On the isomorphism problem for generalized
Baumslag—Solitar groups
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Generalized Baumslag—Solitar groups (GBS groups) are groups that act on trees
with infinite cyclic edge and vertex stabilizers. Such an action is described by a
labeled graph(essentially, the quotient graph of groups). This paper addresses
the problem of determining whether two given labeled graphs define isomorphic
groups; this is thesomorphism problenfor GBS groups. There are two main
results and some applications. First, we find necessary and sufficient conditions
for a GBS group to be represented by only finitely many reduced labeled graphs.
These conditions can be checked effectively from any labeled graph. Then we
show that the isomorphism problem is solvable for GBS groups whose labeled
graphs have first Betti number at most one.
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1 Introduction

A generalized Baumslag—Solitar grogpr GBS group) is a group that acts on a tree

with infinite cyclic edge and vertex stabilizersThe tree (together with the group
action) is called &BS tree A GBS tree can be described biadeled graphwhich is

a connected graph whose oriented edges are each labeled by a non-zero integer. This
information is enough to specify a graph of groups encoding the GBS tree.

A GBS groupG may have many labeled graph descriptions. Even if one restricts
to reducedlabeled graphs, which are in some sense the simplest ones, there may be
infinitely many distinct such graphs definir@g. It can also happen that there is only
one reduced graph, or finitely many. In these latter cases, useful information about
Out(G) can be obtained, as in Gilbert—-Howie—Metaftsis—Ra&]js Pettet [L5], and

Levitt [14]. Other aspects of GBS groups have been studied by Kropholler, Whyte,

!In this paper we will only consider finitely generated GBS groups, so finite generation will
be added to the definition; s&ection 2.2
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Levitt, and others. See Krophollet(, 11], Whyte [16], Clay [2], and Foresterd, 7]
for details on various algebraic and geometric properties of GBS groups.

The variety of labeled graph descriptions of GBS groups is partly what makes them
interesting. For instance, they demonstrate the extent to which JSJ decompositions of
groups can fail to be unique. On the other hand, this variety can also be a source of
difficulty, such as when studying automorphisms. A given labeled graph need not be
invariant, for instance. Even the basic problem of recognizing a given GBS group from
one of its labeled graphs is not at all clear.

Theisomorphism problerfor GBS groups is the problem of determining algorithmi-
cally whether two given labeled graphs define isomorphic GBS groups. This problem
has only been shown to be solvable in limited special cases. It is trivially solvable for
therigid GBS groups, which are those having a unique reduced labeled graph. These
groups were characterized by Levitty (see also Gilbert et al.g], Pettet [L5], and
Forester §]).

Levitt showed that the isomorphism problem is solvable in the case of GBS g&ups
such that Outg) does not contain a non-abelian free grolig][ He also solved the
isomorphism problem for 2—generator GBS grouj#.[ Both of these results rely on
having an explicit characterization of the class of groups being considered.

In [7] the isomorphism problem was solved for GBS groups whose modular groups
contain no integers other thahl. Equivalently (see Levittl4]) these are the GBS
groups not containing any solvable Baumslag—Solitar g8, n) with n > 1. It

is worth recalling the main steps of the proof. First it was shown that any two such
graphs are related by slide moves, without leaving the set of reduced graphs. Then
it was shown that such a group is represented by only finitely many reduced labeled
graphs. Thus, this set can be searched and enumerated effectively, and membership is
decidable.

For the general isomorphism problem, it is useful to understand the space of reduced
labeled graphs related to a given one by sequences of slide moves. We want to know
whether this space is infinite, and whether it includes all reduced labeled graphs for
the given group. To this end, there is a property of edges that plays a key role: edges
can bemobile or non-mobile(seeDefinition 3.13. One of our main technical results

is Corollary 3.24 which shows that in any sequence of slide moves, the non-mobile
edges may be slid first and one at a time. From this we deduce information on the slide
space of a labeled graph, including our first main result:
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Theorem 1.1 Let G be a GBS group other than B1, n), represented by a reduced
labeled graph I". Then G has finite reduced labeled graph space if and only if I has
no mobile edges.

We also show that mobility of edges can be tested algorithmidabyr{ark 3.1R so the
property of the theorem is decidable. (The casB#({L, n) is clear as well: the reduced
labeled graph is unique i # —1, andBY1, —1) has two reduced labeled graphs.)
One consequence dtheorem 1.lis Theorem 3.29which solves the isomorphism
problem in the case where one labeled graph has no mobile edges.

Next we consider the case of GBS groups whose labeled graphs have first Betti number
one. (The Betti number zero case is covered by ForegtdrThe primary goal of the
rest of the paper is the following theorem:

Theorem 1.2 There is an algorithm which, given two labeled graphs, one of which has
first Betti number at most one, determines whether the two GBS groups are isomorphic.

These are two cases, which behave rather differently: the ascending case and the non-
ascending case. In the ascending case, there is a structure thddreone(n 4.19

which says that the group is uniquely determined by certain invariants, which can be
computed by putting the labeled graph into a normal form. These invariants are defined
and proved invariant with the aid of Theorem 1.1 of Clay—Foregfiemfhich shows

that any two reduced labeled graphs are related by slide, inductiongZarte-moves
between reduced labeled graphs (Seetion 2.Zor the definitions of these moves).

The non-ascending case is somewhat simpler, since any two reduced labeled graphs
representing the same group are related by slide moves. (In particular, one may keep
track of individual edges.) However, even though we can define normal forms, they
are much less rigid than in the ascending case. For instance, there is no canonical edge
with which to compare other edges, unlike ascending normal forms.

We show that giverG, there are only finitely many reduced labeled graphs in normal
form, and these can be enumerated effectively. The solution to the isomorphism
problem is then similar to the case provedTh [
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2 Preliminaries

2.1 Deformation spaces

A graphT is given by ¥(I"), E(I'),0,t,) whereV(I') are the verticesE(I") are the
oriented edges, t: E(I') — V(') are the originating and terminal vertex maps and
~: E(') — E(T) is a fixed point free involution, which reverses the orientations of
edges. Aredge pathy = (ep, . . ., &) is a sequence of edges such th{af) = o(e+1)
fori=0,...,k—1. Aloopis an edges € E(I") such thato(e) = t(e). A geometric
edgeis a pair of the form{e, e}.

Let G be a group. AG-treeis a simplicial treeT together with an action o6

by simplicial automorphisms, without inversions (thatgg # e for all g € G,e €
E(T)). Two G—trees are considered equivalent if there @-aquivariant isomorphism
between them. The quotient graphlG has the structure of a graph of groups with a
marking (an identification o6 with the fundamental group of the graph of groups).

Given aG-treeT, a subgrougH C G is elliptic if it fixes a point of T. There are two
moves one can perform on@-tree without changing the elliptic subgroups, called
collapse and expansion moyésey correspond to the natural isomorphidasB = A.
The exact definition is as follows.

Definition 2.1 An edgee in a G-treeT is collapsibleif Ge = Gq and its endpoints
are not in the same orbit. If one collapsgse} and all of its translates to vertices, the
resultingG—tree is said to be obtained froimby acollapse moveThe reverse of this
move is called amxpansion move

A G-tree isreducedf it does not admit a collapse move. Afementary deformatios

a finite sequence of collapse and expansion moves. Gi@#ieeT, thedeformation
space? of T is the set of allG—trees related t@ by an elementary deformation. If
T is cocompact ther is equivalently the set of alG—trees having the same elliptic
subgroups a3, by Forester5].

2.2 Generalized Baumslag—Solitar groups

A group G that acts on a tree with infinite cyclic stabilizers is calledemeralized
Baumslag—Solitar groufor GBS group. In this paper, for simplicity, we also require

G to be finitely generated (this convention is not followed T §, 7]). The tree

is called aGBS tree In the quotient graph of groups, every vertex and edge group
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is isomorphic toZ, and each inclusion ma@. — Gqg) is given by multiplication

by a non-zero integer. This data can be effectively representedabeted graph
Specifically, a labeled graph is a palf,) whereT is a finite connected graph and
A: E(T') — Z — {0} is a function, called the labeling. Given a choice of generators of
Ge and Go(g), the mapGe — Gq(g is multiplication by A\(€). Replacing a generator
of an edge grougise by its inverse interchanges the signsX¢é) and \(e); replacing

a generator of a vertex group, by its inverse interchanges the signs)@é) for all
edgese originating atv. These operations are calladmissible sign change$his is

the only ambiguity in the labels of a labeled graph. We will sometimes refdr t&) (
simply asTI".

A G-tree iselementanyif there is aG—invariant point or line, and ison-elementary
otherwise. By Foreste6] Lemma 2.6], a GBS tree is elementary if and only if the
group is isomorphic t&, Z x 7Z, or the Klein bottle group. Thus a GBS group not
isomorphic to one of these three groups is calleda-elementary GBS group

In a non-elementary GBS group, the elliptic subgroups arising from any GBS tree
are characterized algebraically, Lemma 2.5]. Therefore, any two su@i-trees lie

in the same deformation space. In particular, any two labeled graphs representing
the same non-elementary group are related by an elementary deformation. Whenever
we speak of a deformation space for a non-elementary GBS group, we will always
be referring to this canonical deformation space. For a description of this canonical
deformation space associated to the classical Baumslag—Solitar (8&p$]), see

Clay [2]. Unless otherwise stated, all GBS groups considered here will be assumed to
be non-elementary.

In a labeled graph, a loop with label 1 is called arascending loop It is a strict
ascending loopf \(€) # +1. A loop e is avirtual ascending loopf A(e) divides
A(€), and is astrict virtual ascending loopf, in addition, \(€) # +A(e). A GBS
deformation space iascendingf it contains a GBS tree whose labeled graph has a
strict ascending loop. We also say thatis ascending. Otherwise the deformation
space (or the group) is callesbn-ascending

Now we define various moves between GBS trees, all of which are elementary defor-
mations. The moves iDefinition 2.2are discussed more fully (in the general setting

of G—trees) in ¥]. In particular, slides and inductions can be factored as an expan-
sion followed by a collapse. A general discussionaf1-moves can be found in
Clay—Forester4].

In the diagrams below, each labi(e) is pictured next to the endpointe). We begin
with the elementary moves, which look as follows (modulo admissible sign changes):
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: a, 1 :c collapse >a<nc
expansion

b d -~ b \ nd

Thus a GBS tree is reduced if and only if its labeled graph does not contain an edge

with distinct endpoints and labet1.

Definition 2.2 A slide movéoetween GBS trees takes one of the following two forms:

o slide A/
m n g m n
%

or

slide n
e

G

An induction movéetween GBS trees is as follows:

a induction fa
b b

Both directions of the move are considered induction moves. This move decomposes

into an elementary deformation as follows:

a exp. V4 a coll. la
—_— e
b 1 b b

Definition 2.3 Next we discuss *—movesdefined in #]. An .7 ~‘-move is an
induction followed by a collapse, with the following description. It is required that
k,¢ # £1, and that the left hand vertex has no other edges incident to it.

¢ k /a L a
b o b

The induction move changes the lalddb 1, after which the edge is collapsed.

Note that before the move, the loop is a strict ascending loop, and after, the loop is not
ascending. Thus aw ~1-move removes an ascending loop, and its reverse, called an

2/ —move adds one.
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Remark 2.4 «/*1-moves preserve the property of being reduced. The same is not
always true of slide or induction moves, unless one is in a non-ascending deformation
space. Also, an induction o *+'—move can only occur in an ascending deformation
space.

We will make extensive use of the following result, which is the main theorem]pf |
and its corollary.

Theorem 2.5 In a deformation space of cocompact G—trees, any two reduced trees are
related by a finite sequence of slides, inductions, and </ +1_moves, with all intermediate
trees reduced.

Corollary 2.6 In a non-ascending deformation space of cocompact G-trees, any two
reduced trees are related by a finite sequence of slide moves, with all intermediate
trees reduced. Moreover, if € is an edge of T and a deformation from T to T’ never
collapses e, then there is a sequence of slide moves from T to T’ in which no edge
slides over e.

The first statement of the corollary follows immediately from the theorem, and has pre-
viously appeared as Forest@ Theorem 7.4] and Guirardel-Levi@,[Theorem 7.2].
The second statement is proved 4ih [

2.3 The modular homomorphism

Let G be a GBS group with labeled grapl',¢\). There are two versions of the
modular homomorphisi® — Q*, each with several descriptions; see Bass—Kulkarni
[1], Forester ¥], and Kropholler [L1]. In this paper, it turns out to be more convenient
to use the reciprocal of the usual definition, so we will include this modification here.
This makes it easier to keep track of slide moves; see for exaDglmition 3.2
and Remark 3.3 We will mostly work with thesigned modular homomorphism
g: G — Q*, defined as the compositidh — H1(I') — Q* where the second map is
given by

k

&)
1 e,...,&)— —.
(1) ( )= 1 5y
(The first map is given by first killing the normal closure of the elliptic elements to
obtain 71(I'), and then abelianizing.) Equivalently, fix a non-trivial elliptic element
a € G. Then everyg € G satisfies a relatioga’g~! = a° in G for some non-zero
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integersr and s, and the assignmertf(g) = s/r is a well defined homomorphism,
which agrees with the definition just given; see KrophollEt] for Levitt [14].

Theunsigned modular homomorphissisimply |g|, defined onH(I") by

k _
[A@)]
(ela s 76() = (o)l
il;ll [A@@)
An equivalent definition is to choose any subgrodpof G commensurable with a
vertex group, and assign to eagle G the positive rational number

[V9:VNVY/[V:VNVe.

See [7] for a proof that this function agrees witt(g)|. We say thatI(, \) isunimodular
if |qg| is trivial.

Finally, there is also amrientation homomorphism G- {£1} defined byg —
g(9)/19(9)|. This homomorphism is also defined ¢ (I"). The next result shows

that the GBS group associated to a labeled graph is determined by the orientation
homomorphism and the absolute value of the labeling. Hence it often suffices to
considermositive labeled graphs.e. labeled graphd'( \) such that\(e) > O for all

e € E().

Lemma 2.7 Let A and X' be labelings on a graph T such that |\| = |\'|. If their
orientation homomorphisms agree then (I',\) and (I, ') differ by admissible sign
changes. In particular, the corresponding GBS groups are isomorphic.

Proof Let Q: Hi(I') — {£1} be the orientation homomorphism of,(\) and
(I',\). Fix a maximal treeT C I". Then every edge of I' — T determines a
generator ¢ € Hq(T").

By admissible sign changes, we can arrange thahd \' agree, and are positive, on
the edges off . Then for any edge in I' — T we have that)([€]) = 1 if and only if
A(e) and \(€) have the same sign, if and only ¥(e) and \'(€) have the same sign.
Thus )\ and\’ can be made to agree erande by an admissible sign change affecting
e e only. In this way,A and\’ can be made to agree on all Bf O

3 Labeled graph spaces

From now on we consider only GBS groups and their canonical deformation spaces.
Hence we will always refer t& instead of this deformation space.
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Definition 3.1 For a GBS groupG, we denote byRLG(G) the set of reduced la-
beled graphs representirg. Let RLGT(G) be the set of positive reduced labeled
graphs representin@. Note that this latter set is non-empty only if the orientation
homomorphism is trivial.

Our goal in this section is to establish a criterion, which can be checked in terms
of any labeled graph iRRLG(G), that characterizes wheRLG(G) is finite. Notice

that if G is ascending an® # BY1,n), then |RLG(G)| = oo. If G = BY1,n) or

G = Z, thenRLG(G) consists of a single point (unle$d = BY1, —1), in which
case|RLG(G)| = 2). Therefore, we are mainly concerned with determining when a
non-ascending GBS group satisfi@. G(G)| = co. However, we will need to prove a
more general statement, as we do not have an algorithm to determine whether a given
GBS group is ascending.

3.1 Monotone cycles and mobile edges

If (ep,...,e) is an edge path i’, we defineq(ey, . .., e,) by formula (). This is
also denotedr(ep, . .., €n).

Definition 3.2 LetT be alabeled graph f@ ande € E(I"). Anedge pathe, . . ., &)
is ane—edge pathf:

(@) e #eefori=0,...,n;

(b) o(e) = o(ev); and

(©) X\(g) dividesA(e)q(ey,...,g_1) fori=0,...,n.
An e—edge path is ap—integer cycldf, in addition we have:

(d) o(ep) = t(en); and

(e) d(eo,....en) € Z.
If |g(ep, ..., en)| # 1 we say that the—edge path or the—integer cycle istrict.
Remark 3.3 The first three conditions are necessary and sufficient to be able to
slide e along €y, ...,e,). The resulting label on the edgeis A(€)q(eo, - .-, €n).
Hencee may slide repeatedly along a-integer cycle. Also notice that any path

obtained by tightening ae—edge path (respectivelg—-integer cycle) is are—edge
path (respectivelyg—integer cycle).
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Definition 3.4 An edge pathdy, ..., e, €) is amonotone cycld (ep,...,e,) is an
e—edge path and(ey, . .., €y, €) € Z. An edgee is a monotone cycle i€ is a loop
andq(e) € Z. A monotone cycle istrict if the modulus is not equal te-1.

Remark 3.5 Supposed,...,e,, €) is a monotone cycle. Sincexy...,e,) is an
e—edge pathp(ey) = o(€) = t(e). Hence a monotone cycle is a cycle. Further, since
e ¢ (ep,...,en €), it is a nontrivial cycle. Notice that in the definition of monotone
cycle, the final edge is distinguished. In particular, a cyclic reordering of the edges in
a monotone cycle may not be a monotone cycle.

Lemma 3.6 If I has a strict monotone cycle, then G is ascending. Further, if I' has
a strict monotone cycle, then I' has an immersed strict monotone cycle.

Proof If T'" contains a strict monotone cycle which is a single edgthen eithere

is a strict ascending or strict virtual ascending loop. Therefore, afte¥’amove in
the second case, we see tlaais ascending. Otherwise, supposg, (.., €, €) is a
strict monotone cycle ii’. Then we can slide along €y, . .., €,), turning e into a
loop. After the slide move, the modulus of the loop is a nontrivial integer, herise
either a strict ascending or strict virtual ascending loop. As before, this shows that
is ascending.

For the second statement in the lemma, we must show that after tightening, a monotone
cycle is stilla monotone cycle. This is clear sincedi,( . ., ey, €) is a monotone cycle,
theng +# e e. Therefore, after tightening, the edgeemains in the cycle and the only
tightening occurs in the edge patéy.. ., €e,), which remains are—edge path after
tightening. |

Example 3.7 The converse to the first statementlafmma 3.6does not hold in
general, though we shall prove itin a special cageroposition 4.2 A counterexample

is given by the labeled graphs ifigure 1 The labeled graphs in this figure represent
the same GBS group; the labeled graph on the right is obtained by skdioger

e. The labeled graph on the left contains a strict monotone cycle, namely the cycle
(e1, &2, €3, €). After sliding e over (g1, &, €3), eis a virtual ascending loop with labels
Ae) = 6, \(e) = 132.

We claim that the labeled graph on the right does not have any strict monotone cycles.
First, notice that none of the edges €1, &, &, can slide. Also, since is separating

(a fact that remains true after slidiregor €), no strict monotone cycle can end wigh

or e. Finally, notice thaies cannot slide. Hence, if there is a strict monotone cycle, it
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slide

Figure 1: Slidinges over e results in a graph with no strict monotone cycles.

must be of the formd(, e3), wherea is anez—edge path. In particulai(es)q(a) must

be divisible by\(e3) = 22. However, the only place the prime number 11 appears in
the labeled graph is in the labg(e;), and sincee; ¢ a, A(e3)q(«) is not divisible by

11 for anyes—edge pathy. Therefore, the labeled graph on the right cannot contain a
strict monotone cycle.

Remark 3.8 Ingeneral, finding a monotone cycle requires a solution to the conjugacy
problem for GBS groups (sdeemma 3.13. This problem is not yet known to be
solvable.

Definition 3.9 GivenT' € RLG(G) ande € E(I'), we denote by5(I",€) C RLG(G)
the set of reduced labeled graphs obtained fioilny a sequence of slides efande.
S(T", ) is then called thalide space of e (based &Y.

Proposition 3.10 Let I" € RLG(G) and e € E(I"). Then |S(T', €)| = oo if and only if
I contains a strict e—integer cycle or a strict €—integer cycle.

Proof By Remark 3.3it is clear that if[" contains a strice—integer cycle or a strict
e—integer cycle, thefS(T', €)| = co.

For the converse lef; be an infinite sequence of labeled graphs{h', €). As the
number of edges in the graph$ is constant, there is a subsequence suchlthat I
(asunlabeled graphsfor some fixed grapH”. Thus either|\i(€)| or |Ai(€)| is an
unbounded sequence of natural numbers. By interchargiiog e and passing to a
subsequence if necessary, we can assumexH@j| is a strictly increasing sequence
of natural numbers. Since slides @commute with slides o€, we can assume that
the labeled graphB; are obtained from each other without slidiagThere is a finite
number of primes appearing in the sequefice(e)|}. Indeed, this list is contained in
the set of primes that appear on any labeled grapl@fol herefore, by the following
lemma, there ar@, n’ such that\,(e) divides A\ (€). Let v be thee—edge path that
e slid along transforming’ into ', and~’ the stricte—integer cycle thaé slid along
transformingl'y, into I,y . Then clearlyy+/~ is a stricte—integer cycle inl". |
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Lemma 3.11 Let {m} be a strictly increasing sequence of natural numbers such that
only finitely many primes appear in the sequence. Then there are distinct indices n, n/
such that my, divides My .

Proof We will prove this by induction on the number of primes appearing in the
sequencgm}. If there is only one prime appearing, then the lemma is obvious.

Suppose thall primes appear in the sequenigg }. To any elementnin the sequence
we associate a point i, (i.e., the first orthant ofZN) by:

P (k.- k)

—-

j=1

where]‘[j'\':1 pjk‘ is the prime decomposition @fi. For any elementny in the sequence,
we denote thgth coordinate in this assignment byjj. If there is some elememty
such that iy); < (my); for all j, thenmy dividesm; and the conclusion of the lemma
holds.

Otherwise, by passing to a subsequence, we can assumenjjat ((my); for some
fixed j and alli. By further passing to a subsequence we can assumenth)at=( M
forall i. Then{m/p}\"} is a strictly increasing sequence of natural numbers in which
only N — 1 primes appear. Now apply induction to complete the proof. ad

Definition 3.12 LetT" € RLG(G). An edgee € E(T") is mobileif either:

(a) there is a strict monotone cycle of the form,(. .., €y, €) or (ep,...,€n, €); Or

(b) |S(T,€)| = >~ (equivalently, byProposition 3.1pT" contains a strice—integer
cycle or a stricte—integer cycle).

An edge that is not mobile is callatbn-mobile Note that mobility is a property of
geometric edgese is mobile if and onlye is.

Remark 3.13 By Proposition 3.1@here is an algorithm to determine whether a given
edgee € E(I') is mobile or not. Indeed, given an edge we can start making an
exhaustive search &(T', €). Either this space is finite or we find an stritinteger
cycle or stricte—integer cycle. In the latter caseis mobile. If the slide space is finite,
we can search these graphs to seeif a strict ascending or strict virtual ascending
loop in any of the graphs. An affirmative answer implies tha mobile, a negative
answer implies thag is non-mobile.

Let T denote the Bass—Serre tree coverihg
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Lemma 3.14 An edge e € E(I') is mobile if and only if G, C Gg for some t € G
and some lift & € E(T) of e.

Proof It is clear that ife or e is the last edge of a strict monotone cycle, or there
is strict e—integer cycle or strice—integer cycle then there is a lit and at € G
satisfying the conclusion of the lemma.

For the converse, givenand & with G} C Gg, we can replace if needed to arrange
that there are n@—translates o along the edge path connectiggo té. Also we
can assume without loss of generality tbé) separate® from té. Let @ be the path
in T from & to té, and leta be its image inl".

If & andté are coherently oriented, then.,(€) is a strict monotone cycle. Otherwise,
a is a stricte—integer cycle. ad

Corollary 3.15 IfT',T" € RLG(G) are related by slide moves and e € E(T") is mobile,
then e is mobile in T".

Proof This follows fromLemma 3.14since edge stabilizers are unchanged by slide
moves. |

Example 3.%&hows that both parts of the definition for mobility are needed. The edge
e is part of a strict monotone cycley( e, €3, €) in the labeled graph on the left and
hence is mobile. In the labeled graph on the right, as noted in the example, there are
no strict monotone cycles, but there is a staetnteger cycle, s@ is mobile.

Remark 3.16 The set of non-mobile edges is preserved by slides, inductions, and
«/*1-moves. To make sense of the third case, observe that even thougltan

move changes the set of edges, the edges directly involved in the move are all mobile,
so each non-mobile edge is present before and after the move, and its status does
not change (byremma 3.14. In the case of an induction move, the loop is maobile
before and after, and mobility of other edges is not affected, agalrebyma 3.14
Therefore, for any labeled graph space, we can compare non-mobile edges between
any two labeled graphs.

Lemma 3.17 In a labeled graph, a non-mobile edge cannot slide over a mobile edge.

Proof Suppose an edgieslides over a mobile edge Then there are lift§ and &
in the covering tredl such thaff slides overg, and SoG; C Gg. Letn =[Gz : Gf].
By Lemma 3.14there is at € G such thatGl C Gs. Letm = [Gg : GL]. Then
G} C Gt ¢ G, andG} is the unique subgroup @z of index mn. This implies that
G% is the subgroup o6; of index m, which is greater than 1, and $as mobile. O
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3.2 Slide relations

In this subsection we will work out some methods to rearrange sequences of slide
moves. In particular, we will show that any sequence of slides can be rewritten so that
non-mobile edges slide before mobile edges, and individual non-mobile edges can be
slid one at a time. To simplify the discussion, we will only consider positive labeled
graphs. All slides in this section are betweaeducedtrees (that is, the slides take
place “inRLGH(G)").

Notation 3.18 If I" € RLG(G), e € E(I') and A is an e—edge path, we will use the
notatione/A to denote the slide move @ over A. When we write a composition of
slidese/A - f /B we will always assume thdt/B is a valid slide move after sliding
overA. We have some obvious relations/A - e/A’ = e/AA ande/A is the inverse
of e/A (hereA is the reverse of the path).

Throughout the rest of the sectioA,denotes are or e-edge path an& denotes arf
or f—edge path. Likewise fok', B', etc. We will usex to denote are or e-edge path
not containingf or f, andg anf or f —edge path not containingor e.

The following proposition is our current goal.

Proposition 3.19 Suppose I' € RLG"(G) and e,f € E(') (e # f,f_) where T is
non-mobile. Suppose e/A - f /B is valid slide sequence in RLG™(G). Then:

e/A-f/B = f/B -f/B"-e/N -g/A"
for some appropriate edge paths B', B”, A' and A”.

We will establish this proposition by a careful analysis of how to commute individual
slide moves past one another. We begin by listing several basic relations.

Definition 3.20 In some of the slide relations belovenamingoccurs. This does

not mean that the edges themselves are renamed. Rather, when the relation is used to
substitute some slide moves for others inside a larger sequence of moves, the moves in
the larger sequence occurriafier the newly substituted moves need to be renamed, so
that they still refer to the same edges as before. For example, the instruction “rename
e— f,f — e”meansthat moves suchas, f /e, e/f_occurring later inthe sequence
should now be written a/«, €/f, f /e. The reason for this should become clear in

the proof of the next lemma.

Lemma 3.21 Suppose that f is non-mobile. Then the following relations are valid:
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(8) e/a-1/8 = f/3-e/a

(b) e/a-f/e = f/ae-e/a

(c) e/a-f/e = f/en-e/a

() e/f-1/8 = f/3-e/Bt

(e) e/ff -f/le =f/e

(f) e/f -f/e = e/f -€/f, thenrenamee— f,f — &

(@) e/f-f/3 =1/3-¢/fp

(h) e/f-f/e = f/e thenrenamee— f,f —e

(i) e/f-f/e =e/f
where f7f_§§ « and e, e ¢ (3. Furthermore, after substituting and renaming moves, f

still refers to a non-mobile edge.

Proof In the diagrams below, the heavy edgé iand the light edge is. Note that in
casesf) and ), later references to these edges will be renamed. Sirstides over
e or e in these caseg must be non-mobile biemma 3.17 So it remains true thdt
is non-mobile in later moves, after the renaming step.

Now consider the individual cases, recalling thaand 3 do not contaire, e, f, or f.
Case §) is obvious. Casdy] is clear after noting that(e) = o(«) andt(«) = o(f). In
case €) we haveo(«) = o(e) andt(e) = o(f) and the relation is clear. In casd) (ve
haveo(e) = o(f) = o(3) and the relation is clear.

For (g), shown belowf is a loop ato(e). The labels)(e), A(f) are of the formca, a
since e slides overf. Then, sincef slides overe, we must havecb | a (where
b = A(f)), henceb | a. Sincef is non-mobile, we then havie = a. Hence the first

slide may simply be omitted.

ca cb
O —_— O —_—
cb
b

For (f), shown belowe is a loop ato(f) and we have\(e), \(f) of the formca, a as
before. Since slides overe, we haveb | a (whereb = A(€)) and the new label of
f becomesacd/b (whered = \(f)). This integer is divisible byd, and sof is now
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virtually ascending. Sincé is non-mobile, we conclude thacd/b = d, soac = b.
Sinceb | a, we now havec = 1 anda = b. The result of the two moves can now be
achieved by slidinge and € over f. After this move,f is in the position previously
occupied bye, so later references t®should be renamed ds Similarly, references
to f should be renamed t® (e would work equally well in this case).

b cd
. ) b cd
a d a d

In case ¢) we haveo(e) = t(f) ando(f) = o(3) and the relation is clear. Fonh)we
haveo(e) = t(f), and \(e), /\(f_) of the formba, a. After the first slide\(e) becomes
bc wherec = A(f), and since the second slide occurs we have tigat c. Hence

b = 1 and we originally have\(e) = >\(f_). Now the same labeled graph results by
sliding f overe. In later movesg should be renamed ds andf ase, sincef ande
now occupy the previous positions efandf .

_>
/b a b

The labelsA(e), )\(f_) are of the formca, a and A(e) becomesch after the first slide
(whereb = \(f)). From the second slide we deduce that \(€) dividesb. Now e
is virtually ascending, and it is non-mobile sintean slide over it. S@b = d and
the second slide may be omitted. ad

Case) is shown below:

The next result is a straightforward application of the relatiaps(() of Lemma 3.21
It will be used to establish a special casePobposition 3.19when eitherf,f ¢ A or
eed¢B.

Lemma 3.22 Suppose that f is non-mobile. Then the following relations are valid:

(@) e/afd -f/3 = 1/5-e/apfd
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(b) e/afd -f/8 = /3 e/af B
() efa-f/Bed = f/Baed -e/a
(d) e/a-f/388 = f/BEaf - e/a

Proof For (@) we write

By 3.21(a): e/afd -f/3 = e/af -f/5-€/d
3.21(d): = e/a-f/3-e/pfd
3.21(a): = f/B-e/apfd.
The other relations are similar. m|

The next relations will form the basis of the prooffafoposition 3.19

Lemma 3.23 Suppose that f is non-mobile. Then the following relations are valid:
(@) e/afd -f/pe3 = f/aeb’ -e/ap
(b) e/afa’ -f/8eB = f/8-f/a’-e/apfd -€/f3, renamee — f.f — €
() e/afd -f/888 = f//B -e/af
d) e/afa’ -f/Be8 = f/o/ -f/ae-e/a-€/f, renamee f.f — &

Proof The first three of these follow from straightforward computations, similar to
Lemma 3.22

e/a-f/3-e/pf -f/d’e-e/d -f/5

By 3.21(a,d,b): e/afa’ - f/3ed

3.21(ad): = f/B-e/ap-f/a’ -e/a'f-f/ep -e/d
3.21(aeb): = f/pa’ -e/aB-f/d'e-e/a -f/3 -e/d
3.21(a) and cancellation: = f/8-e/ap-f/ep

3.21(b,a): = f/aed - e/ap.

This proves §). For (b) we have:
e/afa’ -f/3e8 = e/af -f/3-e/d’-f/ep

3.21(d,c.a): = f/8-e/apf -f/ed’3 -e/d

3.21(f): = f/B8-e/apf -e/f -€/d/B -f/o/, renamee — f.f — &
3.21(a): = f/3-e/aff -€/f -f/a/-€/d/F, renamee— f,f > €
3.21(g) and cancellation: = /3 - e/aff -f/a -€/f3, renamee — f.f — &

3.21(g.a): = f/3-f/d/ -e/aptd -€/f3, renamee— f,f — &
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Note that part of the third line has undergone renaming. The renaming instruction is
still needed for any subsequent moves. Next consiger (

e/ofa -f/383 = e/of -f/3-e/a’ -f/ef

3.21(g.): = f/8-e/afBa’ -f /€83

3.21(c.a): = f/8-e/af3-f/ed/3 -e/d

3.21(ca): = f/8-e/af -f/€8/3 - e/Bd

3.21(i.g): =f/3-e/a-f/3-€/f3 /'3 -e/Bd
3.21(a) and cancellation: = e/af - f/o/,B/ -e/a

3.21(g,a) and cancellation: = f/alﬁ/ . e/af_ﬁ_’.

Finally we prove @). Notice that asxfo’ is an e—edge patho(a’) = off) and after
sliding e we have thab(e) = t(a/). Also, sincefes is anf—edge path after sliding,
o(8) = o(f) = o(c’) andt(3) = o(e) = t(a’) Therefore, as neithex’ nor 5 contain
e e, fa’ is acycle before sliding. Since after sliding overafa’ we can slidd over
£e we have thatAp(e)qp(a,f_,a’) divides Ar(f)qr(5). (Herel is the labeled graph
just before the slide moves under discussion.) In particular, after slidabgng 3, we
can slide it back along’. Finally, sinceAr(f) divides )\p(e)qp(a,f_) which divides
Ar(f)agr(Ba’), we have thagr(8a’) is an integer. AS is non-mobile, this integer
must be 1 (recall that we are assuming that all labels are positive). Hiérdce f /o/.
Now it is easy to verify thatd) is a valid relation:

e/ofa -f/a'ef = e/af -f/d/ -e/d /e

3.21(g,a) and cancellation: = f/a/ . e/ozf_- f/eﬁ’
3.21(h): = f/o'-e/a-f/e-€/F, renamee— f.f — &
3.21(b): = f/a/ -f/ae-e/a-&/F, renamee— f.f — &
This completes the proof. ad

We are now in a position to proveroposition 3.19

Proof of Proposition 3.19 To simplify the discussion we introduce a shorthand for
slide sequences. Slides of the fomw or e/« are denoted by, and those of the
form e/afo’, e/afa’, €/afa’ or g/afa’ by Er. Likewise define the symbols and
Fe. Given a slide sequence, letdenote the number of slides of the foilgs or Fg.

Let n denote the number of transitions of the foEpFg after omitting the symbols
E, F. Thecomplexityof the sequence is the paim(n), ordered lexicographically.
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We are given the sequenegA-f /B, which decomposes into a slide sequence consisting
of E's and E¢’s, followed by F's and Fg's. Our strategy is to apply slide relations
to reduce complexity, untih = 0. If n = 0 then we have a sequence in which no
Er appears before aRg. To complete the argument in this casemma 3.2(9)

will transform anyEF to FE; Lemma 3.22a,b) transforms anyerF to FEg; and
Lemma 3.2%c,d) transforms an¥EFg to FEE. Using these relations, the sequence can
be transformed to one consisting Bfs and Fg’s followed by E’s and Er’s. Lastly,
since slides ok ande (respectivelyf and f_) commute, the sequence can be put into
the desired fornf /B’ - f /B" - e/A - &/A".

Next we show how to reduce complexitynf> 0. We will be applying the relations
of Lemma 3.23some of which involve renaming. When this occurs, the symBgls
andFg, and the symbol& andF, will be exchanged throughout part of the sequence.
Notice that this in itself does not change Notice also that the relations 8123a),
3.23c) and3.23d) all reducem.

There is one additional rewriting move which has not yet been discussed. The moves
EEr may be rewritten either & or asErE, depending on whether the edgappears

with the same orientation in the two moves. SimilafgF can be rewritten abg or

FFe.

The procedure is first to push dfi’s to the beginning of the sequence and B&ls
to the end, using this last observation and Lem®.&4(a) and3.22 This does not
change complexity. Then apply relati@23a), 3.23c) or 3.23d), if possible, to one
of the EFFg pairs, to reduce complexity. If none of these apply, then eteify= pair
matches the left hand side of relati8r23b). Using this relation does not obviously
reduce complexity, but we can proceed as follows.

Starting with the rightmosEgFg pair, the slide sequence has the form
- (ErFg)(Fe)"(EF)*(B)

where* denotes zero or more copies of the symbol. Apph8r2b) to this pair, the
sequence becomes
-+ - (FFEFEF)(EF)" (Fe)" (F),

with no change to the symbols that are not shown. If tBg){ term in the original
sequence is empty thandecreases anoh stays the same, and complexity has been
reduced. Otherwise the new sequence has the same complexity. If this occurs, apply
Lemma 3.230 the newly created rightmo&=Fg pair. If case §), (c) or (d) applies,
complexity is reduced as before. If casg &pplies then we are in the situation just
discussed, with emptyeE)* term, andn decreases. Thus, in all cases, complexity has
been reduced. |
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The corollary below follows directly, by repeated applicatiorPodposition 3.19

Corollary 3.24 Suppose I',I" are related by a sequence of slides in RLG"(G) and
f € E(I') is non-mobile. Then there is a labeled graph I't € S(I', ) and a sequence of
slides 't — I in RLG"(G) during which the edges f,f remain stationary. Moreover,
if a geometric edge €, € € E(I') was stationary in the original slide sequence, then the
sequence I't — IV may be chosen to leave €, € stationary as well.

3.3 Finiteness ofRLG(G)

We can now prov& heorem 1.1along with some applications. Here is a restatement
of the theorem.

Theorem 3.25 Let I' € RLG(G), where G # BS1,n). Then |RLG(G)| = oo if and
only if I' has a mobile edge.

Proof Let Gt be the GBS group represented by the labeled grapp\[). Changing

the signs of a labeling has no effect on divisibility relations, and hence has no effect
on slide moves or mobility of edges. Moreover, the absolute value Ri&{G) —
RLGT(G™) is finite-to-one, sQRLG(G)| is finite if and only if[RLGT(G™)| is. Thus,
without loss of generality, we may assume thais a positive labeled graph, and we
may work inRLG ™ (G), whereCorollary 3.24is valid.

Supposd’ has a mobile edge. If there is a strict monotone cycle théhis ascending,
and sinceG # BY1,n), it follows that |RLG(G)| = oco. Otherwise|S(T', €)| = oo,
which implies thafRLG(G)| = cc.

Next suppose thal' has no mobile edges. In particulds is non-ascending. By
Corollary 2.6 RLG'(G) is connected by slide moves. Let, e, ..., be the geo-
metric edges of". Given anyI” € RLG"(G), Corollary 3.24implies that there is a

sequence of labeled graphs= I, T'%, ..., TK = IV such thatl" is in the slide space
S(I-1, ) for eachi. Since nol has a mobile edge, these slide spaces are all finite,
and thereforeRLG™ (G) is finite. ]

Remark 3.26 Since we have an algorithm to determine whether a given labeled
graph has a mobile edgBémark 3.1} the finiteness criterion above can be checked
algorithmically.
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Example 3.27 Figure 2shows a labeled graph with modulus a nontrivial integer. For
this reason, the finiteness theorem of Forestedpes not apply. There is only one
possible slide move, and the only slide afterwards is its reverse. It follows that there
are no mobile edges, iyemark 3.13 Hence this GBS group has only finitely many
reduced labeled graphs representing it.

18
24

18
24

Figure 2: A GBS group with finite labeled graph space and integral modulus.

As a consequence dheorem 1.1we have the following theorem about the finiteness
properties of the group of outer automorphisms of a GBS group. The proof is exactly
as in Clay B, Theorem 75] or Levitt14, Theorem 1.5]. Recall that a groupdétype

F. if it is the fundamental group of an aspherical cell complex having finitely many
cells in each dimension.

Theorem 3.28 If a GBS group G is represented by a labeled graph that does not have
any mobile edges, then Out(G) is of type Ry .

Another application concerns the isomorphism problem for GBS groups.

Theorem 3.29 There is an algorithm which, given two labeled graphs, one of which
does not have any mobile edges, determines whether the corresponding GBS groups
are isomorphic.

Proof Let I',T” be reduced labeled graphs with corresponding GBS gréui,
where I' has no mobile edges.Remark 3.16implies that the deformation space
of I' is non-ascending. Hence, I83orollary 2.6 reduced trees in this deformation
space are connected by slide moves (between reduced trees).REG(8) is finite
(Theorem 1.}, it can be enumerated effectively, by performing all possible slide
sequences, exactly as in the proof afCorollary 8.3]. TherG andG’ are isomorphic

if and only if the labeled graph” is found. O
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4 Betti number one graphs

Given a non-elementary GBS gro@ all labeled graph§ € RLG(G) have the same

first Betti numberb(I"), since this is simply the rank of the quotient Gf by the
subgroup generated by the elliptic elements. Alternatively, collapse and expansion
moves induce homotopy equivalences of the underlying graph. Thus we also denote
this numberb(G). In this section we will only consider GBS grous such that

b(G) = 1. As before, all GBS groups in this section are assumed to be non-elementary.

Remark 4.1 Supposd® € RLG(G) with b(I') = 1. If there is a strict monotone cycle

in I', then there is one which is embedded. To see this, note first that there is one which
is immersed (by.emma 3.§. Sinceb(I") = 1, the cycle is a covering of an embedded
cycle. Then since the final edge in a monotone cycle appears only once, the cycle itself
must be embedded.

Hence, we can determine algorithmically whether a given labeled drapith b(I") =
1 contains a strict monotone cycle.

Proposition 4.2 Suppose I' € RLG(G) and b(I') = 1. If T’ has a strict monotone
cycle and T” € RLG(G) then I" also has a strict monotone cycle.

Proof By Theorem 2.5ve only need to consider the case wHeandI” are related

by a slide, induction or7tl—move. IfT" and I are related by an induction move,
then both contain strict ascending loops and hence both contain strict monotone cycles.
Also, if I andI" are related by ar7+'—move, then one of the labeled graphs contains

a strict ascending loop and the other contains a strict virtual ascending loop, hence both
contain a strict monotone cycle.

Now assume thaf' has an embedded strict monotone cye&g (. ., e,, €) and thatl”

is obtained by sliding an eddeover an edgd’ in T'. Since we can assume that the
strict monotone cycle is embeddesl,# g, g for anyi # j. We have several cases

to consider depending on the configuratiorf df' with respect to the monotone cycle.

In all cases, it suffices to find an edge that can be slid into a loop, since it will have the
same (integral) modulus asy(. . ., e, €) (becausé(I') = 1).

Clearlyif f, f_gé (ep, ..., €n, €, then this strict monotone cycle is also a strict monotone
cycle inI”.

If f =g andf’ # e, then €,...,6_1,f',&,...,&,€) is a strict monotone cycle
in T, Likewise, iff = g andf’ # ethen €o,...,6,f',611,...,€n,€) is a strict
monotone cycle if”.
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Since the strict monotone cycle is embedded, the only possible configuratibng of
wheref € {g,q} andf’ € {e e} are whenf = ey andf’ = eor f = g, and
f’ = e. In the first cased,,...,en ) is a strict monotone cycle if”. To see
this note thatey can slide overe and e can slide overey, and hence appropriately
chosen lifts to the Bass—Serre tree carry the same stabilizer. Thenesgareslide
over the pathdy, . .., e,), we have thaky can slide overd, . .., &,), after which it
becomes a virtual ascending loop. In the second casefwitle, andf’ = e, the path
(eo, ..., en) is a strict monotone cycle ih’ for similar reasons.

The remaining cases of interest are whHea {e,e}. If f = e, then €, ..., ey, ', €)

is a strict monotone cycle if’, by the following reasoning. For any strict monotone
cycle (o, ..., €n, €) we have that\(e)g(ep, . . . , &) is an integer, since this is the label
on e after sliding over €y, . .., &,). Also, A(e) divides this integer since the modulus
of the cycle is £(€)/\(e))q(ey, - - -, €n). In our situation\(f) divides A(e), and hence
also\(e)q(ep, . . ., €en). SoinI’ the edgee can slide overd, . . ., &,) and then ovef .

If f = e, then (_’, €0, . . ., €n, €) is a strict monotone cycle ifi’, sincee can slide back
overf’ and then overd, .. ., €,). |

In the caseéb(I') = 1, we now have a converse to the first statemeieofima 3.6

Corollary 4.3 IfT" € RLG(G) satisfies b(I') = 1 then G is ascending if and only if T’
has an embedded strict monotone cycle.

Proof If G is ascending, then there is a labeled grapke RLG(G) that contains a
strict ascending loop (which is a strict monotone cycle). Bgposition 4.21" also
contains a strict monotone cycle. The converse is givebdmgma 3.6 m|

Remark 4.4 Note that the latter condition can be checked effectivel{Rbynark 4.1
Thus, wherb(I') = 1, we can check algorithmically wheth€ris ascending. There is
no known condition for checking whether a GBS group is ascending in general.

Definition 4.5 A mobile edge that is not an ascending loop or the reverse of an
ascending loop is called a+mobile edgés stands for “slide”). Note that ib(I") = 1
ande is an ascending loop, then slidiregor e over another edge always results in a
graph that is not reduced. Hensemobile edges are the only mobile edges that can
slide over another edge while staying insitleG(G). GivenT' € RLG(G), let §(I") be
number of geometris—mobile edges. By the following lemma, this number may also
be denoted(G).
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Lemma 4.6 IfT',TY € RLG(G) and b(I") = 1 then (") = ().

Proof As before, we just need to verify this whédhand I are related by a slide,
induction or.Z*1—move. For slide moves, the number of mobile edges is invariant
(by Corollary 3.15 and so is the number of ascending loops.

For the other moves, note that at least on& afr I” must be a single strict ascending
loop with trees attached. The-mobile edges are exactly those which can be slid to
and around the loop. The result can be verified easily from this description. O

4.1 The non-mobile subgraph

Since we are assuming thiafl") = 1 for anyI" € RLG(G), the imageq(G) C Q* is
generated by a single rational numlzpe g(v), where~ is an (oriented) embedded
cycle inI". We may assume thég| > 1.

Let Thon C T' be thenon-mobile subgraphobtained fromI™ by discarding the mobile
edges and any vertices incident to a strict ascending loop. Notdihatmay be
disconnected, and may have isolated vertices.ILet. ., 'k be the simply connected
components ofj,on. There is at most one componentlgf, not in this list, and this
only happens whefs is non-ascending.

In both of the examples dfigure 3 the non-mobile subgraph consists of the two
vertices of valence one; all edges are mobile, and the middle vertex is deleted.

EachI'; carries a subgrouf®; of G, well defined up to conjugacy. These subgroups
and their conjugates will be callegbn-mobile subgroups

For each geometric mobile edde, e}, one of its orientations will be designated as
preferred If e € v thene s preferred. Otherwise, i e ¢ ~, we saye is preferred if
e separates(e) from ~. Sinceb(I") = 1, exactly one ok, e will have this property.

Lemma 4.7 For each simply connected component I'i C Thopn, there is a unique
preferred mobile edge & such that o(g) € I'j. Furthermore, every S—mobile edge is €
or g for some i. Hence I'on has exactly S(G) simply connected components.

Proof There are two cases depending on whefheintersectsy. If T intersectsy

(which can happen H contains ars—mobile edge), then sindg is simply connected,
there is a (preferred) mobile edge € ~ such thato(g) € I';. There is at most one
other geometric mobile edge inthat is incident tal';. Its preferred orientation must
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meetl’ in its terminal vertex, since the edgesAnare oriented coherently. For any
other preferred mobile edgg incident tol';, we have that’; separateg’ from ~, and
so T containst(€), noto(€).

If T; does notintersect, then sinceb(I') = 1, there is a unique preferred mobile edge
incident tol';, separatind’j from ~.

For the second statement, ketbe a preferreds—mobile edge. Them(e) is not the
vertex of an ascending loop, and 8(&) € Ton. If 0(€) € v theno(e) € T for some
i. If o(e) € v thene € v, and hence all components Bf,, are simply connected.
Thuso(e) € I'j for somei. In either case, since(e) € T}, it follows thate = g by
uniqueness. O

We will be looking carefully at the subgrapt$ and how they sit insid&. For this
we need the following definitions.

Definition 4.8 A pointed labeled grapis a triplel’ = (I, ¥, \) wherel is a labeled
graph VS V(F) and \ is a non-zero integer. It issducedif T" is reduced and
A # +1. Let RLG(G) be the set of reduced pointed labeled gradhy,(A) such that
I' € RLG(G).

We define an equivalence relation dﬂ\G(G) via the following procedure. Given
(T, ¥, \), adjoin a new distinguished edgdo I' with o(e) = ¥ and label\(e) = \ (the
label \(€) is irrelevant). Perform any elementary deformation of this graph in which
is never collapsed. In particular, no edge slides @elow letV = o(e), N = Ae),
and deletee to obtain the labeled grapl . If I” is reduced and’ # +1, we declare
the pointed labeled graphE,@, \) and {’, ¥, \') to be equivalent.

As always, labeled graphs are considered modulo admissible sign changes, and this
applies to pointed labeled graphs as well. In particular, an admissible sign change
may be performed on the distinguished edge, and’s, @) is always equivalent to

T, v, —5\). Alternatively, this equivalence can be seen by performing an admissible
sign change on every vertex and edgéd of

GivenT € RLG(G) let RLG() ¢ RLG(G) be the equivalence class containifig It
is called thepointed labeled graph space bf

Remark 4.9 It is interesting to comparéﬁ_\G(f) with RLG(T"). For example, let
I = T, v, 5\) whereT is the labeled graph dfigure 2 V is the upper left vertex, and
X = 8. Then|RLG(")| = oo even thoughRLG(T)| < oo, because the distinguished
edge can slide around the cycle in the counterclockwise direction, incre:\aslngeed,
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forany labeled graph with a non-trivial integral modulus, there will be pointed labeled
graphsI’ with |RLG(T")| = oo, by similar reasoning. However, If has no non-trivial
integral moduli, then we have the following result.

Proposition 4.10 Suppose G has no non-trivial integral moduli. Then
@) |IR7|-_\C-](f)\ < oo forevery I € F\7II§(G), and

(b) there is an algorithm which, given I,IV e F\TI_\G(G), determines whether they
are in the same pointed labeled graph space.

Proof Givenl = T, v, 3\) let I'p be the reduced labeled graph obtained frbrby
adjoining a new edge and a new vertex(e), with o(e) = V, A(e) = A, and\(e) = 2.

Let Gy be the new GBS group. This operation does not change the image of the modular
homomorphism, s@p has no non-trivial integral moduli. Now observe trm/I\G(f)
embeds intaRLG(Gy), by identifying the distinguished edge with Conclusion §)
follows becausd&rLG(Gyp) is finite, by [7, Theorem 8.2].

For (b) one considers elementary deformationd'gfin which e is never collapsed.

By Corollary 2.6 if T'j is related tal'g by such a deformation, then there is a sequence
of slide moves fronT'g to I'yy in which no edge ever slides over Now, givenf and

I, start withT and perform all possible sequences of slide moves, never sliding an
edge overe. All labeled graphs thus obtained yield pointed labeled graplﬁg'\@(f)

(by recordmgo(e) and A(e) and deletinge). Moreover every pointed labeled graph in
RLG(F) will be found, since these slides take placeRinG(Gop), which is finite. O

Definition 4.11 Recall that giveT” € RLG(G) with b(I") = 1, each simply connected
componenﬂ“I of I'hon has a preferred mobile edgeassociated to it, witlo(g) € T';.
Define I'j to be the pointed labeled graph;(o(e), A\(g)). This data WI|| also be
denoted [, %, \i). Note thatl’; is reduced, becausg is, and sol’; € RLG(G) for
eachi.

Theorem 4.12 Suppose I',T” € RLG(G) and b(I") = 1. Then

(@) T and I’ define the same non-mobile subgroups of G, and
(b) for each non-mobile subgroup G;, the corresponding pointed labeled graphs I

and I are equivalent in RLG(G;).
Proof We may assume that andI” are related by a slide, induction, af —move.

First consider an induction move. Both labeled graphs have ascending loops, where
the move takes place, and note that every edge incident to an ascending loop is mobile.
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Hence the non-mobile subgraphs and subgroups do not change, nor do the\(gbels
(sinceo(g) is not the vertex of the ascending loop).

Next suppose thai” is obtained fromI' by an &/ —move, exactly as pictured in
Definition 2.3 The virtually ascending loop ifr with labels k, k/m) is g for some
i. Then the vertex of the loop & and 3\i = k. After the & —move, the newly created
edge with labelsk, /) becomesg, and the subgraph; is unchanged. It is still the
case that\; = k, and¥ has not moved. All other subgrapli$ are also unchanged.
HenceG; = G/ andTl; = I/ forall i.

Now suppose that”’ is obtained fromT" by sliding e over €. To prove @) it suffices

to show that the simply connected componentdgf, contain the same edges and
vertices before and after the slide move. elis mobile thenI},qon, does not change
at all, and @) holds. So assume thatis non-mobile, which implies tha#’ is also
non-mobile, byLemma 3.17 Now the slide move takes place entirely withigy,, and
induces a homotopy equivalen€go, ~ I}, Of underlying graphs. Thus the simply
connected components are preserved apbddlds.

Now consider partlf). If e and€ are non-mobile then the preferred mobile edges
do not change, nor do(g) and A(g). ThusT; andf? are equivalent irRLG(G;). If
e is mobile then it must be as-mobile edge (cfDefinition 4.9 and soe is g or g
for somei. If e = g theno(g) and \(g) do not change, antl; = f{ for all i. Now
suppose thae = g. If € is non-mobile and is ifj for somei then f“i and fi’ are
equivalent inF?L\G(Gi). If € is non-mobile and not in an¥; then I = fi’ for eachi.

Lastly, suppose that = g and € is mobile. Note thab(e) is not the vertex of an
ascending loop, since is s—mobile and preferred. Hena® is also ans—mobile

edge. Itis not preferred because no two preferred mobile edges have a common initial
vertex. Thuse = g for somej # i. Note that before the slide(e) = o(€) € T}
andt(¢) € T}, and after the slidegp(e) = t(€/) € I'j ando(€¢) € T. Thus, by the
uniqueness property dfemma 4.7 ¢ becomesg andg becomess. We also have

U =¥ andl; =TV forall i.

The only remaining issue is the labels A and X/, \/. We will show thatA(e) =
+£A(€), which implies that\; = £/ and \; = £/, completing the proof. There are
two cases.

If €,€ ¢ ~, then since this is a mobile edge, the geometric edee’} can slide to
and aroundy in the positive direction. Since separates$(€’) from ~, the endpoint
t(¢') can never meet after sliding{€, €}. Hence it is¢/, and not€, which slides to
and aroundy. Such a slide sequence includes a slide/adver e (whethere € ~ or
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e ¢ v). Also, just before this particular slide, the labde’) has not changed, since
o(¢') has remained within a subtree Bfuntil this point. Hence\(e) divides A\(€/).
On the other hand, sinaecan slide ove¥/, we have thai\(¢') divides \(e).

If € = g € v thenwritey as @, 0, ). Note that|S(I', )| < oo sincel'—{€,€} is
atree. Hence is part of a strict monotone cycle, which we may take to be embedded,
and must then be eithee (o, §) or (7o, &, §). The second case does not occur since
this cycle has modulus/fj, which is not inZ — {£1}. Sog = € can slide over

g = e, and\(e) divides \(¢). But e can slide ove¥€/, and so\(€) divides\(e). O

Remark 4.13 It can be shown that conclusioa) holds even without the assumption
that b(I') = 1. More specifically, all three types of moves preserve the connected
components of the non-mobile subgraph. (Recall fileemark 3.1&hat the set of
non-mobile edges is preserved by the three moves.)

Definition 4.14 We may now define an invariant for non-elementary GBS grdBps
with b(G) = 1. Choosd" € RLG(G) and letP(G) be the collection of pointed labeled
graph space$R/L\G(fi)} indexed by the conjugacy classes of non-mobile subgroups
of G. By Theorem 4.12P(G) is independent of the choice of.

Moreover P(G) is computable: given labeled graphs representti@nd G, one
may write down representatives for the collectid@) and P(G'), and determine
algorithmically whethelP(G) = P(G'), by Proposition 4.10

4.2 Ascending Betti number one GBS groups

Let G be an ascending GBS group wittG) = 1. Recall thay(G) c Q* is generated
by g = q(y) where~ is an (oriented) embedded cycle. SirBds ascendingg € Z
and|g > 1. LetF(g) € Q* be the subgroup generated by the integral factorg. of
We will define an invariant(G) € (Q*/(q))*/F(q), wheres = s(G) and F(q) acts
diagonally on the groupQ* /(q))S.

Given a labeled graph il € RLG(G), let I'; and G; be defined as irSection 4.1

and letey, . . ., & be the preferred mobile edges definedleynma 4.7 Also choose a
mobile edgee € vy, called thaeference edgeThis edge may or may not be among the
edgess, depending on whether the strict monotone cycle is an ascending loop. Based
on e, we will define an elemeng; € Q*/(q) for eachG;, and the resulting—tuple

will represent the invariang(G).

First we claim that there are lift§ &, ..., & in the Bass—Serre tree @f such that
Gg C Gg for eachi. Note that we are free to perform slide moves without affecting
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this claim. If e is a strict virtually ascending loop, then all mobile edge$'inan be

slid to be adjacent te. Then lifts can be chosen so thé#) = o(é) for eachi, which
implies thatGg C Gg. Otherwise, ife is not a virtually ascending loop, then it is part

of a strict monotone cycle, and it can be made into a virtually ascending loop by slide
moves. Now choose lifts as before.

We defineg; = [Gg : Gg]. Note that a different choice @& defines the same element
of Q*/(q), because the two lifts are related by an elemer@ ofith modulus a power

of g. A different choice ofé also makes no difference, by transport of structure. Now
define&(T") € (Q*/(q))°/F(q) to be the element represented ky, (. ., &s).

Lemma 4.15 The element £(T") € (Q*/(q))°/F(q) is independent of the choice of
reference edge.

Proof Consider¢’(I') defined using a reference edgec ~ instead ofe. We will
show that there are lift& & such thatGy C Gz and [Gs : Gy] is a factor ofq.
Then thes—tuples €1, ..., &), (&), - - -, &Y € (Q*/(q))® differ by this factor, and are

equivalentin Q* /(q))%/F(q).

Reversing orientations a, € if necessary, the cycle can be written asd(, e, 3, €).
Both (o, e 3,€¢) and (3,€,a,€e) are strict monotone cycles, becausand € are
mobile. Now \(e) dividesg(a)A(€), as ¢, e 3) is an€—edge path. Similarly(€)
dividesq(6)A(e). Hence the modulug can be written as the product of two integers:

_ A@)A(E) a(B)AE)

) AE)
Lifting the path €, o, €) to (&, &, & we obtaing and& with Gy C Gg. Since€ can
slide over &, €), we have Gz : Gy] = ‘%ﬁg& . Hence this index divides. O

Next we show that(I") is an invariant ofG, and hence may be denot&(s).

Proposition 4.16 For any two graphs T', T € RLG(G) we have £(T') = £(T).

Proof By Theorem 2.5we may assume thdi’ is obtained fromI" by a slide,
induction, or.7*1—-move. We consider the case of a slide move first.

Sinceb(I") = 1, the slide move does not create or remove strict ascending loops, and
so the set ofs—mobile edges is unchanged. We may also choose a reference edge
e € I' that remains on the embedded circuitlih. Thus, the collection of edges

e e1,..., 6 and their lifts, used to defing, can be chosen to agree forandI”. The
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only change to be accounted for in passing frbnto I" is that the correspondence
betweens—mobile edges and conjugacy classes of non-mobile subgroups may change.
That is, the indexing of the entries 6(I") may change.

Recall from the proof offheorem 4.12hat if ones—mobile edge slides over another,
then their indices and preferred orientations may be exchanged. However, it was shown
that whenever this occurs, the labels of the two edges at their common vertex are the
same, up to sign. Thus, choosing adjacent ktand §, we haveGy = Gsg, and
thereforeg; = ¢;. It follows that{(T") = £(T).

If I" andI” differ by an induction move, then there are strict ascending l@ogsl’

and€ e I along which the move occurs. These edges will be the reference edges for
£. Thes—mobile edges foi' andI” will be the same, with the same indexing, since

the move does not affect the non-mobile subgraph. Thus we may choose the same
lifts & for I and forI”. We may also choose the liflsand& so thatGg C Gy and

[Gy : Gg] is a factorm of g. (Even thoughe and € are in different trees, this can be
arranged.) Theg;(I'") = m&(T) for all i, and so¢(I”) = £(T).

Now suppose thal” is obtained fromI’ by an .« ~1-move, exactly as pictured in
Definition 2.3 In T", the edge with labelg andk is an s—mobile edge, sag;, with
initial vertex v on the right. The loop is the reference edgeChoose a liftg; and
let ¥ be its initial vertex. The ~1-move does not affedt, and the loope; € I'” has

a lift & with initial vertex ¥, with the same stabilizer & . Note thate] is indeed
the s—mobile edge i corresponding td5;. The other non-mobile subgraphs and
s—mobile edges are unchanged. Thus, the stabilizers of liiswiobile edges may be
chosen to agree fdr andI”. What has changed, however, is the reference edge. The
reference edge fdr’ is €|, whose lift&, has stabilizeiGg, . The reference edge far

is the loope, which has a lifté adjacent toé;, with Gy, C Gg and [Gg : Gg ] = /.
Now & (') = ¢&(T) for all i, and£(I) = £(T), sincel dividesq. O

Next we define normal forms for the labeled graphs under discussion.

Definition 4.17 Supposel’ is a reduced labeled graph with first Betti number one,

in an ascending deformation space. We say tha in normal formif it has a strict
ascending loop, every mobile edge is adjacent to this loop, and every label (except
possibly the labet) on the loop) is positive. Note thatif is in normal form, then the
s—mobile edges are exactly the edges adjacent to the loog;(&)ds represented by

the s—tuple (\(e1), ..., A(&)).

Every I' with b(I') = 1 in an ascending deformation space can be put into normal
form, as follows. First, there is a strict monotone cycle, which can be made into a strict
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virtually ascending loop by slide moves. If necessary, this can be made into a strict
ascending loop by am7—move. Then als—mobile edges can be slid to be adjacent
to the loop. Lastly, sinc®(I") = 1, the labels (other thag) can be made positive by
admissible sign changes.

Example 4.18 Figure 3shows two reduced labeled graphsin normal form representing
groups G, G'. In both cases the invariant is the equivalence class of the pair
(1,1) € (Q*/(2))?. The invariantP(G) is represented by a pair of pointed labeled
graphs, each consisting of a single vertex, with distinguished labels 2 and 2. On
the other handP(G') is represented by two vertices with distinguished labels 2 and
4. Thus, we conclude tha and G’ are not isomorphic. Note that, simple as they
are, these two groups are not covered by any of the previously known results on the
isomorphism problem (includingheorem 3.2

Figure 3: Two non-isomorphic GBS groups.

Theorem 4.19 Let G, G’ be ascending Betti number one GBS groups such that
S(G) = S(G') and q(G) = q(G'). Then G and G are isomorphic if and only if
their non-mobile subgroups are isomorphic, and under this correspondence between
conjugacy classes of non-mobile subgroups, we have £(G) = £(G') and P(G) = P(G).

Proof Let (I, \) and [V, \') be reduced labeled graphs in normal form representing
G and G’ respectively. The “only if” direction was proved ifheorem 4.12and
Proposition 4.16 For the other direction we will show th&at andT” are related by a
deformation (considered as unmarked labeled graphs), which implieG tia®’ .

Let Gy, ..., Gs be the common non-mobile subgroups®and G, and letl’; and T

be the correspondmg componentsE.at,n and Frlmn Then sinceP(G) = P(G), the
pointed labeled grapHS. andP’ are equwalent |rRLG(G) Hence, using the mobile
edgea as the dlstlngwshed edge fok, there is a deformation of, supported in
ue, making I isomorphic tol/ as pointed labeled graphs. Thus, we may now
assume thal’; and P’ agree for alli.

Since the graphs are in normal form, the only possible difference betWesrd I/
is in the labels\(g) and ' (g). Sinceé(G) = £(G), the s—tuples A(ey), . .., A(&s))
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and Q(ey),. .., N(es)) are equivalent in@* /(q))°/F(q). By performing induction
moves, thes—tuples can be made equivalent@’(/(q))°. Now \(g) and \'(g) differ

by a factor of a power of]. By slide moves of over the ascending loop or its reverse,
these labels can be made to agree for all |

4.3 Non-ascending Betti number one GBS groups

Let G be a non-ascending GBS group witiG) = 1. Suppose also thds is not
unimodular, and that the modular grog{s) is generated by an integgr (Otherwise,
we are in the situation covered by]] or alternatively,Theorem 3.29 For now, we
will also assume tha is positive. Let the unique embedded cygl& I' be oriented
so thatq(y) =q > 1.

An edge has infinite slide space if and only if it can slideyt@nd around it at least
once in the positive direction. If it can slide once all the way around, then it can do so
infinitely many times, since its label is multiplied lmyeach time. No edge can slide
infinitely many times around in the negative direction, since no integer is infinitely
divisible by g.

Since there are no strict monotone cyclesjoes not contain any mobile edges, and
hence is contained in a compondry of I,on. This is the unique component dfon
that is not simply connected.

Definition 4.20 LetI' be a reduced labeled graph witfi") = 1 in a non-ascending,
non-unimodular deformation space, with modulus a positive integery Icef” be the
unigue embedded cycle, oriented so th@f) > 1. We say thal” is in normal formif
its labeling is positive and every mobile edge is adjacent,tand cannot slide along
~ in the negative direction. Clearly, arfiy can be put into normal form, by sliding the
mobile edges to and alongas far as they will go.

Theorem 4.21 Let G be a non-ascending, non-unimodular GBS group with b(G) = 1
and g(G) generated by q € Z~o. Then RLG(G) contains only finitely many labeled
graphs in normal form, and these can be enumerated effectively from any I € RLG(G).

Proof Supposd” € RLG(G) isinnormal form. Lefy, ..., fx represent the geometric
non-mobile edges df. By Corollary 3.24there are sequences of slide moves

r=1"-rt—... o701
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such that the moveE'~1 — T' are slides off,, fi only, and the move§* — I’ are
slides of mobile edges only. Thus we hale e S(I'~1,f) for eachi, and since
each slide spac8(I''~1, ;) is finite, there are only finitely many possibilities for the
labeled grapi™®. These graphs can be found effectively by searching the slide spaces
S(I'-1,f). It now suffices to consider the case wher= T%, i.e. whenI" andI” are
related by slide moves of mobile edges only.

The only ambiguity now in determining” is in the positioning and labels of the
mobile edges, since the non-mobile subgraph$ afind I’ agree. Note that every
mobile edge joind"g to another componedd; (sincel is in normal form). LetG; be
the non-mobile subgroup correspondingto

Fix a vertexv € v and a lift vV in the Bass—Serre tree fdr. Every mobile edgey
may be slid (in the positive direction) along to v, after which the label org is
ni =[Gy : Gy N (G))?] for someg € G. Modulo g, this index is independent @f, so
[ni] € @Q*/{(q) depends only o’ and the choice of.

We claim that in fact,n; itself depends only on the choice uf Namely, no other
representative™n; of [nj] (m € Z) has the property that an edgéat v with label
g™n; can slide around, in the positive direction but not in the negative direction. To
see this, slide the edge with smaller lalyel times forward, so the two labels will
agree. But then the other edge could have been slid argunthe negative direction.

Now, oncen; is known, the edge can be slid back to its original position in normal
form. This position and the resulting label enare determined by;. Hence, for any
labeled graph in normal form obtained frdmby sliding mobile edges only, the labels
and initial endpoints of are uniquely determined.

It remains to determine the initial verticee) and labels\'(g) in I'. The pointed
labeled graphg'; and fi’ have the same underlying labeled graphs, and are equivalent
in P(Gj). Thus, all possible initial vertice8 = o(g) and Iabels:\i’ = )N(g) are
obtained by sliding the initial endpoint & within T';, by Corollary 2.6 SinceT

is simply connected, this slide space is finite and can be searched effectively (cf.
Proposition 4.17) m|

We can now provelheorem 1.2 Recall that this theorem solves the isomorphism
problem in the case where one of the labeled graphs has first Betti number at most one.

Proof of Theorem 1.2 Let I' andI” be labeled graphs defining GBS groupsand
G, whereb(I') < 1. If g(G) is not generated by an integer then the algorithm7of |
Corollary 8.3] determines wheth& =~ G'. Hence we may assume thaf") = 1 and
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q(G) is generated by € Z with |g| > 1. We may also assume thafl’) = 1 and
q(G) = q(G), since otherwisé&s 2 G'. Moveover, we may assume thais positive,
by Lemma 2.7 since the orientation homomorphismslofindI” agree.

Now make both graphs reduced by performing collapse moves, and check whether
andI” are ascending (cfRemark 4.3. If one is ascending and the other is not, the
groups are not isomorphic. If both are ascending, then put both into normal form and
verify that S(I') = S(I') (if not, thenG % G'). Then identify the subgraphs;, I’}
and consider permutations € S;. For each permutation, check whett@r= G,
for all i (these GBS groups are unimodular, so they can be compared). If s@;, call
anadmissible permutatioand then re-index the componentsIdf,, usingo, so that

i = G/ for all i. Evaluate and compare the invariag(§s), {(G') and P(G), P(G'),
usingProposition 4.10By Theorem 4.19G andG’ are isomorphic if these invariants
agree. If the invariants disagree for every admissible permutation GHgrG’, again
by Theorem 4.19

If both graphs are non-ascending, then put them into normal form. U$iegrem 4.2
enumerate from" all labeled graphs iRLG(G) in normal form. TherG = G’ if and
only if I is on this list. O
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