthogonal basis for V," defined in Section 3 consisting of vectors yo and 1,
such that (yo,%0) = (v1,¥1) = 2 and the character y,, defined in (3.7). Let ¥ denote the
Fourier coefficient of ¢ along Ng corresponding to the character y,, as in (4.4), and let H

denote the stabilizer of yy in SO(V3,,11) < M. Then £¥ defines an automorphic function
& HA) >V, em= | 07 (0. g0)elexp(a A v
Va,n+1\V3,n+1(A)

Let V5,41 denote the orthogonal complement of Qyyo in V3 ,,+1. Through its action on V3 ,,11/Quo ~
Vo nt1 the group H is identified with SO(V241).

Write R = Mg - Ng for the parabolic subgroup in H stabilizing the line Qb,. The reader
is referred to §4.1 for notation concerning the group H. The following proposition gives a
“soft” formula for the Fourier coefficients of {¥ along the unipotent radical Ng ~ Vi 4.

Lemma 7.1. Let T € Vi, and write & to denote the Fourier coefficient of £¥ along Ng
corresponding to the character

nr: Nr(A) — C, exp(by Av) = (T, v)).
[f ¢NP,€[y07T] (g) = fNP(Q)\NP(A) @(ng)qymT](n)_ldn and h € H(A) then
50 = [ o (explshy A b2 )
A
Proof. Throughout the proof we adopt the convention that if G is an algebraic group over Q

then [G] :== G(Q)\G(A). Fix T' € V},,. Unraveling definitions and applying the identification
(3.7) we obtain

/ / ,T) + (v,y0))p(exp(by A v) exp(by A v')h)dvdy'
Vi,n] /[V3, n+1]

/ / W T) + (0, 90))o(exp(by A (0 + th)) exp(bs A o)) dtdvdy
Vi,n] Y [Vo,n®Qb—_2] J/Q\A

/ @, T) + (v, 40))z(exp(by Av)exp(by Av')h)dvdy'
Vin] /[Vo,n® 2]

/ / W, T) + (v, y0))ez(exp(sby Ab_s) exp(by A v+ by Av')h)dvdv'ds
Q\A J[V1,,] J[Vr, n]
(7.1)
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A short calculation reveals that if w = exp(sby A b_y) with s € A then
wexp(by Av+by AV )w™! = exp(by A (v + sv') + by AV). (7.2)
By substituting (7.2) into (4.5), the integrand in the last line of (7.1) may be rewritten as
Z QDNP@[Tl,TQ](eXp(Sbl A b—2)h)¢((T17 v+ SU/) + (TQ’ Ul) - (Ula T) - (Uv yo)) (73)
[Th,T2)€V2, n®Va

If s € A and [T}, Ty] € Vs, @ Vi, then the integral
/ V((Ty, v+ sv') + (Ty,v") — (V',T) — (v, o) )dvd’ (7.4)
[Vl,n] [V2,n]
vanishes unless (v, T — Ty — sT1) + (v,y0 — T1) = 0 for all (v,0') € Vo, (A) @ Vi,(A).

Equivalently, the integral (7.4) is non vanishing if and only if 77 = y, and there exists t € Q
such that Ty, = T + tyo. It follows that (7.1) can be simplified to the form

G = [ 3 o g (exD(sb b2 (75)

Q\A cq
Ift € Qand s € A then onp e 1y, (€XD(s01 Ab_2)h) = Onp ey, o (€XD((E+ 8)b1 A b_2)h).
So (7.5) unfolds to the expression in the proposition. [ O

The following corollary is a consequence of Lemma 7.1, Corollary 4.10, and the fact that
Yo € ‘/IJ,_n

Corollary 7.2. Suppose p: G(Q)\G(A) — Vy is a weight { cuspidal quaternionic modular
form on G. Then &n(h) £ 0 only if T € Vi, is positive definite. Moreover, with notation as
in (4.9) the Fourier expansion of £¥ along R takes the form

Clhh) = Y arl(e” hy) /R Wingo 211 (@xD(s0br A bo)hoo)dsns  (7.6)

TeVin: (T,T)>0

where hyhoo € H(A) and ap(€9, hy) = fAf alyo,) (@, exp(spby A b_g)hy)dsy.

7.2. The Archimedean Component of 7. In this subsection we further refine (7.6) and
explain how our refinement can be used to obtain a scalar valued holomorphic modular form
on H(R). First we recall that Mg is identified with the product G,, x SO(V;,) via its
action on the decomposition (4.1). We write elements m € Mg as pairs m = (¢, u) with the
understanding that t € G,,, and v € SO(V},,). The coordinate t € G, is normalized so that
(t,1) - by = tbs.

Proposition 7.3. Fiz T € Vi, such that T is positive definite and [yo,T| = 0. If hoo =
(t,u) € Mr(R)° with t € Rsg and u € SO(Vi,)(R)° then

Wtfe—(Q—t(T7u~y1)) pltvgt—v

—_ v Y
/RW[yO,ﬂ (exp(Socbt A b_2)hoo)dsee = 5 Z i = o) (i 0) (7.7)

——A<v<l

PROOF. To begin, we apply (4.8) to explicate the integrand in the left hand side of
(7.7). Let s € Rsg and recall that he, = (t,u) with ¢ € Ry and u € SO(V;,,)(R)°. Then

unraveling definitions one obtains

Bryo, 11 (€xp (b1 A b_2)hoo) = =25t +i(2 — t(T,u - 11)) (7.8)
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To simplify notation we write w = ¢(T,u - y1). If —¢ < v < £ then (7.8) together with a
manipulation in elementary calculus gives

/OO ( B[yO,T}(exp(sbl A b_Q)hoo)
|6[yo T (exp(sb1 A b_g)hoo)

) Kl (exp(sts £ b)) s

| L2 . ”
=13 (M) useatoye - wp= [ T e (V)

k=0
Hence the formula [GRO7, pg. 693, 6.596(3)] together with (4.8) implies

/W[yO,T] (exp(Soob1 A b_2)hoo)dSee
R

Lo1/2) | o
o\ (isgn(v)(2 — w))lPIm22@k-1/2 (2EH
. Z Z (\ |)( gn(v)( ) (2t

_ v|—(2k+1)/2
—<v<t \ k=0 2k ‘2 w“ = )/
xf+vy67v
XK|U_(%+1)/2(|2_w|>(€—v)'(€+v)') : (7.9)

Claim 7.4. If ho € Mg(R)" then Im(Byy, 11(he)) = 2 — w is positive.

To begin the proof of Claim (7.4) we note that if ho, € Mg(R)? satisfies Im(S}y, 11(hoo)) = 0
then (7.8) implies that 3}, 71(he) = 0 which contradicts our assumption that [y, 7] > 0.
This means that 2 — t(T,u - y;) # 0 for all t € R and u € SO(V;,,)(R)°. Claim (7.4) now
follows from the fact that (T, u - y;) # 0 for all u € SO(V1,)(R)°.

Given X € Ry and —¢ < v </ define

Llvl/2] ~ [v|—2ko(2k—1) /2T ( 2k+1
lv]\ (isgn(v)X) 2 I ( )
S’U(X) = E (2]{? Xl @kiD)/2 2 K\v\7(2k+1)/2(X)- (710)

k=0

w€+vyl—v

Using Claim 7.4, the expression (7.9) simplifies to the form t* > rcvce Su(2 — M)W
Thus to complete the proof of Proposition (7.3) it remains to establish the following claim.

Claim 7.5. If —0 < v < { then S,(X) = =

2

The formula [GRO7, pg. 925, 8.468] implies that Sy(X) = me=X/2 as required. Moreover,
by inspection of (7.10) we have S_,(X) = (—1)"S,(X). Hence we may assume that 1 < v < /.
It follows from [GRO7, pg. 925, 8.468] that

,X I_'U/QJU k} 1 . k7'712
—k—1 12k==1/21(k 4 1/2 ,
SU<X) \/_ § : § : ( ) v +j) ( + /)valfkf]'
Jj=0

V2Xv-1 jo—k—=1-=)

(7.11)
If k € Zso then T'(k + 1/2) = (2k)!\/7 - 47%/k!. Therefore (7.11) is equal to the expression

X lv/2] v—k—1 . i
i'me vl(v =k =14 )27+ ki
. XY J 7.12
2~X’”—1Z JZ v—2k) (v—Fk—1—=7)5k! (7.12)
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Let m = j + k so that k = m — j. Then (7.12) may be re-expressed in the form

v _ v—=1 m . . -m

rme X Z(_l)m—] ’U'(?}—( _])_1+])'2 XU~ 1-m

2-X”—1m_0]0 (v—2m+2j)l(v—1—m)ljl(m —j)!
i”ﬂe_X PreX A& (v —1—m+2j)127™

=T Tan lezz ' v—2m—(i—2)(v—1—]))"'(m—')'Xv_l_m

o J 17! J)!

tre=X  rreX 2 vl2=m — - (v=1—m+2

= + — (_1)m Z . J) XV 1-m

2 2-)(”1m:1 ml(v—1—m 'J (v—=2m+25)! \j

B i'me X
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The last equality above uses the fact that ;" (—1)*(7) F (k) = 0 whenever F(k) is poly-

nomial in k& of degree less than m. The proof of Claim 7.5 is now complete, which completes
the proof of Proposition 7.3. [J

Let {-,-}xo: V; x V; — C denote the unique K% invariant symmetric bilinear form on V,
normalized so that

{x€+vy€—v7 xZ—wyZ-&-w}Ko — (_1)Z+U5U,’LU(£ + U)'(ﬁ . U)'

where v,w € {—{,--- ,(} and §,,, is the Dirac delta symbol. Before proving the next corol-
lary we introduce coordinates on the maximal compact subgroup Ky := KN H and describe
how the identity component K% acts on the representation V. Let W5 (R) = R-span{us, v, }
and let W, ;(R) denote the orthogonal complement W, (R) inside of V5,41 (R). Then

V2,n+1(R) = W;(R) ® W7;+1(R) (7~13)

is a decomposition of V4 ,11(R) into definite subspaces. The maximal compact subgroup
Ky = KN H(R) is the stabilizer in H(R) of the decomposition (7.13). So Ky has identity
component K% ~ SO(2) x SO(n+1). To describe the action of K% on V, we first note that
SO(n + 1) < SO(V™) and thus SO(n + 1) acts trivially on V,. It remains to describe the
action of the subgroup

SO(2) = {exp(fus A vy): 6 € R}.

Since up A vy = —3(et — f1) 4+ 3(e'F — f'*) and {z,y} is weight basis for the action of the
sly-triple {e™, A" f*} we have that

exp(Qug A vy) - (—ix + y)** = e 0 (—iz 4 y)*
Theorem 1.1 is now proved with the following corollary.

Corollary 7.6. Suppose p: G(Q)\G(A) — Vy is a weight { cuspidal quaternionic modular
form on G. Let £ denote the V valued automorphic form obtain by restricting the x,,-th
Fourier coefficient of ¢ to the subgroup H(A) < Mg(A) (see §7.1). Then the function

FJ,: H(A) — C, h— {&#(h), (—ix + y)?} ko

1s the automorphic function corresponding to a weight £ holomorphic modular form on H.
Moreover, the classical Fourier coefficients of F'J, are finite sums of the quaternionic Fourier
coefficients of
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Proof. For h € H(R), define WX’ (h) as

W) = { [ Wi (el A b-adscs (i + 07
R KO
We claim that WE7(hk) = j(k, —iy))"“WE7(h) for all h € HR)? and k € K9, and
that the function Z — j(g, —iy1)*WE7(g), where Z = g -i(—y;), is a holomorphic function
of Z. This will establish the corollary, and also give the form of the Fourier expansion of
holomorphic modular form associated to £%.
Recall that uy = \%(bg +b_5) and vy = \%(64 +b_4) = \%yl. Above it is calculated that

exp(Qug A vy)(—iz + y)* = e " (—iz + y)*

and thus
W’ZEJ(heé’uy\vg) — €7i£0WrZEJ(h).

To prove the first claim, we must compute that, if k = %22 then j(k, —iy,) = e .
But an immediate check gives ug A vy - (by + iy; +b_o) = i(by +iy; + b_3), which implies that
indeed j(k, —iy;) = e .

For the second claim, suppose g = exp(z Aby)h, where h = diag(t,u,t™'). Then one calcu-
lates g+ (—iy,) = Z, with Z = z+itu-(—y;) and j(g, —iy;) = t~'. Now we have immediately
from the computation Proposition 7.3 of W7 (h) that there is a nonzero constant 7 so that

3(g, =iy) W7 (g) =t TOWLI (h) = ne!To)elTm) = pelT2),
The corollary follows. O

7.3. Fourier coefficients for Sp,. In this subsection we specialize to the case n = 2 so
that H = SO(V43). Our first task is to describe a map Sp, — H in explicit coordinates.
Recall yo = b3 + b_3, y1 = bs + b_4, V1o = Span(bs — b_3,b4,b_4), and Vo3 = Qby + V12 +
Qb_5. Let W, be the standard representation of Sp,, with symplectic basis ey, es, f1, fo and
write Vj for the kernel of the contraction map A?W, — Q given by the symplectic pairing.
The Sp,-representation A?W, is identified with Span(by, b3, by, b_4,b_3,b_5) via
[ J b2 = €1 A ()]
[} bg = €1 A f1
[} b4 = €1 A f2
e b ys=—exAfi
e b 3=eAfy
o b o=—f1Afo
We put a blinear form on AW, as uy Auy = (u1, ug)e; A fi Aea A fo for up, uy € A2Wy. Then
the above identification of bases respects the quadratic forms on both sides. Moreover, in
this identification, Vs = Span(bs, b3 — b_3, b, b_4, b_5), which is V5 3.
Because Sp, acts on Vi preserving the quadratic form, and because the identification of
Vs with V43 respects the quadratic forms on each, we obtain a map 7: Sp, — SO(V;5) ~
SO(Va3). If ¢ is an automorphic function on SO(Va3), define ¢* := ¢ o .

Let
KSp4:{(g _AB ) :A+iB€U(2)}

denote the standard maximal compact subgroup of Sp,(R). If jsp, (7, Z) is the standard
factor of automorphy, then jg,, (®,715) is a character Kg,, — C*. We claim that if £ € Ky,
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then jsp, (k,il2) = jso(vys)(m(k), —iy1). Here jsoqs,) is the factor of automorphy defined in
Section 4.1. Indeed, to compute jsov, ) (7(k), —iy1), we simply let 7(k) act on

by —iy1 +ba=e1Nea— fi N fa—i(er A fa—ea A f1) = (e1 —if1) A (e2 —ifa).

Now the claim is immediately verified.

If ¢ corresponds to a holomorphic modular form, then so does ¢*, and their Fourier

coefficients are related as follows. Suppose s = (4 ) and set n(s) = (1) € Spy. Then one

computes, under our identification of bases of V5 with V5 3, that
n(s)-b_o =exp(by A (v(bg — b_3) — uby — wb_y4)) - b_s. (7.14)
Moreover, if T' = (b72 bé 2) then

(T, s) = au+bv + cw = (v(bs — b_3) — uby — wb_4, —(cby + bbs + ab_,)). (7.15)

From combining (7.14) and (7.15) one sees that the T-th Fourier coefficient of ¢* is the
—(cby + bbs + ab_4) Fourier coefficient of ¢. Here we note that elements of

Spang (bs, by, b_4,b_3)/(Z(bs + b_3))

give Fourier coefficients of ¢. And, for v € Spang(bs, by, b_4,b_3), we write the v-Fourier
coefficient of ¢ to mean the Fourier coefficient of ¢ corresponding to the image of v in

Spangy, (b3, by, b_y4,0_3)/(Z(bs + b_3)).
7.4. Application of triality to Fourier coefficients. Recall the Lie algebra isomorphism
P: A20 = gg (see (A.1)). Applying the identification (3.4), @' maps the element
o' By + 01 ® (B, By, B3) + 03 ® (71,72, 73) + 6 Eas € g
to the element
by Ay + b Ay = by A (B3bs — &by + b s+ B1b_s) + ba A (V1bs — Byba + 0b_s +73b_5) € A°V.

Consequently, if (77, Ty) € Span(bs, by, b_4,b_3) and L is the linear map on the abelianization
of the unipotent radical of the Heisenberg nilpotent given by

Loy Ay +ba Ays) = (T, ) + (T2, 95),
then L corresponds to the element w € Wg, w = («, 5,7,0), where
Ty = y1b3 — Boby + 0b_4 + y3b_3
Ty = —f3b3 + aby — Yob_y — B1b_s3.
That is, with the above definitions of 77, T3, v}, y5, one has
((a,8,7,0), (o, 8,7, 6)) = (T1,41) + (T2, ).

We are now ready to prove Theorem 1.2 as the following corollary.

Corollary 7.7. Suppose F' is a quaternionic modular form of even weight £ on G and level
one. Then there is a Siegel modular form f(Z) on Sp, of weight ¢ and level one so that one
has an identity of Fourier coefficients

(1) -

where Ty = —bby + abs + b_3 and Ty = —cby — b_4
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Proof. Observe that (bs + b_3, —(cby + bbs + ab_4)) corresponds to the element
(—¢,(0,0,0),(1,a,1),0) € W.

Applying triality in the form of Theorem A.1, we obtain (—c¢, (0,b,0), (a,1,1),0) € W, which
then corresponds to the pair (—bby + abs + b_3, —cby — b_4). This completes the proof. [

One sees that the pair [T7, T3] is strongly primitive because of Ty = —bby + abs +b_3, Ty =
—cby — b_y, and m € My(Q) satisfies [T}, To]m is integral, then m € My(Z). Moreover,
a

S(Ty, T) = ( b2 béQ ) As a consequence, we obtain:

Corollary 7.8. Suppose @ is a level one, cuspidal, quaternionic modular form of even weight
¢ > 16 that is in the Maass Spezialschar. Then there is a holomorphic cuspidal modular form
f on Spy so that p = 0*(f). In particular, ¢ is in the Saito-Kurokawa subspace.

Proof. Let f be the weight ¢, level one holomorphic Siegel modular form for Sp, constructed
in Corollary 7.7. By Theorem 5.1, the Fourier coefficients of 6*(f) agree with those of ¢
for [T, T3] of the form [—bby + abs + b_3, —cby — b_4]. Because both 6*(f) and ¢ are in the
quaternionic Maass Spezialschar, it follows from Definition 5.8 that the Fourier coefficients
of ¢ and 0*(f) agree for all [T, Ty]. Consequently, ¢ = 0*(f) as desired. O

Theorem 1.3 follows immediately from the corollary.

8. HECKE STABILITY AND THETA LIFTS

Suppose ¢ is a cuspidal quaternionic eigenform on . The purpose of this section is to
give some equivalent conditions for ¢ to be in the Saito-Kurokawa subspace. In particular,
we prove Theorem 8.11, which gives a mostly representation theoretic criterion for ¢ to be
quaternionic Saito Kurokawa lift. One consequence of this theorem is Corollary 8.12, which
is our starting point for the work of section 9 on periods.

The results we prove in this section are mostly derived from what is known about the
theta correspondence between symplectic and orthogonal groups. Because we work with
quaternionic modular forms on a special orthogonal group, instead of an orthogonal group,
we spend some effort relating representations and automorphic forms on these two groups.

8.1. Restriction from O(V'). Recall that V is our split quadratic space of dimension 8 with

integral lattice V(Z) spanned by the b;, and G = SO(V). Set Gy = O(V), the orthogonal

group of V. We write K, = G1(Z,) for the subgroup of G1(Q/) that stabilizes V(Z,) and

G1(Z) = [1, G1(Zs). Set ko € Gy to be the element that fixes b; for ¢ € {1,2,3, -1, -2, -3}

and exchanges by with b_,. We will at various times consider kg in G1(Q,) or G1(Q) or K7 4.
We begin with a simple lemma.

Lemma 8.1. The natural map

G(Q\G(A)/G(Z) — G1(Q)\G1(A) /G (Z)
s a bijection.

Proof. For the surjectivity, if g; € G1(A), there exists 71 € G1(Q) so that (71)xg1.00 € G(R),
and thus there exists k € G1(Z) so that v191k € G(A). For the injectivity, if ¢,¢" € G(A),

and ¢ = gk for some v € G1(Q) and k € G1(Z), then comparing determinants at the
archimedean place proves v € G(Q), and at all the finite places proves k € G(Z). d
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Recall from Definition 4.2 that Ay z(G, ¢) denotes the weight ¢ quaternionic cuspidal mod-
ular forms that are right invariant under G(Z). Similarly denote Ay z(G1,¢) the cuspidal

quaternionic modular forms on G; that are right invariant under G1(Z), where in the defi-
nition of A(G1,¢) we assume the functions are valued in V, (instead of a larger space) and
are equivariant only for the identity component K of a fixed maximal compact subgroup of
G1(R).

We have a restriction map Res : Agz(G1,¢) = Ao z(G, ). We use the lemma to define a
lifting map L : Ao z(G,0) = Aoz(G1, ).

Proposition 8.2. Regarding the maps L and Res, we have the following facts:

(1) The maps L and Res are inverse isomorphisms.
(2) If ¢ is a Hecke eigenform on G, then L(yp) is a Hecke eigenform on Gj.

Proof. Part (1) of the proposition is immediate. For part (2), suppose T € H,(Gy), the
algebra of smooth, compactly supported functions on G;(Q,) that are bi-invariant under
G1(Z,). Let Ty be the restriction of T' to G(Q,), so that T; € H,(G), the Hecke algebra of
G(Qp). Then T'(g) = Ti(g) if g € G(Q,) and T'(g) = T1(gko) if det(g) = —1. Now, because
L(y) is invariant by ko, we have T'L(¢) = T1L(p) (normalizing measures appropriately) so
Res(TL(y)) = Tip = M. Applying L gives the desired conclusion. O

Let T denote the diagonal torus of GG or GGy. Let X be an unramified character of 7(Q,), 7
the irreducible unramified subquotient of I nd ((5]19/ 2 X), and 7, the irreducible unramified

subquotient of nalG1 Qp ((5]13/ 2x) where dp is the modulus character for the Borel subgroup

of G. Here B; ~ B 1s the upper triangular subgroup of G;. Let the normalized spherical
vectors in the inductions be ¢ and ¢;. Observe that the restriction of ¢; to G is ¢.

Lemma 8.3. Let the notation be as above. Suppose x(diag(1,1,1,p,p~*,1,1,1)) = 1. Then
the restriction to G(Qp) of Ty 1S Ty, i.e., m1, restricts irreducibly to G(Q,).

Proof. Let V; be the space of 771x and V' the space of m,. We write I; for the induction
I ndGl Q” ((5}13/ 2)() and I for I nd ((5]13/ 2x) Thus V; is the unique unramified subquotient
of I and V' is the unique unramlﬁed subquotient of I.

We have a restriction map I; — I, which is G(Q,) equivariant. We let I] be the subspace
of I given by those functions f that satisfy f(kog) = f(g) for all g € G1(Q,). Note that the
property of x assumed in the lemma implies that /] contains the spherical vector ¢;. We
claim that the restriction map defines an isomorphism of G(Q,) representations I; — I.

To see surjectivity, suppose f € I. Define a function f; on G1(Q,) as fi(g) = f(g) if
g € G(Q,), and fi(kog) = f(g) if again g € G(Q,). One checks that f; € I, using the
property of x assumed for this lemma. For injectivity, if fi(g) = 0 for all ¢ € G(Q,) and
some f; € I{, then f;(kog) = 0 so f = 0. Consequently, I{ — I; is an isomorphism.

Let U C I be the submodule generated by the spherical vector ¢, and let U; C I] be the
submodule generated by the spherical vector ¢;. Let vol(K),) denote the volume of K, and
vol(K ) denote the volume of K, for a fixed choice of Haar measure. Define

1
= — k-vdk
pr(U) VOI(KP) /Kp v

and similarly for pg, , so that these are projections. Now set M = {u € U : pg,(gu) =
0Vg € G(Qp)} and My = {u € Uy : pg, ,(gu) = 0Vg € G1(Q,)}. One has that M is the
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maximal proper submodule of U and M; is the maximal proper submodule of U;. We have
‘/1 = Ul/Ml and V = U/M
If f € I or I, then pk, (g f)(h) = vol(Kyp)~ fK f(hk1g) dky and pg, (g - f)(h) =

vol(K, fK (hkg)dk. Now observe that if f € I, then Res(pk,,(f)) = prk,(Res(f)).
Indeed if h = bk, with k € K, and b € B, then
vol(Kp1) Res(px, , (f)) (bk) = f(Okky) dky = x(b) [ f(ka) dky
Klyp Kl,p

= 2x(b) . f(k) dk = vol(K1p)px, (Res(f))(bk).

It follows that the restriction map induces a well-defined injection V; = Uy /M; — V =

U/M. As V is irreducible, this map is an isomorphism. 0
Proposition 8.4. For ¢ > 16 even, the Saito-Kurokawa subspace of Ayz(G, ) is Hecke
stable.

Proof. Let f1,..., fn be a basis of the weight ¢, level one, holomorphic cuspidal Siegel mod-
ular forms on Sp,. Let F; = L(0*(f;)) be the theta lift of f; to G, so that 0*(f;) = Res(F}).
Then each Fj is nonzero, and so the automorphic theta module I, = O, (7,) # 0. By Howe
duality [GT16] it is thus irreducible. Consequently, F} is a Hecke eigenform. If the Satake pa-
rameters at a prime p of f; are diag(ay, 85,1, 5; ,04; 1), it follows from [Ral82], as explained
in [Gan23], that the Satake parameters of F; at p are diag(a;, 8;,p,1,1,p7", Bj_l, aj_l). For
these particular Satake parameters, i.e., With two 1’s, the restriction from G; to G remains
irreducible by Lemma 8.3. Consequently, the finite part Ilg, ; restricts irreducibly to G, so
0*(f;) = Res(Fj) is again an eigenform. Thus SK, is spanned by eigenforms, so is Hecke
stable. 0

We will need Lemma 8.7 (below) soon. We setup this lemma now. Recall from Defini-
tion 4.3 that for an integer £ > 4, we let 7 be the quaternionic discrete series representation
of G(R)® with minimal K°-type S?(C?)®1®1, as a representation of SU(2) x SU(2) x SO(4).
It has the same infinitesimal character as the highest weight submodule of Sym‘™*(A%V).

Definition 8.5. We set m; to be the induction from G(R) to G(R) of 7). Let W, denote
the underlying vector space for the representation 7). As a (g, K)-module, the underlying
vector space of mp is W) := Wy & W,. Fix p € K\ K° If k € K° then k acts on W as
k(wy,wq) = (kwy, pkptws). The element p acts on W) as p(w, wq) = (weq, p?wy). If X € g,
then X acts on W; as X (wy,ws) = (Xwy, Ad(p)(X)ws).

The representation 7, extends to G1(R), because it is isomorphic to its kg-conjugate.
There are two possible extensions, which we denote by II, and II, ® det. Let O(4)~ be the
subgroup of G1(R) that acts as the identity on V. We fix the notation so that O(4)~ acts
as the identity on the minimal K-types of II, (and via the determinant map on the minimal
K-types of II, ® det.)

Definition 8.6. We define A7 (G, ¢) to be the space of (g, K°) homomorphisms from 77
to Apz(G). We define reP(Gl,E) to be the space of (g, K') homomorphisms from II; to
Aoz(Gh).

If o € A(G), set 1(p) € A(G) as 1(¢)(g) = @(kogky'). We say that ¢ is in the plus
subspace if 1(¢) = ¢. We remark that it follows immediately from the definition of the theta
lift 0* that any ¢ = 0*(f) is in the plus subspace.
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Lemma 8.7. If ¢ € A(7(G, () is in the plus subspace, then L(p) is in Az (G, ().

Proof. Suppose F': Wy — Ay z(G). Let ¢ € 7y, so that ¢ = (wy, ws) in the notation above.
Define F' : W) — A(G) as F'(¢) = F(w;) + p~'F(wy). One checks that F” is a (g, K)
homomorphism.

Define now V¥ : 11, — A(G;) as ¥(¢) = L(F'(¢)). This is (g, K) equivariant. Observe
that k' oWokg and ¥ are both (g, K)-equivariant maps from II, to A(G,). If 7 denotes the
minimal K-type of 79 and F(7) lands in the plus space, then one checks that k, ' o Wo kg and
U agree on 7. By irreducibility of Il,, they then agree on II,. This proves the lemma. 0]

8.2. Lifts back to Sp,. We begin with a preliminary result. Recall the notation II, from
Definition 8.5.

Lemma 8.8. Suppose Il = 11;®1l is a cuspidal automorphic representation on G, with Il
a quaternionic discrete series Il,. Let ¢ be a cusp form in the space of I, and x a degenerate
character of Up, the unipotent radical of the Heisenberg parabolic subgroup subgroup. Then
the Fourier coefficient p,(g) = 0.

Proof. Let o : II — Ay(G1) be the given embedding. Let L, denote the C-valued linear
form on Ag(G1) given by L, (€) = &,(1). Suppose ¢ = a(vf ® vs). Let {v;} be a basis of
the V, C I, and {v}'} the dual basis. Consider the function F, : Gi(R) — V, defined as
F(g)=>,L (ga(’uf ®v;))vy. Then F,(g) is a generalized Whittaker function of type x,
and is a bounded function of g because a lands in cusp forms. Consequently, I (g) = 0 on
G1(R)°.

Let ¢ = diag((;!),1,(;!)) and ko be as usual. Then the 1,¢, ko, tky are in the standard
Levi of the Heisenberg parbolic, and meet every connected component of G1(R). If z is
one of these representatives, then note that F,(zg) : G1(R)° — V, is again a bounded
generalized Whittaker function for a degenerate character (namely, x - ). Thus F, (zg) = 0.
Consequently, F(g) is 0 on all of G1(R), so ¢, (g) must also be identically 0. O

From Lemma 8.8, we now immediately obtain the following proposition. Recall that we
write V. =U + Va,, + U".

Proposition 8.9. Let II = 1I; ® Il be a cuspidal automorphic representation on G with
[, a quaternionic discrete series. For a vector v € Va,,, let N, = exp(U A (UL Nvt)) be a
certain subgroup of the unipotent radical of the Heisenberg parabolic subgroup subgroup. One
has the following facts.

(1) Suppose ¢ € I1. Then the constant term of ¢ over N, is identically 0.
(2) The theta lift of 11 to SLy is 0.
(3) The theta lift of I1 to Sp, is cuspidal.

Proof. For the first part, the constant term of ¢ over N, can be expanded in term of degener-
ate Fourier coeflicients of ¢, so is 0 by Lemma 8.8. For the second part, standard calculation
with the definition of the Schrodinger model of the Weil representation immediately shows
that the Fourier coefficients of the theta lifts 64(¢) to SLs factor through periods of ¢ over
subgroups S, = {g € G; : gv = v}. These subgroups contain the N,’s, so the periods vanish.
The third part follows from the second by the Rallis tower property, or directly from the
first part by a similar calculation with theta lifts and periods. 0

We will shortly use the following direct corollary of results of Yamana [Yam14].
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Theorem 8.10. Suppose 111,115 are automorphic cuspidal representations of G, which are
isomorphic (but not necessarily equal in the space of automorphic forms.)

(1) One has that Ogp, (I11) # 0 if and only if Og,, (I1) # 0.

(2) Let Ao(G1)[I11] denote the I1y-isotypic subspace of the cusp forms on Gy. If there
ezists f € Ao(Spy) and test data ¢ so that 04(f) € Ao(G1)[I1] is nonzero, then every
element of this space is in the image of the theta lift from Spy.

Proof. For the first statement, note that Yamana proves that the these theta lifts are nonzero
precisely if the local theta lifts ©(IL;,) # 0 for every place v of Q, and the L-function
L(I1;, Std, s) has a pole at s = 2. These latter conditions only depend on the isomorphism
type of the II;.

For the second statement, let B C Ay(G)[II;] be the space of the theta lifts from Sp,,
let C' be its orthogonal complement in Ay(G1)[I1;]. Then B is a G1(A)-representation, and
thus so is C'. Suppose for the sake of contradiction that C'is nonzero. Let Il C C'. By the
first part, Ogp, (II2) # 0, so there exists f’ a cusp form on Spy, test data ¢ and ¢, € II; so
that 04(f') € Ao(G1)[IL;] and

(02, 05(f")) = (05(02), f') # 0.

(We are using that if f" € Ogp, (I2), then O4(f') € Ay(G1)[Ili], which follows from local
global compatibility of the theta correspondence.) This contradicts that Il is orthogonal to
B, proving the claim. O

We now have the following result, which follows from Theorem 8.10.

Theorem 8.11. Suppose p € A7 (G, () is a Hecke eigenform in the plus subspace. The
following conditions are equivalent:

(1) ¢ € SKy, i.e., there exists a level one holomorphic Siegel modular form f of weight
0 so that o = 0*(f) in Ao z(G,0);
(2) Osp, (L)) # 0;

Proof. 1t is clear that (1) implies (2): Indeed, if ¢ = 6*(f), then there is test data ¢ so that
L(p) = 0,(f) € Ao(G1) is nonzero. Since (0,(f),05(f)) # 0, we see that

| @l mFE dgdn 2 0.
[G1]x[Sp4]

50 Ogp, (ML) # 0.

We now prove that (2) implies (1). Let ©’ be the irreducible cuspidal automorphic repre-
sentation of Sp, which is Ogp,, (IIy(,)). It is irreducible by global Howe duality [GT16] and
is cuspidal by Proposition 8.9. By local-global compatibility (see [Gan23]), 7’ is generated
by a level one holomorphic Siegel modular form f’ of weight ¢. It follows that ©¢, (7') has
nonzero inner product with some element of II;(,), and that ©¢, (') is isomorphic to Il ).
By Theorem 8.10, there exists a level one cuspidal automorphic representation m on Sp, for
which O¢, (1) = ). Indeed, there exists a cuspidal automorphic representation m; on
Sp, and fi € my so that 04(f1) € IIy,). Because Il is irreducible, O¢, (m1) 2 II;,. But
Og, (m) itself is irreducible, so O¢, (71) = II1(,). One sees that m; must be unramified at
every finite place and holomorphic discrete series at infinity, so we can take m = 7.

Finally, let f € m be the level one Siegel modular form. Then 6*(f) is nonzero, but also
in IL,, so we must have 0*(f) = ¢ as desired. O
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For a half-integral 2 x 2 symmetric matrix S, let Ps, be the weight ¢ Poincare series on
Sp,4 associated to S, and let Qs be the associated Poincare lift; see Proposition 5.3.

rep

Corollary 8.12. Suppose ¢ € AO’Z(G,E) 15 an eigenform in the plus subspace, for £ > 16
even. Then ¢ € SKy if and only if (¢, Qse) # 0 for some S.

Proof. 1f p € SKy, then clearly such an S exists: We have ¢ = 0*(f), and f =3, a;Ps,,
so that ¢ = Zj BiQs, ¢, and hence (p, Qg, ¢) # 0 for some j.

Conversely, suppose (p, Qsy) # 0 for some S. This inner product is equal to (L(¢), L(Qs¢))
and L(Qgy) is a theta lift from Sp,. Thus Ogp, (II1(,) # 0, so the corollary follows from
Theorem 8.11. O

In the next section, we will study the inner products (¢, Qss) # 0 in terms of periods of
®.

9. PERIODS

The purpose of this section is to prove Theorem 1.4, restated below as Corollary 9.8. By
Corollary 8.12, we can characterize the elements of the Saito-Kurokawa subspace in terms
of inner products with the ()s. Thus to prove Theorem 1.4 it remains to relate the inner
products (p, Qs) to periods of . That is what we do in this section.

Suppose vy,v9 € V. We denote H,, ,, the stabilizer of vy,ve in G. If v,vy € V(Q) or
V(R), then H,, ,, is an algebraic group over Q or R. If vy,vy € L = V(Z), then we write
H,, »,(Z) for the subgroup of G(Z) that fixes vy, vs.

Given vy, vy € V(R) spanning a positive-definite two-plane, recall we define

14

B (g) _ prﬁuz (g_1<U1 A U2))
T e (g7 o A [P

Then By, 1,1(g) is a function G(R) — V,. That it is defined (i.e., that the denominator is
nonzero) follows from the following lemma, and the fact that if vy, v, span a positive definite
two-plane, then the projection of vy, vy to V} still span a two-plane.

Lemma 9.1. Suppose uy,us € Vy span a two-plane. Then pre,,(u; A ug) is nonzero.

Proof. This is clear for the basis elements uy, us of section 3. It now follows in general by
SO(V}) equivariance of the projection map. O

Suppose now that 7' is a fixed half-integral, positive definite, symmetric matrix. Set
Xr ={v1,va € L:S(vy,v9) =T}. If £ > 16 is even, recall we set

QT;E(g) = Z B[m,vz},ﬁ(g)'
(v1,v2)eXT
Similarly, if v, v, € L span a positive-definite two plane, and ¢ > 16 is even, we set
Qvl,w;@(g) = Z B[vl,vz};f(’yg)'
'Yethvg(z)\G(Z)

Suppose D = —4det(T) is odd and square-free. By [Sah13], the Poincare series Pr with
these 7" span the space of cusp forms of weight ¢ and level one on Sp,. By Theorem B.1, for
such T', Q1. = Quy vy for any vy, vy € L with S(vy,vy) = T. Thus we have:
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Corollary 9.2. Suppose £ > 16 is even, and ¢ is a level one cuspidal quaternionic modular
form on G of weight {. Suppose moreover that ¢ is an eigenform in the plus subspace. Then
© € SK; if and only if (¢, Quy ) # 0 for some vy,v5 € L with —4det(S(v1,v2)) odd and
square-free.

Our objective for the rest of this section is to reinterpret the inner product (@, Qu, vy.0)
as a period of ¢ over H,, ,,. The inner product (p, Qu, v,:¢) is defined adelically. It can be
interpreted as an integral over the real points of GG, by the following lemma.

Lemma 9.3. The canonical map
G(Z)\G(R) = G(Q)\G(A)/G(2)
18 a biyjection.

Proof. The map is clearly an injection. For the surjectivity, we must prove that G(Ay) =

A~

G(Q)G(Z). Thus suppose g € G(Ay). By the Iwasawa decomposition for the Siegel parabolic
NM of G, we can write g = umk with u € N(Ay), m € M(Ay) ~ GLy(Ay) and k €
Ky = G(Z). We can write m = vk, for some v € GLy(Q) C G(Q) and k, € Ky. Thus
g = v(y tuy)kik. But now vy luy = pky for some p € N(Q) and ky € K;. The lemma
follows. O

To setup our result on the inner product (¢, Qy, ), We need an additional lemma.

Lemma 9.4. Suppose vi,vo € V(R) span a positive-definite two-plane. Then the image of
K N H,, ,,(R) in the long root SUs /115 is a nontrivial torus.

Proof. Suppose uy,us span the orthogonal complement in V; of the projection of vy, vy to
Vy. Then the projection of K N H,, ,,(R) in the long root SUs /s is the projection of the
exp(tu; A ug) with ¢ € R. Now the lemma follows by Lemma 9.1. O

We write Ky, », = KNH,, ,,(R). It follows from Lemma 9.4 that K, ,, stabilizes a unique
line in V,. Suppose v" € V, spans this line. Observe that By, ,,)(1) is in the same line, so
that (v, By, 0,(1)) # 0.

If v1,v5 € L, and ¢ is a level one cuspidal quaternionic modular form on G, we define

1
Py () = —/ (W', o) dh.
<,U/7 B[U17U2] (1)> HU1,U2 (Z)\HULUQ (R)

In terms of the vector-valued period P defined in the introduction, note that P, ,,(¢) =

%. Observe that Py, ,(p) is invariant by K, ,,, so by Lemma 9.4, P, ,,(¢) # 0 if
I’ V1,02

and only if P, .,(¢) # 0.

Theorem 9.5. Suppose ¢ > 22. There is a nonzero constant Cy, 4, S0 that (p, Qv vy) =
Cloy vs Py vy (p) for all level one, weight  cuspidal quaternionic modular forms .

The proof is easy, once we have one more lemma. Say that v € V, is completely degenerate
if v is in the SLy(C) orbit of a highest weight line of V,. Additionally, say that a smooth,
K-equivariant function b: G(R) — V, is quaternionic if D;b = 0. Here D is the differential
operator appearing in Definition 4.2.

Lemma 9.6. Suppose F' : G(R) — Vy is a quaternionic function so that F(g) is never
completely degenerate. Suppose also that a : G(R) — C is a smooth function with aF
quaternionic. Then a is constant.



THE QUATERNIONIC MAASS SPEZIALSCHAR ON SPLIT SO(8) 35

Remark 9.7. Suppose v € V. Consider the condition:
o (v,u) =0 with u € V; implies u = 0, where (v,u) € S?*~1(V4) is the contraction.
The element v satisfies this condition precisely if v is not completely degenerate. Indeed, by

acting by SLy(C), it suffices to consider the case u = x. Then (v, x) = 0 implies v is in Cz%.
We also remark that if (v, v) # 0, then v is not completley degenerate.

Proof of Lemma 9.6. First observe that, because both af’ and F' are K-equivariant, and F'
is never 0, we obtain that a is K-invariant. Now, let p = Vo @ W, {w,} be a basis of W, and
{w)} the dual basis of WVY. Then

D(aF) = aD(F +Z 7 @ wa)(a)(F,y)wy — (y @ wa)(a)(F, x)wy

We have D(F') =0, and the w) are linearly independent. Thus we obtain

(z @ wa)(a)(F, y)wy = (y ® wa)(a)(F, x)wy =0

for all a. But by Remark 9.7, (F,y) and (F,z) are linearly independent in S%~1(V3).
Consequently (z ® w,)(a) =0 and (y ® w,)(a) = 0 for all a. In other words, Xa = 0 for all
X € p. One concludes that « is constant. O

Proof of Theorem 9.5. Set

B,(g) = / o(hg) dh.
Hyy vy (Z)\Hyvy vy (R)

Then B,(g) is quaternionic and left H,, ,,(R)-invariant. Indeed, to see that B,(g) is quater-

nionic, we simply need to justify differentiation under the integral [ Hor oo (Z)\Hor o, (R) To do
. . . . . U17v2 v17v2

this, fix X € p. Then we are intersted in proving the equality

d d
— o(hge'™) dh = / —p(hge'™) dh
dt HUlﬂ“Q(Z)\HULTQ (R) Hvl UQ(Z)\Hvl vg (R dt

at t = 0. One now justifies the exchange simply by the boundedness of cusp forms.
Now, we claim that there is a constant D; so that B,(g9) = D1By, 1,(g). Indeed, if
ke KNg 'Hy 0(R)g = K14 414, then

k™' B,(g9) = By(gk) = By(9)

because By, is left H,, ,,(R)-invariant. Thus By (g) and By, .,)(g) lie on the same line in V,
for every g € G(R). Because (B, 1,)(9), Blo,».)(9)) # 0 for all g, we can apply Lemma 9.6
to deduce that B,(g) = D; B, ,)(g) for some constant D;.

Now, the constant D, is determined by evaluating both sides at g = 1 and pairing with
V', so we obtain Dy = P, ,,(¢).

Now one has

(2 Qurn) = / (Biur.nl (9), 0(9)) dg
Hyy 0y (Z)\G(R)
- / (Biuy (9). Bo(9)) dg
Hyy oy (R)\G(R)

= PUM&(QD) / <B[’Ul,v2} (9)7 B[v1,v2](g)> dg-
v1,v9 (R)\G(R)
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To justify the unfolding of the integral, we must prove that the first integral converges
absolutely. We have

[(Bloy,02(9)s 2] < [|Bog,wa) (9] - Nl < ClIBlog 01 (9)]]-
Thus

l/ (Biuya (9), 0(9))] dg < C Biur o (9)]] dg
Hyy vy (Z)\G(R) R)

Huy oy (Z)\G(

:0/ | B (9)]| dg
Hyy op (R)\G(R)

because H., u,(Z)\Hy, v, (R) has finite volume and B, ,)(g) is left-invariant by H,, ,,(R).
Now the result, for ¢ > 22, follows from Theorem C.1. 0J

Putting everything together, we have obtained the following result.

Corollary 9.8. Suppose ¢ > 22 is even. Suppose ¢ is a level one, weight {, cuspidal
quaternionic eigenform on G in the plus subspace. Then ¢ is a Saito-Kurakawa lift if and
only if there exists vi,vo € L with S(vy,v2) > 0 and D := —4det(S(vy,v2)) odd and square
free, so that the period P,, ,,(¢) # 0.

APPENDIX A. TRIALITY

The purpose of this section is to work out facts regarding triality on D, and how it
interacts with the notion of quaternionic modular forms. This is an important ingredient in
the proof of Theorem 1.2.

To define triality on Dy, recall the trilinear form (z,y, 2) = tro(z(yz)) on the octonions Q.
See subsection 3.2 for notation regarding the octonions. The group G’ = Spin(Q) is defined
as the set of triples (g1, g2, g3) € SO(Q)? that satisfy

(91I792y7g3z) - (I,y,Z) for all x, Y,z € (O)

The association g +— g1 gives a map of groups G' — G, which induces an isomorphism on
Lie algebras.

Permutation of the g; induces an S3 action on G’ as follows. For g € SO(0), let ¢* =
cogoc, where ¢ : O — O is the octonionic conjugation. If o € S3 has sgn(o) = 1,
we define o(g1, g2, 93) = (9o-1(1), Go-1(2): Yo-1(3)). For o € S5 with sgn(o) = —1, we define
o(g1,92,93) = (9}1(1),9271(2),9271(3)). One verifies easily that this maps G’ — G’ and is an
S5 action.

In this section, we understand how this triality interacts with the notion of quaternionic
modular forms on G’. Specifically, we prove the following theorem.

Theorem A.1. Suppose o € S3. Let P' be the Heisenberg parabolic subgroup of G, defined
as the inverse image of P in G', and similarly define M', N', K.
(1) One has o(M') = M', o(N') = N', o(K') = K', o(p) = p. Moreover, if v € Vy, and
ke K', then o(k)-v' =k-v'.
(2) The action of S3 on N’ induces an action of S3 on the space of Bhargava cubes
W = Nab — (N/)ab'
(3) If ¢ is a weight { quaternionic modular form on G', then v,(g) = p(c(g)) is a
weight ¢ quaternionic modular form on G', and the Fourier coefficients a,, satisfy

g, (w)(g7) = ag(o™" (w))(0™" (g5))-
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To prove the theorem, we will make explicit the action of triality on g = Lie(G’") ~
Lie(G) ~ N?V.
The Lie algebra g’ = Lie(G’) of G’ is the set of triples (X7, X3, X3) € Lie(SO(Q))? that
satisfy
(Xqz,9,2) + (x, Xoy, 2) + (x,y, X32) =0
for all z,y,z € O. We denote g = Lie(SO(Q)) the Lie algebra of G = SO(O).

We have the following well-known lemma.

Lemma A.2. For j = 1,2,3, the map g — g; induces an isomorphism of Lie algebras
g —g.

For z € O, denote ¢, : @ — O left multiplication by x and r, : O — O right multiplication
by .

Proposition A.3. If u,v € O, then
1 1
(U A\ v, §(£u*€v — Ev*gu% i(ru*rv — T‘U*T’u))

is a triality triple, i.e., in the Lie algebra of Spin(Q).
Proof. This follows from [SV00, Theorem 3.5.5]. O

We would like to explicitly calculate the triality triples for a basis of elements of A?©. This
can be done using the following lemmas. Let V7z C O denote the space of trace 0 elements.

Lemma A.4. Suppose u,v € V7 and Im(uv) =0, so that uv = vu. Then (uAv,uAv,u\v)
18 a triality triple.

Proof. The proof uses the alternative identity: For arbitrary a,b,c € ©, one has c(ab) +
(ab)c = (ca)b + a(be). O

Lemma A.5. Suppose Wi, Wy, W3 are two-dimensional isotropic subspaces of O and W; -
Wit1 = 0. Let uj,v; be a basis of W;. Then there are nonzero ay, s, as so that (cug A
v, Qs A Vg, azuz A vs) is in Lie(Spin(Q)).

Proof. First note that if (X,Y, Z) € Lie(Spin(Q)) and (g1, g2, g3) € Spin(Q) then
(91X, 92Y, g3Z) € Lie(Spin(Q)).

This follows immediately from the definitions. Let u,v be as in Lemma A .4; then we know
(u Av,u Av,u Aw) is a triality triple. Now, if Wy, Wy, W3 are as in the statement of this
lemma, there exists (g1, g2, 93) € Spin(Q) so that g; Span{u,v} = Wj; this follows from, for
example, Lemma 2.2(3) and Lemma 2.3(3) of [PWZ19]. The lemma follows. O

Observe that if (XY, Z) is a triality triple, then X +Y +7 € Lie(G3). Because we already
know how the Lie algebra of Gy embeds in A?Q (it is the kernel of the map A?V; — V7 given
by u A v — Im(uv)), we can frequently use this fact together with Lemma A.5 to compute
many triality triples. We do this now.

Proposition A.6. We have the following triality triples:
(1) (ex Nej, €5y Nes_y, —ex Nej) for j € Z)3Z;
(2) (e1 Nej,—ea Nef e ANejy) for j € Z/3Z.
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Proof. One computes that W, = Span{ey, e; }, Wa = Span{e, e5}, W3 = Span{es, €1} satisfy

W; - Wiy1 = 0. Because (€1 — €2) A ey + €3 A e is in Lie(Gy), the first point follows in the

case 7 = 1. The other cases follow from the j = 1 case by applying the SL; C G, action.
The second point is similar. 0

We now setup the main theorem of this section. Let F' be a field of characteristic 0, and
set £ = F x F' x F with its usual Ss-action, given by permuting the factors. We think of £
as a cubic norm structure. So, the norm on E is Ng(z1, 22, 23) = 212223 and the adjoint on
E is (21, 29, 23)% = (2223, 2321, 2129). For 2,2’ € F one sets 2z x 2/ = (2 + 2/)# — 2% — (2/)7#.

Let gg be the associated Lie algebra, as in [Pol20, section 4.2]. We have

gp=(LeE)e Vs E®Vy ® EY.

Here V3 is the standard representation of sl3 and V3’ is the dual representation. Moreover,
E° is the trace 0 subspace of E, and EY acts on E via multiplication \ - = Az, while E°
acts on EY = F as A -y = —\v. The S3 action on F induces an Ss action on gz.

We will recall the Lie bracket on gg. Before doing so, for u € E°, let ¥, € E° C gg be
the map £ — FE defined as U, (2) = uz.

For X € E and v € EY, there is a map ¢, x : E — E defined as

Dy x(Z2) ==y x (X x2Z)+ (7, 2)X + (7, X)Z.

Here (7, Z) and (v, X) denotes the canonical pairing between E and the dual EV. One sets
D, x — 3(X,7)1lp = @ y. The definition of the Lie bracket on gg from [Pol20] uses the
(D/

¥, X"

We require the following lemma, which relates the ® y with the W,

Lemma A.7. Suppose v € E, v € EY. Then @, , = Wy, with u = vy — g(x,v)lE.

Proof. This is a direct computation:

1
®la(2) = =y x (2 x 2) + (1, 2)a + 5 (
Now (v, 2)z = (z1(n121 + Y222 + 7323), .- .), (2,7)2 = (21(x171 + T272 + 7373), .. .), and one
has

x,7)z.

v X (x X 2) =7 X (Ta23 + T329, X123 + X321, X129 + To21)
= ((33'12’3 + 33'321)")/3 -+ (33122 —+ mgzl)’}/g, .. )
Combining the above and using the symmetry between the indices gives the claim. 0

We now explicate the Lie bracket on gg: Take ¢3 € sl3, ¢; € E°, v,0' € V3, 6,8 € V',
X, X' € Jand 7,7 € EY. Then

(03,00 X +0®7] = ¢3(v) @ X + ¢3(0) @7
(05,0 X +0@7] =v® ¢ (X)+0®¢s(7)

]
WX, vRXT=wWwAv)® (X x X')
[0®7,0@7]=(0AN)@(y*x7)
®7,v®X]=(X,7)v®d+60)P,x —d(v)(X,7)

(X, (v %6 %5@)) +6(0) (cb%x - %(X, ’y)) |
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Note that v ® 6 — 30(v) € sl and &, x — 2(X,7) = @/, y € E°.

Furthermore, the action of sl3 and E° on V;' and EV is determined by the equalities
(¢3(U>7 6) + (U, ¢3(6)) =0 and ((bJ(X)aﬁ)/) + (Xa ¢J(7>) =0.

For j # k, let Ej; € sl3 be the matrix with a 1 in the (j, k) position and 0’s elsewhere.
Let vy, v, v3 be the standard basis of V5 and 01, 02, d3 the dual basis of V;’. Denote by

P: gp — N0 (A1)
the linear isomorphism given as follows:
(1) ©(Ejr) = e; Aey;
(2) @(v; @ (21,72, 73)) = T161 A €j + Ta€], | A€y + 23(—€2 A €j);

(3) @(0; ® (71,72,73)) = n(—€2 A€)) + €551 Aej1 + Y361 A€
(4) on E° @ is: ®(Wy,) = (ug — uz)er A ex + uz(e; Aej +ea A€+ ez Ael).

Theorem A.8. The linear map ® is a Lie algebra isomorphism, respecting the S3 actions.

Proof of Theorem A.S8. There are lots of brackets to check.
(1) Suppose £ # k. Then [®(Ey ), ®(v; @)] = [ef Aep, vie1 Aej+xa€], A +a3(—€a A
e;)] =0if j # k and is equal to ®(v, ® x) if j = k.
(2) Suppose £ # k. Then [®(Eyy), ®(5; @ 7)] = [ef A e, 1i(—€2 A€]) +Yaeji1 Aejq +
€1 Aej] = 0if £ # j and is equal to ®(—d, @ ) if £ = j.
(3) Suppose a3 + as + az = 0, and h = a1 Ey + asFay + asEss € bgr,, the diagonal
Cartan of sl3. Then [®(h),€e; Aej] = aje; Aej. Using the Sz action on A*Q, and that
we already know h € Lie(Gy) C (A?0)%, we obtain [®(h), ®(v; ® x)] = ®(ajv; @ z).
Similarly, we obtain [®(h), ®(; ® z)] = ®(—a;d; ® z).
(4) Note that €;Aej, ef,;Ae; 1, and —ezAej all commute. Thus [®(v;®z), ®(v;@2")] = 0.
Similarly, [®(6; @ v), ®(6; @ )] = 0.
(5) We compute [®(v; ® x), P(vj41 @ 2’)]. One has
(a) [61 A €j,€1 A\ 6j+1] = O;
(b) [es ANejefy ANejl =ear Aej_y;
(c) [t Aej, —€a Aejya] = €5 Aejia;
Thus [@(v; ® (21,0,0)), ®(vj41 @2")] = ®(0;-1 ® (0, z12%, z125)). Using the S3 action
on A?0, one deduces that [®(v; ® z), P(vj41 ® 2')] = P(§;_1 @ (z x 7)),
(6) We compute [®(5; ® v), P(6;41 ®7')]. One has
(a) [—ea Aej, —ea Nejy] = 0;
(b) [—62 VAN 6;, €j—1 A €j] = —€2 VAN €i—1,;
(¢) [FeaNef, et ANej] =€ Aely;
Thus [®(6; ® (11,0,0)), P(d;11 ®7)] = @(v;—1 ® (0, 7175, 7175)). Using the S5 action
on A0, one deduces that [®(d; ® 7), P(d;11 ®7)] = P(vj_1 ® (7 X 7).
(7) [@(Van), P(v; @ )] = ©(v; ® (2ux)). Indeed, we have

[D(Wyy,), P(v; @ )] = [(ur — ug)er A €2 +uz(er A el +ex Aes + ez Aes),
zier N ej+ xaei Aej g+ x3(—€a Aey)]
= (ug — ug)(z1€1 N ej + 2362 N €5)
+ us(—x161 N ej + 2x9€] 1 N €j_1 + X362 N\ e;)
=20 (v; ® ux).
(8) Similarly, one computes [®(Wy,), P(5; ® )] = ©(J; ® (—2uy)).



40 J. JOHNSON-LEUNG, F. MCGLADE, I. NEGRINI, A. POLLACK, AND M. ROY

(9) It is immediately checked that [®(¢), ®(V,)] = 0 if ¢ € sl3 and [Py, (V)] = 0.
(10) We are left to compute [®(d @ v), (v ® x)]. First observe that, by explicit compu-
tation,

[ejr1 Aeja,en Aepq] = —ex Aej+ d(er Ael +ea Aey+ ez Aer).
Using this, one obtains
[D(6; @), P(vr @ 2)] = [11(—€2 A €]) + Y€1 Aej1 +y3e1 Aej,
T1€1 A e + Toej g A ey + x3(—€2 Aey)]
= ”ylwl(e;f A ek + dker N €2)
+ Yawa(—er A €j + djn(er Ael +ex Aey+ ez Aef))
+y3w3(e} A ep — djrer A €2)
= (%x)@}k' A e+ 0 (7121 — Yax3)€r A €
+ Yoxa(er N el +ea Aey+e3 Aes))
Set I =ej ANep+e5N\es+e; Aes. Then the above is
(v, z)(ef Aer — 0l /3) + djr(nia1 — 373)er A €2 + G (v2m2 — (7, 2)/3)(—=1).
But
[0; @7, 06 @ 2] = (v,2)(Erj — dl3/3) + @ x = (7,2)(Ekj — 0jr13/3) + W,
with u = #y — §(x,7)1g. This finishes the proof that ® is a Lie algebra homomor-
phism.
To see that ® is S5 invariant: we have already checked this on everything but the ®(Uy,).
But if 0 € S3 and u € E°, we have
o(®(Vau)) = o(2([01 @ u,v1 ® 15])) = o ([P(61 @ u), (01 © 1E)])
= [0(2(01 @ u)), 0(P(v1 @ 1p))] = [(01 @ o(u)), P(v1 @ 1p)]
= P(Wao(u)-
This finishes the proof of the theorem. 0
From [Pol20], there is given a Cartan involution on gg. On gg, this involution © is given
as:
(1) on sl3, it is O(X) = - X*
(2) on EY, it is given as O(P!, ) = —Py(x), (). Thus O(¥y,) = —Vy,.
(3) on V3 ® E it is O(v ® ) = 1(v) ® ¢(x), and
(4) on V3 @ EY it is O(6 @ v) = 1(0) ® ¢(7).
Note that this Cartan involution commutes with the S3 action on gg.
We also have a Cartan involution on A?Q given as O(uAv) = t(u) Ac(v), where o(b;) = b_;.

Corollary A.9. The map ® : gg ~ N?Q respects the Cartan involution on each side. In
particular, the Cartan involution on AN*Q commutes with the Ss action.

Proof. The proof is an immediate check from the above formulas. O
We need one additional lemma.

Lemma A.10. Suppose o € Ss;. The generalize Whittaker function W, on G’ satisfies
Wafl(x)(o-il(g)) = Wx(g)
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Proof. The two functions agree on Go. Moreover, they both satisfy the same equivariance
properties and moderate growth that make the generalized Whittaker functions unique.
Thus, they are equal. O

Proof of Theorem A.1. Everything is now straightforward, using Theorem A.8, Corollary
A.9, and Lemma A.10. U

APPENDIX B. AN INTEGRAL ORBIT PROBLEM

In this section, we study an integral orbit problem that is needed for the work on periods
in section 9. More specifically, we prove Theorem B.1 below which is then used in the proof
of Theorem 1.4.

We setup this theorem now. Suppose L = Z*" is the standard split lattice inside of the
split 2n-dimensional quadratic space V. Let G(Z) denote the stabilizer of L inside of G(Q),
where G is the special orthogonal group of V. Set (vy,v2) = q(v1 + v2) — q(v1) — q(ve) the
split bilinear form on V. Recall that if T7,T, € V, we set

1 Tle Tl,TZ
S(Tl,T2) = 5 ( ETZ’Tlg §T27T2; ) ‘

Note that if 77,75 € L, then S(T,T3) is a half-integral symmetric matrix. For a general
half-integral symmetric matrix 7', set

Xr={(T,Ty) € L*: S(T,Ty) =T}.

Theorem B.1. Suppose n > 4. Let T be a half-integral symmetric matriz, and assume
D = —4det(T) is odd and square-free. Then G(Z) acts transitively on Xr.

Define a blinear form on A%V as

(X1 Ao, 1 Ay2) = (21, y2) (22, 11) — (21, 11) (22, Y2).

Note that (77 A 15, Ty AN Ty) = —4det(S(T1,T3)). To prove Theorem B.1 we will use the
following lemmas.

Lemma B.2. Suppose n > 3, and suppose v € L is primitive, with q(v) = a. Then there
exists g € G(Z) so that gv = aby + b_4.

Proof. Throughout the proof, we set X = Span(by,...,b,) and Y = Span(b_1,...,b_,).

Suppose v = u+w, with u € X and w € Y. Using the GL,(Z) action from the Levi of the
Siegel parabolic, we can assume u = a'b; for an integer a’. If ' = 0, the lemma follows by
using the GL,(Z) action on w. Suppose then that a’ # 0. We use the GL,,_1(Z) C GL,(Z)
that fixes by, b_1 to move w to an element of the form w = w1b_1 + wab_s.

Observe that ged(wy, ws,a’) = 1. Now, we can apply a unipotent element in the unipotent
group opposite to the Siegel parabolic to move w to w' = wib_1 + wyb_o + a’b_3. Thus v’
is primitive, so we can use the GL,(Z) action to move w’ to b_;. Hence we have found a
g € G(Z) so that gv = v +b_; with v’ € X. We can now finish the proof by using elements
in the unipotent radical of the Siegel parabolic to move u’ to an element of the form ab;. [

Lemma B.3. Suppose n > 4, and suppose vi,vy € L with D := —4det(S(vy,v2)) odd and
squarefree. Then there exists uy, us € L with Span(uy,us) isotropic and (vy Ave, us Aug) = 1.
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Proof. One first verifies that there exists g € G(Z) so that gv; = ab; + b_; and gvy =
rby + sb_1 + m(Bby + b_3). Indeed, we first apply Lemma B.2 to move v; into the specified
form. We then apply Lemma B.2 again for the subgroup of G(Z) stablizing b;,b_; to move
Vo into the specified form.

Note that if we set o = as — r, then we have D = o — 4m?af.

Now, if v1,vy are in the above specialized form, then there exists wuq,us spanning an
isotropic 2-plane so that (v; Avg, u; Aug) = 1. Indeed, because D = o? —4m?a3, the integers
a and m are relatively prime, so there exists integers x,y so that arx — my = 1. Now one
verifies (vq A vg,u; A ug) = 1, where uy = by + by and ug = xb_1 + yby — xb_3. O

Lemma B.4. Suppose n > 3, ui, us are istropic and u, Aus is primitive in A°L. Then there
exist g € G(Z) so that gu; = by and guy = bs.

Proof. Recall that P is the parabolic subgroup stabilizing Span(by, b2). One can leverage the
Iwasawa decomposition to check that G(Q) = P(Q)G(Z). Now, by Witt’s theorem, there
exists g = pk € G(Q) so that gu; = by and guy = by. Here p € P(Q) and k € G(Z). Thus
kuy, kuy € Span(by, be) and (kuy) A (kus) is primitive. One now finishes the proof by using
an element in GLy(Z) in the Levi subgroup of the Heisenberg parabolic subgroup. O

Proof of Theorem B.1. By Lemma B.3 and Lemma B.4, we can assume (77 AT3, by Aby) = 1.
Say T; = x; +y; withx; € X, y; €Y.

Observe that 1 = (by A by, y1 A ys). Thus y; A yo is primitive in A?Y, so we may use the
action of GL,(Z) from the Levi of the Siegel parabolic to assume y; = b_1, yo = b_s.

Suppose now
a b/2

Let N denote the unipotent radical of the Siegel parabolic of G. Then there exists n € N(Z)
so that nT7 = ab; +b_1 and nTy = bby 4 cbs + b_5. This claim follows easily by writing down
the action of N(Z).

The theorem is proved. U

APPENDIX C. THE FINITENESS OF AN INTEGRAL

In this section, we prove the finiteness of an integral that arises in the work on periods
in section 9. For ease of notation, set H = H,, ,,. We prove the following theorem. This
theorem is used in the proof of Theorem 9.5, which is then used in proof of Theorem 1.4.

Theorem C.1. Suppose ¢ > 22. Then the integral

| Bl
HR)\G(R)

18 finite.

Observe that one can identify the quotient space H (R)\G(R) with pairs of vectors (v}, v}) €
V2 for which S(vj,v}) = S(vy,v2). To prove the finiteness of the integral, we work to put
the invariant measure dg in these coordinates.

Notation: Throughout this section, we use the notation A &~ B to mean that there is a
nonzero constant 5 so that A = gB.
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We begin by understanding some differential forms on a vector space. Suppose V = R",
with coordinates (z1,22,...,2,). We will later take n = 8, but for now, we work more
generally.

Proposition C.2. We have the following facts concerning forms on V.
(1) wpy = d(27 + -+ 22) = 3, 225dz; is SO(n)-invariant.
(2) Setwy) = dziA- - Nz, and n; = (—=1)7 " tdz A - ~/\ciz\j/\~ ~Adzy, so that dzjAn; = wy,.
Let wip—1 = ), zjn;. Then wy, 1 is SL,(R) dnvariant. In fact, if g € GL,(R), then
g* Wn—1] —det( ) Win— 1}.
(3) Wi A Win— 1]—2(2 -)w[n].

Proof. One interprets n; € A" 1(V) ~ det(V)VV. Then, if §; is dual to z;, we have that
>_; % ®9; is GL, (R)-invariant. The proposition follows. O

We construct invariant differential forms on V2. We use the variables (wy, ..., w,) for the
coordinates on the first copy of V', and the z;’s as coordinates on the second copy of V. Set
G =Y. i wj?, G2 = Y. jwizj, and goy = > i zj?. To distinguish between differential forms
defined using the coordinates w from forms defined using z, we use superscripts. So, we let
w[n 1 denote the form w[n 1 defined in Proposition C.2, and let w [n = => i w;ny’, where

nY = (=1 dwy A--- A dw] <A dw,,.

Now, if j < k, set njk = (—1)7+k—1dz1/\' . -/\cfz\j/\- . ~/\ciz\k/\‘ - *Adzy, so that dzjAdzpAns ) =
Wiy Similarly define 7;’,. Now let

Wity = > (wize—wiz)n
1<j<k<n
and w[2n 5 = E“Z’fz] AWp,_y)-

Proposition C.3. We have the following facts concerning differential forms on V2.

(1) The g;; are SO(n)-invariant.
(2) The (n —2)-form wy,”y is SLn(R)-invariant.

Proof. We leave this to the reader. 0

Set wfflzl} = >_;#ny. This is again an SL,(R)-invariant differential form. Let det(Q) =
G122 — Gio-
Proposition C.4. One has the following equalities:
(1) 2ga2 det(Q)wr” [ 1 ANWp_q) = = (—q11q22dq11 + 2q11G22dq12 — q11G12dG22) N wf;;f_g,]-

(2) 2q92 det(Q)wy, [n 1] ANWi_q) = = (=G3dq1 + 2q12G22dq12 — G7odga) N w{ﬁ;f,g]-
(3) 2q22 det(Q)wp,”y A wiy = (—1)" det(Q)dgaz Awpy, ).

.Proof. On.e computss dgij N Wg;f—3} in terms of W) AW, 1]» W EZ’fll] AW, 1), wffl’;] Awpy then
inverts this expression. [l
Lemma C.5. One has

(1) 4(]22 det(Q)WEﬁ] A\ w[Zn] = (-1)ndqll A dqlg A\ dq22 A w[“;;f_?)].
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Proof. From the previous proposition, (—1)"dgss A w[% 5 = 2q22w;’f2] A wp,. Now, wedging
with dqi1 A dgqo, we get

dqi1 N dgia A w[ o A Wiy = 2 (Z wjr zdwj N dwk/> (Z (w21, — wkzj)n;‘jk) A Wiy
'K gk
It is now a straightforward computation. 0

Suppose V = V© @ V,” is a quadratic space of signature (a,b), so that a +b = n. In our

application, a = b = 4. We let uq,...,uq, v1,...,0, be the coordinates on the two copies of
V¥ in V2 and 24,...,%, Y1, ..,y be the coordinates on the two copies of V,~ in V2. Let
r = x?, rig = Zj x;y; and rog = Zj y]z. Similarly, let ¢, = Zj u?, t1g = Zj u;v;, and

toe = Z ; v] Finally, set s;; = t;; — r;;. Let T, R, S be the two-by-two matrices with entries
tij, Tij, Sij, S0 that S =T — R. We set

Vi = {(v],v5) € V2 ((v},0]))) = S}
to be the collection of vectors with Gram matrix S.

Theorem C.6. Suppose S is positive-definite. Then there is a nonzero cubic homogeneous
polynomial P(R,T) in the variables r;; and t;; so that 4rystys det(R) det(T)wg;i?,] has the

same restriction to VS as P(R,T)dry1 A drig A drgg A w[za 3] A w[z’é” 3"

Proof. We have wg;ffg] = w[n o AN Wh,_q)- Now,
C&)[n_l} = w[a—l] A\ UJ%] + (—1) [a] A\ Cd[b 1
Also

Wil = wlyly Awly iy Awpty + (ST Y (g — i) AT
1<j<a,1<k<b

Observe that dt;; = dr;; when restricted to VZ. We can use formulas above to put our
2n — 3 form in the desired shape. For example,

u,v v x ) 1 d x Yy

1 u,v €T
~ gw[2’a_3] A wiyy A (raswyy)

. 722 det (T)
- 7"22t22 det(R) det(T)

d’l“ll A d’l“12 A dTQQ A w[ —3] A w[Qb 3]

As another example,

Z wivEn A A wig_q) A wﬁ)]
jik
Then wy,_y Awp,_y = m (t) A w[Qa 5, Where a(t) is a linear combination of the dt;;

with quadratic coefficients. Additionally, one has that

/ 1 / 1
Yy Y ~ Y Y ~

where () is a 2-form in the dr;; with linear coefficients.

B(r )/\Wég 3]
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The other terms are similar to one of the above two examples. This completes the proof,
except for the non-vanishing of P(R,T). However, it is easy to see using Lemma C.5 that
[2 5 has nonzero restriction to V&, so the theorem follows. O]

To go further, we parametrize VZ explicitly in terms of the Borel subgroup B(R) of GLa(R.)
and compact sets. First, let B'(R) be the subgroup of B(R) with positive diagonal entries.
Next, denote A; = {(ay,a3) € V2 : T(ay,a3) = 13}. Here T(ay,ay) is the 2 x 2 matrix
with entries the inner products (a;,a;) . Similarly, denote By = {(b1,b2) € Vi? : R(by1,b) =
1o}. Finally, set VS%O to be the open subset of V& consisting of pairs ((u, ), (v,y)) with
det(R(x,y)) # 0. We define a diffeomorphism W : B'(R) x A; x By — Vg, as follows.

Given b € B'(R), let r(b) = bbt, t(b) = S + bb, 75(b) = 7(b)'/2, and t5(b) = t(b)/?. Here
the square roots are the unique symmetric positive definite ones. Then

(b, (a1, az), (b1, b2)) = (r2(b) (a1, az)", t2(b) (b1, b)").

We require the following lemma.

Lemma C.7. Suppose g € GLy(R). Let T = gg', and let o4 be the pullback of wé’sf to

Aq. Then the pullback of g*w,"® a3 = fg(; UZ,?] to Ay 18 toy det(T)a*1/20A

3]

Proof. The action of g = (g,;) on the Varlables is U g11u + g12v and v — go1U + goov.

We write ¢ = bk. First observe that k*w 3] pulls back to 4. Indeed, the action of
SO(2) preserves Aj, and so k*o 4 is another SO( )-invariant 2a — 3 form on A; (which has
dimension 2a — 3), so k*o 4 is proportional to o 4. This defines a continuous homomorphism
SO(2) — R*, which therefore must be trivial. Thus k*c4 = 04.

For the pull back of b*w [25 3> it is easy to compute explicitly. If b = (b;;), then u —
biiu + bigv and v +— begv. Thus u; — bijuj + bpv; and v; — bav;. We obtain that
b*Wige g = b3y det(b)*wis, o + €, where € is divisible by wf;. But, because v+ +v; =1
is ﬁxed on Ay, Wiy pulls back to 0.

Combining the above, and the fact that the k£ action commutes with pullback, we obtain
the lemma. 0

One computes that if R = bb*, then
drll A d?“lg A d7“22 = 4b22 det(b)db11 N db12 A db22.

We can now compute U*w [Qn 3]

Theorem C.8. One has U* w[“;: 5 = 1P(R,T)det(T)*3/% det(R)"~3/2driy A driz A dras A
oa N op, where P(R,T) is a cubic homogeneous polynomial in the variables r;;,t;;.

ra(b) (2,y)"

Proof. One has wEQ(b)gf ) g t2(b)*wpza—3) plus terms involving the db;;. Similarly for w[% 3]

Thus the theorem follows from Lemma C.7 and Theorem C.6.

.

Lemma C.9. There is a positive constant D, that only depends upon S, so that |r;;| <
D det(T) and |t;;| < Ddet(T"). Consequently, there is a positive constant C so that |P(R,T)| <
C det(T)3.

Proof. We have ry1,799 < tr(R) < tr(T), and ty1,t90 < tr(T). Additionally, ri, < ryiro,
so |ria] < tr(R)/2 < tr(T) (by AM-GM) and similarly |t12| < tr(7"). So it suffices to prove
that tr(7) < Ddet(T) for some D > 0. To do this, let ¢ > 0 be the minimum of the
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quadratic form v'Sv on the unit circle in the plane. Let A, Ay be the eigenvalues of T,
with corresponding unit eigenvectors ej,es. Then since T > S, \; = e?Tej > e}Sej > e
Consequently,

tI'(T) = )\1 + )\2 = )\1)\2()\171 + )\El) < 2671 det(T)

This proves the lemma. U

Proof of Theorem C.1. We will prove that if £ > 2n 4 5, then the integral of || B, ,](9)||
over H(R)\G(R)/K is finite.

We have <B[U1702] (g)v B[vl,v2](g)> ~ det(T)_(é—H)v S0 HB[’Ul,Uﬂ (g)H ~ det(T)—(é"rl)/?. By The-
orem C.8 and Lemma C.9, the measure dg on H(R)\G(R)/K is bounded by a positive
constant times det(7)"dt11 A dt1a A dtes. We therefore must bound

/ det(T)"~OFO2dt ) A dtyy A digs.
T>S

Now d*T := det(T)~%/2dT, where dT = |dt,; A dts A diys|, is a GLy(R) invariant measure
on the positive definite cone. We therefore must bound [,.. ¢ det(T)"1=4/2@*T. Making a

change of variables, it suffices to bound [,.., det(T)"+H1=42q*T = St det(T)"~(+0/24T .
We write T' = 1 + bb', so that - -

det(T) = 1+ tr(bb') + det(b)® = 1+ b3, + b3, + b3y + b]1b5y > 14 b3, + bTy + by.
We thus must bound

/ (14 02, + b2y + b2,)" 020 b2, dbyy A dbyy A dbas.
b11,b222>0,b12€R

Let r = (b2, +b2,4+0%,)Y/2. Asr — oo, the integrand decays as r~“+?"*2, Hence if {—2n—2 >
3, the integral converges. This proves the theorem. O

REFERENCES

[And74] A. N. Andrianov, Euler products that correspond to Siegel’s modular forms of genus 2, Uspehi
Mat. Nauk 29 (1974), no. 3(177), 43-110. MR 432552

[cDD*22] Fatma Cigek, Giuliana Davidoff, Sarah Dijols, Trajan Hammonds, Aaron Pollack, and Manami
Roy, The completed standard L-function of modular forms on Gs, Math. Z. 302 (2022), no. 1,
483-517. MR 4462682

[Evd80] S. A. Evdokimov, Characterization of the Maass space of Siegel modular cusp forms of genus 2,
Mat. Sb. (N.S.) 112(154) (1980), no. 1(5), 133-142, 144. MR 575936

[EZ85] Martin Eichler and Don Zagier, The theory of Jacobi forms, Progress in Mathematics, vol. 55,
Birkh&user Boston, Inc., Boston, MA, 1985. MR 781735

[Gan23] Wee Teck Gan, Explicit constructions of automorphic forms: theta correspondence and automor-
phic descent.

[GGS02] Wee Teck Gan, Benedict Gross, and Gordan Savin, Fourier coefficients of modular forms on Ga,
Duke Math. J. 115 (2002), no. 1, 105-169. MR 1932327

[GJS09] David Ginzburg, Dihua Jiang, and David Soudry, Poles of L-functions and theta liftings for
orthogonal groups, J. Inst. Math. Jussieu 8 (2009), no. 4, 693-741. MR 2540878

[GRO7] L. S. Gradshteyn and I. M. Ryzhik, Table of integrals, series, and products, seventh ed., Else-
vier/Academic Press, Amsterdam, 2007, Translated from the Russian, Translation edited and
with a preface by Alan Jeffrey and Daniel Zwillinger, With one CD-ROM (Windows, Macintosh
and UNIX). MR 2360010

[GT11]  Wee Teck Gan and Shuichiro Takeda, On the regularized Siegel-Weil formula (the second term
identity) and non-vanishing of theta lifts from orthogonal groups, J. Reine Angew. Math. 659
(2011), 175-244. MR 2837015



[GT16]
[GW96]
[K1i90]

[KohS0]

[Koh07]
[Maa78§]

[Maa79]
[0da81]
[0da78]
[Pol20]
[Pol21]
[Pol22a]
[Pol22b)]
[PS69]
[PS83]
[PWZ19]
[Ralg?]
[RSS1]
[RSn74]
[Sah13]
[SV00]
[Wal03]

[Wei06]
[Yam14]

[Zag81]

THE QUATERNIONIC MAASS SPEZIALSCHAR ON SPLIT SO(8) 47

, A proof of the Howe duality conjecture, J. Amer. Math. Soc. 29 (2016), no. 2, 473-493.
MR 3454380

Benedict H. Gross and Nolan R. Wallach, On quaternionic discrete series representations, and
their continuations, J. Reine Angew. Math. 481 (1996), 73-123. MR 1421947

Helmut Klingen, Introductory lectures on Siegel modular forms, Cambridge Studies in Advanced
Mathematics, vol. 20, Cambridge University Press, Cambridge, 1990. MR 1046630

Winfried Kohnen, Modular forms of half-integral weight on T'o(4), Math. Ann. 248 (1980), no. 3,
249-266. MR, 575942

, A short course on siegel modular forms., Lecture Notes (2007), 1-27.

Hans Maass, Lineare Relationen fir die Fourierkoeffizienten einiger Modulformen zweiten Grades,
Math. Ann. 232 (1978), no. 2, 163-175. MR 498401

, Uber eine Spezialschar von Modulformen zweiten Grades, Invent. Math. 52 (1979), no. 1,
95-104. MR 532746

Takayuki Oda, On the poles of Andrianov L-functions, Math. Ann. 256 (1981), no. 3, 323-340.
MR 626953

, On modular forms associated with indefinite quadratic forms of signature (2,n—2), Math.
Ann. 231 (1977/78), no. 2, 97-144. MR 466026

Aaron Pollack, The Fourier expansion of modular forms on quaternionic exceptional groups, Duke
Math. J. 169 (2020), no. 7, 1209-1280. MR, 4094735

, A quaternionic Saito-Kurokawa lift and cusp forms on G2, Algebra Number Theory 15
(2021), no. 5, 1213-1244. MR 4283102

, Modular forms on exceptional groups, Arizona Winter School notes (2022), https://
swc-math.github.io/aws/2022/index.html.

, The Rankin-Selberg method: A user’s guide, preprint (2022), 1-19.

I. I. Pyateskii-Shapiro, Automorphic functions and the geometry of classical domains, Mathematics
and its Applications, vol. Vol. 8, Gordon and Breach Science Publishers, New York-London-Paris,
1969, Translated from the Russian. MR 252690

I. 1. Piatetski-Shapiro, On the Saito-Kurokawa lifting, Invent. Math. 71 (1983), no. 2, 309-338.
MR 689647

Aaron Pollack, Chen Wan, and MichalZydor, A Ga-period of a Fourier coefficient of an Eisenstein
series on Eg, Israel J. Math. 234 (2019), no. 1, 229-279. MR 4040827

Stephen Rallis, Langlands’ functoriality and the Weil representation, Amer. J. Math. 104 (1982),
no. 3, 469-515. MR 658543 -

S. Rallis and G. Schiffmann, On a relation between SLo cusp forms and cusp forms on tube domains
associated to orthogonal groups, Trans. Amer. Math. Soc. 263 (1981), no. 1, 1-58. MR, 590410
H. L. Resnikoff and R. L. Saldana, Some properties of Fourier coefficients of Fisenstein series of
degree two, J. Reine Angew. Math. 265 (1974), 90-109. MR 352009

Abhishek Saha, Siegel cusp forms of degree 2 are determined by their fundamental Fourier coef-
ficients, Math. Ann. 355 (2013), no. 1, 363-380. MR 3004586

Tonny A. Springer and Ferdinand D. Veldkamp, Octonions, Jordan algebras and exceptional
groups, Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2000. MR 1763974
Nolan R. Wallach, Generalized Whittaker vectors for holomorphic and quaternionic representa-
tions, Comment. Math. Helv. 78 (2003), no. 2, 266-307. MR 1988198

Martin H. Weissman, Dy modular forms, Amer. J. Math. 128 (2006), no. 4, 849-898. MR 2251588
Shunsuke Yamana, L-functions and theta correspondence for classical groups, Invent. Math. 196
(2014), no. 3, 651-732. MR, 3211043

D. Zagier, Sur la conjecture de Saito-Kurokawa (d’aprés H. Maass), Seminar on Number Theory,
Paris 1979-80, Progr. Math., vol. 12, Birkh&user, Boston, MA, 1981, pp. 371-394. MR 633910



https://swc-math.github.io/aws/2022/index.html
https://swc-math.github.io/aws/2022/index.html

48 J. JOHNSON-LEUNG, F. MCGLADE, I. NEGRINI, A. POLLACK, AND M. ROY

DEPARTMENT OF MATHEMATICS AND STATISTICAL SCIENCE, UNIVERSITY OF IDAHO, Moscow, ID USA
Email address: jenfns@uidaho.edu

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF CALIFORNIA, SAN DIEGO, LA JorLa, CA USA
Email address: fmcglade@ucsd.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, TORONTO, ON CANADA
Email address: isabella.negrini@utoronto.ca

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF CALIFORNIA, SAN DIEGO, LA Jorra, CA USA
Email address: apollack@ucsd.edu

DEPARTMENT OF MATHEMATICS, LAFAYETTE COLLEGE, EASTON, PA USA
Email address: royma@lafayette.edu



	1. Introduction
	2. The classical Saito-Kurokawa lift and Maass Spezialschar
	3. Preliminaries
	4. Holomorphic and Quaternionic Modular Forms
	5. The quaternionic Saito-Kurokawa lifting and quaternionic Maass Spezialschar
	6. Dirichlet Series for L-functions of Quaternionic Modular Forms
	7. The Fourier-Jacobi coefficient
	8. Hecke stability and theta lifts
	9. Periods
	Appendix A. Triality
	Appendix B. An integral orbit problem
	Appendix C. The finiteness of an integral
	References

