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1. Introduction

The matter of embedding a metric space into a “nice” Banach space is currently the subject of much
interest, due to its connection to different areas like geometric group theory and theoretical computer science;
a few examples of this are [20,3,13,2]. At least on the computer science side of things, the basic idea is easy
to understand. To paraphrase Matousek [14, Chap. 15]: a metric on a finite set of points is just a list of
numbers that satisfy the triangle inequality, so it is hard to see any structure in that. If we could represent
our given metric space as a subset of a (finite-dimensional) Hilbert space, there would be several immediate
advantages. Most importantly, this representation would allow us to see much more clearly the structure
of the metric space (clusters, isolated points, etc.) because in a Hilbert space we have access to geometric
tools that are not available in a general metric space (think, for example, of partitioning the set into two
pieces by using a hyperplane). If we insist on having an embedding of the metric space into Hilbert space
that preserves the distances exactly (a so-called isometric embedding), we will only be able to do it for
some very special metric spaces. It is not hard to find examples of small metric spaces (even with just four
points) that cannot be represented by subsets of a Hilbert space! Such spaces have long been understood,
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characterizations of metric spaces that admit an isometric embedding into Hilbert space go back to at least
the 1930’s [17]. But when it comes to applications, insisting on preserving the distances exactly is not really
important or practical. For example, if our data comes from measurements from the real world then our
information is already only approximate. In addition plenty of computational problems are impossible to do
exactly in a reasonable amount of time, so oftentimes the algorithms used in practice only give approximate
answers. Thus, for most practical purposes it is more than enough to ask for an approximate embedding
of a metric space into Hilbert space. Several notions of approximate embeddings appear in the literature
(uniform, coarse, etc.), but in the case of finite metric spaces the most useful is that of a bi-Lipschitz
embedding. Given an injective map f : X — Y between metric spaces, the distortion of f is the quantity
Lip(f) - Lip(f~1). It is a quantitative measure of similarity between two metric spaces: X, and the “copy”
of X that lives in Y given by f(X). The infimum of the distortions of all the possible injective maps from
X to Y is called the Y-distortion of X, or the Euclidean distortion of X in the special case when Y is a
Hilbert space.

Let us see how this idea can naturally be generalized to maps instead of spaces. The Euclidean distortion
of a metric space X is the infimum of Lip(f) - Lip(f~!) taken over all diagrams of the form

H

where H is a Hilbert space, j is the inclusion map and Idx is the identity map of X. Analogously, for any
Lipschitz map T : X — Y between metric spaces, we can consider the infimum of Lip(R) - Lip(S) taken
over all factorizations of the form

(1.1)

We will denote such infimum by 'y;“ ip(T), inspired by the notation of a similar situation in Banach space
theory: given a linear map T : E — F between Banach spaces, v2(7T') is the infimum of ||R]| - ||S]|| where
R:FE — H and S: H — F are linear maps such that 7= S o R and H is a Hilbert space. Note that in the
linear case one can get factorizations through the whole Hilbert space and not just a subspace of it, and
that is because every subspace of a Hilbert space is norm-one complemented in it. Since not every subset
of a Hilbert space is a Lipschitz retract of it (that is, the image of an idempotent Lipschitz map), factoring
through a subset or through the whole Hilbert space are different concepts in the Lipschitz category.

It should be noted that the factorizations in (1.1), and in fact more general factorizations through subsets
of L, spaces, have been studied by Johnson, Maurey and Schechtman [10]. Among other important results
they proved that when T : E — F is a linear map between Banach spaces, v2(T) = 72" (T) [10, Thm. 2].

The main results of this paper are two characterizations of when a Lipschitz map admits a factorization
through a subset of a Hilbert space, as in (1.1). Both of them are inspired by results in Banach space theory
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that deal with linear factorizations through Hilbert space. The first (Theorem 3.3) is a nonlinear version of
a classical theorem of Kwapieri in terms of “dominated” sequences of vectors. The second (Theorem 4.5) is a
duality result by means of a tensor-product approach, using the ideas of [4] to construct a “tensor product”
between a metric space and a Banach space.

2. Notation and preliminaries

X, Y, Z will always denote metric spaces, whereas E, F';, G will denote real Banach spaces. We use the
convention of having pointed metric spaces, i.e. with a designated special point always denoted by 0. As
customary, Br denotes the closed unit ball of E and E* its linear dual. Lip,(X, FE) denotes the Banach space
of Lipschitz functions T : X — F such that T(0) = 0, with addition defined pointwise and the Lipschitz
constant Lip(T) as the norm of 7. We use the shorthand X# := Lip,(X,R).

Let us recall the definition and basic properties of the space of Arens and Eells [1]. We follow the
presentation in [18]. A molecule on a metric space X is a finitely supported function m : X — R such that
Y wex m(x) = 0. For z,2" € X we denote by mg,s the molecule x ;3 — X{,}- The simplest molecules, i.e.
those of the form amg, with 2,2’ € X and a a real number are called atoms. It is easy to show that every
molecule can be expressed as a sum of atoms (for instance, by induction on the cardinality of the support
of the molecule). The Arens—Eells space of X, denoted .#(X), is the completion of the space of molecules
with the norm

|lm|lz = inf{z |aj|d(x;,2) :m = Z My } (2.1)
j=1

j=1

The fundamental properties of the Arens—Eells space are summarized in the following theorem [1], [18,
pp. 39-41].

Theorem 2.1.

(i) || |l.# is a norm on the vector space of molecules on X.
(ii) The dual of F(X) is (canonically) isometrically isomorphic to X% . Moreover, on bounded subsets of
X7 the weak® topology coincides with the topology of pointwise convergence.
(ii) The map ¢ : x — My is an isometric embedding of X into % (X). Moreover, for any Banach space E
and any Lipschitz map T : X — E with T(0) = 0 there is a unique linear map T F(X) = E such
that T o v = T. Furthermore, ||T| = Lip(T).

Because of the universal property (iii), the space #(X) is also called the free Lipschitz space of X, or
simply the free space of X . These spaces have been recently used as tools in nonlinear Banach space theory,
see [7,11] and the survey [8].

In the spirit of Arens and Eells’ original formulation, for a metric space X and a Banach space F we defined
4] an E-valued molecule on X to be a finitely supported function m : X — E such that )y m(z) = 0.
The vector space of all F-valued molecules on X is denoted by M(X, E). An E-valued atom is a function
of the form vmg, with v € E, z,2' € X. Atoms are the building blocks of the space of molecules in the
same sense that elementary tensors are the building blocks of the tensor product: every molecule is a sum
of atoms. The analogy goes well beyond just that, a tensor-product inspired approach using these spaces
of Banach-space valued molecules was used in [4] to solve the problem of duality for Lipschitz p-summing
maps [6, Prob. 3].
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Define a pairing (-,-) of Lipy(X, E*) and M(X, E) by

(T,m) = > (T(z),m(z)) m e M(X,E), T € Lipy (X, E*).
zeX

Note that this sum makes sense because m is finitely supported, and clearly (-,-) is bilinear. For an atom
m = vmgr,y and T € Lipy (X, E*),

(T,m) = > (T(x), My (z))

= (T(@), vmary (2)) +(T(y), vmary () = (T(@') = T(y),v)-

Therefore, for a general molecule m =}, VMg ot

(T,m) = Z (Tx; — Ty, v5). (2.2)

We will be interested in norms on spaces of molecules that are consistent with the metric structure
already present in the metric space and the Banach space involved. Borrowing from the terminology for
tensor products of normed spaces, we say that a norm || - || on the space M(X, E) of E-valued molecules
on a metric space X is reasonable if

(i) |lomga || < ||v||gd(z,2") for all z,2" € X, v € E.
(ii) |{f,v* om)| < [[v*| g~ Lip(f)||m]| for all v* € E*, m € M(X,E) and f € X#.

3. A nonlinear version of a theorem of Kwapien

Linear operators admitting a factorization through Hilbert space have a long history in functional analysis,
going back at least to Grothendieck’s Résumé [9]. Two excellent references for the subject are [5, Chap. 7]
and [16, Chap. 2]. Our main result in this section is a Lipschitz version of a theorem of Kwapien [12] that
characterizes the property of being factorizable through a Hilbert space, although our approach is closer
to that of [16, Chap. 2|. In the aforementioned theorem, having a factorization through Hilbert space is
characterized via an inequality that can be interpreted as saying that the operator behaves well with respect
to a certain “domination” relationship between sequences of vectors in the domain. Our first step is to state
an analogous definition of when a sequence of pairs of points in a metric space “dominates” another one.
Compare to [16, p. 22].

Definition 3.1. Let x;, 2, y;, y; € X and p;, \; € R. We write
if for all f € X7,

Do) = £ < Dl ) = £

In similarity with the linear case, there is an alternate characterization of this “dominance” relation that
involves contractions between finite-dimensional Hilbert spaces. This corresponds to [16, Prop. 2.2].
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Lemma 3.2. Let x;,7%,y;,y; € X and pj, \i € R. Then (Ni,yi, yi)isy < (wg, x5, 75)7 if and only if there
exists a matriz (a;;) such that

m

Z aijtj

J=1

2 m
< I1P for all ()], € R™ (3.1)
j=1

n
i=1

and for 1 <1 <n,
iy, = Zaij#jmxjx'j-
j=1

Proof. Suppose that (Ai,yi,y;)iey < (15,75, 75)7,. Let

S={(ni[fx;) = f(=))]) ]2, : fe XT} oy
Define a linear operator A : S — ¢4 by

m n
A [f ) = F(@5)])20) = el wa) = (i) ]) -

Note that the condition (A\;,ys,y;)iey < (1), 4, )7L, implies that A is well-defined, whereas (3.1) implies
that ||A|| < 1. By the Hahn-Banach theorem, we can extend A to an operator A : £5* — (2 with ||A] < 1.

The matrix representation (a;;) of A with respect to the canonical bases of £5* and ¢4 clearly satisfies (3.1),
and by definition we have for all f € X# and 1 <i<n

N[ f (i) = F8)] =D aijug [f () — f ()]
j=1
By the duality between .% (X) and X# (Theorem 2.1), this means precisely that

m
Nillyyr = D @iy o1
i=1

For the converse, we just reverse the preceding argument. 0O

We now proceed to prove the promised characterization of Lipschitz maps that factor through a subset
of a Hilbert space (compare to [16, Thm. 2.4]).

Theorem 3.3. Let X and Z be metric spaces, and C > 0. For a map T : X — Z the following are equivalent:

(i) There exist a Hilbert space H and Lipschitz maps R: X — H, S : R(X) — Z such that T = SR and
Lip(R) - Lip(S) < C.
(i) Whenever x;, 2%, yi,y; € X and pj, \i € R satisfy (Ni, yi, yi)i—y < (15,25, 25)7%,, we have that

> Ny (Ty:, Ty})* < C* > widx (x, x;)Q

i=1 j=1

Note that, in this case, vg‘ip(T) is the infimum of such constants C.
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Proof. (i) = (i7) Suppose we have such a factorization. By rescaling the Hilbert space, we may assume that
Lip(S) = 1and Lip(R) < C. Let z, 2, y;,y; € X and A, p; € R besuch that (A, yi, yi)7-y < (15, 75, 25) 7.
Note that for any v € H the function @ ~ (Rx,v) is in X7, so

n m
ZA?KRyi—RyQ, Z f Rm]—RxQ,v>|2 forallv e H.
i=1 =

Let (va)aca be an orthonormal basis for H. Since [|v]|* = 3. 4 [(v,va)|? for any v € H, we conclude that

DX By = Ryl < 37| Res = R

i=1 j=1

Hence,

ST N2y (Tyi, Ty))* =Y N2dz (SRy:, SRy))® <Y A2 Lip(8)2||Ry; — Ryl

i=1 i=1 i=1

n m
= 3 A8l — Rl < 3 e —
i=1 j=1

<> 2 Lip(R)2dx (w),25)" < O pidx (w),25)”.
Jj=1 j=1

(#3) = (i) For each z € X, denote by ¢, its corresponding evaluation function in C'(Bx#). Consider the
following subsets of C(Bx#):

K, = {Z A |8y, = 6% : Ni €R, Z/\de(Tyi,Tyg)Q > 1}
i=1

i=1
K = {Z%I% P R Y wdx (a0))° < 1}
Jj=1
Clearly, both K7 and K> are convex. Set

K= | (pK1 - K2).
p>C

Note that K is also convex: Let h € py K1 — Ko, b/ € p' K1 — Ky with p' > p. Then h = phy—ho, ' = p'h} —ho
with h,, h!. € K,, r = 1,2. Note that p'h}, = p(p'/p)h’ and p'/p > 1, so in fact p'h} € pK; (since h € K7,
n > 1 imply nh € K3). Therefore, we in fact have h,h' € pK; — Ky from where, using the convexity of
K and Ko, it is obvious that wh + (1 — w)h € pK; — K3 C K for any w € [0, 1]. Moreover, the condition

1) implies that every function h € K has a maximum > 0 on Bx#. Otherwise, we would have p > C|
p Yy p
zj, 2%, yi,y; € X, Ai, pij € R such that

Zn:)\?dz(Tyi,TyZ >1 i x], j 2

i=1

and for all f € By,

PN i) = P = D1 ) = S )] <0
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But then
" 2 = 2
sz/\z‘z‘f(yi) - f(y:)| < Zuﬂf(x]) — f(x])‘ for all f € X7
i=1 j=1
despite the fact that

Z p*\idz (Ty;, Ty;)2 > C? Z ,u?dX (2, x})Z,

i=1 j=1

in plain contradiction with (7).

Therefore, K is disjoint from the open cone N of negative functions in C'(Bx#). By the Hahn—-Banach
and Riesz representation theorems, there exists a signed Borel measure v that separates N and K, i.e.
there exists a real number « such that for all h € K, g € N [hdv > a > gdv. Since N is closed under
multiplication by positive constants, & > 0. Then [ gdv < 0 for all g € N, so v is a positive measure such
that [hdv > 0 for all h € K. Define R : X — Lo(v) by R(z) = 6, and S : R(X) C La(v) — E by
S(6;) = Tx. Note that T = SR and multiplying v by an appropriate positive constant we may assume that
Lip(R) = C.

Let x,2',y,y € X be such that z # z’ and Ty # Ty’. From the definition of v we have

02 TyTy /‘f |d _d (x,2") /|f |dy

or equivalently

C 1

dz(Ty — Ty') HRy - Ry/HLz(u) = dx (z,2') HRx a Rx/HLQ(u)

Choosing x, 2" € X so that ||[Rx — Rx'||1,(,)/dx (z,2") is arbitrarily close to Lip(R) = C, we conclude

18y = 0y llLay = [|Ry = RY'|[ ) = dz(Ty, Ty') = dz(S(8,), S(y))-
Therefore Lip(S) < 1, so we have condition (¢). O

Observe that, as in the linear case, the measure that appears in the preceding proof is not necessarily a
probability measure. Moreover, let us note that using the by now classical argument due to Farmer, Johnson,
Mendel and Schechtman appearing in [6], in condition (i7) of Theorem 3.3 it suffices to consider the case
where all A\; and p; are equal to 1. As an easy consequence of the theorem, we get that ’y2L P is finitely
determined (compare to [16, Thm. 2.3]).

Corollary 3.4. For a Lipschitz map T : X — Y between metric spaces and a constant C > 0, ’yLlp(T :
X = Y) < C if and only if for every finite subset Z C X, vy (T|z : Z = Y) < C.

This is very well known in the case of isometric embeddings of metric spaces into Hilbert space (see, for
example, [19, Lemma 2.3]), and more generally it is known that the embeddability of locally finite metric
spaces into Banach spaces is finitely determined [15, Thm. 2.6] (we thank Mikhail Ostrovskii for pointing
out the latter reference). A classical way of proving the linear result corresponding to Corollary 3.4 is to
use ultraproduct techniques, as it is done in [16, Thm. 2.3]. The proof of [15, Thm. 2.6] also makes use of
ultraproducts, but our proof avoids such sophisticated tools.



J.A. Chdvez-Dominguez / J. Math. Anal. Appl. 418 (2014) 344-356 351

Another immediate corollary is the following (compare to [16, Cor. 2.7]):

Corollary 3.5. Let T; : X — Y be a net of Lipschitz maps between the metric spaces X andY which converges

pointwise to a map T : X — Y. If sup, fy;“lp(Ti) < 00, then T factors through a subset of a Hilbert space
Lip Lip

and moreover vy * (T) < sup; v5 ~ (T3).

An easy modification of the arguments in this section gives analogous results for factorizations through
a subset of an L,(u) space, 1 < p < oo, but we have chosen to present only the case p = 2 for the sake of
clarity.

4. Duality

Given pointed metric spaces X and Y, let us denote by FQLip(X7 Y') the set of all maps T': X — Y such
that v5®(T) < oo and T(0) = 0. We will be particularly interested in the case when the codomain Y is a
Banach space, because in that case FQL '"P(X,Y) turns out to be a Banach space itself.

Proposition 4.1. Let X be a pointed metric space and E be a Banach space. Then (I'v'*(X, E), v5™(+)) is a
Banach space.

Proof. Let T1,T> € F2Lip(X, E). Quite clearly, (T1 + T3)(0) = 0. Now let z;, 2%, y;,y; € X and p;,A; € R
satisfy (Ai, yi, ¥i)iey < (15,75, 25)7 ;. By Theorem 3.3,

n 1/2 m 1/2
(ZA?Hlei—leﬂf) ¥ (1) (Zuidx ), 7 ) , and

i=1
n 1/2 1/2
(Z/\?HT2%T2?J£H2> Llp (Z,u]dx zj,x j ) )
i=1

Using the triangle inequality for both the norms on E and /s, together with the two inequalities above, we
have

§ 1/2
(Z Ny + To)y: — (T + T2)1/z/‘H2>

i=1

n 1/2
< (Z (i = Tyt + T — szzuf)

=1

. 1/2 n 1/2
< (St —at®) o+ (S

=1 =1
. 1/2
(VSIP(Tl) + V;IP(TQ) ( Z (5dx (x5, x;)2>
=

Another appeal to Theorem 3.3 tells us that Ty + T, is in I3'P(X, E), and moreover 75'P (T} + 1) <

5P (Ty) + 'y;‘lp(TQ). It is clear that for a constant A and T' € I}'P(X, E) we have v5P(AT) = | Ay (7).
Moreover, 7&"?(T') = 0 implies that Lip(T") = 0, so we conclude T' = 0 (this is where it is important to have
the condition T'(0) = 0). Thus, (I (X, E), Llp( -)) is a normed space.
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To prove that (IhP(X,E),7"P(-)) is complete, it suffices to prove that every absolutely convergent

sequence is convergent. So let ( )22, be a sequence in I3"P(X, E) such that S v5P(T;,) < oo. Since

Lip(-) < 75" (-), the series S2°° | T,, converges in Lip,(X, E) to a function T € Lipy (X, E). If we can prove
that 75" (T)) < S V2P (T,,) we will be done, since then we can easily get that T is the v2"P-limit of the
series anl T,,. But that follows easily from Corollary 3.5 applied to the partial sums S, =Y. . T,,. O

m=1

Thus, it would be interesting to figure out what Banach space is in duality with I- 2L ilD(X , E). Our main
result in this section will answer this question, borrowing from the classical tensor-product approach (see
[12], [16, Sec. 2.b], [5, Chap. 7]). In order to do that we will use the setting of Banach-space valued molecules

on a metric space from [4] (see Section 2). Let us now give the definition of the norm that is in duality

with y57P.

Definition 4.2. Let m be an E-valued molecule on X. Define

n /2 / 1/2
[[m]]« —inf{ (Z IIvil2> (Zﬂid(%fﬂ;f) :
i=1 j=1

':Cj7x;'7y’iayz/' S X7 Aia,uj S R7 v; € E7

n
m= Z)‘i”imyiyi and (/\i,yi,yg)?zl < (uj,xj,x;);n_l}

i=1

One could be tempted to take a slightly different condition more closely related to the one in the linear
case, namely

= Z Zaijviujmxjx9 with (a;;) satisfying (3.1),
i=1j=1

which is equivalent to having for all f € X# and v* € E* the inequality

n /2 /o 1/2
(o em gl < (Sl ) (- re)F)

Unfortunately that is not the right choice, it turns out that we also need each of the sums ZT:l Qi Mg ;o
to be an elementary molecule.

Lemma 4.3. || - ||« is a norm on M(X, E).

Proof. It is clear that for any molecule m € M(X, E) and any scalar A, ||m||« > 0 and |Am/|. = |Al||m]..
Let my,mg € M(X, E) and € > 0. Choose a representation my = Y71 \jvimy,,r and (ug, 25, 25) 7 -

(>\’i; ylyy;)?zl such that
n 1/2 m 1/2
2
(Z ||vz-||2> (Zuid(xjyx;) ) < [lmalls +e.
=1 j=1

By absorbing a constant into the v;’s, we may assume that

1/2

" 1/2
<Z||vi||2> < (Imall- +¢)"? and (Z“a z;, 7 ) < (llmall« + ).
=1
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A . n+k 1 ym—+l nn+k
Similarly, choose a representation ma = > ;7" ) Nivimy,, and (pj, 25, 25) 750 01 = (N, ¥4, ¥7)i,4 1 such

that

n+k 1/2 m-1 1/2
( Z |vi|2> < (||m2||*—|-5)1/2 and ( Z u?d(xjw;)Q) S(ngﬂ*—i—e)l/?.

i=n+1 j=m+1

Then my + mq = ZZ 1 F \i VMg (uj7xj,xj);”+1l ()\Z,yl,yl)"ﬂC and

n+k 1/2 m+l 1/2
(Z ||vz'||2> (Zu (), 2 ) < lmalls + [mellx + 22
1=1

o ||m1 + ma|l« < ||malls + |[|me||l« + 2¢, and by letting e | 0 we have the triangle inequality for || - ||..
Let T' € Lipy(X, E*) be a map that admits a representation as a finite sum of the form , v} fi with
(e C E*, (fr)r € X# (i.e. such that the linearization 7' : .%(X) — E* has finite rank). For such a T, set

0(T) = mf{znv;g” Lip(fk)}
k

where the infimum is taken over all representations as above. Now, given m = " | AUy, € M(X,E),
and assume (\;, yi, y;)foy < (K5, 75, 25)7,. From Lemma 3.2, there exists a matrix (a;;) satisfying (3.1)
and such that for 1 <7 <n, \im,,,, = 27;1 Qij i M, ot - We then have from the pairing formula (2.2), the
Cauchy-Schwarz inequality and the property (3.1) of the matrix (a;;),

.m)| = \mzkvz<vi>aijuj [ite) - 123
2.2
<> (Shieaf) (3
<3l (= ||vz-|2)1/2 (Z b2 fuley) fk(x;>|2)1/2

< Shelint (S o) (St )?)

Taking the infimum over all representations of both 7" and m, we deduce |(T, m)| < |m/||0(T"). In particular,
this applies to maps T of the form v* o f with v* € E* and f € X7 so if m is such that ||m||. = 0 then we
have, using the pairing formula (2.2),

vy (v;) Zaijﬂj [fr(z5) = fio(a)] ’

[fr(s) = fi()]

2) 1/2

0=(v*of,m)= Zv*(vj)[f(xj) — f(a})] forallv* € E*, feX*.

By the duality between .#(X) and X# (see Theorem 2.1), this means that the real-valued molecule v* o m
is equal to 0 for all v* € E* and consequently m =0. O

Moreover, let us now show that this norm is a reasonable one.
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Proposition 4.4. The norm || - ||« is a reasonable norm.

Proof. The obvious representation of an atom shows that ||[vmg.|l« < ||v|ld(x,2). Now, suppose m =
i Aivimy, v and (A, v, yi)iey < (i, 5, 2%)7L,. Then

(v om, f)| < ||v* ||lesz| |f(ya) = £ (i)
n 1/2
(Z ||v¢||2> (2 N2\ f (i) —f(y§)|2>

" 1/2
< lv* ||<Z ||uz||2> (Zu?|f(xj)f(ﬂ7§)|2>

" 1/2
< lo*|| <Z ||%||2> Lip(f)<Zu?d(xjvw9)2>

so taking the infimum over all representations of m we obtain the desired inequality: |(v* om, f)| <
[ Lip(f)[lm]l«. ©

The following theorem is the main result of this section. Compare to [16, Thm. 2.8].

Theorem 4.5. Let T : X — E* and C > 0. The following are equivalent:

(i) ™(T) < C.
(i) |(T,m)| < C|ml« for allm € M(X, E).

Proof. (i) = (ii) Suppose that v2'P(T) < C. Let m € M(X, E). Let xj, 2 Yy € X, Aiypy € R and
v; € E such that m = Y71 Nivimy,, and (A, yi, y5)i=y < (15, 2, @)L, . Then, using Theorem 3.3,

|<Tu m>| S Z)\ZKT:U’L - Tygavi>}
i=1

n 172 , 5 1/2
< (Z ||v¢||2> <ZA?HT% —Tyé}!2>
i=1

i=1

n /2 / m 1/2
< (Z ||vi||2> (Zuid(m,x;f)
i=1 j=1

and therefore |(T,m)| < C||m||, for all m € M(X, E).
(ii) = (i) Assume condition (7). Suppose x;,2},y;,y; € X and pj, i € R satisfy (Ai,yi,97)in; <
(g, 25, 25)7 1. Then, by Lemma 3.2, there exists a matrix (a;;) satisfying (3.1) such that for 1 <i <n,

m
NiMy,yr = D Qi M o
=1

Fix € > 0. For each 1 < ¢ < n, choose v; € E* with ||v;]] <1+ ¢ and (Ty; — Ty, v;) = || Ty; — Ty.||. Let
a; € R be such that Y7  a? =1 and
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. n 1/2
S| Tys = Ty = | D 2Ty — T}

=1 =1

Define a molecule by

n m n
m = E E aijaiviujmxﬂ; = E aikivimyw;.
i=1

i=1 j=1
Then, by condition (ii),

1/2

n n
SoMITy —TyflP) =D aakil| T~ T
i=1 i=1

n
= Z ai)\i<Tyi — Ty;, Ui> == <T, m)
i=1

1/2 1/2

n
<o aflluil?
i=1

> pdd(wga)
j=1

1/2 1/2

<Cl+e)|Y a?
i=1

< 2
> yd(w;af)
j=1

1/2

=C(1+¢) Zu?d(xjm;-)Q

j=1

Letting € | 0

STy - Tyl < €23 pdd(ay,ah)’,

i=1 j=1
so by Theorem 3.3, v5'*(T) < C. O
Let us finish the section by noting that Theorem 4.5 immediately implies the promised result:

Corollary 4.6. Given a metric space X and a Banach space E, the dual space of (M(X,E),| - |l«) can be
isometrically isomorphically identified with Iy (X, E*) via the pairing (2.2).
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