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ABSTRACT. Several useful results in the theory of p-summing operators, such
as Pietsch’s composition theorem and Grothendieck’s theorem, share a com-
mon form: for certain values ¢ and p, there is an operator such that when-
ever it is followed by a g-summing operator, the composition is p-summing.
This is precisely the concept of (g, p)-mixing operators, defined and studied by
A. Pietsch. On the other hand, J. Farmer and W. B. Johnson recently intro-
duced the notion of a Lipschitz p-summing operator, a nonlinear generalization
of p-summing operators. In this paper, a corresponding nonlinear concept of
Lipschitz (g, p)-mixing operators is introduced, and several characterizations
of it are proved. An interpolation-style theorem relating different Lipschitz
(¢, p)-mixing constants is obtained, and it is used to show reversed inequalities
between Lipschitz p-summing norms.

1. INTRODUCTION

The theory of p-summing operators plays a very important role in modern
Banach space theory, not only for its instrinsic beauty but also for its far-reaching
applications among a wide spectrum of subjects such as Banach space geometry,
harmonic analysis, approximation theory, operator theory and others. When work-
ing with p-summing operators, it is not unusual to come across an operator T
with the property that S o T is p-summing whenever S is g-summing. One exam-
ple of such a situation appears in A. Pietsch’s composition theorem, a very useful
tool already present in his seminal paper [Pie67]: whenever p,q,r € [1,00] sat-
isfy 1/p = 1/q + 1/r, the composition of a g-summing operator followed by an
r-summing operator is p-summing. Another example with 7" being the identity on
an Ly space is provided by a celebrated theorem of A. Grothendieck, stating that
every continuous linear operator from L; into Hilbert space is 1-summing; there-
fore, any 2-summing operator with an L; space as domain is 1-summing. More
generally, by a theorem of B. Maurey, any 2-summing operator defined on a cotype
2 space is 1-summing. Similarly, any continuous linear operator from a C'(K) space
into a cotype 2 space is 2-summing.

Inspired by ideas of Maurey [Mau74], Pietsch [Pie80, Chap. 20] systematically
studied the situation described in the previous paragraph and called such operators
(¢, p)-mixing. Another exposition of the subject, with a more “tensorial” point of
view, can be found in [DE93| Sec. 32]. On the other hand, J. Farmer and W. B.
Johnson [EJ09] recently introduced the concept of a Lipschitz p-summing opera-
tor between metric spaces. They proved that this is a true extension of the linear
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concept and obtained a nonlinear counterpart of one of the cornerstones of the the-
ory of (linear) p-summing operators: Pietsch’s celebrated domination/factorization
theorem.

In the present paper, the corresponding concept of Lipschitz (g, p)-mixing oper-
ators is defined and studied. We start by recalling the necessary theory of Lipschitz
p-summing operators and then introduce the main definition. Afterwards three
different characterizations of Lipschitz (g, p)-mixing operators are presented. The
first one is an integral inequality along the lines of Pietsch’s domination theorem,
while the second one corresponds to his (g, p)-mixed sequences. The third one
relies on the recently developed [CD] duality theory for Lipschitz p-summing op-
erators. Finally these characterizations are used to prove relationships between
(g, p)-mixing constants and s-summing norms in various situations, in particular
obtaining reversed inequalities for Lipschitz p-summing norms.

2. NOTATION AND PRELIMINARIES

The letters X, Y, Z will denote metric spaces, whereas E, F, G will denote
Banach spaces. All metric spaces under consideration will be pointed; i.e. each
one has a special point designated by 0. For a mapping T between metric spaces,
Lip(T') denotes its Lipschitz constant. Given a metric space X, the Banach space
of real-valued Lipschitz functions defined on X that send 0 to 0 with the Lipschitz
norm Lip(-) will be denoted by X#. As is customary, Bg denotes the closed unit
ball of a Banach space E. The letters p, ¢, r, s will designate elements of [1, oc], and
p’ denotes the exponent conjugate to p (i.e. the one that satisfies 1/p+ 1/p’ = 1).

The remainder of this section is all from [F'J09]. Recall that for 1 < p < oo a
linear operator T : E — F is called p-summing if there is a nonnegative constant
C such that for any vectors v; in E, the inequality

D oITo P <P sup Yot (v)IP
j v*EBgx J

holds. In this case, the p-summing norm m,(T') of T is the infimum of such constants
C. Inspired by this useful concept, Farmer and Johnson defined the Lipschitz p-
summing norm 7T£ of a (not necessarily linear) mapping 7' : X — Y as the smallest
nonnegative constant C' such that for any x;, :v; in X and any positive reals a;,

P
P> a|fs) — f(a)]",

X# g

Zajd(ij,Tx;-)p <CP? su
- feB

This definition remains unchanged if we consider only the case a; = 1, a very useful
observation in [FJ09] also credited to M. Mendel and G. Schechtman. The set of
all Lipschitz p-summing maps from X to Y is denoted by HIE (X,Y). Note that the
condition that would naturally correspond to being Lipschitz oco-summing is just
the Lipschitz condition, and we adopt this convention for notational convenience.
It is clear from the definition that the Lipschitz p-summing norm of a mapping
is equal to the supremum of the Lipschitz p-summing norms of all the restrictions
of said mapping to finite subsets of its domain. Also directly from the definition,
it is clear that the Lipschitz p-summing norm has the ideal property: 775 (Ao
T o B) < Lip(A) - n(T) - Lip(B) whenever the composition makes sense. We
next state the domination/factorization theorem for Lipschitz p-summing operators
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[EJ09, Thm. 1], a particular case of the general Pietsch-type domination theorems
considered in [BPR10].

Theorem 2.1. For a mapping T : X — Y and a constant C > 0, the following are
equivalent:

(a) TH(T) < C.

(b) There is a probability p on Bx# such that for any x,x2’ € X,

d(Te,T2') < C [ |- rar du(f)] "

xX#

(c) For some (or any) isometric embedding J of Y into a 1-injective space Z, there
s a factorization

with u a probability and Lip(A) - Lip(B) < C.

The domination theorem immediately implies the monotonicity of the Lipschitz
p-summing norms, that is, 7T1€’ (T) > 7TqL(T) whenever p < g.

It is important to stress that the concept of a Lipschitz p-summing operator is a
true generalization of that of a (linear) p-summing operator: for a bounded linear
operator 1" between Banach spaces, T is Lipschitz p-summing if and only if it is
(linearly) p-summing, and moreover m,(T) = k(T [FJ09, Thm. 2].

3. DEFINITION AND ELEMENTARY PROPERTIES

Let 1 < p,q < oco. An operator T : X — Y is said to be Lipschitz (q,p)-
mixing with constant K if for any metric space Z and any Lipschitz g-summing
operator S : Y — Z, the composition S o T is a Lipschitz p-summing operator and
7} (SoT) < Knk(S). The smallest such K will be denoted by m/ ().

A first example of such an operator already appears in [FJ09], where a nonlinear
Grothendieck inequality is proved. Namely, any Lipschitz map T from a metric
tree X into a Hilbert space is Lipschitz 1-summing and in fact 7 (T') < K¢ Lip(T),
where K¢ is Grothendieck’s constant. This result, together with the factorization
theorem, Theorem [ZI] implies that the identity on X is Lipschitz (2,1)-mixing
with constant at most Kg. D. Chen and B. Zheng [CZ] gave another proof of this
nonlinear Grothendieck inequality, showing that m& | (idx) < A7 where A; is the
constant in Khintchine’s inequality. /

Note that in order to determine if a mapping T : X — Y is Lipschitz (g, p)-
mixing, it suffices to consider its compositions with mappings from Y to ¢, (or any
other infinite-dimensional L, space, in fact). First, we may assume without loss of
generality that X and Y are finite metric spaces. Now suppose that

L L :
(%) 7, (RoT) < Crj(R) forany R:Y — 4,

and let S : Y — Z be a Lipschitz g-summing map. Let J : Z — W be an
isometric embedding of Z into a 1l-injective space W. By the factorization theorem
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for Lipschitz g-summing operators, we can find a factorization

VA

with Lip(A4) - Lip(B) = n}(S). Since Y is a finite set, the range of I 40 A
is a finite subset of L,(p) and therefore is almost isometric to a subset of ¢,.
Thus, for the purposes of computing Lipschitz summing norms, we may assume
that I, 4 0 A is a map from Y into ¢,, so condition (@) applies and therefore
wﬁ([m,q 0AoT) < CF(]L(IOO’q o A). The ideal property for Lipschitz g-summing
operators implies that 7/ (/o g 0 A) < Lip(A) - 7} (Is,q) < Lip(A) - 1, whereas the
ideal property for Lipschitz p-summing operators gives us

Wé(JoSoT):ﬂ'é‘(BolquvoT)

< Lip(B) - 7y (Ins,g © Ao T) < Lip(B) - C - Lip(A) = Cm}/ (5).
But since J is an isometric embedding J oS oT and S o T have the same Lipschitz
p-summing norm, so we conclude that 7} (SoT) < Cr}(S), i.e. that T is Lipschitz
(¢, p)-mixing with constant C.

The ideal property for Lipschitz p-summing operators implies that for any oper-
ator T', m_(T') = Lip(T) whenever ¢ < p and m%, (T') = 7}(T), so only the case
1 < p < g < oo gives something new. Moreover, Lipschitz (g, p)-mixing operators
also satisfy the ideal property and m) (Ao T o B) < Lip(A) - m(T) - Lip(B)
whenever the composition makes sense.

Just from the definition, we obtain a trivial composition formula for Lipschitz
(g, p)-mixing operators: regardless of the values of p, ¢ and 7 in [1, 00|, the compo-
sition of a Lipschitz (p,r)-mixing operator T followed by a Lipschitz (g, p)-mixing
operator S is Lipschitz (g, r)-mixing and moreover m’, (ST) <wml (S) - ml (T).

Additionally, the monotonicity of the Lipschitz p-summing norms implies a
monotonicity condition for the Lipschitz (g, p)-mixing constants: whenever p; < po

and g2 < g, mk (T) <ml  (T) for any T.

4. CHARACTERIZATIONS

In this section three different characterizations of Lipschitz (g, p)-mixing opera-
tors are presented, all of them somewhat inspired by analogous results in the linear
theory.

4.1. Domination. The first characterization is close in spirit to the characteriza-
tion of Lipschitz p-summing operators via a dominating measure [FJ09]. Compare
with [DF93, Prop. 32.4].

Theorem 4.1. Let 1 < p < q < oo, T : X — Y Lipschitz and C > 0. The
following are equivalent:

. . . .. . L
(a) T is Lipschitz (q, p)-mizing with my (T) < C.
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(b) For any probability measure [ on By« there exists a probability measure v on
Bx# such that for all z,2' € X,

1/q 1/p
/B g<Tw>—g<Tx'>|qdu<g>] <c

/ (@) — @) du(f)
By#

(c) For any x1,...,Tm,2},..., 20, € X and g1,...,9, €Y7,

m T n p/q] /P
Z [Z gk (Tx;) — gi(Ta)|*
=1 k=1
n 1/q m 1/;0
<C lz Lip(gk)ql . sup |f () — f()]”
k=1 fe€Bx# | =1
Or ANy T1, ..., Ty, T, ..., 2 € X and any probability measure i on By#,
d) F ] ' e X and babil B
m p/q] /P
41 > (/ |9(T) —g(TfE})quu(g)>
j=1 \’By#
1/p

<C sup Z’f(%)_f(xg)’p
1

fE€Bx# j=

In this case, m¥ (T) is equal to the infimum of such constants C in either (b), (c)
or (d).

Proof. The case ¢ = oo reduces to the Domination Theorem for Lipschitz p-
summing operators (Thm. 2.1]), so we will assume 1 < p < g < c0.

(a) = (b): Suppose that T : X — Y is Lipschitz (g,p)-mixing, and let u
be a probability measure on By#. By restricting to Y the canonical inclusion
C(By+#) = Lg(pt), we get a Lipschitz ¢g-summing operator j, : Y — Lg(p) with
Lipschitz ¢-summing norm at most 1. Hence, since T is Lipschitz (g, p)-mixing,
the composition j, o T : X — L,(u) is Lipschitz p-summing. By the Pietsch
domination theorem for Lipschitz p-summing operators (Thm. [RII), there is a
probability measure v on Bx# such that for all 2,2’ € X,

1/p
H@(Tx)—ju@f/nwéw,f(juon/B \f(x)—f(x'wdu(f)] ,

i.e.
1/q
< 771[;/ (]u o T)

1/p
[/ \9(Tz) — g(T2")|" du(g) / |f(w)—f(:v’)|pdV(f)] :
By s By#

so we have condition (b) with C' = ml(j, o T) < ml (T)wk(j.) <mk (T).
(b) = (¢): By homogeneity, we may assume without loss of generality that
>n—q Lip(gx)? = 1. Then g := > Lip(gx)90y, / Lip(g,) (Where &, is the Dirac
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measure at g € Y#) is a probability measure on By #, so there exists a correspond-
ing v as in (b). Therefore,

3 [z (00(Ty) — (T

j=1 Lk=1

p/q m p/q

= UB |\9(Tx;) — g(Tx)|" dp(g)

Jj=1

<o [ @ - s a £ s D15 - 5GP,
j=1 By# fEBx#] 1

so we have (c¢) with the same constant C.

(¢) = (d): Condition (c¢) means that all finitely supported probability measures
p on By already satisfy ([I]). Since the set of all finitely supported probability
measures on By is o(C/(By#)*,C(By#))-dense in the set of all probability mea-
sures on By, it follows that inequality (ZI]) holds for all probability measures
on By .

(d) = (a): Now let S : Y — Z be Lipschitz g-summing. Appealing to the
domination theorem again, there is a measure p on By # such that for all y,4' € Y,

p/q
/B |9(y)—g(y')\qdu(g)] .

d7(Sy, Sy)” < mE(S)”

Fix z1,...,Zm, 2}, ...,2,, € X. Then, from the previous inequality,
1/p
Z dz (S(Tx;), (Tx;-))p
m p/a] /P
<7k(s) Z [/ l9(T;) Tx ’qdu ] ,
j=1 By #
which together with ([@I)) implies that
m 1/p m 1/p
ZdZ(Sij,STx;-)p < CW(IL(S) sup Z|f |p ,
j=1 Je€Bx# | j=1
so SoT is Lipschitz p-summing and 7} (SoT) < Crlt (S ). Therefore, T" is Lipschitz
(¢, p)-mixing and m’ (T) < C. O

4.2. Lipschitz (¢, p)-mixed sequences. Linear (g, p)-mixing operators were given
such a name by Pietsch [Pie80] because a linear operator is linearly (g, p)-mixing
if and only if it maps every weakly p-summable sequence into a (g, p)-mixed se-
quence, i.e. one that can be expressed as the pointwise product of a weakly g¢-
summable sequence and an r-summable scalar sequence where 1/p = 1/g + 1/r.
The analogous result in the nonlinear case will follow from Theorem [£.]] as soon
as we find an appropiate nonlinear counterpart of (g, p)-mixing sequences. We
will use Ky Fan’s minimax lemma as stated in [Pie80, Lemma E.4.2]. A col-
lection of real-valued functions 7 defined on a set K is called concave if given
Py,..., P, € & and i,...,a, > 0 such that Y77 | a; = 1, there is & € o sat-
isfying ®(x) > Z _,a;D,(x) for all z € K. Now we prove a result analogous to
[Pie80, Thm. 16. 4 3] (credlted mostly to [Mau74]).
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Proposition 4.2. Let 1 <p< g < oo and 1/p=1/q+ 1/r. Then, for any points

Tlyeeey Ty &y, 2, i X,
(4.2)
n p/a] /P
sup Z l/ |f(x]) — f(x;-)|qdp(f) : juis a probability on Bx#
j=1 X#
1/r n 1/q

= inf ZA; sup ZA;q|f(xj)—f(x;-)|q A >0
j=1

feBys |

Proof. Define o to be the supremum on the left-hand side of ([£2) (noting that it
is finite). Let w = r/p and v = ¢/p, so that 1/u+ 1/v = 1. We now consider the
compact, convex subset

K=q6=(&)j:) & <oPand & >0

of £7!. For ¢ > 0 and p a probability on By, observe that the equation

n

O =Y 6+e)" [ [flay) - 16" du(s)

j=1 By

defines a continuous convex function ® on K. Take the special vector £ € R™ with

1/ (uv)
& = (/BX# | (x5) = f(25)] du(f)) :

Then £ € K and ®(£) < oP. Since the collection & of all functions ® obtained in
this way is concave, by Ky Fan’s lemma we can find ¢ € K such that ®(£°) < o?
for all @ € & simultaneously. In particular, considering the Dirac measure 5 at a
function f € By# we obtain

n

S0+ )7 fay) — f()]* < o7

j=1
Set \j(e) := (&) + 5)1/”. Then

1/r
i [0 [Z@”p _|Sg| oo

J=1 Jj=1

and, for f € Bx#,

1/q
Zw)q\f(xj)—f(x;)yq] _

j=1
1/q
S +e) T flay) — @[] <oPf1=oM,
j=1
Therefore, the right-hand side of (£2) is less than or equal to the left-hand side.

3
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Conversely, let A; > 0 be arbitrary. Then, by Hoélder’s inequality for any proba-
bility measure p on Byx# we have

1/p
n

p/q
2 l /. ) = s du(f)]

Jj=

o Lg1P7 P
-1 (/B A;‘1|f<acj>—f<ac9>\qdu<f>> '
A 1/q
<|n] (30 A - sl )
R 14
-] (s - s
n Yr . 1/4
<IN | 2 - SE) _

Together, Theorem E.1] and Proposition immediately give us another charac-
terization of Lipschitz (g, p)-mixing operators, stated below.

Corollary 4.3. Let 1 < p < ¢ < o0 and 1/p = 1/q + 1/r. A Lipschitz map
T:X =Y is(q,p)-mizing if and only if there exists a constant C such that for all
Xlyeooy Ty @, .2 €X,

1/r 1/q

inf W sup A U g(Txy) — g(Ta!)|* i\ >0

1/p
n

< C sup |f(x;) = f(@&@)[F
1

feBx# j=

L

2p(T) is equal to the infimum of such constants C.

In this case, m

4.3. Chevet-Saphar spaces. The expression on the right-hand side of ([£2) looks
reminiscent of the Chevet-Saphar norms introduced in [CD]. This section is devoted
to a characterization of Lipschitz (g, p)-mixing operators in terms of such norms.
Let us recall the pertinent definitions first.

An E-valued molecule on X is a finitely supported function m : X — E such
that > .y m(xz) = 0. The space of E-valued molecules on X, denoted M(X, E),
is clearly a vector space under pointwise addition. Given z,z’ € X, define m,/ =
X{z} — X{a’}- The simplest nonzero molecules, i.e. those of the form vmg, for some
z,7’ € X and v € E, are called atoms. Note that any molecule may be expressed
(in a nonunique way) as a finite sum of atoms. The p-th Chevet-Saphar norm of a
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molecule m is given by
1/p’
csp(m) mf{(Z)\p ||vj|p> fsup (Z)\ v | f () - ’)
T m = Zvjmxjw;,)\j > O}.

J
The space of E-valued molecules on FE, endowed with the norm cs,(-), is de-
noted by CS,(X,E). There is a canonical way of inducing a pairing between
E-valued molecules on X and functions from X to E*: given m € M(X,E)
and a function 7' : X — E*, define (T,m) := > ¢ (T(z),m(x)). If we know
an expression of the molecule as a sum of atoms, say m = Zj VMot then
(T,m) = >, (Tz; — Ta},v;). The main theorem in [CD] states that with this
pairing, the dual space of CS,(X, E) is canonically identified with the space of Lip-
schitz p’-summing operators from X into E*. Also from [CDI, recall that for any

Banach space E a Lipschitz map T : X — Y naturally induces a well-defined linear
map Ty : M(X, E) - M(Y, E) given by

n n
Tg ( E /Ujmzj:r:’7.> = E Ujmesz;.‘
Jj=1 Jj=1

Now we come to the third characterization of Lipschitz (g, p)-mixing operators.

Theorem 4.4. Let T : X — Y be a Lipschitz map. The following are equivalent:
(a) T is Lipschitz (q, p)-mizing.
(b) For every Banach space G (or only G = {y ), the operator
¢ :CSy(X,G) = CSy(Y,G)
18 continuous.

In this case,

P CSp/ (X, fq/) — CSq/(Y, éq/)

>|Tg :CSp (X, G) = CS(Y,G)|.

Proof. First, suppose that T is Lipschitz (g, p)-mixing. Let ¢ € (CSy(Y, G))*
with [¢| < 1. Since (CSq (Y, G))* = IIX(Y,G*), we can identify ¢ with a map
Ly € IL(Y,G*) with wk(L,) = [|¢]| < 1. Let m = > UjMyzr € M(X,G). Then
Ta(m) = 32 vymry,;Tar, 80 '

{0, Ta(m)) =Y (Ly(Ta)) = Lo(Ta}), vj) = (L, 0 T,m),

J

and thus
|(0, Ta(m))| = [{(Ly, 0 T,m)| < wzf(Lw o T)esy (M)
< 71'5 (L@miP(T)csp/ (m) < qum(T)csp/ (m).

Taking the supremum over all such ¢ we obtain, csq (T (m)) < mk (T)csy (m);

Le. Tg : CSp (X, G) = CSy (Y, G) is continuous and [|Tg|| < mf (7).
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3110 JAVIER ALEJANDRO CHAVEZ-DOMINGUEZ

Now, suppose that Ty , : CSyy (X,€y) = CSy (Y, Ly ) is continuous and has norm
C,and let S:Y — {; be a g-summing operator. Let m be an {;-valued molecule
on X, say m= 3}, UMy, q, With v; € g and zj,2; € X. Then

(SoT,m) = Z (vj, STx; — STx)) = <S, Zvjmeij;> = (8,1, (m)).
J

J

By the duality between the Lipschitz g-summing norm and the ¢’-Chevet-Saphar
norm, together with the boundedness of Ty,

}(S oT, m>| = }(S, 1y, (m)>| < ﬂ'qL(S)csq/ (qu, (m)) < W(IL(S) -C - espr(m).

Taking the supremum over all m with ¢s,s (m) < 1 and invoking the duality between
the Lipschitz p-summing norm and the p’-Chevet-Saphar norm, we conclude that
7l (SoT) < Cmlk(S). By the remarks in Section 3, we conclude that T is Lipschitz

(¢, p)-mixing with m} (T) < C. 0

Of course, the space £, in the preceding theorem may be replaced by any other
infinite-dimensional L, space.

5. APPLICATIONS

5.1. The Lipschitz (2,1)-mixing constant of the identity on a tree. As
already mentioned in Section B] Farmer and Johnson [FJ09] proved a nonlinear
Grothendieck inequality which, in our language, means that the identity on a metric
tree is Lipschitz (2, 1)-mixing with constant at most Grothendieck’s constant. While
both their proof and the one given in [CZ] make explicit use of the lifting property
for trees, using Theorem 1] we can reobtain the same bound without explicitly
appealing to the lifting property.

Lemma 5.1. When T is an unweighted graph-theoretic tree on n+1 points and H
is a Hilbert space, Lip(T, H) is isometric to €7 (H).

Proof. From [CD| Sec. 4.2], CS§1(T, H) is isometric to ¢}'(H) in a natural way. By
the duality result [CDL Thm. 4.3], Lip(7, H) is then isometric to (2 (H). O

Proposition 5.2. Let T be a finite unweighted graph-theoretic tree. Then the
identity on T is Lipschitz (2,1)-mizing with constant at most Kg.

Proof. Let x1,...,%Tm,x},...,2,, €T and let u be a probability measure on Bp#.
Note that .
sup |f(a;) = f(af)]
fGBT# ]2221 !
is the norm of the linear operator A from T# to ¢ given by f — (f(z;) —f(a:;));nzl
By Lemma[5.0l T# can be identified with ¢X¥ for some NN, so the operator A under
consideration goes from /X to £7*. The classical Grothendieck inequality gives us
14 (L) — (Lol < Ko |45 £ > ).

But another application of Lemma [5.1] reveals that ¢Y (Ls(ut)) can be identified
with the space of Lipschitz functions from T to Ls(), so in fact one has

sup Y F@) = FE)l,, ., < Ko sup D1 f(y) = £

Lip(F:T—La(p))<1 j=1 T# j=1
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In particular, consider the pointwise evaluation 6 : T — Lo(p). For any z, 2’ € T
we have

1/2
16) — 62", ) = [ / e g(x')ﬁdu(gﬂ < d(z, ')

hence Lip(é : T — Lo(p)) < 1 and thus

m

m 1/2
Z [/B |g(x;) — 9($§)|2dﬂ(9)} < Kg sup Z |f(z;) — f(z))].

T# EBr# j=1

By Theorem A1l we conclude that the identity on T is Lipschitz (2, 1)-summing
with constant at most K. O

5.2. An “interpolation style” theorem. As it so often happens with many
constants associated to mappings, it is not easy to calculate the Lipschitz (g, p)-
mixing constant of a specific map. The following “interpolation style” theorem is
based on [Puh77, Lemma 5] and gives useful bounds that are sufficient in some
cases.

Theorem 5.3. Let 1 < p,q,r < oo with 1/r +1/q = 1/p. Then every Lipschitz
p-summing map T : X — Y is Lipschitz (g, p)-mizing and satisfies

my,(T) < mh (T)P/" Lip(T)?/4.

Proof. The fact that T is (¢, p)-mixing is obvious from the ideal property of Lips-
chitz p-summing operators. Now, let x1,...,2,,2},...,2,, € X. For any probabil-
ity measure p on By#, from the pointwise inequality |g(y) —g(y')| < Lip(g)-d(y,y’)
for any v,y € Y and g € Y# we have that

p/a] /P
(5.1) Z(/B !g(Tﬂfj)—g(TwQ)\qdu(g)>
1/p

= p/q
< Z (/B |Q(T$j) - Q(TI;)|pdﬂ(g)> d(Tthx;,)(qu)p/q
y#

j=1

Noting that (¢ — p)r/q = p, Holder’s inequality lets us bound the latter expression

by
n 1/q " 1/r
62 |X [ o) - o) dute)| |3 d(Tay, oy
j=1"By# j=1
On the one hand, the fact that T is Lipschitz p-summing means that
1/r 1/r
(5.3) D d(Ta;, TP | <ap(T)P7 sup | Y |fxy) = F&))|7]
= feByx |14
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whereas on the other hand, a simple pointwise estimate gives

1/q

64 || L)~ o)) duto)

N 1/q
< Lip(T)"/7 sup |f(ws) = F5)[
xX# | j=1
Bringing (&), (5.2), (£3) and (54) together we have
n p/q] P
> (/ lg(Tx;) — g(Tw§)|qdu(g)>
j=1 \’By#
1/p

< wl(T)P/" Lip(T)?/¢ sup | f(xy) = fa)]”
fE€Bx# j=1
and thus the desired conclusion follows from Theorem [4.11 O

5.2.1. The identity on a finite discrete metric space. Denote by D,, the discrete
metric space on n points. Theorem allows us to explicitly evaluate the (g, p)-
mixing norm of the identity on D,,. In fact, if 1 < p < ¢ < oo, then the Lipschitz
(g, p)-mixing norm of the identity on D,, is equal to (2 — 2/n)/P=1/4. To see it,
let 1 < r < oo satisfy 1/r +1/q = 1/p. From [EJ09] we have that 7l (idp,) =
(2 —2/n)"/* for any s € [1,00], and therefore
L W;%(idpn oidp,) (2-— 2/n)'/P _ 1/p—1/q

myp(idp, ) 2 nl(idp,) C(2-2/n)Va (2=2/n) :

On the other hand, from Theorem [5.3]

mE (idp,) < xL(idp,)P/" Lip(idp, /1 = (2 — 2/n)V/" -1 = (2 — 2/n) /P~ 1/

and thus m} (idp, ) = (2 — 2/n)'/P=1/4, Let us observe what this means: for every
metric space X and any T : D,, — X, wl(T) < (2 — 2/n)'/?=V a7 (T) and this
inequality is sharp.

5.2.2. Reversed inequalities between Lipschitz p-summing norms. The next result

goes along the same theme: using Theorem together with known estimates for
Lipschitz p-summing norms.

Theorem 5.4. (a) For anyn € N and1<p <g,

1/p
m(ip(idgg) < 057/,‘371 where Cpn = l/ |x1|pd)\(x)] ,
Sn_1

A being the normalized rotation invariant measure on S,_1. Hence, 75(T) <

cgl/ff_lqu(T) for any Lipschitz map T : 05 — Y.

(b) For any finite-dimensional normed space E and 2 < g,
. . 1/2—1
mby(idp) < [dim(E)] />,

Hence, 7(T) < [ dim(E)] 1/271/(171'5(71) for any Lipschitz map T : E — Y.
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(c) There exists a universal constant C' so that for any finite metric space X on n
points and 1 < gq,

mil(idx) <oV [logn]l/q .
Hence, T2(T) < /4 [log n] e W(f(T) for any Lipschitz map T : X — Y.

Proof. Everything follows from Theorem [5.3] together with the fact that the Lip-
schitz p-summing norm and the linear p-summing norm of a linear operator between
Banach spaces coincide ([F.J09, Theorem 2]), and also the following estimates on
p-summing norms:

(a) mp(idey) = ¢, ), (see, for instance, [TJ8Y, Theorem 10.3]).

(b) me(idg) = [dirn(E)]l/2 for any finite-dimensional space E (see, for instance
[TJ89l Proposition 9.11]).
(¢) m(idx) < Clogn, essentially proved in [Bou85] as mentioned in [F-J09]. O

5.3. The general “interpolation style” theorem. Theorem is in fact a
particular case of the following more general theorem.

Theorem 5.5. Let 0 <0 <1 and 1 <p < qo,q1 < oo. Define1/q:=(1—0)/q0 +
0/q1. For a Lipschitz map T : X =Y,

mb (T) <mi (T)'"ml (7).

a.p q0,p q1.,p
Proof. Set 1/r :== 1/p—1/q, 1/ro :== 1/p —1/qo and 1/ry := 1/p — 1/q:. Note
that 1/r := (1 =6)/ro +0/r1. Let z1,...,2,,21,...,2,, € X. Given £ > 0, from
Corollary 3] for each k = 0, 1 there exist A\; ;> 0, 1 < j < n such that

/7, 1/qx
n n
DAL sup | A |g(Ty) — g(Tag)| "
j=1 9€By# | j=1
1/p
m
<1+ a)quk)p(T) sup ’f(a:j) — f(a:;)’p
x# | j=1
Moreover, dividing by the appropriate constant we may assume that in fact
1/Tk 1/p
n m
DN S Aremg (1) sup |3 |f() = S
j=1 Je€Bx# | j=1
1/qx
n
and  sup Z)\J_g’” l9(Tz;) — g(Tx;)‘% <1.
9EBy# j=1
For 1 <j<n,set\; = )\;’69/\271. Then, by Hélder’s inequality,
1/r (1-0)/ro 0/r1
n n n
PBRYI I PPV S| 2N
Jj=1 Jj=1 j=1
1/p
m
L 1-6._ L 6 p
< (1 + 6)nlqo,p(z—‘) mql,p(T) sSup Z ’f(x]) - f((E;)|
feBys |
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On the other hand, it follows from

_ —(1-6 1-6, _ 4
M) = @] = A8 ) = DTN ) = £
that
1/q
n
sup Z)\;q’g(ij) - g(Ta:;)|q
gEBy % j=1
n 1/qx
< H sup A lg(Tay) — g(Ta))|™ <1
k=0,19By# | =1
Therefore, using the other direction of Corollary E3]
L L 1-6._L 0
my (1) < (L4 e)mg (1) my, ,(T)7,
and by letting € | 0, the proof is finished. O

For ¢ > p > 1, we say that a metric space X is (g, p)-mixing if the identity on X
is (g, p)-mixing. The following lemma shows that the class of (g, p)-mixing spaces
does not depend on p. This result is basically the nonlinear extrapolation theorem
of Chen and Zheng [CZ, Thm. 2.2], presented in a different language.

Corollary 5.6. Let X be a metric space and 1 < pg < p1 < q. Then X is (q,po)-
mixing if and only if it is (g, p1)-mizing. Moreover,

mgm (de) < m,ipo (’LdX) < mgm (Z'dx)l/e,
where 0 is defined by 1/p1 = (1 —0)/q+ 0/po.

Proof. The monotonicity property for (¢, p)-mixing constants from Section Bl gives

mlipl (idx) < qu, o (idx), whereas the composition property from the same section

provides us with the inequality m¥  (idx) < ml (idx)-m}  (idx). Now, from
Theorem 5.5,
. . _9 . 0 . )
mghpo(%dx) < mépo(ldx)l . mzj;o,po(ldx) = mg,po(ZdX)l - 1.

So we obtain

mtﬁpo (idX) S quml (idX) ’ qumo(

from which the result follows. O
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