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Abstract

The use of a tensor product perspective has enriched functional analysis and other im-
portant areas of mathematics and physics. The context of operator spaces is clearly no
exception. The aim of this manuscript is to kick off the development of a systematic theory
of tensor products and tensor norms for operator spaces and its interplay with their associ-
ated mapping ideals. Based on the theory of tensor products in Banach spaces, we provide
the corresponding natural definitions in the operator space framework. The theory is not
a mere translation of what is known in the classical setting and new insights, techniques,
ideas or hypotheses are required in many cases. As a consequence, notable differences in
the theory appear when compared to the classical one.
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Introduction

In the thirties von Neumann in collaboration with Murray began a “mathematical quanti-
zation program”, aiming to formulate an operator version of integration theory. They were
successful, with the key idea being to replace function spaces by x-algebras of bounded
operators on Hilbert spaces. This was the seed that started a long road of “noncommuta-
tive analysis” which lead (among many other things) to what is now known as the theory
of operator spaces. Along this road and prior to the formalization of this theory, many
concepts which are now typical in this framework (e.g., completely bounded mappings)
were introduced in the context of C*-algebras.

A (Banach) operator space is a Banach space E with an extra “matricial norm struc-
ture”: in addition to the usual norm on E, we have norms on all the spaces M, (E) of n xn
matrices with entries from E (often called the matrix levels), where these norms must sat-
isfy certain consistency requirements. The connection with operator algebras comes from
the fact that when E is a subspace of an algebra B(H) of bounded linear operators on
a Hilbert space H, there is a canonical norm on M, (FE) coming from the identification
between M, (B(H)) and B(H"). The natural morphisms in this category are no longer the
maps which are just bounded, but rather the completely bounded ones: they are required
to be uniformly bounded on all the matrix levels. Operator spaces are thus a quantized
or noncommutative version of Banach spaces, giving rise to a theory that not only is
mathematically attractive but it is also naturally well-positioned to have applications to
quantum physics. The systematic study of operator spaces begun with Ruan’s work, and
was deepened mainly by Effros and Ruan, Blecher and Paulsen, Pisier and Junge (see the
monographs [44] 64, [12, 135, [65] and the references therein). Operator spaces have often
provided an appropriate framework to develop many areas of non-commutative analysis.

It is quite natural to investigate to what extent the classical theory of Banach spaces
can be translated to the noncommutative context, and this has been extensively studied
throughout the years. Though some properties do carry over, many do not and these
differences are one of the reasons making the new theory so interesting and rich. And
even for those properties that do admit a generalization, the proofs are often different and
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require the development of new tools. Along these lines, the main goal of this monograph
is to take further steps towards the systematic development of a complete theory of tensor
products and tensor norms in the operator space setting, and its connections with the
parallel theory of their associated mapping ideals.

It should be noted that both ideals of linear operators and tensor norms have inspired
important developments in the operator space setting. Noncommutative versions of nuclear,
integral, summing, and other mapping ideals have played significant roles in various works,
such as [35 [64] 44], 30, [46]. Similarly, several tensor norms for operator spaces, most notably
the Haagerup norm, have also been influential; for a good summary, see [12] Sec. 1.5].

Blecher and Paulsen [I3] have showed that part of elementary and basic theory of tensor
norms of Banach spaces carries over to operator spaces, initiating a “tensor norm program”
for operator spaces further developed in [I0]. However, despite the depth and elegance of
the abstract framework developed in the monograph by Defant and Floret [23] on operator
ideals and tensor norms, many of its tools do not appear to have been treated yet in the
operator space context. Moreover, while it is clear to specialists that there are obstacles
making it impossible to fully translate the classical tensor product theory into the operator
space setting, it has not been highlighted exactly which portions do translate and which
ones do not. Hence, we will focus on seeing to what extent the classical theory can be
transferred. In many situations, this is not the case and additional assumptions about the
structure of the operator spaces or the tensor norms involved are really necessary. A good
example is local reflexivity: since all Banach spaces have this property but not all operator
spaces do, it is well known that operator space versions of classical results will often need
local reflexivity as an additional assumption. However, when it comes to tensor norms
it turns out that in some cases we can still get operator space versions of some classical
results without requiring local reflexivity, as long as the tensor norm satisfies some extra
condition.

Although the theory of operator spaces has its own peculiarities, the classical theory
will be our reference and roadmap to obtain and develop non-commutative versions of the
theory of tensor norms. Therefore, let us now briefly recall the history of the development
of classical theory. Tensor products burst into the world of functional analysis in the late
thirties with the works of Murray, von Neumann and Schatten, but it was Grothendieck
who first truly revealed the richness of properties for tensor products. His famous article
“Résumé de la théorie métrique des produits tensoriels topologiques” [40] established the
basis of what we know today as ‘local theory’ — that is, the study of Banach spaces in
terms of their finite-dimensional subspaces — and showed the relevance of the use of tensor
products in the theory of normed spaces. All of this helped him to establish a very fruitful
theory of duality.

While nowadays the “Résumé” is considered foundational work in the area, this mas-
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terpiece remained mostly unnoticed for many years. It was not until the end of the six-
ties when it started to be better valued by the scientific community. Lindenstrauss and
Pelczyniski [49] presented some important connections and applications to the theory of ab-
solutely p-summing operators, translating results written in terms of certain tensor norms
by Grothendieck into properties of operator ideals. On the other hand, almost simulta-
neously, a general theory of operator ideals on the class of Banach spaces was developed
by Pietsch (and his school in Jena) but without the use — and the language — of tensor
norms. Pietsch’s book “Operator Ideals” [58], which appeared at the end of the seventies,
led this theory to become one of the central themes of study in Banach space theory.

At that time, functional analysts generally preferred the language of operator ideals
to that of tensor products, so the former received more attention. The theory of tensor
products in Banach spaces became stronger and more ubiquitous during the eighties with
the seminal work of Pisier [61] [62], which showed the usefulness of these tools.

With time, the theory of tensor norms became an interesting field in its own right.
Defant and Floret, in their famous monograph “Tensor Norms and Operator Ideals” [23],
made it clear that the theory of tensor products and the theory of operator ideals are
two sides of the same coin. Their work had a tremendous legacy: nowadays authors use
indistinctly both languages. This same approach has also been developed in various other
books on tensor products of Banach spaces [71, 27].

As stated in [23], “both theories, the theory of tensor norms and of normed operator
ideals, are more easily understood and also richer if one works with both simultaneously”.
With this in mind, certain problems are more easily handled using either the categorical
perspective due to Pietsch, or Grothendieck’s cycle of ideas on tensor products. With the
present work, it is our intent to bring the benefits of the aforementioned parallel perspectives
to the operator space setting. As mentioned above both the approaches of ideals and tensor
norms have been repeatedly used in the operator space literature, but there has not been
a methodical exploration of the connections between the two. It is worth mentioning
that this work does not aim to be self-contained, nor does it pretend to be an extensive
monograph like [23]. Some of the theory related to this area is either briefly mentioned or
cited without providing full proofs. Our purpose is more modest: to initiate a program that,
over time, can be enriched with the contributions of the operator space community. We
focus on highlighting key results and insights, particularly those relevant to the systematic
development of tensor products and tensor norms in the operator space setting.

Thus, numerous topics covered in [23] have been left out. Some expected results that
do not appear in the literature can be found in this monograph, and also some new insights
that do not have a counterpart or differ from the theory of Banach spaces.

The manuscript is structured as follows. Chapter (1| provides the necessary background
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material. We introduce the notation, present the basic definitions used throughout the
manuscript, and review key aspects of the classical operator space tensor norms—specifically,
the minimal, projective, and Haagerup norms. We also discuss vector-valued Schatten
spaces, including their representation as Haagerup tensor products and various norm com-
putations for matrices of their elements. Additionally, we emphasize the main relevant
differences between the operator space and the Banach space frameworks which have an
impact in the study of tensor norms in both settings.

In Chapter [2 we introduce our main object of study: operator space tensor norms
(0o.s. tensor norms for short). We begin by establishing some fundamental properties
and reviewing existing examples from the literature. We then provide a more precise
description of the Chevet-Saphar o.s. tensor norms studied in [I8]. Further, we discuss
A-tensor products, developed by Defant and Wiesner in [24] [75], and introduce a new family
of Haagerup-style tensor norms. Finally, we explore two useful constructions: the sum and
intersection of o0.s. tensor norms.

In Chapter [3, we focus on the concepts of finitely and cofinitely-generated o.s. ten-
sor norms. A tensor norm is finitely-generated if it can be approximated using finite-
dimensional subspaces, whereas it is cofinitely-generated if such approximations can be
obtained through quotients by subspaces of finite codimension. We also define the finite
and cofinite hull of a given o.s. tensor norm. Furthermore, we provide several examples
and establish that the property of being finitely-generated is preserved under intersections
and sums.

Chapter 4] deals with the “Five Basic Lemmas” (see Section 13 in [23]) for the operator
space setting. These are the Approximation Lemma, the Fxtension Lemma, the Embed-
ding Lemma, the Density Lemma and the L,-Technique Lemma. To prove some of these
results, unlike the classical case, we additionally need certain strong hypotheses such as
local reflexivity. However, in the case of A-0.s. tensor norms this extra assumption is not
necessary. Moreover, we introduce a larger class of extended A-tensor norms, for which the
lemmas hold without the local reflexivity condition.

In Chapter [5] we introduce dual tensor norms and establish the duality between the
intersection and sum procedures. We develop an operator space version of the Duality The-
orem, which, roughly speaking, relates the dual of a tensor product to the tensor product of
the dual spaces. As expected, this result once again requires a local reflexivity assumption,
except for the extended A-tensor norms. We present right- and left-accessible tensor norms
and show that every A-o.s. tensor norm is accessible. Furthermore, to establish certain
duality relations, we define the concept of local accessibility—a weaker form of accessibility
that applies to locally reflexive operator spaces. Also, we give non-commutative versions
of the Chevet-Persson-Saphar inequalities. These inequalities relate the tensor product
Sy,(H)® E, equipped with Chevet-Saphar o.s. tensor norms to the vector-valued Schatten
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class Sy[H; E]. Finally, we conclude the chapter with Section which reveals connections
between our o.s. tensor norms and analysis on the quantum Boolean cube, specifically
hypercontractive inequalities. Beyond the intrinsic interest of the results presented here
— which also have direct connections to Quantum Information Theory — this section
demonstrates how the theoretical framework developed in this manuscript can potentially
be useful in other contexts. Ultimately, the tensor-based perspective provides a powerful
and versatile tool, offering new avenues for research and applications.

In Chapter [0 we discuss completely metric and completely bounded approximation
properties and relate these properties with tensor products, in particular the weak density
of a multiple of Bgg . r in Beggr). Also, we consider a weak™ completely bounded
approximation property (generalizing the metric version studied by Effros and Ruan [32])
which is characterized by having a “nice” duality between the projective and the minimal
0.S. tensor norms.

The notion of mapping ideal is the focus of Chapter [7], where we present an extensive
list of examples already studied in the literature. To maintain the core of the Banach
space concept and allow the natural relationship with tensor norms, we have to slightly
strengthen the existing definition of mapping ideal from [35, Sec. 12.2] and add an extra
condition. Also, we introduce some typical procedures: injective/surjective hulls of a given
mapping ideal, the dual mapping ideal, and present some properties.

Chapters [§ and [9] deal with maximal and minimal mapping ideals and their Repre-
sentation theorems. As the names indicate, maximal and minimal ideals associated to a
given tensor norm are the largest and smallest ideals (with respect to the inclusion) which
agree with the tensor norm over finite dimensional spaces. The representation theorem for
maximal mapping ideals shows how the ideal can be seen as a dual of a tensor product.
Again, the hypothesis of local reflexivity is needed here in order to obtain a full charac-
terization. As a consequence, we prove an Embedding Theorem (which gives a natural
completely isometric inclusion from a tensor product into the mapping ideal) and show
how dual and adjoint ideals behave in terms of their associated tensor norms. For minimal
ideals, the representation theorem provides a natural complete quotient mapping from a
tensor product onto the mapping ideal. Therefore, in a sense, both theorems (for maximal
and minimal ideals) relate a mapping ideal with a tensor norm associated to it.

In Chapter [10, we introduce the definitions of right and left completely injective and
completely projective hulls of an o.s. tensor norm. Roughly speaking, these procedures
are related to preserving complete isometries and complete quotients, respectively. We ex-
plore some of their key properties and investigate conditions under which they are finitely-
generated. Additionally, we define (bilateral) completely injective and completely projec-
tive hulls, proving that in both cases, the left and right procedures commute. We explore
the possibility of providing a local description of the projective and injective hulls of an o.s.
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tensor norm. For the first one, this is indeed possible; however, we show that one cannot
expect an analogous result, as in the classical setting, for the injective hull. However, this
can be achieved by adding certain hypotheses to the space.

We establish in Chapter that, unlike what happens in the Banach space setting,
accessibility is a required property of a tensor norm in order to obtain the usual relations
between duality and injective/projective hulls. Accessibility is also needed to associate a
left (or right) injective hull of a norm to the surjective (respectively, injective) hull of a
mapping ideal. Based on the classical theory, we also provide a definition of accessibility for
mapping ideals. As expected, right-accessible finitely-generated tensor norms are associated
with right-accessible mapping ideals but, surprisingly, the left version of this result does
not hold. We see that a left-accessible o.s. tensor norm might have an associated mapping
ideal which is not left-accessible (although we show in Proposition that, in this case,
the mapping ideal does have a weaker version of left-accessibility).

Chapter deals with the structure of natural norms, in the sense of Grothendieck.
We prove that some results from the Banach space theory about equivalences or inequali-
ties between injective and projective hulls remain valid in this new context but the whole
picture is undoubtedly substantially different. In the classical theory Grothendieck’s in-
equality (which for instance implies that there is not possible for a tensor norm to be both
injective and projective) has a strong impact in the description of natural tensor norms.
The existence of an injective and projective Haagerup tensor norm shows us that the situ-
ation in the operator space setting could not be at all a translation from the classical case.
We use the term proj family for the set of norms obtained from the norm proj after taking
left or right injective/projective hulls finitely many times. Analogously, we define the min
family. Unlike the classical setting, these families are not intertwined: each member of the
proj family dominates any member of the min family. We present incomplete pictures of
both of these families, proving some dominations and non-equivalences and leaving a large
list of open questions about them. On the other hand, we completely describe the list of all
natural norms that come from applying to min or proj two-sided hull operations (injective
or projective). Precisely, it consists of six o.s. tensor norms. Again, this differs from the
Banach space case where there are actually four (see Section [12.4)).

We finish this monograph with Chapter which provides some conclusions of the
present work and proposes several open questions for future research.



Chapter 1

Preliminaries

Keywords: operator spaces, minimal 0.s. tensor norm, projective o0.s. tensor norm,
Haagerup tensor norm, vector valued Schatten spaces

In this chapter, we present some fundamental concepts of the theory of operator spaces.
While we assume familiarity with the basics, we recall certain elementary definitions for
completeness. Excellent references on the topic include [12], 35] 54] 65]. The book [67] also
deals with tensor products of operator spaces, although concentrating on the case of C*-
algebras. Our notation follows closely that from [64, [65]. For technical reasons, unlike the
general literature in the subject, we will not assume that our operator spaces are complete.
Thus, to avoid confusion, when they are complete, we choose to call them Banach operator
spaces. On the other hand, when completeness is not assumed, we refer to them as normed
operator spaces or, sometimes, for simplicity, just operator spaces. The letters E, F' and GG
will always denote normed operator spaces, that is, normed vector spaces with an additional
structure at the matricial level.

1.1 The basics

As usual, M, ,,(E) will stand for the set of n x m-matrices of elements in E. In the case
n = m, we abbreviate it to M,(E) . For a € M, ,, (n x m-matrices of complex scalars),
la|]| denotes its norm as an operator from £3' to (%, where, as usual, ¢ represents the
k-dimensional Hilbert space.

Given z = (x;;) € M,,(E) and y = (yx) € M,,(E), we consider x @y € M, 1,,(E) to be

the matrix x dy = ( (90(;]) (yO ) ) )
kl



8 CHAPTER 1. PRELIMINARIES

Definition 1.1.1. E is a normed operator space if, for each n, there is a norm || - ||, on
M, (E) satisfying Ruan’s Axioms:

M1 ||z & ylla,...z) = max {||z]las, &), 1V}, for all z € M,(E) and y € M,,(E).
M2 |[axb| s, ey < |lall - ||z]| s, ) - ||b]], for all z € M, (E), a € My, and b € M, ,,.

If H is a Hilbert space and E C B(H) is a subspace, there is a natural norm in M, (F)
given through the identification M, (B(H)) = B(H"), which endows E with a normed
operator space structure. On the other hand, by Ruan’s representation theorem [35, Thm.
2.3.5] for any operator space E there exist a Hilbert space H and an inclusion £ C B(H)
which is an isometry for all the matrix levels.

We denote by ONORM and OBAN the classes of all normed and Banach operator
spaces, respectively. Similarly, we write OFIN for the class of all finite-dimensional operator
spaces.

Every linear mapping 71" : & — F' induces, for each n,m € N, a linear mapping 7}, ,,, :
Mym(E) = My, (F) (called the amplification of T') given by

Tom(x) = (T(xi5)), for all x = (z45) € My m(E).

Once again, in the case n = m we write 7}, instead of T, ,,.
The completely bounded norm of T is defined by

1Tl = sup | Tl = sup {1 T () | s,y = N2 llarm) < 1}
neN neN

A mapping T is called completely bounded when ||T||q, is finite and we denote by
CB(FE, F) the space of completely bounded mappings from E to F. This is an operator
space with the structure given by the identification M, (CB(E, F)) = CB(E, M,,(F)). In
other words, each n x n matrix of mappings from E into F' can be identified with a mapping
from E into the space of n x n matrices with coefficients in F'. Thus, to compute its norm,
we apply a calculation as above.

We say that T is a complete isometry if each T,, : M,(E) — M,(F) is an isometry
and we write £ = F to indicate that E and F' are completely isometrically isomorphic. A
completely isometric embedding T": £ — F will be called a complete injection for short.

The mapping T': E — F'is said to be a complete quotient or complete metric surjection
or complete projection if it is onto and the associated map from FE/ker(T) to F is a
completely isometric isomorphism. In [65 Sec. 2.4], it is proved that a linear map 7" : E —
F is a complete quotient if and only if its adjoint 77 : F' — E’ is a completely isometric
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embedding. Note that if a linear map 7' : £ — F' between normed operator spaces is a
complete quotient, then for every x € M, (F') we have

I2llag, ey = 0F {19llas, ) ¥ € MalB), Tuly) = 2

The operator space structure of a dual space E’ comes from the identification M, (E’) =
CB(E, M,,). The norm of a matrix in M, (E’) can also be computed through the matriz
pairing ((-,-)) : My, (E) x M, (E") = M,2, where (((z;;), (¢r))) = (¢ri(xi;)). Precisely,

(x| a0y = sup {I1((2i5), (L)) laz o = 11(2ij) | aga ey < 1}

Given a bilinear mapping ¢ : Ex F — G, we denote by ¢, : M, (E) X M, (F) — M,2(G)
the mapping defined, for each n € N, as follows:

On(v,w) = (P(vij, wiy)) , for all v = (vy;) € M,,(E),w = (wy) € M, (F).
We say that ¢ is jointly completely bounded when

[0ll50 = sup [¢nll < oo (1.1.1)
ne

The space JCB(E x F,G) of all jointly completely bounded bilinear mappings from E x F'
to G has an operator space structure given by the identification

M, (JCB(E x F,G)) = JCB(E x F, M,(G)).

Another natural associate to ¢ is the bilinear mapping ¢,y : M,(E) x M,,(F) = M,(G)
related with the matrix product and given by

Py (v, w) = (Z qﬁ(vik,wkl)) , for all v = (v;;) € M,,(E),w = (wy) € M, (F).
k=1
The bilinear mapping ¢ is multiplicatively bounded if

0] = Sup [@@m || < oo. (1.1.2)

Again, for the space MB(E x F,G) of all multiplicatively bounded bilinear mappings
from F x F to GG an operator space structure is provided via the identification

M, (MB(E x F,G)) = MB (E x F, M,(G)).
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1.1.1 Some usual notation

For a normed operator space E, we denote by OFIN(E) (resp. OCOFIN(E)) the set of all
finite-dimensional (resp. finite-codimensional) subspaces of E. Given L € OCOFIN(E), let
q¥: E — E/L be the canonical projection and given a subspace F of E let i&: ' — FE be
the canonical injection. To avoid an overload of notation, when the inclusion is the typical
complete isometry for operator spaces £ C B(H) we just denote the canonical injection by
ip : B — B(H). Also, following the usual Banach space notation, for a normed operator
space E, kp: E — E” denotes the canonical injection into the bidual.

Given vector spaces E and F', we identify a linear map T : £ — F’ with a bilinear
map [ : B x F' — C via fr(z,y) = (Tz)(y); note that Sr can also be identified with an
element of (F ® F)'.

Recall that for a Hilbert space H the Schatten class S,(H) is defined for 1 < p < oo
as the space of all compact operators T" on H such that tr (|T |p) < 0o equipped with the

norm [|T[g = (tr (\T\p))l/p; in the case p = oo, we denote by S, (H) the space of all
compact operators on H (also denoted by K(H)) endowed with the operator norm. To
provide the spaces S,(H) with an operator space structure, we follow Pisier’s approach
[64]: since Soo(H) is a C*-algebra it has a canonical operator space structure [35, p. 21],
by the duality S1(H) = B(H) we also get a natural operator space structure on S;(H),
and by complex interpolation for operator spaces [65, Sec. 2.7] we get an operator space
structure for each of the intermediate S,(H) spaces. For simplicity we write S, instead of
Sp(l2), and Sy instead of S, (¢3).

A normed operator space E is an 0.7, ¢ space [45, Sec. 2] if there is a family (F});er
of finite-dimensional subspaces of E whose union is dense in E and such that for every
index 7 there is a natural number n; such that dcb(S;”, F;) < C where dg, stands for the
completely bounded Banach-Mazur distance , i.e.,

dep(E, F) :=inf {||T||p||T"||ev : T € CB(E, F) is a complete isomorphism }.

If Eis an 0.7, ¢ space for every C' > C, we say that E is an 0.7, ¢4 space .

If W is a Banach space, its mazimal operator space structure Max(W) is defined by, for
Ae M,(W)

ANy, axwyy = $ ) g, sy + Nl W — B(H)|| < 1}

See [65, Chap. 3] for more details.
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1.1.2 Direct sums

We will now recall some necessary facts on direct sums of operator spaces from [65], Sec.
2.6).

Given a family {E, },er of operator spaces, its (o, direct sum which we will denote by
loo({E, : v €T})is the direct sum E = _ _ E, with the operator space structure given
as follows: for u = (uy)yer € M,(E),

yel’

lullew (5, very) = sup {||uy || e,) ¥ €T}

When we have only two summands, we will often use the notation F; ®., F» instead. We
denote by co({E, : v € I'}) the subspace of (oc({E, : 7 € I'}) of elements v = (u,) er
such that the net (|lu,||) er converges to 0 (with respect to the directed set of the finite
subsets of I').

The ¢;-sum of {E,},er will be similarly denoted by ¢ ({E, : v € I'}); for simplicity,
below we only give the full details in the case E; @& Fs where we have two summands. For
u € Mn(El 5P, EQ),

stz e = sup {IN(T & To)n(W)llag, sy = 175 By = BIH)| g, <1 for j = 1,2}

where T} & Ty : By & Ey — B(H) is the mapping (71 & T3)(x,y) = T1(x) + Ta(y).

The explicit description above of the operator space structure of an ¢;-sum of operator
spaces {1({E,} er) is a little unwieldy. Oftentimes, it is easier to use that this operator
space structure is characterized by the following universal property: for any operator space
F and any linear map T : ¢;({E,}yer) — F, we have [T, < 1 if and only if for all
v € I' we have ||T'J, ||, <1, where J, : E, — {;({E,},er) is the canonical injection (that
is, the map sending v € E, to the vector having v in the v-th position and 0 everywhere
else). Note that as an immediate consequence of the aforementioned universal property,
the canonical projections ¢1({E, },er) — E,, are completely contractive, and therefore the
canonical injections are complete isometries.

1.1.3 Injections and projections

A normed operator space E is said to be completely injective if whenever F© C G are
operator spaces and T' : F' — F is a completely bounded linear map, there exists an
extension T : G — E with |1, = = ||T|le. By the Arveson extension theorem [35, Thm.
4.1.5], B(H) is completely injective for any Hilbert space H. Let us now observe that any
completely injective normed operator space E has to be complete. Indeed, consider the
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diagram

E
N
E_>¢ . E

where the vertical arrow is simply the inclusion of F in its completion E, and the operator

T is given by the injectivity of E. If we take a Cauchy sequence (Un)n in E, and we take
its limit v € E, then T'(v) € E is the limit of (v,), since

T(v) = T( lim vn> = lim T(v,) = lim v,.

n—oo n—oo n—o0

A normed operator space E is said to be completely projective if for any completely
bounded linear map 7' : £ — G/F into a quotient space and any € > 0 there exists a
lifting T : E — G of T with |7l < (1 +¢) |T||.,- The basic examples of completely
projective operator spaces are the spaces ST for any n € N, and we will also use the fact
that an ¢;-sum of completely projective operator spaces is again completely projective.

Every Banach operator space E can be seen as a quotient of a completely projective
space. Indeed, there is a set I and a family (n;);e; C N such that F is the quotient of
G({ST" 1 i € I}) (see e.g., [65, Prop. 2.12.2]). We denote the latter space by Zg, the
completely projective cover of E, and qg : Zp — E the corresponding complete quotient
mapping. The fact that Zg is completely projective can be tracked in [65, Chap. 24].
We also refer to [65, Chap. 24] for further details on completely injective and completely
projective operator spaces.

1.2 Classical operator space tensor norms

We begin by recalling the definitions of the three most common tensor norms in operator
space theory: the minimal, the projective, and the Haagerup tensor norms. Each of these
procedures endows the algebraic tensor product F ® F' with an operator space structure,
leading to the operator spaces F @min I, E ®proj I, and E ®j, F', respectively. We enlist
their basic properties which can be found in the classical books by Effros and Ruan [35]
or Pisier [67]. While these authors always work within the setting of Banach operator
spaces, the properties we list below hold even without assuming completeness. As usual,
the completions of the three mentioned tensor products are denoted by EQ@unF', E QA@prOjF,
and E®;,F.
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1.2.1 The Minimal operator space tensor norm

The operator space injective tensor norm (also known as minimal tensor norm) arises
naturally when considering inclusions of operator spaces into bounded operators on Hilbert
spaces and captures the “smallest” possible operator space structure on a tensor product,
consistent with the completely bounded setting. The minimal tensor product F ®;, F' is
given by embedding £ C B(H;) and F' C B(H;) for some Hilbert spaces H; and H,, and
then considering the inclusion

E ®@min FF C B(H; ®2 Hs),

where H; ®9 Hy denotes the Hilbert space tensor product, that is, the completion of the
algebraic tensor product H; ® Hs with respect to the inner product defined by

(X1 @ y1, 22 @ ya) = (T1, T2) i, - (Y1, Y2) 1, -

The operator space structure on F ®y;, F is then induced from this inclusion, that
is, the matrix norms on M, (E ®u, F') are given by identifying elements with matrices of
operators in B(H; ® Hs).

Alternatively, the minimal tensor norm of u € M,,(E ® F) can be defined as

min(u) = sup {[[(@' © ) (@llary, : 12|ty < LY sy < 1 pog €N}, (12.1)

which resembles the definition of the injective tensor norm ¢ in the Banach space setting.
It is well known that the minimal tensor product satisfies the following completely
isometric inclusions:

E ®uin ' C CB(E',F) and E' @uw F C CB(E, F).

Note that these inclusions turn into equalities whenever E and [’ are finite-dimensional.
This result links the minimal tensor product to the space of completely bounded maps and
highlights its role in duality theory.

The norm min is symmetric and associative, i.e. the following canonical identifications
are complete isometries:

E ®min F = F ®min E and (E ®min F) ®min G = E ®min (F ®min G)

One of the remarkable features of the minimal tensor product is that it behaves well
with respect to complete isometries: if £y — FEs and F} < F; are complete isometries,
then so is the induced map Fq Quin F1 — Fo @uin Fo. This property is commonly referred
to by saying that min is completely injective.

Another relevant property of the injective norm min is that it is uniform, meaning that
for S € CB(E\, Ey) and T € CB(F, F») we have

HS ® T: El ®min Fl - E2 ®min F2ch S HSHCb HTch .
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1.2.2 The Projective operator space tensor norm

The operator space projective tensor norm of u € M,(E ® F) is defined as

proj(u) = nf{|al[ - [l - |[y]l - [[oll}, (1.2.2)

where the infimum is taken over all the representations of u = a(z ® y)b with x € M,(E),
y € My(F),a € Mypq, b€ M,,, for some p,q € N. Here, the tensor product z®y is viewed
as an element of M,,(E ® F') under the identification M,(E) ® M,(F) = M,,(E ® F).

This formulation reflects the operator space analog of the classical notion of projective
tensor norm, but within the matrix-normed setting. The key feature is that the norm
takes into account completely bounded factorizations of u through matrices of £ and F,
preserving the operator space structure at each matrix level. This norm captures a notion
of “maximal” operator space structure on the tensor product.

The norm proj is symmetric and associative, i.e. the following canonical identifications
are complete isometries:

E ®pr0j F=F ®proj E and (E ®pr0j F) ®pr0j G =2F ®proj (F ®proj G)

A significant structural feature of proj is that it is completely projective; that is, if
Ey — E5 and F} — 5 are complete quotient maps, then the induced map

Ey ®proj F1 — Ey Qproj Fa

is also a complete quotient map.

As it happens with the norm min, the tensor norm proj is uniform; that is, for S €
CB(E, Ey) and T € CB(F}, F,) we have

1S ®@T: By @proj F1 = E2 ®proj Fall g, < ISy 1Tl -

The projective tensor product also relates to duality in a natural way through the
completely isometric identification

(E ®proj F)' = CB(E, F') = JCB(E x F,C).

Even if the norm proj is not completely injective it preserves the inclusion of a normed
operator space into its completion. Indeed, it can be seen through duality arguments that
the canonical injection E ®proj ' — E Qproj F' is completely isometric.
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1.2.3 The Haagerup operator space tensor norm

The Haagerup tensor norm of u € M,,(E ® F) is defined as
h(u) = mf{|lz] -yl cu =2 Oy, z € My, (E),y € Myn(F),r € N}, (1.2.3)

where © denotes the standard matrix product. Precisely,

TOY= <ink®ykj>

k=1

lhj

This tensor norm plays a central role due to its strong structural and analytic properties.
It is particularly well suited for interpolation theory, harmonic analysis, and the theory of
multiplicately bounded bilinear maps.
The norm h is not symmetric but it is associative so the following canonical identification
is a complete isometry
(E®, F)®,G = E®, (Fe,q).

Being that F ®;, F could differ from F' ®;, E it makes sense to define the transpose ht of h
through the identification
ERu FE2FQ,FE.

The Haagerup tensor norm satisfies
E®mianE®thE®projF>

where all inclusions are completely contractive. Hence, h acts as an intermediate tensor
norm between min and proj. As these norms, the Haageruup tensor norm is uniform; i.e.
for S € CB(E), Ey) and T € CB(Fy, Fy) we have

1S ®@T: By @y Fy — B @ Fal| o, < S| 1T )], -

An astonishing property of the Haagerup tensor norm is that it behaves well with
respect to both complete isometries and complete quotients. On the one hand, if £} — F»
and F} — F5 are complete isometries, then so is the induced map F; ®; F1 — FEs ®j, F.
On the other hand, if £y — FE; and F; — F, are complete quotient maps, then the
induced map E; ®j Fy - E, ®j, F; is also a complete quotient map. We thus say that A is
completely injective and completely projective. Note that this phenomenon cannot occur
in the category of Banach spaces: there is no tensor norm that is simultaneously injective
and projective [23, Prop. 20.20].
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The dual of E®y, F' is identified with the space of multiplicately bounded bilinear forms

on F x F defined in (1.1.2)), i.e.,
(E @, F)' = MB(E x F,C).

There is some interplay between this tensor norm and min and proj: if R and C' denote
the canonical row and column operator space structures on £ (see definition in Section
below), then for any operator space E,

R®hEgR®pr0jE, E®thE®projC, E@hRgE(gminR; O@hEgC(gminE

completely isometrically.

1.3 Operator approximation property

A normed operator space E is said to have the operator approzimation property (OAP)
[35 Sec. 11.2] if there exists a net of finite rank mappings 7,, € CB(E, E) such that
the net idx ® T, converges pointwise to the identity in K. (E) = K&minE, where K
denotes the compact operators on £5. Similarly, E is said to have the C'-completely bounded
approzimation property (C-CBAP) [35], p. 205] if there exists a net of finite rank mappings
T, € CB(E, E) such that ||T},[, < C and ||T,x — x| — 0 for every x € E. Note that by
[35, Thm. 11.3.3], we also have ||(T,),x — x| — 0 for every z € M, (E). In the particular
case C' = 1, we say that E has the completely metric approximation property (CMAP).

There is a notable connection between the OAP and tensor products [35, Thm. 11.2.5]:
an operator space E has the OAP if and only if for any operator space F', the the canonical
identity E@)pij — E®i, F is one-to-one.

1.4 Vector-valued versions of the Schatten spaces

For a Banach operator space F and 1 < p < oo, in [64] Pisier defines an operator space
which is an E-valued version of S,(H) and will be denoted by S,[H; E]: let Sy[H; E] =
S (H)@minE and Si[H; E] = Sl(H)®projE, and once again in the case 1 < p < oo we
define S,[H; E] via complex interpolation between So[H; E] and S;[H; E]. For simplicity
we write S,[E] instead of S,[(»; E], and S}[E] instead of Sy[f3; E]. We now briefly recall
some important properties of these spaces, and refer the reader to [64] for a detailed study
of them.

First of all, we recall a description of the spaces Sy[E] and S,[E] in terms of Haagerup
tensor products. In both M, and B(f2) we denote by e;; the matrix units, that is, e;; is
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the linear map whose matrix representation with respect to the canonical basis has a 1 in
the (4, j) position and 0’s elsewhere. We define the row spaces

R, =span{ey; : 1 <j <n} CM,, R = span{ey; ; j € N} C B({s),
and the column spaces
Cn, =spanfej; : 1 <j<n} C M, C = span{e;j; ; j € N} C B({,),

endowed with their natural operator space structures. Since the map R, — C, (resp.
R — () is an isometry, using this isometry as an identification between the two spaces we
can perform complex interpolation between them and define, for any 6 € [0, 1],

Ru(0) = (Ru,Ch),,  R(O) = (R,C),

A crucial point underlying Pisier’s construction is that one can identify completely isomet-
rically [65, Cors. 5.10 and 5.11]

SIL ®proj E = Rn Qn E Qh Cn7 Mn min E = Cn X E Qh Rn7
respectively
Sl®pr0jE = R®hE®hC7 Soo®minE = C®hE®hR7

and since the Haagerup tensor product respects complex interpolation that yields complete
isometries [64, Thm. 1.1]

SPIE] = Ru(1/p") @n E @i Ru(1/p), Sp[E] = R(1/p )@, E®,R(1/p)

In particular, the identification above interprets elements of SP[E] as n x n matrices with
entries in £ in a very particular way: if we denote by (e;)7_; the canonical basis of R, (0)
(i.e. the one coming from the term-by-term identification of the canonical orthonormal basis
(e15)7—, of R, and the canonical orthonormal basis (e;1)j_, of Cy,), then the identification
above is the map R,(1/p") @, E @5, R,(1/p) — S} ® E given by

n n
Z€i®l’ij®€j'—> Zeij@)xij.

ij=1 ij=1

Similarly, by approximation, an element of S,[E] can be identified with an infinite matrix
of elements of E. We note that these identifications as matrices are consistent with the
identifications

S;L ®m1n E g CB( ;L”E)’ Sp ®m1n E g CB(Sp/7E)



18 CHAPTER 1. PRELIMINARIES

where an element u in one of these tensor products is identified with the matrix with entries
on F which is given by the image of the matrix units under the linear map associated to wu.

For a general Hilbert space H, we denote by H, the corresponding column Hilbert space
(that is, with the operator space structure given by the identification with B(C, H)), and by
H, the corresponding row Hilbert space (that is, with the operator space structure given
by the identification H, = B(H',C). To describe S,[H; E] in terms of Haagerup tensor
products, the identifications for the endpoints p = 1, 00 are given by

Sl (H>®prOjE = Hr®hE®h(H/)cv SOO(H)®H11HE = Hc®hE®h(H/)r7

and then one proceeds by interpolation as before. We will not write down the details
explicitly.

Since we will be making use of operator spaces that are not necessarily Banach, we need
to adapt Pisier’s definitions to this setting.

Definition 1.4.1. Let E be a normed operator space and 1 < p < co. We define SS[E] to

be the subspace of S}'[E] consisting of matrices with entries in £. Similarly, we define S,[E]
to be the subspace of S, [E] consisting of matrices with entries in £, and analogously define
Sp|H; E| for any Hilbert space H (that this definition does require a choice of orthonormal

basis in H, but all choices yield the same space completely isometrically).

Note that clearly SP[E] (resp. S,[E]) is dense in SP[E] (resp. S,[E]), so we have

Sn[E] = SI[E] (vesp. S,[E] = SI[E)).

p
Pisier’s description of SQ[E] as a Haagerup tensor product still holds in the case of

normed operator spaces, thanks to the injectivity of the Haagerup tensor product. We
state this for future reference.

Theorem 1.4.2. Let E/ be a normed operator space E. Then, there is a complete isometry
Ra(1/p) @1 E @ Ra(1/p) = S"[B),
given by the identification 7, e; ® vy ® ej > D1 ey @ Tij.

The following is [64, Cor. 1.2 and Lem. 1.7] and describes how completely bounded
maps interact with the vector valued S, spaces. We remark that by density, the argument
works for general operator spaces even if they are not Banach.

Theorem 1.4.3. Let 1 < p < oco. For a linear map T : E — F between operator spaces,
and k € N,

|T: E = Fly, = ||Ids, ® T : S,[E] = S,[F]]|
- HIdsg ©T : SEE] — SH[F]

cb

= sup ||Idsy ® T : Sy[E] = Sp[F]||.
cb neN
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Moreover, if T : E — F is a complete isometry (resp. complete quotient) the same is true
for Ids, ® T : Sy[E] — S,[F] and Idgy ® T : S§[E] — S}[F].

We now recall the duality for the vector-valued Schatten spaces [64, Cor. 1.8].

Theorem 1.4.4. For 1 < p < oo, any Hilbert space H and any operator space F,
Sp|H; E) = Sy[H; E].

The next two results are [64, Thm. 1.9 and Cor. 1.10], once again we remark they
remain valid for general operator spaces.

Theorem 1.4.5 (Fubini for the Schatten spaces). Let 1 < p < oco. Let H and K be Hilbert
spaces, and let E be an operator space. Then we have completely isometrically

SplH; S| K E]] = Sp[H ®2 K E] = S)[K; S,[H; E].

Theorem 1.4.6 (Minkowski inequality for the Schatten spaces). Let 1 < p < ¢ < oo. Let
H and K be Hilbert spaces. Then we have a complete contraction

Spl; Sy(K)] = S| K; 5, (H)).

For a,b € M, we denote by M(a,b) the two-sided multiplication map M, — M,, given
by  — a -z - b where - denotes matrix multiplication (and we use the same notation for

their infinite-dimensional versions). Their ch-norms between Schatten spaces are calculated
in [52, Thm. 2.1].

Theorem 1.4.7. Let 1 < p,q < oo and 1/r =|1/p—1/q|. Then for every a,b € M,
[ M(a,b) : Sy = Syl|, = lallsy 10llsy -

Note that for any operator space F, and a,b € M, the map M(a,b) ® Idg : M,(F) —
M, (FE) is well-defined, and when applied to z € M, (FE) its image is the “matrix multi-
plication” of the matrices a, x, and b. Therefore, sometimes we use the notation a - x - b
instead of the more cumbersome (M (a,b)®Idg)z (and similarly for the infinite dimensional
two-sided multiplications).

The following two results generalize [64, Thm. 1.5 and Lemma 1.7], see e.g. [17, Lem.
4.2] or [7, Thm. 4.5]. They provide extremely useful ways of calculating norms in vector-
valued S, spaces, and they remain valid for general operator spaces.

Theorem 1.4.8. Let 1 < p,q,r < 00 such that 1/p = 1/q + 1/r. Let x € S,[E] (resp.
r € SPIE]) and let (vy;) € Myo(E) (resp. (ij) € Mn(E)) be the corresponding matriz
with x;; € E. Then [|z]|g 1z (resp. Hx”smE]) is equal to inf {HaHSQT 1yl s, (5 HbHSQT} where

the infimum runs over all representations of the form (x;;) = a -y -b with a,b € Sy, and
y € SyE] (resp. a,be Sy, andy € M, (E)). Moreover, we can restrict to a,b > 0.
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Theorem 1.4.9. Let 1 < p,q,r < oo such that 1/p=1/q+ 1/r. For any x € M,(F),

€]l p 1 = sup{lla -z - bllgnigy  llallgy [[bllgp <1}
= sup{||(M(a,b) ® IdE)xHSg[E] t lallgy [1bllsy <1}
While the previous two results appear to only deal with the norm on S [E], it is easy
to adapt them to get versions for the matrix levels M,, (S} [E]).
The following “tensor shuffle” style lemma is a generalization of [20, Lem. 3.2]. Note
that in particular it implies that the formal identity SP[E] — S} @min E (vesp. S,[E] —
Sp@)minE) is completely contractive.

Lemma 1.4.10. For any operator space E, any 1 < p,q < oo and any k,m € N, the
identity map
m[Qk m[Qk
S S, @min E] — S7'[Sy] @min £
15 a complete contraction.

Proof. Recall that for 0§ € [0,1] and m € N we denote R,,(0) = (R, Cn)g, where R, and
C,, are the m-dimensional row and column operator spaces, respectively. By Theorem|[1.4.2
we have the completely isometric identifications

S™SE @pin E] = Ron(1/') @1 ((Rk(l/p’) @n Ri(1/p)) @umin E) @ Ru(1/q)
and
S;n[sg] Qmin £ = (Rm(l/q/) X (Rk(l/p/) Y Rk(l/p)) Y Rm<1/Q)) Qmin £

By the “tensor shuffle” [65, Thm. 5.15] and the associativity of the Haagerup tensor
product, the shuffle map

Rin(1/q")@n ((Rk(l/p')®th(1/P)) ®minE) — (Rm(l/CI') ®th(1/P')®th(1/p)> Rmin E

is a complete contraction. By the uniformity of the Haagerup tensor product, tensoring on
the right with R,,(1/q) yields the complete contraction

R.(1/q") ®, ((Rk;(l/p,) ®n Ri(1/p)) @min E> ®n Rin(1/q)

— ((Rm(l/q') @n Re(1/p") ©n Ri(1/p)) @min E) @ Rin(1/q).
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On the other hand, once again by the “tensor shuffle” and the associativity of the Haagerup
tensor product, the shuffle map

((Rm(l /d) @n Ri(1/9) @1, Ri(1/P)) @i E) ®n Rin(1/q)

- (Rmu/q') 1 Re(1/0) ©n Re(1/p) @, Rmu/q)) S F

is also a complete contraction. Composing the last two maps above yields the desired result
because of the identifications at the beginning of the proof. ]

1.5 Relevant differences with the Banach space set-
ting

It is well-known that the theory of Banach spaces cannot be painlessly transferred to the
operator space framework, and the theory of tensor norms is no exception. Let us point
out three important differences in this context.

1.5.1 Local reflexivity

A normed operator space E is said to be locally reflexive [30] if for each finite-dimensional
operator space F, any complete contraction ¢ : F — E” may be approximated in the
point-weak® topology by a net of complete contractions ¢, : F' — E. The class of all
locally reflexive normed operator spaces is denoted by OLOC.

Since local reflexivity is relevant to prove many properties related to Banach space
tensor norms, it is often an additional hypothesis in the operator space versions of those
results. Moreover, in some cases this is known to be necessary: [35, Thm. 14.3.1] is an
example of an identity involving tensor norms whose validity turns out to characterize
local reflexivity. Nevertheless, there are some particular situations where we can omit this
assumption (see, for instance, the results of Chapter 4)).

We point out, for future reference, that given a complete operator space F, the com-
pletely projective space Zg introduced in Section is in fact locally reflexive. Indeed,
its dual £ ({M,, : ¢ € I}) is clearly a C*-algebra and thus a von Neumann algebra, and
preduals of von Neumann algebras are locally reflexive (see e.g., [65, Thm. 18.7]).
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1.5.2 Exactness

Every finite-dimensional Banach space embeds (1 4 ¢)-isomorphically into a space of the
form ¢7_, but the analogous property in the operator space setting does not hold in gen-
eral: an operator space E is said to be C-ezact if for any € > 0 every finite-dimensional
subspace of E is (C + ¢)-completely isomorphic to a subspace of an M,, space. When an
operator space is 1-exact we simply say that it is exact. The comments after the statement
of Proposition (along with Example give an instance where this causes a sig-
nificant difference between the classical tensor norm theory and the one for operator spaces.
Namely, a simple test to determine whether a tensor norm is the injective associate of a
given tensor norm, based on a certain “local” equivalence, does not extend to the setting
of operator space tensor norms. At first glance, this might seem unexpected from a naive
Banach space perspective; however, in the non-commutative context, it is well-known that
exactness plays a fundamental role in the theory.

Another useful property (for Banach tensor products arguments) which is not transfer-
able to operator spaces due to exactness issues is the one proved in [27, Lem. 2.2.2] about
finite dimensional pieces of a quotient:

Theorem 1.5.1. The following statement is false:

For every complete quotient between Banach operator spaces q : E — F', every
Fy € OFIN(F), and every € > 0, there exists Ey € OFIN(E) such that q(Ey) =
Fy and for every y € M, (Fy) there exists x € M, (Ey) such that ¢,(z) =y and

12l ar, () < (X +E) 1Yl as, (-

Proof. First let us remark that if £y € OFIN(FE) satisfies the conditions in the statement,
then it is clear that Fy is (1 + €)-completely isomorphic to Ey/ker(q|, ) via the canonical
map Ey/ ker(q|g,) — Fp induced by q|g, .

Let Fy be a finite-dimensional operator space. By [65, Cor. 2.12.3], there exists a
complete quotient ¢ : S; — Fy. Given ¢ > 0, suppose that there exists Ey € OFIN(.S;)
satisfying the conditions in the statement.

Since Ey € OFIN(S;), we can find Gy € OFIN(S;) such that Ey C G and Gy is (1+¢)-
completely isomorphic to S for some N € N using perturbation arguments as in [65, Sec.
2.13]. First, take a basis of Fy and approximate it by finitely supported matrices. This
yields a subspace E; C S; which is completely isomorphic to Ey and naturally sits inside a
subspace Gy C S that is completely isometric to SV for some N. Perturbing G; to “put
E back onto Ey” yields the desired Gy.

Because Gy D Ej, it is clear that GGy also satisfies the conditions in the statement. This
gives that F is (1 + €)%-completely isomorphic to a quotient of S¥, and therefore F’ is
(1 + £)2-completely isomorphic to a subspace of My.
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But this is, in general, false: from [63, Thm. 7], for any n > 2 any complete isomorphism

from Max(¢7}) onto a subspace of an My space has constant at least T O

As one would expect, this idea of approximating quotients using finite-dimensional
pieces is useful when investigating projectivity of Banach space tensor norms. For example,
it is used in 71, Prop 7.5] to show that a tensor norm is projective when its dual tensor
norm is injective. Not only does this argument not work in the operator space setting, but
the corresponding result is in fact not true: see Remark below, where we also point
out that a related duality result for completely injective and completely projective hulls
claimed without proof in [I0] does not hold.

1.5.3 Approximation properties of completely injective spaces

Each Banach space E isometrically embeds into ¢ (Bg/), which is an injective space in
the Banach space setting. The fact that ¢, (Bg) has the approximation property plays a
relevant role in many tensor product results in the Banach space framework, especially those
related with the Approximation Lemma and completely injective tensor norms. In contrast,
for an operator space E the standard complete isometry into a completely injective space
is the one into B(H) for some Hilbert space H. The lack of the approximation property in
B(H) is another important dissimilarity between both frameworks.
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Chapter 2

Introduction to operator space tensor
norms

Keywords: operator space tensor norms, Chevet-Saphar tensor products, X-o0.s. tensor
norms, intersection and sum procedures for tensor norms

This chapter introduces the central focus of this book: operator space tensor norms.
It provides a rigorous definition of this concept, drawing inspiration from the classical
Banach space setting. It also explores various examples from the literature that fit within
this framework and presents new constructions associated to them.

2.1 Definition of operator space tensor norms

An operator space cross-norm a, on the class ONORM of all normed operator spaces, is
an assignment of a normed operator space £ ®, F' to each pair (E, F') of normed operator
spaces, in such a way that £ ®, F' is the algebraic tensor product ' ® F' together with a
matricial norm structure on F ® F, that we write as a,, or [|-|, at each level n (i.e., in
M, (F ® F)), and such that /

2 © 9) = ol 19l Tor every o € Mu(B)y € My(F). (20)
This implies that the identity map F ®pwoj 7 — E ®4 F' is completely contractive
[13, Thm. 5.5]. If in addition the identity map F ®, F — E Qun F is also completely

contractive, we say that « is reasonable. Note that if both mappings £ ®po; F' — E @4 F'
and £ ®, F — E Qun F are completely contractive then we obviously obtain (2.1.1)).

25
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Moreover, an operator space cross-norm « is called uniform if additionally it satisfies
the complete metric mapping property: if S € CB(Ey, Ey) and T' € CB(F7, Fy), then

||S®T El ®Oé Fl — E2 ®0¢ F2||Cb S ||S||cb ||T||Cb

An operator space cross-norm on ONORM that is both reasonable and uniform will be
called an operator space tensor norm, or o.s. tensor norm for simplicity. In summary:

Definition 2.1.1. An operator space tensor norm « is an assignment to each E,F €
ONORM of a matricial norm in F ® F' such that the following two conditions are satisfied:

1. aisreasonable: The canonical mappings £ ®poj ' — EQq F and EQy F — EQuin F'
are completely contractive.

2. « is uniform (a short way of saying that « satisfies the complete metric mapping
property): If S € CB(E4, Ey) and T' € CB(F}, F3), then

||S®T El ®Oé Fl - E2 ®Oé F2||Cb S ||S||cb ||T||Cb

As usual, we denote by E®,F the completion of the tensor product E ®, F. We
remark that in some cases, it will be more natural to define the tensor norm directly in the
completed space instead of starting just with the algebraic tensor product.

A degree of caution is required when consulting different works dealing with operator
space tensor products, since the term “tensor norm” is not always taken to have the exact
same meaning. We are using the same definition as [35] 28], which is slightly different than
the one from [13 [10]; we refer to [76, Sec. 6.1] for an explicit comparison. It is clear that
analogous definitions for operator space tensor norms can also be made on a subclass of
operator spaces, for example the class OFIN of all finite-dimensional operator spaces, or
the class of dual operator spaces.

Although we use the notation «,, to refer to an o.s. tensor norm evaluated at level n
(that is, on n x n matrices), we have not adopted this convention before in Section [I.2]
where we have followed the standard notation in the literature for the classical tensor norms
and omitted the subscript.

2.1.1 Basic properties of operator space tensor norms

The transpose o! of a is the o.s. tensor norm given by the identification £ ®, F = F ®, E.

An o.s. tensor norm « is symmetric if F ®, F and F ®, E are canonically completely

isometric (via the transposition map), i.e., & = a'. A norm « is associative if (E ®g,
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F)®, G and F ®, (F ®, G) are canonically completely isometric (via the identity map).
As mentioned in Section [I.2] min and proj are both symmetric and associative, while the
Haagerup o.s. tensor norm h is associative but not symmetric.

An o.s. tensor norm « is called completely left projective (resp. completely left injective )
if for any normed operator space G and any complete projection (resp. complete injection)
T:E — F, themap T ®idg : F®, G —- F ®, G is a complete projection (resp.
complete injection) as well. Completely right projective and completely right injective
operator space tensor norms are defined analogously, and an o.s. tensor norm will be called
completely projective (resp. completely injective) when it is both completely left and right
projective (resp. injective).

For operator space tensor norms « and [ and a constant ¢, we write “a < ¢S on E® F”
to indicate that the identity map £ ®g F' — E'®, F' has cb-norm at most c. If no reference
to spaces is made, we mean that the inequality holds for any pair of normed operator
spaces.

Clearly, when an o.s. tensor norm « is uniform we have that the bilinear map

X CB(El,E2> X CB(FbFQ) — CB (E1 Ra Fl,EQ Ra FQ) (212)

mapping (S,7) to S ® T is jointly contractive. Note that in the case of min, it is even
jointly completely contractive. Considering S € M, (CB(FEy, F1)) = CB(Ey, M,,(F})) and
T € M,,(CB(Es, Fy)) = CB(E,, M,,(F,)), by the uniformity we get

HS ® THCB(E1®minFl7Mn(Fl)®mian(F2)) < HSHCB(ELMn(Fl)) “THCB(EQ,Mn(FQ)) ’

Using the identification
Mn<F1)®mian(F2> = Mn®minF1®mian®minF2 - Mn®mian®minFl®minF2 - Mnm(F1®minF2)

we equivalently have

15 @ Tl pty (B S 1 o)) < 1St (cBn, ) 1T a0 (B, ) -

Other examples of o.s. tensor norms for which is jointly completely contractive are
«a = proj and a = h [13].

The following notion will be very useful for defining o.s. tensor norms. If £, F', and G
are normed spaces, we define the tensor contractions

T (FG)2(GRF) > E®F
0 (E®G)®(G®F)—-EQF
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via
Tz®d@gey) = (¢, 9ry, c(rRgegdy) =(¢. 9)r®y

and extending linearly. Note that these are defined only as linear maps, and the word
“contraction” in this context refers to the fact that the term G’ ® G gets “contracted” to
a scalar (and not to contractivity with respect to a norm). However, the following lemma
gives conditions for these tensor contractions to actually be completely contractive.

Lemma 2.1.2. Let « be an o.s tensor norm for which the map (2.1.2)) is jointly completely
contractive. Then for any operator spaces E, F' and G the tensor contractions

T (E ®Omin G) Qproj (G R4 F) = E®, F
01 (E ®Omin G) Qproj (G' @4 F) = E®, F

are completely contractive.

Proof. Since
® : CB(G',E) x CB(F,F) = CB (G' ®, F, E ®, F)

is jointly completely contractive, we have that the map
CB(G',E) = CB (G' ®4 F, E ®, F)

given by S +— S ® Idp is completely contractive, so restricting to E @i G C CB(G', E) is
still completely contractive. This restriction is precisely the map corresponding to ¢ under
the completely isometric identification

CB((E @min G) ®proj (G' @a F), E @4 F) = CB(E Quin G,CB(G' @4 F,E @, F)).

The argument for 7 is analogous, just using F Qi G C CB(G, E). ]

2.2 Examples of operator space tensor norms

In addition to the three fundamental o.s. tensor norms defined in the previous chapter (in-
jective, projective, Haagerup), a number of other examples have appeared in the literature
and we list some of them below. The first three are discussed in [36], where it is shown that
they satisfy the complete metric mapping property. To conclude that they are o.s. tensor
norms, we then just need to check that they are between min and proj.
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2.2.1 The nuclear tensor product

E®@y F is defined as the quotient of E(X\)pij by the kernel of the canonical identity map
EQproj ' — EQ@minF'. From the definition it is clear that min < nuc < proj, so nuc is

reasonable. Note that this definition is naturally connected to the classical tensor product
characterization of the OAP, see Section [I.3]

2.2.2 The symmetrized Haagerup tensor norms

Given normed operator spaces F and F' and u € M,,(F ® F), we define
(hNh"),(u; B, F) = max {h,(u; E, F), h,(u; E, F)}.

It is easy to see that h N A! is a symmetric o.s. tensor norm, and from the definition it is
obvious that there is a completely isometric embedding

E@pnt F = (E@p F) @ (E ®p, F)

given by u — (u,u). Since h and h' are completely injective, it is clear that h N A’ is
completely injective as well. Notice that if a is a symmetric o.s. tensor norm such that
h < a, by transposing we have h! < o and therefore h N h* < a. Thus, we call h N A’ the
minimal symmetrized Haagerup tensor norm. This tensor norm has appeared in [69] 42} 29].

On the other hand, for normed operator spaces E and F' and u € M,,(E® F'), we define

(h+ h")n(u; E, F) = inf {[|(v, ) fu=v+wl.

”Mn((E@hF)@l(E@htF))
That is, by definition the mapping
q: (E®hF>@1 (E@htE)—)E®h+htF

given by ¢(u,v) = u + v is a complete quotient. Once again, it is easy to check that this
defines a symmetric o.s. tensor norm which is completely projective because so is h. The
0.8. tensor norm h-+ h' was introduced in [53], where it was denoted by p and it was shown
that it is neither associative nor completely injective. We will call h + h' the maximal
symmetrized Haagerup tensor norm because of the following property. Suppose that [ is
a symmetric tensor norm with 3 < h. Then 8 < ht, so that the formal identity maps

E@hF%E@)BF, E@htF—>E®5F
are complete contractions. Therefore, the map (v, w) — v + w is a complete contraction
(E@pF)®, (E®@p E) > E®g F

and by the standard properties of quotients [65, Prop. 2.4.1], the identity map E ®ppt
F — E ®g F is a complete contraction as well, that is, 5 < h + h'.
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2.2.3 The Chevet-Saphar tensor products

Inspired by the definition of the Banach space case, for 1 < p < oo, the right and left
p-Chevet-Saphar o.s. tensor norms, d, and g, respectively, were defined originally in [I§]
and in a slightly different way in [19]. For completeness and for the benefit of the reader,
here we want to make clear not just the equivalence between the aforementioned two points
of view, but more importantly the ideas behind the construction.

First of all, note that if () : X — Y is a linear surjection from a normed space X to
a vector space Y, the expression [y|l, = inf{[|z[| : = € X, Qx = y} clearly defines a
seminorm on Y, and the map () becomes a quotient map in the sense that the open unit
ball of X gets mapped onto the open unit ball of Y. We now state the operator space
version of this construction:

Lemma 2.2.1. Let Q : E — Y be a linear surjection from an operator space E to a vector
space Y. For eachn € N and y € M, (Y') define

Wlho = (el oy : = € Ma(E), Qur =y},

Then the seminorms ||-||, o satisfy Ruan’s azioms (see Definition , and the map Q
becomes a complete quotient in the sense that for each n € N, the open unit ball of M, (E)
gets mapped onto the open unit ball of M, (Y).

The proof is straightforward so we skip it. Just note that, when checking condition M1,
it is convenient to observe that it suffices to prove the inequality <, see [35] Prop. 2.3.6].
We start with a finite version of the Chevet-Saphar o.s. tensor norms.

Proposition 2.2.2. Let 1 < p < oo and k € N. For any operator spaces E and F', define
(dF)n as the sequence of seminorms induced by the procedure of Lemma on M, (EQF)
by the tensor contraction

¢"* : (S5 Omin E) @proj Sh[F] = EQ F (2.2.1)

given by ¢%* ((25) @ (yi;)) = 2?4:1 xi; @y, for each (x;;) € S}’,f/ @min £ and (y;;) € S]’f, [F],
and extended by linearity. Then d’; s an 0.S. tensor norm.

Proof. Since the identity map S}’;[F] — S}’;@mmF is a complete contraction by Lemma/|1.4.10],
the complete metric mapping property of proj yields that the identity map

(Sp ®min E) ®proj Sp[F] = (S @min E) @proj (S, @min F)
is also a complete contraction. Now, the tensor contraction

(Sgl ®min E) ®proj (S;; @min F) — F Omin F
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is a complete contraction by Lemma [2.1.2] and thus by taking a composition the mapping
(SS/ Omin E) ®pr0j SS[F] — F @ min F

is a complete contraction. Therefore for every u € M,(E ® F) we have |[ully; pg,..r) <

(dF)n(u), which additionally shows that each (d),, is in fact a norm and not just a seminorm.

The map = — e1; @ x (resp. y — €13 @y ) is a completely isometric embedding of F
(resp. F) into S¥ @min £ (resp. SE[F]). By uniformity of proj their tensor product is then
a complete contraction

E ®Qproj F — (S;f, Pmin F) @proj sj; [F],

showing that for every u € M,(E ® F) we have (d}),(u) < ||u||Mn(E®pij).

We have then proved min < d’; < proj, which shows that d’; is a reasonable o0.s. cross-
norm. We now check that it is uniform. For that, let S € CB(E}, E») and T' € CB(F7, Fy).

Since Hldsk @ T : SF[F] — SH[F] H = ||T|.,, from the uniformity of min and proj we get
P cb
that the cb norm of

[dsk/ QRS ® [ds}l; QT : (Si,ljl Qmin El) ®pr0j Sg[Fl] — (Sg/ ®min E2> ®pr0j SS[FQ]
is at most [|S||., |T]|.,,- Let us now consider the commutative diagram

(SI’,C/ ®min El) ®pr0j Sg[Fl] - (SS/ ®min E2> ®proj SS[FQ]

qlt jqz

Ey Qg Fy E, Qg Fy

ST

where the top horizontal arrow is Idgr ® S ® [ ds;; ® T, and the vertical arrows are the
P

canonical tensor contractions (which we are denoting slightly differently here for simplicity),
which by the definition of d’; are complete quotients. Therefore,

IS@Ty=1(S©Talle =

@(ldgr, ® S ® Idg; @ T)

cb

< laelly |[1ds, @ S @ 1dgy @ T|| < ISl 1Ty

This concludes the proof. O



32 CHAPTER 2. INTRODUCTION TO OPERATOR SPACE TENSOR NORMS

Note that as a consequence of the previous argument the mapping
g (Sy Omin E) @proj Sy[F] = E @ F (2.2.2)

is a complete quotient.
The Chevet-Saphar o.s. tensor norms will now be obtained as a limit of the finite
versions above.

Proposition 2.2.3. Let 1 < p < oo. For operator spaces E and F, n € N andu € M,,(E®
F), define
(dp)n(u) = lim (d];)n(u) = inf(d];)n(u).

k—o0 keN

Then d,, is an o.s. tensor norm.

Proof. The canonical completely isometric inclusion with completely contractively comple-
mented range S5 — SN*! (resp. SF — SE™) induces a completely isometric inclusion of
Sﬁ,@minE (resp. Sg [F]) as a completely contractively complemented subspace of S£,+1®minE
(resp. S}’;“ [F]). Note that these complementation properties allow us to preserve complete
isometries when dealing with the projective o.s. tensor norm. So, this yields a completely
isometric inclusion

(SS/ ®min E) ®pr0j (Sg ®min F) — (S;;Jrl ®min E) ®pr0j (S£+1 ®min F)

which shows that for fixed n € N the sequence (d’;)n is decreasing in k and therefore the
definition of (d,), makes sense (that is, the limit exists and coincides with the infimum).
It is routine to check that d, inherits all the necessary properties to be an o.s. tensor norm
from the corresponding ones for the d’;. O]

We are now in a position to show that on the completion E@dpF , the operator space
structure has a nice description in terms of a tensor contraction on (Sy®minE)@projSp[F],
which is an analogue of the definition of d¥ (see Equation ([2.2.1)).

Proposition 2.2.4. Let 1 <p < oo and let E, F' be operator spaces.

(i) The bilinear map
B% : (Sy@uinE) x Sp[F] = E®q4 F

given by B (z,y) = limj_e0 Zﬁjzl Tij ® yi; for any v = (i) € Sy@umnE and
y = (yi;) € S,[F) is well defined.

(ii) The bilinear map B¥ induces a complete contraction

0% (S BminE) DprojSp [ F] — ERq, F.
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(iii) q% is in fact a complete quotient.

Proof. (i) For finitely supported matrices = and y with entries in £ and F', respectively,
the map is certainly well-defined, and moreover one clearly has that (dp)l(de (x,y)) <
H:cHSp@mmE |ylls, (- For a general z and y, given k € N denote by z[k] and y[k] the
truncations of z and y, respectively, to the initial k£ x k block. All we need to do is show

that (B% (z[k], y[k]));il is a Cauchy sequence in £ @49 F. Note that

B (x[k], y[k]) — B (z[l], y[l)) = B® («[k] — =[l], y[k]) + B% ([}, y[k] — yll])

from where

(dp)r (B (x[K], y[k]) — B* («[l], y[1]))
< ||2[k] = =[llls 5, Hy[k]lls,,[p] 2y @ 19K =yl s, e
< =kl = 2lllls,, &, 19 lls,1m) + 1215, 80 191K = U], 1

hence (de (a:[k], y[k]))zozl
(yED)RZ, (in Sp[F]).

(ii) By the universal property of the projective tensor product, to conclude that ¢% is a
complete contraction it suffices to check that B% is jointly completely bounded. Arguing as
in the beginning of the proof of Proposition [2.2.3] for each k € N the canonical completely
isometric inclusion S% — S, (resp. S§ — S,) induces a completely isometric inclusion of

is a Cauchy sequence since so are (2[k])$; (in Sy®mmE) and

S;f, Qmin E (resp. SS[F ]) as a completely contractively complemented subspace of Sy @uin E
(resp. Sp[F]). Moreover, the union of the subspaces S}’,f, ®min F 1s dense in Sy @min F, and
the union of the subspaces Sk[F] is dense in S,[F]. Therefore in order to check that B% is
jointly completely bounded it suffices to check that each of its restrictions

Bk (SY, @umin E) x SN[F] = E ®q, F
is jointly completely bounded. But the linear map
(5% @min B) ® SE[F] > EQF

that corresponds to B%* is precisely the tensor contraction ¢%** in ([2.2.1)), meaning that
B%* ig jointly completely bounded if and only if

k. (S}; Pmin E) Dproj S]’;[F] — E®q, F
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is a complete contraction, but this is clear from writing it as a composition of the complete
contractions

q"" 2 (Spy Omin E) Qproj Sy[F] > E®@g F and  Id: E®q F — E @y, F.

(731) The argument relies on the following observation: suppose X and Y are normed
spaces, and ¢ : X — Y is a linear transformation which maps the open unit ball of X
onto the open unit ball of Y (that is, a quotient). In particular ¢ is continuous, so it
extends uniquely to a continuous linear transformation g from the completion X of X to
the completion Y of Y, and 7 is also a quotient map. Indeed, let y € Y with |ly|| < 1.
Since Y is dense in Y, we can write y = >, y; with y; € YV and >°° [ly;l| < 1.
We can then find ; € X with g(z;) = y; and such that 377 [lz,]| < 1. It follows
that > 2, x; converges to some x € X with ||z] < > iy Izl < 1, and by continuity

q(z) = Z;il q(z;) = Z;; Yji =Y.

Now fix n € N, and let us verify that the n-th amplification of
q": (Sp’®minE)®pr0jSp[F] - E®dpF

is a quotient. To do so, we will take Y = M,(E ®q, F), whose completion is ¥V =
M, (E®q,F), and

X = [ M (S5 i B) S SEIF)
k=1
where each (Sf @min E) @proj S§[F] has been completely isometrically identified with a
subspace of (Sy @min E) Qproj Sp|F] in the usual manner. Note that for each k£ € N,
the restriction of ¢% to the subspace (Sg, Rmin £) @pro; Sl’f [F] is, as a linear map taking
values in £ ® F, precisely the map ¢%* in (2.2.1). Therefore, for each k € N, the image
of the open unit ball of M, (X) under (¢%), contains the image of the open unit ball of
M, ((S% ®@min E) @proj SE[F]) under (¢%*),,, which is the open unit ball of M,(E ®as )
(see Equation (2.2.2).) Taking the union of the latter over k yields the open unit ball of
M, (E ®q, F), showing that the restriction of (¢%), to X is a quotient X — Y. By the

observation above, noting that X = M, ((Sy ®minE)@projSp[F]), we are done. O

Remark 2.2.5. It follows from Proposition 2.2.4] taking duals and using Theorem [1.4.4]
that for 1 < p < oo we have a completely isometric embedding

(E ®aq, F)' < CB (Sy ®@umin B, Sy[F"]),

where every T' € (E®gy, F')’, understood as an element of CB(E, F"), gets mapped to Idg,®
T. These maps are precisely the class of completely p/-summing maps IL,(E, F') defined
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by Pisier [64, Chap. 5], see also Chapter . Explicitly, there is a canonical identification
(E ®q, F) =y (E, F).

For the purposes of doing calculations, one may wish for a more explicit formula for
(dp)n. This can easily be done straight from the definition, although the expressions may
not be particularly enlightening. The standard description of the operator space projective
tensor product, recalling that (d}), is the norm on M,(E ® F) induced by the linear
surjection yields that for u € M,,(E ® F)

(d’;)n(u) = inf {Ha” ’|$‘|Mr(s§,®mmE) HyHMS(sg[F]) 0] : = (qdp’k)n(a($ ® y)b)}

where a € M, 5, b € M5, x € MT(S;} Qmin F), y € MS(S]’;[F]) and k € N is fixed. Since
(dp)n is the infimum of the norms (dy),, (with respect to k), it then follows that

() ) 1= i {all 1], 0,00 D9 cspiony 811 0= (@ (ale @ 9)b) | (2:2.3)

where a, b, x and y are exactly as before but now k ranges over N.
At the level n = 1, it is possible to get a much nicer formula analogous to the one in
the classical setting (see [23], Sec. 12.7]).

Theorem 2.2.6. Let 1 < p < oo, let E and F' be operator spaces, and let u € E ® F.
Then

k
(dy)1 () = mf{ 1335, 105 g+ 0= D 5 yz-]},

ij=1
where the infimum is taken over all such representations of u and all k € N. Furthermore,
Jorv e E®q F,

(@1(0) =0t { el 5 Wl 0 = B0

Proof. By the definition of d, as the infimum of the d’;, and Pisier’s description of the norm
on the projective tensor product [64, Prop. 1.15], we have that

m k
(@), mf{u 09) el 1), ey = 5= D Zx?f@y@s}.

By the Fubini theorem for the Schatten spaces, S)'[Sk[F]] = S;**[F]. The desired result
now follows from the fact that the norm of (( Ty )”-)rs in S;?k Qmin £ 1s smaller than its
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norm in Sg?[S;;, ®min £, which is a consequence of Lemma together with the Fubini
theorem. The conclusion for elements of the completion is obtained via approximation
arguments similar to the ones we used earlier in this section (see also [I9, Thm. 2.3] for
the argument). O

We now present a relationship between different Chevet-Saphar tensor norms. In [18]
Prop 3.6], a stronger version of the theorem below is stated, but only a sketch of the proof
is provided. At this point, we do not know whether the result is indeed true, as the sketch
does not appear to offer a conclusive argument. We have also explored alternative strategies
to prove it, but so far without success.

Theorem 2.2.7. For 1 < p < q < oo. For any operator spaces E and F we have
|E ®4, F = E®q, F|| < 1.

Proof. Let 1/p =1/q+1/r. Let u € E® F with (dp)1(u) < 1. By Theorem there
exist © = (z4) € S¥ Omin E, y = (yi;) € S§[F] such that

k
||$||s§,®minE <1, ||y||sg[p} <1, u= Z Tij @ Yij-

i,j=1

By Theorem [1.4.8 we can write y = a-§-b with [lallgy <1, [Ibllgg <1, [9llgprmy < L.
Define & = a' - - b'. Then

k kEok k k k
u = g Tij & Yij = E E Tij @ Uiplrsbsj = E g iy Tijbsj | @ Yprs = E Zi; ® Urs,
i,j=1 i,j=1r,s=1 r,s=1 \i,j=1 r,s=1

which implies
(dq)l(u) < HiHs(’;@mmE HQHsg[F] .

Noticing that 1/¢' = 1/p’ + 1/r and using Theorem [1.4.7]
HJ}HS’%@mmE - HM(at7bt)$Hsk OminE < ”at”sk, ”ths’v HxHSk,&nmE <1
q q’ 2r 2r P

which implies (d,);(u) < 1.
[

Just as in the Banach space case, when p = 1 or p = oo there are alternative descriptions
for d,. The formula for d, below is the one that appeared in [34, Sec. 5.
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Theorem 2.2.8. The following characterizations hold:

(a) dy = proj.

(b) Let E, F be operator spaces. Foru € M,(F ® F),

lllas . = 0F {0y £ € Mol B ® ST, u = (Idag, © Id © 7)(1)}
(2.2.4)
where the infimum is taken over all v : ST — F with ||v|, < 1 and all m € N.
Moreover, if we are given a complete quotient q : S1(H) — F, then Idg ® q : E Quin
S1(H) = E ®q, F is also a complete quotient.

Proof. (a) We already know that the identity d; < proj, since d; is an o.s. tensor norm.
Now, for each k£ € N consider the commutative diagram

I
(Sclfo ®min E) ®pr0j Sf[F] - (S!)Co ®min E) ®pr0j (Sf ®pr0j F)

- |

E ®dilv F E ®pr0j F

Iz

where the vertical arrows are the tensor contractions. Since ¢; is a complete quotient by
definition,

H[2HCb = HIquch = Hq2]-1HCb S HqQHCb HIchb

Note I; is a complete contraction since SF[F] = S¥ ®0; F by definition, and ¢, is a
complete contraction by Lemma , showing that proj < d¥. Taking the infimum over
k, we conclude proj < dj.

(b) This follows immediately from Remark and [34, Cor. 5.5], since both d., and
the expression on the right-hand side of define operator space structures on £ ® F
that are in duality with IT; (F, F’) in exactly the same way. Furthermore, according to [34]
Cor. 3.3] we have II}(E, F') = (E @un S1(H)/ker(Idg ® q))/ which yields a completely

isometric inclusion
(E ®q F) =IL(E, F') = (E Qun S1(H)/ker(Idg ® q))/ > (E @min S1(H))".

This is precisely the adjoint of Idp ® ¢ : E Quin S1(H) — E ®4_ F, which must then be a
complete quotient.
]
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As a consequence of the previous statement about d.,, we obtain that for any operator
space B, E Quin S1(H) = E ®q4,, S1(H).

The o.s. tensor norm g, is defined as the transpose of d,, that is, for operator spaces E
and F' we have that £ ®,, F' = F' ®q, E completely isometrically via the flip map. Clearly,
everything we have proved so far for d, has corresponding versions for g,.

2.2.4 )\-tensor products

We now discuss A-o.s. tensor norms , introduced by Defant and Wiesner in [24), [75].
For each k£ € N, let
By My x My, — M,

(where 7(k) € N is a natural number only depending on k) be a bilinear map; we will denote
the sequence (B})r by A. Two basic examples to keep in mind are the tensor product ®
(i.e. when B)(r,y) = 2@y for all k) and the matrix product ® (i.e. when B (z,y) = r®y
for all k). We point out that the notation above is slightly different from that of [75], 24], in
order to keep consistency in the notation of the present work. For u € My (E ® F), define

Ak (u) = inf{{|al[[[oa[[[[va][]|0]} (2.2.5)

where the infimum is taken over arbitrary decompositions u = a ®pgx (v1,v2)b with a €
J

Mk,r(j)7 be M.,-(j%k, V1 € Mj(E), Vo € Mj(F), where ®B]5 : MJ(E) XMj(F) — MT(J-)(E®F)
is the bilinear map given by (a1 ® x,a2 ® y) — B}(a1,a2) ® x ® y. Observe that the case
A = ® corresponds to the projective tensor norm, and A = © yields the Haagerup tensor
norm.

In order to guarantee that the norms defined above give an o.s. tensor norm, we will need
for A to satisfy certain technical conditions. First, some notation. We let e;; := ez[l;-’l] € My,
denote the matrix which is 1 in the (7, j)-th entry and zero elsewhere, ez[l;-} = ey;-’k}, e; =

e, €)= ey;’k] and ey;f” =0if (4,5) ¢ {1,...,k} x {1,...,{}. As usual we will denote by

K2
I, the identity n X n-matrix.

Proposition 2.2.9 ([24, Prop. 4.1] and [75, Prop. 6.1]). For any operator spaces E and
F' the sequence A\ () defined above gives an operator space structure on E ® F, whenever
A satisfies the following conditions:

(E1) For all k € N there exist p € N and matrices S € My ), T € M)k, a1, ,a, €
M, such that for all ji,jo € {1, -+ ,k}:
(%]

SBMas a )T =4 € =g =,
b (a1, 052) { 0 otherwise.
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FE2) For all r,s € N there exist matrices P € M,y ir(s)r(ris), With ||P|| <1 such that for
(r)+7(s),(r+s)
all (ig,Jx) € {1, ,;r}2U{r+1,--- ,r+s}* with k =1,2:

(€[T+S] e[T+S] )P*

1171 0 T12J2

A
PBr—i-s

S E Al 7] A sl [s]
= diag (B (€310 €z 32)> By (€ -y - e(irmuz—r))) ‘
(E3) B}1,1) =1 and sup,.y || Ba|| < oc.
In this case, we denote by E @\ F the corresponding operator space. Moreover, the complete

metric mapping property is satisfied.

Note that, in an abuse of notation, we are using the symbol A to denote both the
sequence of bilinear maps My X My — M) and the operator space structure induced on
the tensor product.

Just as for the projective and Haagerup tensor products, the dual of a A-tensor product
can be identified with a certain space of bilinear forms. For any bilinear map ¢ : ExF — W
where E, F', W are operator spaces, define the bilinear maps ¢B£ : My(E) X Mi(F) —
M) (W) given on elementary tensors by

(sz? (al ® vy, a2 ® Uz) = Bp (a1, a2) ® ¢(v1,v2), ar,az € My, v1 € E,vp € F.
We also define

18], = ?:ég {H(bB?(x’ y)HM

oy - Tl < L lolase) < 1}

and
CBA(E x F; W) = {¢ . Ex F — W bilinear : [|¢]|,, , < oo}.
This space is an operator space with the identification

Note that for the cases A\ = ® (projective tensor product) and A = ® (Haagerup tensor
product) we recover the usual dual spaces CBg = JCB and CB, = MB.

Theorem 2.2.10 ([24, Thm. 6.2]). If A satisfies (E1), (E2), and (ES3), then the natural
identification yields a canonical complete isometry

CB(E ®, F,W) = CB\(E x F; W)

so in particular
(E®y) F) =CB\(E x F;C) =: CB,(E x F).
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Let us denote by ®f : My, x M), — Mj, the transposition of the usual matrix product, that
is, A" B=B® A for A, B € M. It is clear that taking A = ®f, the associated operator
space structure on F ® I is precisely E ®p: F', the transposition of the Haagerup tensor
product. We now introduce a new family of Haagerup-style o.s. tensor products which are
A-tensor products, and which can be understood as a sort of “interpolation” between h and
ht. We refer to them as interpolated Haagerup o.s. tensor norms For any 6 € [0,1] and
k €N, welet ©f : My x My, — My be (1—0)©+0", that is, ©f(A, B) = (1—-0)AB+6BA
for A, B € M. Tt is clear that each ®f is bilinear, and let us now show that they all induce
operator space structures on the tensor product.

Proposition 2.2.11. For each § € [0,1], @Y satisfies (E1), (E2) and (ES3).

Proof. Clearly 101 =10"1 =1, and |0k]| = ||@%]| = 1 (since [|[A® B|| < ||A]l || B|| for
A, B € My,). Taking a convex combination yields (E3) for @Y.

As in the proof of [75, Prop. 7.6], (E1) is satisfied for ® by taking p =k, S =T = I,
and aj, = ey:]. Since all the matrices involved are diagonal all the products commute, and
it follows that the same choices yield (E1) for ®'. Taking convex combinations, the same
choices once again yield (E1) for ®?. The exact same type of argument works for (E2):

this is proved for @ in [75, Prop. 7.6] using P = I, . ]
Proposition 2.2.12. For each 6 € [0,1], @ is a cross-norm.

Proof. Let E, F be operator spaces, * € M, (F), y € M,(F). It is well-known that
rRy=(r®1I,) O (,Ry), see e.g. [35, Eqn. (9.1.10)]. The exact same calculation shows
1Ry = (r®1I,) & (I, ®y), and therefore r ® y = &Y (v ® I,,,I,, ® y). Thus, by the
definition of ®?

®$nn<x ®y) <|[z® In”an(E) [ 1 @ y“an(F) = Hx”Mm(E) : HyHMn(F)'
O

In order to conclude that ®Y is an o.s. tensor norm, the only missing ingredient is to
check that min < ®?. We prove a more general result.

Proposition 2.2.13. Suppose that X satisfies (E1), (E2), (ES3), and HB,?Hjcb <1 for each
k € N. Then the identity mapping £ @) F' — E Quin F' s a complete contraction.

Proof. By [13, Thm. 5.1], it suffices to show that for every U € My(E ® F), ¢ € M,,(E"),
Y € M, (F'") we have

1{{0 @ &, UM, < NN gy 191 ag, ) A (U)-
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Now, by the identification (F ®, F')’ = CB\(E x F') we already know that
[{(e @V, U, <110@ Yl cBrExr) AU)-
Recalling that an(CBA(E X F)) = CB, (E x F an), all we need is to show that

||90||>\,cb < ||¢||Mm(E') ||w||Mn(F’)

where ¢ = ¢ @9 : E X F — M,,,; note that here we are interpreting ¢ € M,,(E') =
CB(E, M,,) and ¢ € M,,(F") = CB(F, M,,).

To calculate the norm of ¢ in CBy(E X F; My,), take u € My (F) and v € My(F') with
lull gy o 10l ar,ry < 1. Represent w = 37 a; ® wi, v = 37, b; ® v; where a;,b; € M,
u; € I, v; € F. Then, by the definition of ©B;

¢p(u,v) ZBk a;,b;) ® (u;, v;) ZBk ai,b;) ® ¢(u;) @ Y(v;)
:@Bl?(Zai@qb u; ,ij@mp v ) = ®p (e ® D)u, (I @ p)v).

Note that the assumption ||B,i‘HJ.Cb < 1 precisely means that for any A € My (M,,) and
B € My(M,) we have

[@sa B, < M Alangan 1Bl
SO
|05 00| < 1T © G)ullagas,y 1Tk © )0y,
< N7 ol lull 12: © ] o] < 6] 161
which yields the desired conclusion. ]

Theorem 2.2.14. For each 0 € [0,1], @Y is an o.s. tensor norm.

Proof. This is an immediate consequence of Propositions [2.2.11] [2.2.12] and [2.2.13] where
for the latter we use the fact that ||©l];,, < 1 and therefore |®f ‘ w <L O

Throughout the rest of this paper, whenever we consider any A-tensor norm we will
always be assuming that it satisfies (E1), (E2), (E3) and additionally it is an o.s. tensor
norm. To emphasize this point, we will call them \-o0.s. tensor norms.
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Remark 2.2.15. We have previously pointed out that our notion of uniformity in the
definition of o.s. tensor norm is weaker than that of [I3]. This has the advantage of
allowing the ®° to be covered by the theory: the only assumptions we are aware of which
imply that a A-tensor norm satisfies the uniformity condition in [I3] are conditions (W1)
and (W2) in [75, Prop. 12.2], but &Y only satisfies (W2) in the extreme cases § = 0, 1.

2.2.5 A general procedure

In Example we present two norms obtained by procedures applied to the o.s. tensor
norms h and h'. The same method can be implemented to any pair (a, 3) of o.s. tensor
norms, thus defining, for given normed operator spaces E and F' and v € M, (E ® F),

(N PB)y(u; B, F) = max {an(u; E. F), B, (u; E,F)}

It is simple to check that o N 5 is an o.s. tensor norm. Note that this definition clearly
yields a completely isometric embedding

given by u — (u,u). On the other hand, for normed operator spaces E and F and
u € M,(FE ® F), we have
TU=0v+ w}.

(a —+ ﬁ)n(u, E, F) = inf {H(U’w)HMn((E(EQaF)EBl(E@ﬂF))

In other words, the mapping
q:(E®yF)® (FE®sF) = E®qyp F

given by ¢(u,v) = u + v is a complete quotient.

To check that this defines an o.s. tensor norm, it is straightforward to verify Ruan’s
axioms and the metric mapping property. Moreover, since we have min < «a, 3 < proj
it immediately follows that min+ min < « + 8 < proj+ proj, so it suffices to show that
for any o.s. tensor norm a we have o« = a + «a. First, if 11 : E®, F — (E®, F) &
(E ®q F) (respectively o) is the inclusion into the first (resp. second) coordinate given
by t1(u) = (u,0) (resp. to(u) = (0,u)), this is clearly a completely isometric inclusion and
therefore g¢; is a complete contraction, and this composition is simply the formal identity
E®, F = E ®uiq F. On the other hand, by the properties of complete quotients and
(1-sums, the cb-norm of the formal identity [ : £ ®q1q F' — E ®, F is the maximum of the
cb-norms of the maps Iqt; and Iqis, but both of those are plainly the identity of F ®, F.
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2.3 Other related tensor norm constructions

In our definition of operator tensor norm (Def. 2.1.1)), we are only asking to have a norm
defined on the algebraic tensor product. This uniquely determines a norm in the completion,
so for many purposes it suffices to just work with the algebraic tensor product and then
pass to (norm) limits.

In operator algebra theory, particularly when working with von Neumann algebras, it
is often important to consider limits with respect to other topologies. For example, the
normal spatial tensor product of von Neumann algebras A C B(H) and B C B(K) is the
weak* closure of A ® B inside B(H ® K). In order to provide the reader with a fuller
picture of the available tensor products in operator space theory, we now present a couple
of examples of closely related constructions which do not exactly fit into our definition.

2.3.1 The extended Haagerup tensor product

In [31] it is defined E ®., F' as the space of maps u : £’ x F' — C which are normal (i.e.
weak* continuous in each variable) and multiplicatively bounded. If we denote the space of
such maps by MB?(E’" x F’, C), the matrix norms on FE ®, F' are given by the identification
M,(MB?(E' x F',C)) = MB?(E' x F’, M,). It then follows from that min < eh.

The operator space structure on E ®,, F' can be described in the same way as
but replacing r € N with an arbitrary set [36, Eqn. 5.10], hence the extended in the name.
This in particular shows eh < h, and thus eh < proj. The extended Haagerup tensor
product is associative [36, p. 149], and completely injective but not completely projective
[36, Lem. 5.4 and Prop. 5.5]. he extended Haagerup tensor product generalizes the earlier
weak* Haagerup tensor product introduced by Blecher and Smith [I4], and agrees with it
completely isometrically when restricted to dual operator spaces.

2.3.2 The normal Haagerup tensor product

This is only defined for dual operator spaces, by E' Q. F' = (E Qe F)' [31] . Since the
identity E ®proj F' — E ®en I is a complete contraction, dualizing yields a contraction

E @ F' = (E @, F)' — (E @poj F) = CB(E, '),

which implies that the identity £’ Q@ F' — E' Quin F’ is a complete contraction. The fact
that oh < proj is a complete contraction, i.e. the identity E’ Q05 ' — (E Qe F) is a
complete contraction, follows easily from and the description of F ®., F' as normal
multiplicatively bounded mappings (see [2.3.1]).
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Recall from above that the extended Haagerup tensor product is not completely pro-
jective, that is, there exist complete quotients 7; : B; — Fj, j = 1,2 such that m ® my :
E| ®@en By — F| ®en F5 is not a complete quotient. By dualizing, we have complete injec-
tions 7} : Fi — E%, j = 1,2 such that m; @ m) : F] Qo Fy — E] ®.n Fy is not a complete
injection, so the normal Haagerup tensor product is not completely injective.



Chapter 3

Finite and cofinite hulls

Keywords: finitely-generated o.s. tensor norms, cofinitely-generated o.s. tensor norms,
finite and cofinite hulls

In this chapter, we explore two fundamental procedures. The first focuses on under-
standing the behavior of an operator space tensor norm in finite dimensions, while the
second deals with quotients by subspaces of finite codimension. In particular, we intro-
duce the concepts of finitely and cofinitely-generated o.s. tensor norms, which parallel
the corresponding notions in the Banach space setting. We establish key properties, pro-
vide illustrative examples, and demonstrate that the property of being finitely-generated
is preserved under the intersection and sum procedures.

3.1 Definitions and examples

Given an operator space tensor norm a on OFIN, we can use the following two procedures
to extend it to the class of all operator spaces. The first procedure, o, is the finite hull of
a, and the second, @, is its cofinite hull.

Definition 3.1.1. Suppose « is an o.s. tensor norm on OFIN and let £ and F' be operator
spaces, and let u € M, (E ® F'). We define

A (u; B, F) = inf {o, (u; Ey, Fy): Ey € OFIN(E), Fy € OFIN(F),u € M,(E, ® Fy)},

Wnlu; B, F) := sup {a, ((¢F ® ¢ )u(u); E/K, F/L): K € OCOFIN(E), L € OCOFIN(F)} .

An o.s. tensor norm o on ONORM is called finitely-generated if o = o, and cofinitely-

generated o.s. tensor norm if a = «.

45
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Clearly, if o < _cé it follows that & < c% and @ < cﬁ. Since min and A are completely
injective, min = min and h f_fz} . Observe also that the description of the projective norm
as an infimum gives proj = proj.

For the same reason, any A-o.s. tensor norm is finitely-generated.

Proposition 3.1.2. Let o be an o.s. tensor norm on OFIN. Then the finite hull & of o
and the cofinite hull & of a are o.s. tensor norms on ONORM with

min< o <@ < proj, ﬁ|OFIN = a>|OFIN = .
If v is defined on ONORM (and not just on OFIN) then
W <a<d.

Proof. 1t is routine to verify that @ and @ satisfy Ruan’s axioms. The complete metric
mapping property of a yields O <ac< 3; the remarks before the statement of the
Proposition then show min < o < o < proj. Since it is obvious that « agrees with o
and @ on finite-dimensional spaces, the only thing left to prove is that both hulls are in
fact o.s. tensor norms. But we have already proved that they are between min and proj,
so we just have to check the complete metric mapping property.

To that effect, let S € CB(FE1, Es), T € CB(F1, F3) and u € M,,(E; ® Fy). Then, using
the complete metric mapping property of «,

— inf {an((S © T)pu; B2, F2): E2 € OFIN(Ey), F2 € OFIN(F), (S ® T)ou € My (EZ ® Fg)}
< inf {an((S ® T)nu; SEy, TFy)
E! € OFIN(E,), F! € OFIN(F)),u € M,(E! ® Fg)}
< 118y 1Ty inf { (w23, )
E! € OFIN(E,), F} € OFIN(F,),u € M,(E! ® Fol)}
= 1Sllep 1Tl @ (s B, ),

which shows the complete metric mapping property for .
Now, consider KZ € OCOFIN(E,) and L2 € OCOFIN(F,). Observe that ST'KZ €

OCOFIN(E,) and T7'L%2 € OCOFIN(F}). Moreover, by the basic properties of quotients
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there exist maps Skz : B1/S™'K§ — Ey/K§ and Ty : Fy/T~'L§ — F/L§ making the
following diagrams commutative

E, By B ———>F}
agty K3 l qu% gl L2 L qué
_ Eo Fy
and moreover we have that HSK3 W HquS N <51, and HTL% LT ‘ ngT N < |7l -

Therefore, once again using the complete metric mapping property of «,

@, ((S®T)wu; By, )

= sup {on (7 © 4[2) (S @ 1), (w): B/ K3, o/ LY):

K2 € OCOFIN(E), L2 € OCOFIN(FQ)}
— sup {an ((Si3 @ To ) (052 0afL ), (0); B/ G, P/ 1)

. K2 € OCOFIN(E,), L2 € OCOFIN(FQ)}

<118, 1T 50 { e ((aFy @ af)), (w): B /S, Fi /L3):

K} € OCOFIN(E,), L} e OCOFIN(Fl)}

= 115l 1T ey, B (s B, F).
which shows the complete metric mapping property for . ]

As a consequence 0f_t_l>1€ previous proposition, since we already observed that min = min
it follows that min = min = min. N
- We will see also in Remark [5.2.4] that the Haagerup o.s. tensor norm satisfies h = h =
h.

Next we show that, just as in the classical theory, the projective norm is not cofinitely-
generated.

Proposition 3.1.3. (a) Let W be a Banach space and F' a normed operator space. Then
Max (W) ®tsi F and W ®« F are isometrically isomorphic as Banach spaces.

— .
(b) proj # proj.
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Proof. (a) Let w € W ® F. From the definitions,

proj(us Max(W)., F) = sup { proj (¢} ® ¢f)(u); Max(W) /K, F/L)

K € OCOFIN(Max(W)), L € OCOFIN(F)}
and
S (u; W, F) = sup {7 (¢l ®¢F)(w); W/K, F/L): K € COFIN(W), L € COFIN(F)} .

By [65, Prop. 3.3] we have that Max(W/K) = Max(W)/K. Therefore, it follows from [12]
Prop. 1.5.12.(1)] that

proj ((qx ® g1 )(u); Max(W)/K, F/L) = 7((qx ® q1)(u); W/K, F/L)

and thus pToj(u; Max(W), F) = 7 (u; W, F).

(b) Since T # m [23, 15.6], there exist Banach spaces W and V such that W @,
V and W @« V are different; it then follows from part (a) and [12, Prop. 1.5.12.(1)]
that Max(W) ®@¢= Max(V) and Max(W) @pro; Max(V) are different (even just as Banach

spaces). O

Remark 3.1.4. The right-finite hull is presented in Definition [10.3.3] The left-finite hull
can be defined analogously.

3.1.1 More examples
Proposition 3.1.5. For1l < p < oo, the 0.s. tensor norms d, and g, are finitely-generated.

Proof. By symmetry, it suffices to prove it for d,,. This is immediate from the description
in (2.2.3)), since the complete isometries Fy C E and Fy C F induce for any k£ € N complete
isometries S @min Eo — S§ Qmin £ (by the injectivity of min) and S}F[Fy] — SF[F] (by

Theorem [1.4.3)). O

Proposition 3.1.6. The symmetrized Haagerup o.s. tensor norms h N h' and h + h' are
finitely-generated.

Proof. Since h and h' are completely injective, it is clear that so is AN A’ and therefore the
latter is finitely-generated.

Consider operator spaces E and F, uw € M,(FE® F), and ¢ > 0. Let v,w € M,(E ® F)
such that © = v +w and

t .
(v, w)HMn ((EonF)@1(Eo,F)) < (h+h)n(u; E, F) +e.
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Let Ey € OFIN(F) and Fy € OFIN(F) such that v,w € M,(Ey ® Fp). Since h and h' are
both completely injective, and so are ¢;-sums (this is clear from the description of ¢;-sums
in Section and the injectivity of B(H)), we have that

|| (U7 'UJ) ||M" ((E0®hFO)@1(EO®htFO)) = || (U7 w) ||M" ((E®hF)EB1(E®htF)) .

Since (h+ht)n(u’ EO’ FO) S ||(U’ w)||Mn<(E0®hFo)EB1(Eo®htFO)

(h+h"),(u; Eoy, Fy) < (h+h!),(u; E, F)+e which implies that h+h" is finitely-generated. [

) , combining the inequalities gives

The previous proposition is a particular case of the fact that intersection and sum
procedures of o.s. tensor norms preserve being finitely-generated. The previous proof was
significantly simpler than the one for the general statement, as it relied on the injectivity
of the norms.

Proposition 3.1.7. If a and B are finitely-generated o.s. tensor morms then o N (3 is
finitely-generated as well.

Proof. Consider operator spaces F and F, u € M,(F ® F), and € > 0. Adding up finite
dimensional subspaces we can find Ey, € OFIN(FE) and Fy € OFIN(F) such that both
inequalities hold

an(u; Eg, Fo) < an(u; E,F)(1+¢)  and  B,(u; By, Fo) < Bu(u; E, F)(1+¢).
Thus, (aNB),(u; Ey, Fy) < (aNp)n(u; E, F)(1+¢) and hence aNg is finitely-generated. [

The argument for the sum of o.s. tensor norms is more involved needing some prepara-
tory results.

To address this, recall that a matriz set A = (A,), over a vector space E is a collection
of subsets A, C M, (E) defined for each n € N. A standard example of such a matrix
family for an operator space E is its closed matrix unit ball (BMn(E))n‘

As introduced in [37], a matrix set A = (A,) over E is said to be absolutely matrix
convex if it satisfies the following properties:

(i) For any x € A, and y € A,,, the direct sum z @ y lies in A, .

(ii) For any = € A,,, a € M, ,,, and b € M,, ,,, with ||a]|,||b]| < 1, the element axb belongs
to A,,.

We now prove a variation of the Hahn-Banach separation theorem for absolutely matrix
convex sets . It is based on [37, Sec. 4].
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Lemma 3.1.8. Let V be a vector space, and A = (A,)5, an absolutely matriz convex
matriz set over V' such that Ay is absorbent. Suppose that there exist u € M, (V) andr >0
such that (u 4+ rA,) N A, = &. Then there exists a linear map ¢ : V. — M, such that
||gpn(u)||Mn2 > 1, and |[@m (V)| <1 for every m € N and every v € A,,.

Proof. The absorbent absolutely convex set A; C V determines a locally convex vector
topology 7 on V, that is, the one induced by the seminorm given by the Minkowski
functional p; of A;. We will denote by W the dual of (V, ) endowed with the o(W, V)-
topology, which implies that the dual of W is canonically identified with V. Thus, we are
in the situation described at the beginning of [37, Sec. 4]: V and W are locally convex
topological vector spaces with a duality pairing such that all the continuous functionals on
V' are given by elements of W and vice versa.

It is not difficult to see that for any n the absolutely convex set A, C M,(V) is
also absorbent (the details are essentially the same as some of the arguments below) and
therefore it determines a locally convex vector topology 7, on M, (V) (that is, the one
induced by the seminorm given by the Minkowski functional p, of A,). We claim that
7, coincides with the the topology of entrywise 7, convergence: v? =% v < for every
1 <1,7 < n we have vzj SEN v;;. To see this, fix a vector vo € V' and let vy be the matrix
in M, (V') having vy in the upper left corner and zeroes elsewhere. By the absolute matrix
convexity of A it follows that p,(vg) < p1(vp), since the matrices in M, (V) which have an
element of A; in the upper left corner and zeroes elsewhere belong to A,,. The absolute
matrix convexity of A also implies that p, is invariant under permutation matrices, so
the inequality above is preserved if we replace vy by any other n x n matrix having vy
in one entry and zeroes in all the other ones. Therefore for any v € M, (V) we have
pu(v) < 37051 p1(vij) (which means that convergence in entrywise 73 convergence implies
convergence in 7,). On the other hand, the absolute matrix convexity of A also implies
that pp(a-v-b) < |a| pn(v) ||b]] for v € M, (V) and scalar matrices a € My, pn, b € My, 1.
Therefore, for each v € M, (V) and each 1 < 7,7 < n we have pi(v;;) < pn(v) (which
means that 7,, convergence implies entrywise 77 convergence). Thus, we have that the dual

of (M,(V),1,) can be identified with M, (W) as follows:

o If o : M, (V) — C is a 7,-continuous functional, for each i,j its restriction to the
subspace of matrices which vanish outside of the i, j entry defines a linear map V' — C
which is continuous with respect to 7, i.e can be identified with an element w;; € W.
We then have for each v € M,(V), p(v) = >, ; (vij, wi)-

e Given an element w € W, note that the map M, (V) — C given by v — (v;;,v) is 7,
continuous.



3.1. DEFINITIONS AND EXAMPLES ol

Moreover, note that the o (M, (V'), M, (W))-topology on (M, (V),7,) is precisely the topol-
ogy of entrywise o(V, W)-convergence.
As in [37, Sec. 4], the pairing between V and W induces the scalar pairing between
M, (V) and M, (W) given by
(v,w) = (v, wyy).
i,
We will denote by w, the the weak topology on M, (V) induced by this pairing (which is
called the weak topology on M, (V) in [37, Sec. 4]). Note that w; is simply the o(V, W)-
topology. We will now show that w, is the topology of entrywise o(V, W')-convergence:
o If v7 22 o, for every i,j and every w € W we get (v, w) — (i, w), simply by
choosing the matrix in M, (W) having w in the 7, j coordinate and zeros elsewhere.
e If v” converges to v in the entrywise o(V, W)-topology, for every i, j and every w;; €
W we have (v, wij) — (vij, wi;). Adding up we conclude (v”,w) — (v, w) for each
w e M, (W).

Thus, as claimed, we have proved that v7 <% v if and only if for every 1 < i,j < n we
have v?j L .
From our assumption, we know that u does not belong to the 7,-closure of A,,. Since A,
is convex, by the classical Mazur theorem its 7,-closure coincides with its o (M, (V'), M, (W))-
closure, which by the observations above is precisely its closure in the w,-topology. Now
the desired conclusion follows by a Hahn-Banach argument, specifically the proof of [37,
Prop. 4.1].
]

The following theorem, specifically part (c), reinterprets the condition of being finitely-
generated in a categorical way involving morphisms. It is analogous to the fact that T :
E — F is a complete quotient if and only if for every S : F¥ — G we have ||ST||,, = [|5]|.,-

Theorem 3.1.9. Let E, F € ONORM and let o be an o.s. tensor norm. The following
are equivalent:

(a) For every n € N and every u € M,(E ® F) we have o = @ on E® F.

(b) For every n € N we have

B?\/In(E®&F) = U BX&(E()@&FO)
EocOFIN(E)
FocOFIN(F)



52 CHAPTER 3. FINITE AND COFINITE HULLS

(¢) For every G € ONORM and every (not necessarily continuous) linear map S : E ®,
F — G we have

1]l = sup { ||S(if, ®i%,) : Eo ®@a Fo — G|, : Eo € OFIN(E), Fy € OFIN(F)}.

Proof. The equivalence between (a) and (b) is straightforward, and so is the implication
(b) = (c¢). For each n € N| let

Eo€OFIN(E)
FocOFIN(F)

Let us assume (c¢), and suppose that there exist n € N and v € M,,(E ® F) such that
r = inf {an(u; By, Fy): Ey € OFIN(E), Fy € OFIN(F), u € M,,(Ey ® Fo)}—an(u; E,F) > 0

Without loss of generality, we may assume o, (u; E, F') = 1. We claim that (u+1rA4,)NA, =
. If there is an element v in that intersection, we have that there exist E, E; € OFIN(E)
and F, I, € OFIN(F) such that v—u € M, (E, ® F1), ap,(v—u; By, F)) <7, v € Ey® Fy,
and ay,(v; B, Fy) < 1. Taking Ey = Ey + Eo, Fy = F) + Fy we get v — u € M,,(Ey ® Fyp),
v € My(Ey® Fp) (sou € My(Ey® Fp)) and by the metric mapping property of «, ay,(v —
w; By, Fy) < r and oy, (v; By, Fy) < 1. It follows that

an(u; By, Fy) < an(u — v; Ey, Fy) + ap(v; By, Fy) <71+ 1,

a contradiction.
It is clear that (A4,)22, is absolutely matrix convex, and that A, is absorbent. Thus,

by Lemma (3.1.8, we can find a linear map ¢ : E® F' — M, such that ||, (u)[/,, , > 1 but
lom (V) ||y, < 1forallm €N, Ey € OFIN(E), Fy € OFIN(F), and v € B, o, The

former implies |||, > 1 whereas the latter implies
sup { [|¢(if, ®if,) : Bo ®a Fo = M,|| , : Eo € OFIN(E), Fy € OFIN(F)}
= sup { lem ()|l Eo € OFIN(E), Fy € OFIN(F),v € By (gyoum)} < 1,
a contradiction. O

Thanks to the categorical characterization of finitely-generated o.s. tensor norms that
we just obtained, we can now prove that this property is preserved under sums.

Corollary 3.1.10. If a and (8 are finitely-generated o.s. tensor norms then o + [ s
finitely-generated as well.
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Proof. Fix E,FF € ONORM. Let us denote by
(:(E®@qF)®1 (E®3F) = E®q4p F

the canonical complete 1-quotient given by ¢(u,v) = u+wv. Let G € ONORM and consider
a linear map S : £ ®q45 F' — G. The argument below will assume ||S||,, < oo, but it is
easy to adjust it to the case ||S]|., = oco. By the universal properties of the quotient and
the £;-sum,

151, = 15llg, = max{[[Sqtalla,  [1Sqesll,} (3.1.1)

where
o  E@yF = (EQu F)®1 (E®pF), 15: EQaF — (EQyF)®1 (E®pF)

are the canonical inclusions into the first and second component, respectively. Since
a and [ are finitely-generated, by Theorem [3.1.9] given ¢ > 0 we can find Fy, Fy €
OFIN(E), Fy, F5 € OFIN(F') such that

HSqLa(igl ® zﬁl) DBy @ F1 — GHCb > (1—¢)[[Sqalls,
HSQLB(Z'EQ & 7’52) . E2 ®5 F2 — Gch Z (1 — 8) HSqLBch .

Taking Fy = Ey + Es, Fy = F1 + F5 by the metric mapping property of a and 5 we obtain

HSqLa(igo ® sz) : By ®q Fo — GHCb > (L= ¢) [[5gealla,
HSqLB(iEO ® zf;o) : By @ Fy — GHCb > (1—¢)|[Squs]l, -

Now observe that qi,(if, ® if,) : Fo ® Fy — E® F is simply i, ® iy : Ey® Fy = E® F,
and analogously for qus(if, ®if; ), and thus

|S(i%, @ ik,) : Eo @a Fo = G|, > (1 =€) [Sgeall,
15(i%, ® i) : Eo ®g Fy — Gch > (1—¢)|[Squsll, - (3.1.2)

Let us now consider the complete 1-quotient
qo - (EO ®a F()) @1 (EO ®,3 F()) — EO ®C’4+B FO
and the inclusions

tao : By ®a Fo = (Ey ®a Fo) @1 (Eo @5 Fo), 180 : Eo @ Fo = (Eo ®a Fo) &1 (Eo ®3 Fo).
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Once again using the universal properties of quotients and the ¢;-sum, and noting that
(i, ® g )dotao : Eo® Fy = E® F is simply i, @iy, : Ey® Fy = E® F, and analogously
for (i, ® if; )qota,

1S(i5, @ i,) : Eo @ats Fo = Gllg, =[S0, ® ikl
= max{ ||S(Z§O & Z.?O)qoba,OHCb7 S(Zgo ® Z.go)qoLBvOch }
= max { [|S(i, ©if,) : o @a Fo > G|, , [ SUE, @ 15,) - Bo @5 Fo = G|}

Together with (3.1.1)) and (3.1.2)) we thus conclude

[S(i5, ® ik,) + Bo ®ats Fo = G|, = (1 — €) max{[|Sqtalley , | Sausll g} = (1 =€) 1S -
[l

We have previously discussed the behavior of the finitely-generated property under
the intersection and sum procedures. Regarding the cofinitely-generated property, Re-
mark shows that it is preserved under intersection. We do not know whether the
same holds for the sum procedure.



Chapter 4

The five basic lemmas

Keywords: Approximation Lemma, Extension Lemma, Embedding Lemma, Density
Lemma, Local Technique Lemma

In the theory of tensor products of normed spaces, “The Five Basic Lemmas” (see Section
13 in Defant and Floret’s book [23]) are rather simple results which turn out to be “basic
for the understanding and use of tensor norms”. Namely, they are the Approximation
Lemma, the Extension Lemma, the Embedding Lemma, the Density Lemma and the Local
Technique Lemma. We present here the analogous results for the operator space setting and
also exhibit some applications as example of their potential. Our presentation follows the
lines of [23]. Although the proofs are similar to the Banach space case, the operator space
nature of our tensor products introduces some difficulties and we have to deal in most of
the cases with additional hypotheses of local reflexivity. However, for the newly introduced
family of o.s. tensor norms (called extended A-o.s. tensor norms, see Definition the
conditions about local reflexivity can be avoided.

4.1 The Approximation Lemma

Lemma 4.1.1. Let « and 8 be o.s. tensor norms (on ONORM ), E and F normed operator
spaces, ¢ > 1 and
a<cf on E®N

for cofinally many N € OFIN(F). If F has the completely bounded approximation property
with constant C' > 1, then

a<Ccf on E® F.

95
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Proof. Fix n € N and z € M,(E ® F), and take ¢ > 0. Since F has the C-completely
bounded approximation property, there is a net (7,), of finite rank operators in CB(F, F')
with cb-norm bounded by C such that ||(T,),z — x| — 0 for every x € M, (F). Therefore
(idp ® T)))n(2) converges to z in the projective norm, and thus also in the o norm. Hence
we have oy, (2 — (idp ® T},),(2); E, F') < € for some 7 large enough. If we take a subspace N
containing T,,(E) satisfying the hypothesis of the lemma, by the complete metric mapping
property of the o.s. tensor norm 3 we have

(2 B F) < ay(z— (idpg @ T))n(2); E, F) + o, ((idg @ T)))n(2); E, F)
< e+ an((idp @ T;))n(2); E, N)
< e+ cBu((idp ®T))n(2); E,N)
<e+c|T,: E— N|, Bu(z E, F)
<e+CcBu(z; EF).

Since this holds for every ¢ > 0, we have «,(z; E, F) < CcB,(z; E, F). m
By Proposition and the previous lemma we obtain the following.

Corollary 4.1.2. Let o be an o.s. tensor norm (on OFIN), E and F normed operator
spaces with the completely bounded approximation property with constants Cg and Cg,

respectively. Then

In particular, if E and F both have the completely metric approximation property then
“=ad mEQF.

4.2 The Extension Lemma

Every ¢ € (FE ®poj F)' = CB(E, F’) has a canonical extension ¢" € (E ®poj F") =
CB(E, F") which satisfies for every z € F and y"” € F” the relation

<90/\7 T y”> = <L<,oxa 3/”>F/7F//7

where L, € CB(E, F') is the linear map associated with . The Extension Lemma deals
with this situation for more general o.s. tensor norms. Unlike in the Banach space case,
local reflexivity does not come for free and we are forced to require it. The item (a) of the
following statement previously appeared in [28, Lem. 4.3]. We include the proof here for
the reader’s benefit. Also, the proof of item (b) is inspired by [28 Prop. 3.1] which presents
the same argument just for the norm proj.
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Lemma 4.2.1. (Right Extension Lemma) Let « be a o.s. tensor norm (on ONORM), E
and F' be normed operator spaces and let ¢ € (E @proj F')'. Then

0 € (E®q F) if and only if " € (E @4 F")

and the map ¢ — ¢" is a complete isometry from (E ®q, F)' to (E®y F") in the following
cases:

(a) « is finitely-generated and F is locally reflexive.
(b) « is a X-o.s. tensor norm.
(¢c) a=hNh' ora=h+h

Proof. The complete metric mapping property implies that idg @ kp : EQy F — E®, F”
is a complete contraction, and hence so is the restriction map (idg ® kr) : (E ®, F") —
(E ®q F)'. This shows that for any (¢;;) € M, ((E Qproj F)'),

||(80z'j)||Mm((E®aF)) > H 9% ||Mm( E®aF"))’

that is, the map ¢ — " under consideration is always completely expansive so it will
suffice to show that it is also completely contractive.

(a) Now consider n € N, zy € M, (F ® F"), M € OFIN(E) and N € OFIN(F") such
that zo € M, (M ® N). Since F' is locally reflexive, by [35, Lem. 14.3.3] given ¢ > 0
there exists R € CB(N, F') with [|R||,, < 1+ ¢ such that for every ¢y € N, x € M and
1<i,j<m

< ! LSOZJ'I)F”’F/ = <Ry” L‘Pzg'x>F7F/'

This means that
(pijx@y") = (pij, (idp ® R)(z @ y")),

thus
(i), 20)) = ({(¢95), (idp ® R)2))
and hence
||<<(90zj>720>>HM . < ”(‘Pw)”Mm (E®oF)") an((idE®R)ZOvE F)
< 1 eip)llas,, (mowr 1ide @ Ry, an(zo; E, N)
< H(‘zDZJ)HMm (E®uaF)") | R| o, n (205 £, N)
< H(SDZJ)HMm (E®aF)") (14 ¢e)an(z0; E, N)
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which implies the result since « is finitely-generated.

(b) Recall that by Theorem [2.2.10]we can identify (E®,F)" = CB(Ex F), so all we need
to show is that the map ¢ — " gives a complete contraction CBy(E x F') — CB,(E x F").
This is clear from the definition of [|-[|,, , and the fact that the unit ball of My (F') is weak™-
dense in that of My (F") = My(F)” by Goldstine’s theorem.

(¢) For & = hNh!, we already know from part (b) that the map ¢ — ¢" gives completely
isometric embeddings

(E Xp, F)/ — (E Xp, F”)/, (E Rpt F), — (E Rpt F”)/.
Taking the ¢1-sum we get a completely isometric embedding
(E Xp, F)/ D1 (E Rpt F)/ — (E Xp, F”)/ D1 (E Rpt F”)/,

that is,
[(E @1 F) @0 (E@p F)]' = [(E @3 F") @00 (E @t F")]'

Considering now the diagram

[(E @ F) oo (E @ F)]'— [(E @) F") oo (E @ F)]'

| i

(E ®hﬂht F)/ (E ®hﬁht F”)/

the top horizontal arrow is a completely isometric embedding, whereas the vertical arrows
are complete quotients. It then follows that the bottom arrow is a complete contraction,
which yields the result.

Now, for a = h + h', again recall from part (b) that the map ¢ — " gives completely
isometric embeddings

(E®n F) — (E®y, F"Y, (E@u F) — (E @ F"Y.
Taking the /,-sum we get a completely isometric embedding
(E@pF) @ (E@p F) — (E @y F") @0 (E Qpe "),

that is,
[(E ®h F) @1 (E ®ht F)]/ — [(E ®h F//) @1 (E ®ht F,/)]/.
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Considering now the diagram

(B & F) @1 (Bou ] [(Bay ') @ (B o F)]

J

(E @ptnt F)' (E @ptnt F")'

since the vertical arrows and the top one are completely isometric embeddings, we conclude
that the bottom arrow is also a completely isometric embedding. O

Remark 4.2.2. Note that the proof of part (¢) more generally shows that Lemma
holds for the intersection and the sum of two o.s. tensor norms for which the lemma already
holds. In particular, it applies to the sum and the intersection of any two A-o.s. tensor
norms. This suggests the following concept.

Definition 4.2.3. We say that an o.s. tensor norm is an eztended \-o.s. tensor norm (and
write £(A)-0.s. tensor norm for simplicity), if it belongs to the smallest collection of o.s.
tensor norms which contains the A-o.s. tensor norms, and is closed under taking sum and
intersection. We emphasize that obviously A-o.s. tensor norms, h N h' and h + h' are clear
examples of this type of norms. Note that, due to Proposition and Corollary
each extended M-o.s. tensor norm is finitely-generated.

In a similar way a left extension for each ¢ € (E ®py0; F')' is defined: let "¢ € (E" @4 F)’
given by, for 2" € E” and y € F,

</\90? ZL'// ® y> = <ZBN, Rgoy>E//7E’7
where R, € CB(F, E’) is the mapping R,(y)(z) = (¢, ®y).

Lemma 4.2.4. (Left Extension Lemma) Let o be a o.s. tensor norm (on ONORM), E
and F be normed operator spaces and let ¢ € (E Qo F)'. Then

0 € (E®q F) if and only if "o € (E" @4 F)'.

and the map @ — "y is a complete isometry from (E®q F) to (E" ®4 F)" in the following
cases:

(a) « is finitely-generated and E is locally reflexive.

(b) « is an E(N)-o.s. tensor norm.
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Now, both procedures can be applied to a given ¢ € (E ®, F')’ to obtain two (possibly
different) extensions to (E” ®, F")'.

Corollary 4.2.5. Let a be a 0.s. tensor norm (on ONORM), E and F' be normed operator
spaces and let ¢ € (E Qpoj F)'. Then the following maps from (E ®4 F)" to (E" ®4 F")
are complete isometries:

pr M) and o= (e)
in the following cases:

(a) « is finitely-generated and E and F are locally reflexive.

(b) a is an E(N)-0.s. tensor norm.

As we have already mentioned, the fact that we do not need local reflexivity in the
Extension Lemmas if the o.s. tensor norm involved is proj was proved in [28, Prop. 3.1].
In the same article this fact is also shown for the Haagerup o.s. tensor norm h using that it
satisfies the following property: for any operator spaces F and F and ¢ € (E ®, F')', there
is a unique extension ¢ € (E” ®;, F")" which is separately w*-continuous, see [12, 1.6.7].

A word can be said about the equality/non-equality of the two extensions. Repeating
the arguments of [23 Cor. 1.9] we obtain the analogous result in our setting. That is,
given ¢ € (E ®poj F)', we have "(¢") = ("¢)" if and only if L, : E — F’ is weakly
compact. This is also equivalent to the existence of an extension of ¢ to (E” ®pro; F)' that
is separately w*-continuous. Note that, by the comment above, if ¢ € (F ®;, F)’ then L,
is weakly compact.

Note that we have the separating duality pair <E ® F" (F ®q F)’> given by

(z,0) = ¢"(2).

Using the bipolar theorem it is easy to see that, in the Banach space realm, the unit
ball Bgg, ris 0(E® F", (E®, F)")-dense in the unit ball Bgg, pv, whenever « is a finitely-
generated tensor norm. In other words, given z € Bpg, g there is a net (u,), C Bpg.r
such that for every ¢ € (E ®, F)’,

e(uy) = ¢"(2).

In our setting, we can consider for each n € N, the following duality pair:

(M(E ® F"), S}[(E @ F)))

defined as
((2i5), (pi5)) = Z(pz/‘\j(zij)'
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It is easy to see that this dual pairing system is separating. Moreover, we have the
following density result.

Corollary 4.2.6. Let a be a o.s. tensor norm (on ONORM ), E and F' be normed operator
spaces.

For every n € N, the unit ball By, (pg,r) s 0(My(E® F"), ST(E ®q F)'])-dense in the
unit ball By, (Eo.pry 0 the following cases:

(a) « is finitely-generated and F is locally reflexive.

(b) a is an E(N)-0.s. tensor norm.

Proof. Since (M, (E ®, F))"is S}[(E®4F)'] isometrically, it is clear that the polar (B, (re.r))

(in this pairing system) is Bgn((gg,ry)- By the bipolar theorem it is enough to prove that

BMn(E@)aF”) C (BS?[(E@)QF)/])O. Indeed, given (ZZJ) € BMn(E®aF”) and (gpij) c BS?[(E(X)QF)’];
by the Extension Lemma along with [35, Thm. 4.1.8] we know that (;;) € Bgr((pe. )
Using again (M,(E ®, F")) = ST[(E ®, F")'] isometrically, we derive that that

> ehi(z)
i

This concludes the proof. O

[{(235), (pig))| =

<1

4.3 The Embedding Lemma

Operator space tensor norms generally do not respect subspaces, but the embedding into
the bidual is preserved under certain conditions.

Lemma 4.3.1. Let « be an o.s. tensor norm (on ONORM ). The mapping
Wdp Qkp: EQ, F — E®,F’

is a complete isometry in the following cases:

(a) « is finitely-generated and F' is locally reflexive.

(b) « is an E(N)-o.s. tensor norm.

(c) « is cofinitely-generated.

o
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Proof. Let n € N and z € M, (F ®, F'). By the complete metric mapping property
idp @ kp: E®y F — E®, F”
is always a complete contraction, so
an(z; E, F") < a,(2; E, F).
(a) and (b) By the Extension Lemma,

an(2 B, F) = sup { [{((z, @) lar,,, + P € Man((E ®a F)), 190, (monryy < 1}
=sup { [{((z, ®" Ny, © ® € Mun((E @1 F)), 19l as,, (monryy < 1}
<sup { [[{((z, O lay,, = ¥ € Mu((E @a F")), 19 s, (monrmyy < 1}
= (2 E, F"),

which gives the reverse inequality.
(¢) Let L € OCOFIN(F), then L% (formed in F”) is in OCOFIN(F") and the map

ki F/L — (F/L)" = F" /L%
is completely isometric and surjective; moreover, qfég O Kp = Kp/L © qF. Therefore,

o ((idg ® ¢F)u(2); B, F/L) = an((idp ® (kg1 0 45 ))al2); B, (F/L)")
= o, ((idp ® qf0) © (idp @ kip))a(2); B, F" L)
< Hn((sz ® K/F))n(z); Ea Fl/)
= ﬁn(z E, F”) = an(z; E, F”)

The same argument with /K instead of E allows us to conclude a,(z; E, F') < ap,(z; E, F").
]

We point out that part (b) above is a far reaching generalization of [I, Lem. 11] which
only considers A\-0.s. tensor norms, the spaces are assumed to be C*-algebras, and the
embedding is only shown to be an isometry instead of a complete isometry.

Note that the completion of an operator space F' has the same bidual as F'. Therefore,
as a consequence of the previous result we have:

Corollary 4.3.2. Let o be an o.s. tensor norm (on ONORM) and let F be the completion
of a normed operator space F'. The mapping

idE®LF2E®aF—>E®aF,

where vp : F — F is the canonical inclusion, is a complete isometry with dense range in
the following cases:
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(a) « is finitely-generated and F' is locally reflexive.
(b) « is an E(N)-o.s. tensor norm.

(c) « is cofinitely-generated.

4.4 The Density Lemma

We now state the so-called Density Lemma, which asserts that a given completely bounded
mapping defined on the tensor product of certain normed operator spaces can be extended
to a completely bounded mapping defined on the tensor product of the completions of the
spaces. As usual, we need a local reflexivity hypothesis for the finitely-generated case. The
proof easily follows from Corollary [4.3.2]

Lemma 4.4.1. Let « be an o.s. tensor norm (on ONORM ), E, F and G normed operator
spaces, Ey and Fy dense subspaces of E and F respectively. Suppose T € CB(E Qpyo; F'; G)
such that T g9, 1, € CB(Eo ®a Fo; G). Then T € CB(E ®, F; G) and

1T lesEwamc) = ITlosEs.ra)
in the following cases:

(a) « is finitely-generated and F' is locally reflexive.
(b) a is an E(N)-0.s. tensor norm.

(c) a is cofinitely-generated.

4.5 The 0. ,-local Technique Lemma

In the Banach space setting the .Z),-local Technique Lemma allows us to transfer results
from tensor products of £ spaces to general .Z)-spaces (which, loosely speaking, are spaces
whose finite dimensional subspaces “uniformly look” like £’s). In the operator space set-
ting, one of the possible extensions of the .Z,-spaces are the 0. -spaces (see Section [L.1.1]
for the definition). For this extension, we have the following local Technique Lemma.

Lemma 4.5.1. Let a and B be o.s. tensor norms, ¢ > 0, 1 < p < oo and E a normed
operator space such that for all k € N,

a<cB on E®S£.

Then a < Ccﬁ on E®F for every 0, c-space F.
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Proof. For N € OFIN(F'), by [45 Lem. 2.1] we can take a factorization

idy Ja
A
5

with [|R[|, [[Slly, < C(1+¢). Let M := S(S¥). Then for every z € M,(E ® N),

N

(2B, F) < o ((idp @ (S 0 R))pz; B, M) < ||S||, an((idp ® R)nz; E, SY)
< |I18lly cBn((idE ® R)nz; B, 8y) < [ISllgy 1Rl ¢Ba(z; B, N).

The statement follows. O]

Remark 4.5.2. Note that more generally the proof above applies whenever F' has the
vp-AP [45] Sec. 1], thanks to 45, Lem. 1.4]. Also note that the same argument yields
versions of the local Technique Lemma for other operator space versions of the .Z, spaces,
e.g. the 0.2, spaces from [45]. Furthermore, in the conclusion of Lemma we can
replace the finite hull by its right version (see Definition below).



Chapter 5

Dual operator space tensor norms

Keywords: dual o.s. tensor norms, Duality Theorem, accessibility,
Chevet-Persson-Saphar inequalities, analysis of the quantum Boolean cube

We now turn our attention to understanding the dual of a tensor product equipped
with an o.s. tensor norm. Ideally, one would like to describe it in terms of another tensor
product involving the dual spaces. To establish this connection, we first need to examine
the dual of an o.s. tensor norm, analyze its properties, and explore the results that follow
from its structure. This will play a crucial role in later chapters, where tensor product
techniques will be applied to the theory of mapping ideals.

As in the classical setting, we will obtain a version of the Duality Theorem in this
context, along with a notion of accessibility. This theory will also be useful for some appli-
cations, including Chevet-Persson-Saphar-type inequalities and an analysis of the quantum
Boolean cube. This demonstrates that tensor techniques serve as a valuable tool in their
own right.

5.1 Duality properties
In a nutshell, the dual o.s. tensor norm «’ for the o.s. tensor norm « is the one that makes

E®y F = (E ®,F)

into a complete isometry for any E, F' € OFIN. More explicitly, when F, F' € OFIN for
z € M,(E® F) we define

(2 B, F) o= sup { [{(t, 2Dy, | oo B, F') < 1},

65
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Let us check that, for example, the minimal and projective o.s. tensor norms are
in duality with each other. Consider finite-dimensional operator spaces E and F. The
operator space structure on F ®u,;, F' is, by definition, the one induced by the embedding
E @min ' — CB(E',F). Now, (E' ®po; F') is completely isometric to CB(E', F") =
CB(E', F), from where we conclude that the canonical identification

E ®min F == (E, ®pr0j F/)/

is a complete isometry. Taking duals and exchanging the roles of E, F and E’, F’ we also
have a complete isometry

E Qproj F = (E' Qumin F')".
Proposition 5.1.1. If « is an o.s. tensor norm on OFIN, then so is o/.
Proof. Let E, F be finite-dimensional operator spaces. It is clear that o’ is an operator
space structure on F ® F. From min < a < proj, taking duals we conclude min = proj’ <

o/ < min’ = proj (for finite-dimensional spaces). The same sort of duality argument shows
that o is uniform. m

%
The finite hull o/ of o will be called the dual o.s. tensor norma’ (on ONORM) of the
o0.s. tensor norm « (on OFIN or ONORM).

The following properties are easy to check:
Proposition 5.1.2. (a) If a < ¢f, then 5 < co.
(b) a=a" on OFIN, and @ = o
(¢) a=a" on ONORM if and only if v is finitely-generated.

Since min and proj are finitely-generated, min’ = proj and proj’ = min. Also, I/ =
(see, for instance, [35, Chap. 9]). Additionally, the symmetrized Haagerup o.s. tensor
norms are in duality with each other.

Proposition 5.1.3. If a and B are o.s. tensor norms,
(anp) =a'+p" and (a+p) =a"Np.

In particular, (h N h') = h+ h' and (h+ ') = hN A"
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Proof. By Proposition [3.1.7] and Corollary both o/ N B and o + (' are finitely-
generated, so it suffices to check that the dualities hold for finite-dimensional spaces. Let
E, F € OFIN. By taking the adjoint of the canonical complete isometry E®qngF — (E®4q
F)®s (E®sF) we get a canonical complete quotient (E®q F) @1 (EQgF) — (EQunsF)'.
Since (E ®q F) = E' @y F' and (E ®p F) = E ®z F' we get a complete quotient
(B Qu F') @1 (E' @4 F') = (E Qanp F)'. This is exactly the same quotient giving the
0.s. structure to E' ®y g F', and thus E' @y 45 F' = (E ®anp F) as claimed. The other
equality follows analogously. ]

Definition 5.1.4. Given an o.s. tensor norm c«, its adjoint or contragradient o.s. tensor

norm is defined as o* = (a!) = (a/)".

5.2 The Duality Theorem

As in the classical case, the following theorem tells us in what sense the completely isometric
embedding

EQy F — (E ®4F'),

valid for finite-dimensional spaces, extends to infinite-dimensional ones.

Theorem 5.2.1 (The Duality Theorem). Let v be an o.s. tensor norm (on OFIN) and let
E, F be normed operator spaces. The following natural mappings are complete isometries:

E®@g F— (E'®y F' (5.2.1)
E' @4 F — (FE®y F') whenever E is locally reflezive (5.2.2)
E @4 F' — (FE ®y F) whenever E and F' are locally reflexive (5.2.3)

Proof. To prove ([5.2.1]), observe first that
OFIN(E') = {K° | K € OCOFIN(E)}

and that for (K, L) € OCOFIN(E) x OCOFIN(F), z € M,(E ® F) and u € M, (K’ ®
L% C M,,(F' ® F"), we have

((zu) = ((ax @ q1)(2), )
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Now, by the valid duality relation for finite-dimensional spaces,
@a(2 B, F) = sup {an (4 @ ¢1)(2); B/ K, F/L) }

= supsup {[[{((aF @ af)(2). ), | ol K°.1%) < 1}

= sup {1z )y, | @'l B, F) < 1}

and this is precisely (5.2.1)).

Consider now the commutative diagram

E Q% F&_ (E// Ry F/)/

e

(B Qo F')

Note that ¢; is a complete isometry by 15.2.1: , Whereas ¢, is a complete isometry when F
is locally reflexive by the Extension Lemma [4.2.1, Thus, (5.2.2)) follows. In the same way,
in the diagram

E/ ®E F/£> (E ®o/ F//)/

.

(E Qo F>,

1y is a complete isometry (if E is locally reflexive) by (5.2.2: and 1y is a complete isometry
(if F' is locally reflexive) due to the Extension Lemma {4.2.1, This proves (5.2.3). O

Remark 5.2.2. The Extension Lemma is valid without the hypothesis of local re-
flexivity for £(\)-o0.s. tensor norms. Hence, in equations (5.2.2)) and (5.2.3)) of the Duality
Theorem, if o/ is an £(\)-0.s. tensor norm the local reflexivity of the involved spaces is not
needed. .

In particular, for o/ = proj, recalling that min = min we obtain for arbitrary normed
operator spaces ' and F' the following known completely isometric embeddings

E @uin F = (E Qproj F') and  E' Quin F' — (E ®proj F)'.

One nice consequence of the Duality Theorem is the following:
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Corollary 5.2.3. If E and F' are normed operator spaces with the completely metric ap-
proximation property, then the natural mappings

E®yF — FE®s F and E®yF — (E' ®u F')
are complete isometries.

Proof. The complete isometry between I ®, F' and F ®4 F was already shown in Corol-

lary 4.1.2l Then, (5.2.1) implies the rest. O

Observe that if we replace the CMAP property by the CBAP property the above iden-
tifications become complete isomorphisms (with norms controlled by the CBAP constant).

We now show that the Haagerup o.s. tensor norm is both finitely and cofinitely-
generated.

Remark 5.2.4. Let h be the Haagerup o.s. tensor norm. Then,

h="Tn=TH.
—
Proof. The fact that h = h was already mentioned after Definition m

<_
To see that h = h notice that by the Duality Theorem the canonical embedding
below is a complete isometry

E®s F — (E'@p F') = (E' o, F'), (5.2.4)

where we have used in the last equality the self-dual property of the o.s. tensor norm h
[35, Cor. 9.4.8]. On the other hand, by [35, Thm. 9.4.7.] and the Embedding Lemma [1.3.]]
we have that

FE Xp, F— £ Xp, F" — (El Xp, F/)/, (525)
is a complete isometry. Since both C(Elplete isometries in equations (5.2.4) and (5.2.5)) are
the same canonical inclusion, h and h must coincide as o.s. tensor norms. ]

5.3 Accessible operator space tensor norms

In general, operator space tensor norms are not both finitely and cofinitely generated; in
other words, the equality @ = & does not always hold on ONORM. However, for many
purposes, it is often sufficient that the equality is valid on finite-dimensional spaces or on
locally reflexive spaces. This motivates the next definitions, which we will use in the sequel.
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Definition 5.3.1. An o.s. tensor norm « is called right-accessible if

(s M, F)="%,(;M,F)  forall M € OFIN,F € ONORM,n € N
and left-accessible if

An(E,M)=%,(;E,M) forall M € OFIN,E € ONORM, n € N.

An o.s. tensor norm that is both left and right-accessible is called accessible, and totally

accessiblemeans that @ = &.

In many cases, local reflexivity naturally appears when dealing with accessibility. Based
on this we introduce the following;:

Definition 5.3.2. An o.s. tensor norm « is called locally right-accessible if
An(sM,F)="2,(;M,F) forall M € OFIN,F € OLOC,n € N
and locally left-accessible if
Al E,M)=%,(:E,M) forall M € OFIN,E € OLOC,n € N.

An o.s. tensor norm that is both locally left and locally right-accessible is called locally
accessible, and locally totally accessible means that @ =% in OLOC ® OLOC.

We have already seen that the minimal and the Haagerup o.s. tensor norms are both
finitely and cofinitely-generated, or in other words they are totally accessible. Recall that,
as we saw in Proposition the projective o.s. tensor norm is not cofinitely-generated,
hence it is not totally accessible. Nevertheless, as in the Banach space framework, proj is
indeed accessible. To see this, let £ € ONORM and M € OFIN. We always have that the
natural mapping

1) ®proj M — (E, S min M’)/ (531)

is a complete isometry (see [32, Thm. 2.2] or Remark [8.2.8). On the other hand, as a
consequence of the Duality Theorem [5.2.1) we also have that the mapping

E®@«— M — (E' Qun M')

proj
is a complete isometry. Thus, both o.s. tensor norms, proj = proj and proj, must coincide

on E'® M. This shows the left-accessibility of proj. Analogously, we have that proj is also
right-accessible and therefore accessible.

More generally, a similar argument will show that any A-o.s. tensor norm is accessible.
Let us start with a formula for calculating the dual of a A-o.s. tensor norm, which is
essentially [75, Prop. 5.3].
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Proposition 5.3.3. Let E and F be operator spaces, and w € M, (FE ® F). For any A-o.s.
tensor norm,

N(us B, F) = sup { [ (@5 (69)),,(w)

k€ N0l a1l ey < 1}

nt(k)

Proof. Assume first that F and F are finite-dimensional. By the definition of X' and

Theorem [2.2.10],
E®y F=(E ®)F) =CB\(E x F').

Therefore, A (u; E, F) is the norm [|®,]|, , of the bilinear map &, : £ x F' — M,

associated to u. By definition, said norm is

|9l = sp { ]| (2536, )

v s Wl ey < 13
nt(k)

so it suffices to check
which follows easily from the definitions.

Let us now consider the case of arbitrary £ and F. Let E;, € OFIN(E) and F, €
OFIN(F') such that u € M,,(Ey ® Fy). By the previous argument,

A (u; Eo, Fy) = SUP{ H( “pp (%’%))n(u)‘ M,

nt(k)

k€N, 60l [0l gy <1}

By the Arveson extension theorem, ¢y € My(E)) = CB(Ey, M) and ¢y € My(F]) =
CB(Fpy, M) admit respective norm-preserving extensions ¢ € CB(FE, M) and ¢ € CB(F, My).
Since clearly

(®B,§ (¢a¢))n(u) = (®B,§ (¢0,¢0))n(u),
it follows that

A, (u; Eo, Fy) = SHP{ H ( ®p (0, w))n(W‘

. keN, HﬁbHMk(E’) ) ’W”Mk(F') < 1}’

nt(k)
and therefore X (u; E, F) is also equal to the same quantity. O

As an immediate consequence, we have the following result (which in [75] Def. 5.1] is
taken as the definition for the dual of \).

Corollary 5.3.4. Let E and F' be operator spaces. For any A-o.s. tensor norm, the natural
map
E @y F — CBy(E x F')

15 a complete isometry.
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Alternatively, we have another outcome.

Corollary 5.3.5. Let E and F' be operator spaces. For any \-o.s. tensor norm, the natural

mapping
E' @y F' < CB\(F x F)

1s a complete isometry.

Proof. From the previous result, the natural map
E' Y, F'— CB)\(EH X F”) (532)

is a complete isometry. By the Extension Lemma[4.2.5] we also have a canonical completely
isometric embedding

CB)\(E X F) — CB)\(E// X F“). (533)
It is clear that the image of the map in (5.3.2) is contained in that of the map in (5.3.3)),
which gives the desired result. O]

In the case where E is finite-dimensional the complete isometry from the previous
proposition gives rise to the next completely isometric mapping.

Proposition 5.3.6. Let E and F' be operator spaces, with E finite-dimensional. For any
A-0.s. tensor morm, the natural map

E®@\F < (E'@y F'
15 a complete isometry.
Proof. Since FE is finite-dimensional, the complete isometry given in the previous corollary
E' @y F' — CBy\(E" x F")

is surjective. Therefore, E'®y F' = CB)(E” x F"). Taking duals and using Theorem [2.2.10
we have
(El ®>\ F//)// — CBA(E” < F//)/ — (E/ ®)\/ F,),7

which, together with the Embedding Lemma [4.3.1], finishes the proof. O]

Now we reach the promised argument about the accessibility of A\-0.s. tensor norms.

Theorem 5.3.7. Any A-0.s. tensor norm is accessible.
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Proof. Let E and F be operator spaces, with E finite-dimensional. By Proposition [5.3.6
and the Duality Theorem both mappings

E@AF‘—)(E/(X))\/F/), and E®<XF(_><E/®X F/)/

are complete isometries, and therefore £ ®\ F' = E ®+« F'. Since any A-0.s. tensor norm is
finitely-generated we conclude that A is right-accessible. The proof for left-accessibility is
analogous. O

The following lemma is the key to proving that the intersection of two cofinitely-
generated o.s. tensor norms is cofinitely-generated.

Lemma 5.3.8. Let E and F be operator spaces. Suppose that for the o.s. tensor norms «
and [, the natural maps

E®y,F < (E' @ F'), E®s F — (E' @y F')
are complete isometries. Then so is the natural map
E ®anpg F — (E' Qangy F')".
Proof. We have natural completely isometric inclusions
EQup F — (E' @y F') @ (E' @5 F')
(E' @usp F') = [(E' @ F') @1 (E' @y F')]'.
Since the spaces on the right are canonically identified, it suffices to observe that the image

of the first map is contained in the image of the second one and apply Proposition [5.1.3|
O

Corollary 5.3.9. The o.s. tensor norm h N h' is totally accessible.

Proof. Let E and F be operator spaces. Recall that h and h! are totally accessible. Then
the previous Lemma and Proposition yield that the natural map

E QnAht F— (E/ Qp4ht F/)/

is a complete isometry. Now, by the Duality Theorem there is also completely iso-
metric the mapping

E ®W F— (E/ ®h+ht F/)/.

This means that £ Quqpt F' = F Rt F and taking into account that kA N A! is finitely-
generated (see Proposition [3.1.6) we obtain that h N A' is totally accessible. O
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Remark 5.3.10. Arguing as in the proof of the previous corollary we have: let o and 3
be cofinitely-generated o.s. tensor norms, then o N S is also cofinitely-generated.

Left-accessibility of an o.s. tensor norm « provides a complete isometry analogous to
the one that appears (for the o.s. tensor norm proj) in Equation ([5.3.1)). This fact combined
with a CMAP hypothesis imply the following result.

Corollary 5.3.11. (a) Let E € ONORM, F' a normed operator space with the CMAP and
a a left-accessible o.s. tensor norm. Then,

E®s F — E®g F and EQRzF — (B Qy F'Y
are complete isometries.

(b) Let E € OLOC, F a normed operator space with the CMAP and « a locally left-

accessible o.s. tensor norm. Then,
E®@g F - E® F and E®g F — (F @y F')
are complete isometries.
(c) The analogous results hold with right-accessibility/local right-accesibility.

Proof. We will only prove (a) since the proofs of the other statements are similar. Note
that, by the left-accesibility of the o.s. tensor norm we have

ad=%" on E®M (5.3.4)

for every M € OFIN(F). Now by the Approximation Lemma4.1.1{ since F' has the CMAP
then @ and & coincide on F @ F, and therefore

E@qa F— FEgF

is a complete isometry. The fact that £ @5 F — (E' ®, F')" is also a complete isometry
follows from the previous identification and the Duality Theorem [5.2.1] m

Note that by Proposition |3.1.2]in the statement of the previous corollary we can change
o by « and, of course, everything remains the same. Let us now consider the issue of the
accessibility of dual o.s. tensor norms.

Proposition 5.3.12. Let a be an o.s. tensor norm on ONORM.
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(a) If v is right-accessible (resp. left-accessible, accessible) then o is locally right-accessible
(resp. locally left-accessible, locally accessible).

(b) If v is accessible then the transposed o.s. tensor norm o' is accessible and the adjoint
0.s. tensor norm «o* is locally accessible.

Proof. Assume that « is right-accessible. Then for all M € OFIN and F' € OLOC we have
complete isometries

M’@a,,F/:M/(X)E)F/:M/@(EF/:(M@a/F)/

where the first equality follows from Proposition[5.1.2] the second one from right-accessibility,
and the third one from the Duality Theorem [5.2.1] Therefore we also have complete isome-
tries

M ®o/ F— (M ®a’ F)// = (MI ®a” F/)/,

— —
which means that o/ = o/ = o' (again by the Duality Theorem) in OFIN ® OLOC. This
shows that o is locally right-accessible. Part (b) follows trivially. O

In the Banach space setting the dual of a right(left)-accessible tensor norm is again
right (left)-accessible. For operator spaces we obtain in the previous proposition a weaker
statement since we have proved that the dual norm is locally right(left)-accessible. However,
we do not know whether this notion is truly weaker since we do not have any example of
an o.s. tensor norm which is locally right(left)-accessible but not right(left)-accessible.

As usual, when dealing with £(\)-0.s. tensor norms we can avoid the local reflexivity
conditions. Thus, the corresponding version of Proposition [5.3.12| runs as follows:

Corollary 5.3.13. Let a be an o.s. tensor norm on ONORM and suppose that o' is an
E(N)-o.s. tensor norm.

(a) If o is right-accessible (resp. left-accessible, accessible) then o is right-accessible (resp.
left-accessible, accessible).

(b) If v is accessible then the transposed o.s. tensor norm o' is accessible and the adjoint
0.5. tensor norm o is accessible.

In particular, due to Corollary[5.5.9, the o.s. tensor norm h + ht is accessible.

Remark 5.3.14. Recall that total accessibility does not transfer from a norm to its dual
norm, as can be seen by noting that min is totally accessible while proj is not. We do not
know whether the o.s. tensor norm h + h' is totally accessible as its dual norm h N A'.
In any case, it would not be surprising if it is not. Given that h + h' is finitely-generated
(Proposition , we can reformulate this question by asking if h + h! is cofinitely-
generated.
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5.4 Chevet-Persson-Saphar inequalities in the noncom-
mutative setting

For a measure ;¢ and a Banach space X, one can consider the “natural” norm on L,(;) ® X
induced by its inclusion in L,(p; X). This is not “tensorial” in the sense that it does not
satisfy multiplicativity: given bounded linear maps T : L,(p) = L,(v) and S : X — Y,
we do not necessarily have that the norm of T'® S : L,(1; X) — L,(r;Y) is bounded
by ||T|| [|S]]. For example, if T : ly(Z) — l9(Z) is the discrete Hilbert transform, and
S = Idy, : {4 — ¢, is the identity on ¢y, then T ® S is not even bounded [23] 7.6]. While
this failure of multiplicativity seems disappointing at first sight, it turns out to have highly
interesting consequences. See [23, Chap. 7] for more details.

Similarly, for a Hilbert space H and an operator space E we can consider the “natural”
operator space structure on S,(H) ® E induced from S,[H;E] . We will denote this
by S,(H) ®a, E, a notation that will allow for the convenient expression “a < cA, on
Sp(H) ® E” to mean that the identity map S,(H) ®a, £ — S,(H) ®4 E has cb-norm less
than or equal to ¢ (and we define A, < ca analogously). We also write £ ®at Sy(H) for
E®S,(H) with the operator space structure induced by the flip E®a¢ S, (H) = S,(H)®a, E.

It is immediate that ®a, will generally not satisfy multiplicativity, using the same
example of the discrete Hilbert transform above by realizing f5(Z) inside Sy as diagonal
operators (note that the resulting operator 7" : S, — S5 is bounded and hence completely
bounded by the homogeneity of Sy, see [65, Prop. 7.2.(iii) and Rmk. (iv) p.129]).

However, just as in the classical case, the “natural” operator space structure on S,(H)®
H is confined between two well-established operator space tensor norms. In the classical
setting this is expressed by the Chevet-Persson-Saphar inequalities [21) 55, [72]. Here we
will prove an operator space version of them. We point out that a closely related result
appeared in [18, Thm. 4.2].

We start with some technical lemmas. The first one is the essential ingredient to show
that d, < A,

Lemma 5.4.1. Let 1 < p < oo and let E be an operator space. The formal identity
SPIE] — S} ®a, E is completely contractive.

Proof. Defineamap ¢ : SP[E] — (S;ﬁ@minSg)@prong[E] by ¥ = u®@x where u € S}, ®umin Sy
is the element corresponding to the identity map S;; — S};. Note that ¢ is completely
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contractive since proj is an o.s. tensor norm. An easy calculation shows that the diagram

(5,?/ G min S;?) ®pr0j SS[E]

/ lqdp’n

S;L Rdn E

SylE]

is commutative, showing that Sp[E] — S ®an E is completely contractive which implies
the desired result since d, < d;}. O

The second lemma will show how d, and the dual norm of g, are related in OFIN.

Lemma 5.4.2. For any E, F € OFIN and any 1 < p < oo, the natural map
E®q, F' = (B' @, ') = EQg, F
15 completely contractive.
Proof. We will prove that for every k,m € N the natural map
E®qg F — (E' @ F')

is completely contractive, and the desired result will follow by taking limits (or by repeating
the same arguments using the tensor contraction ¢% from Proposition [2.2.4). By the
identification

CB (E ®a; F, (E' @y F')') = ((E ©gg F) @proj (B @y F))'
the corresponding map (i.e. the tensor contraction)

(E @gs F) Oproj (B' Qg ) = C

has the same norm. By the projectivity of proj and the definition of d’; and g,y in terms of
complete quotients, we can consider instead the norm of the tensor contraction

((S% @min E) ®proj Si[F]) @proj (Si[E'] @proj (S @i F')) — C. (5.4.1)

Since the projective tensor product is commutative, it will suffice to show that the
tensor contractions

(SY Omin B) @proj S [E'] — S [SH], (S0 @rmin F') @proj SEIF] — SE[SI] (5.4.2)
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are completely contractive, because then the map in (5.4.1) will be completely contractive
by the duality between S [S/'] and S;*[SF]. Let us see the argument for the first map in
(5.4.2)); the proof for the other one is clearly analogous. First, by the identification

CB((SY, ®min E) ®@proj S [E'], S [SE]) = CB (Sk @min £, CB(SI[E'], SISH]))

we can instead consider the norm of the corresponding element in the latter space. But this
is completely contractive because is the composition of the completely isometric inclusions

S @min E — CB(E', Sh) < CB (S[E'], S [Sh]).

where the first one follows from the definition of the minimal tensor product, and the second
one from Theorem [1.4.3] ]

Recall from Theorem that on any tensor product £ ® F' the o.s. tensor norm d;
coincides with proj, while d., has a more complicated relationship to min. We have already
observed that, as a consequence of Theorem [2.2.8 d., and min coincide when the space F
is of the form S;(H). We now show that d., also coincides with min when the space E is
of the form S (H).

Corollary 5.4.3. For any Hilbert space H and any operator space F, d,, = min on
Se(H)® F.

Proof. We always have min < d,, and do, < min on S ® F follows from Lemma [5.4.1
since SL[F] = SZ Qmin F. Since Soo(H) is a 0.7« 14.-space for every ¢ > 0 and min
is finitely-generated, from the Local Technique Lemma [4.5.1] we have then d,, < min on
Seo(H)® F. O

We are now ready to prove the main result of this section, the Chevet-Persson-Saphar
inequalities for operator spaces.

Theorem 5.4.4. For any Hilbert space H, any operator space E and any 1 < p < 0o, we
have
dy <d, <A, < gy < gp on S,(H) ® E.

Proof. Since g;, and d, are both finitely-generated (the former because all dual o.s. tensor
norms are finitely-generated by definition, and the latter by Proposition [3.1.5)), to ver-
ity dj, = g]’o, < d, it suffices to check it on finite-dimensional spaces. This is precisely
Lemma The inequality g%, < g, follows by transposing, so now we have proved the
leftmost and rightmost inequalities in the statement.
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For any finite-dimensional K C H, from Lemma [5.4.1] we have that the identity
Sp(K) @a, E — Sp(K) ®q, E is completely contractive. The uniformity of d, gives the
complete contractivity of Sp(K) ®q, £ — Sp(H) ®q, I, since S,(K) C Sp(H) completely
isometrically. We thus have S,(K) ®a, £ — S,(H) ®q, E is completely contractive. By
considering the union of all the subpaces S,(K) ®a, £ C S,(H) ®a, F as K ranges
over all finite-dimensional subspaces of H, we then have d, < A, on a dense subspace of
Sp(H) ®a, E (which implies it on all of S,(H) ®a, E).

For the remaining inequality A, < g7,, we consider p = oo first. In this case, we have
on Se(H) ® E that Ay, = min, and clearly min < ¢} since the latter is an o.s. tensor
norm. For 1 < p < oo, consider the diagram of natural maps

Sp(H) XA, E— (Sp’(H) ®Ap/ El)/

|

Su(H) @5 E— (S, (H) @4, E)’

The vertical arrow is a complete contraction by what has already been shown. The bottom
horizontal arrow is a complete isometry by the Duality Theorem [5.2.1} The top horizontal
arrow is also a complete isometry, since so is the canonical inclusion £ — E” and therefore
s0 is Sp(H) ®@a, E — S,(H) ®a, £” (Theorem , plus the identification (S, (H) ®a,

E/)' = Sp(H)®a,E" (Theorem , here is where we need p’ # 1 or p # o). We have
e
then shown A, < d;, < d;,, =gy O

As a very useful consequence, we can now prove that the o.s. tensor norms d, and g,
implement the Fubini theorem for (scalar-valued) S, spaces. This was first proved in [I8]
Cor. 5.1].

Corollary 5.4.5. For any Hilbert spaces H and K, and 1 < p < oo, Sp(H)®dpSp(K) is
completely isometric to S,(H ®9 K).

Proof. From the Chevet-Persson-Saphar inequalities (Theorem [5.4.4]) we have the following
commutative diagram of complete contractions

SP<H)®gpSp(K> — Sp[H; Sp(K)] — SP(H)®dpSp(K)

T l

SP(K)®dpSp(H) ~— Sp[K; Sp(H)| =— p(K)®gpSp(H)
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where the vertical arrows are the complete isometries given by flipping. Note that all the
maps involved are canonical, either the identity or a flip, so all of the arrows are in fact com-
plete isometries. By the the Fubini theorem for vector valued S, spaces (Theorem, we
conclude that all of the spaces in the diagram above are (canonically) completely isometric

0 S,(H ®3 K). O

5.5 Connections between o.s. tensor norms and quan-
tum analysis

The classical operator space tensor products (min, proj, h, h+h') have a well-deserved place
in the theory of operator spaces due to their applications in Operator Algebras and beyond.
The reader might justifiably wonder whether there is much of a point in developing operator
space versions of other more obscure parts of the theory of tensor products of Banach
spaces. To whet the reader’s appetite we illustrate the potential for such applications with
an example, showing how some of the more abstract operator space tensor products we have
developed have fairly immediate consequences in areas such as analysis on the quantum
Boolean cube and Quantum Information Theory. The material in this section will not be
used later on, so it can be read independently at any time. While some prior knowledge
in Quantum Analysis may be necessary to fully appreciate its significance, we emphasize
the relevance of the applications presented, which provide motivation for the theoretical
developments.

First, let us recall the case of the classical Boolean cube. Our presentation borrows
heavily from [43, II]. Given n € N, let {—1,1}" be the Boolean (or Hamming) cube
of dimension n, that is, the set of vectors © = (x1,...,2,) such that z; = £1 for all
j=1,...,n. When we write L,({—1,1}") the measure under consideration is the uniform
measure on {—1,1}", and we denote the norm in this space by ||-||,. For a subset S C
[n] :={1,2,...,n}, the Walsh function xs: {—1,1}" — R is defined as xs(z) := [[;c57;
and xg(x) := 1. The system {xs: S C [n]} forms an orthonormal basis of L*({—1,1}"),
which ylelds that every f {—1,1}" — C admits a unique Fourier-Walsh expansion f =
> 5C] F(S) xs, where f(S) € C. We say that f is d-homogeneous if f(S) = 0 whenever
|S| # d, where |S| denotes the cardinality of S.

For any z € C, the noise operator T, is defined as

T.f= #f(s
SCln]

where the sums is over all subsets S C {1,...,n}. When we need to emphasize the
dimension of the Boolean cube in question, we will write 77". Let us recall why in computer
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science T, is referred to as the noise operator. For ¢ € [—1,1], given an n-bit string
x € {—1,1}" define the distribution y ~. z as follows: independently, each bit of y is
equal to the corresponding bit of z with probability 1/2 + /2, and the bit is flipped with
probability 1/2 — /2. Then a calculation shows that for any f : {—1,1}" — C we have
(1.1)(@) = E,m [ f(9).

The operator T, is also known as the Hermite operator. When z = e~*, t > 0, the
traditional notation for 7, is e~** instead of T,-:. In the quantum field literature 7, is
called the second quantization operator of z.

Since we are considering a probability measure on {—1,1}", whenever 1 < p < ¢ < 0
by Holder’s inequality we have that the identity map L,({—1,1}") — L,({—1,1}") is
contractive. The term hypercontractivity refers to the fact that for some choices of z, p, q,
the operator 7T, satisfies the opposite inequality, that is, T, : L,({—1,1}") — L,({—1,1}")
is contractive. A classical strategy for proving this is the “tensor power trick”, nicely
presented in [43] and which we restate below:

Lemma 5.5.1. Let 1 <p < q < o0 and z € C be fired. The following are equivalent:

(1) There exists C(p, q, z) < oo such that for alln € N, || T, : L,({—1,1}") = L,({—1,1}")|| <
C(p, g, 2)-

(ii) For alln € N, ||T. : L,({~1,1}") — L,({—1,1}")| < 1.
(iii) 1T : L({~1.1})  L,({~1,1})] < 1.

Before proceeeding to its proof, let us illustrate how Lemma |5.5.1| implies hypercontrac-
tivity results in a very straightforward manner.

Corollary 5.5.2. Let 1 <p<qg<oo. Let e = ,/Z%}. Then for any f: {—1,1}" — C we
have ||T5f||q < ||f||p If f is d-homogeneous, then ||f||q < (4=1)d? ||f||p

p—1
Proof. The fact that ||T. : L,({—1,1}) — L,({—1,1})|]] < 1 is the famous two-point
inequality of Bonami [15], Gross [39] and Beckner [6], so Lemma immediately gives
the first part of the conclusion. The second part follows from the observation that when f
is d-homogeneous, T, f = &?f. ]

The proof of Lemma [5.5.1] depends on the following multiplicativity result for the L, —
L, norms. It is well known that this can be proved using Fubini’s theorem and Minkowski’s
inequality, but we will present a more conceptual proof that has the advantage of being
easily adaptable to the operator space setting.
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Proposition 5.5.3. Let 1 < p < ¢ < oco. For j = 1,2, let pj,v; be measures and
T : Ly(pj) = Ly(vj) be linear maps. Then

|17 @ Ty 2 Ly(pr X pz) — Lo(vi X )|
= |IT1 : Lp(pr) = Lg(v)[| T2« Lyp(p2) — Lg(v2)]|-

Proof. We will need the following properties of the right Chevet-Saphar Banach space
tensor products df [23, Sec. 12]:

(a) Ly(pn X pe) is isometric to Lp(ul)@x\)d;}s L,(u2) via the formal identity (and similarly for
the L,’s) [23] Sec. 15.10, Cor. 2.

(b) For any Banach spaces X and Y the formal identity map X @ap Y — X @qp Y is a
contraction |23, Prop. 12.5].

Now, by the metric mapping property of df we have

From (b), we get

Ty @ Ty Ly(pn)®ap Lp(pi2) — Lo(v1)@ap Lg(12)
< Th s Lyp(pa) = Le(r)[[ 1T Lp(p2) — Le(r2)]]

H[d@ Id: Ly(01)@as Lo(va) = Lo(11)Bas Ly(1)|| < 1

Composition yields

The reverse inequality is clear (using functions of separated variables), so we must have
equality, and this is the desired result thanks to (a). ]

hely: Lp(#1)®d5’[/p(ﬂ2) — Lq(V1)®dqu(V2)H
< T s Lp(ua) = Le(n)[[ITo = Lyp(pa) = Ly(v2)]] -

Proof of Lemma[5.5.1. The implications (i7) = (i) and (i7) = (¢ii) are obvious.
For any n,m € N, note that the uniform measure on {—1, 1}"™™ is the product of the
uniform measures on {—1,1}" and {—1, 1}". Therefore, by Proposition we have

|72 @ T Ly({=1,11"™) — Ly({-1,13""™)]|
= 177" Ly({=1,1}") = Lo({ =1, YN - Lpy({=1,13") = Ly({ =1, 11|
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For any S; C [n] and Sy C [m], observe that

(TZ” ® sz)(XSl ® XSz) - Z|51|XS1 ® ZIS2|XS2 — Z|Sl‘+|S2|X.S‘1 ® Xs, = TZner(XSl Q XSQ)'
Since the functions of the form xg ® xs, span all of L,({—1,1}""™), we conclude that
T @ T = T,

Thus, for any n, k € N we have

172 Ly({=1,13") = Lo({=1, 13" = | 72% « L,({=1,1}") = Ly({-1, 1}")|I'",
from where (i) = (ii) follows, and also
T2 Lp({=1,1}") = L({=1, 3" = 172 L,({-1,1}) = Ly({-1,1})]",
from where we get (iii) = (ii). O

In the quantum setting, the classical Boolean cube {—1,1}" is replaced by the Hilbert
space H, = (C*)®" of n-qubits, and the functions f : {—1,1}" — C are replaced by the
operators on (C?)®" that is, the elements of M5(C)®" = M. (C) where M (C) denotes the
k-by-k matrices with complex entries. The space L,({—1,1}") is replaced by L,(tr,), the
noncommutative L, space associated to the normalized trace tr, = 5 tr on Msn(C), with
norm given by || 4], = trn(\A]p)% where |A] := (A*A)Y2 in the case 1 < p < oo, and with
| - llo = Il - || being the usual operator norm. We will additionally consider the standard
operator space structure on the spaces L,(tr,) as given by Pisier [64]. We remark that, up
to a factor 277, this is precisely the space S2" = S,[(C?)®"] from Sections and .

The Pauli matrices are the self-adjoint 2 x 2 unitaries

/10 /01 (0 —i /10
00 = 0 1)’ 01 = 1 0/ O = i 0 ’ 03 = 0 —1)/°

which form an orthonormal basis of Ly(tr;) with respect to the normalized trace inner
product (A, B) = tr;(A*B) (note that here we are using the standard physics convention
of having the inner products be conjugate linear in the first variable). For an n-qubits
system, we use the notation of [11] for the tensor product of Pauli matrices: given a multi-
index s = (s1,...,5,) € {0,1,2,3}",

Os =05 @+ R0, . (5.5.1)

These form an orthonormal basis of Ly(tr,,), so every A € M,(C)®" has an unique Fourier-

Pauli expansion
A= § As Os,
5€{0,1,2,3}n



84 CHAPTER 5. DUAL OPERATOR SPACE TENSOR NORMS

where ﬁs = tr,(0sA) € C are the Pauli coefficients.
Given a multi-index s = (s1,...,s,) € {0,1,2,3}", we define the support of s as

supp s := {j € [n] | s; # 0}

and |supp s| denotes its cardinality. We say that A € My(C)®" is d-homogeneous if A, =0
for |supp s| # d.

Generalizing [51), Def. 8.1] (where only the case of real z was considered) for any z € C
we define the noise operator T, by

T.(A)= Y AmrOl4 g Ae MyC)™m

5€{0,1,2,3}"

Once again, when we need to specify the dimension of the quantum Boolean cube involved,
we write T7'. The abuse of notation is justified by the fact that for matrices which are
diagonal in the canonical basis, the classical and quantum versions of T, agree. In the
case z € [0,1], the map T}, is known as the depolarizing channel in Quantum Information
Theory. The maps T, are also an example of radial multipliers on Fermion algebras in the
sense of [4].

Early hypercontractivity results for the operator norm in the quantum Boolean cube
setting are due to Montanaro and Osborne [51], who emphasized the fact that one cannot
use the tensor product trick because the L, — L, norms are known to not be multiplicative
in the noncommutative setting (see also [47] for more general hypercontractivity results).
For an operator space specialist, it is immediately tempting to check if the situation is
remedied by replacing norms with completely bounded norms. This kind of trade-off is
well-established in Quantum Information, for example the S; — S; norm is not multiplica-
tive but its completely bounded version is [73, Example 3.42 and Theorem 3.49]. Con-
ceptually, the issue is that there is no “nice” Banach space tensor norm that isometrically
identifies ST @ S7* with S7"". However, the issue goes away once we consider the operator
space structure: now we have the completely isometric identification ST ®proj ST* = ST
Indeed, it was shown in the very influential paper |26, Thm. 11] that multiplicativity of the
completely bounded L, — L, norms does hold for a sepcial type of maps (the completely
positive ones), and this was shown to have various interesting consequences including so-
called additivity results in Quantum Information Theory. Throughout the rest of this
section we will show how our knowledge of the Chevet-Saphar o.s. tensor norms allows
one to recover such a multiplicativity result. See [5, App. 11.2] for an analogous result for
more general noncommutative L,, spaces, with a proof from a non-tensorial point of view.

We start with a weaker version valid for general maps, which will then imply the strong
version in the completely positive case.
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Proposition 5.5.4. Let 1 < p < q < oo. Forj = 1,2, let H;, K; be Hilbert spaces and
T; : Sp(Hj) — Sy(K;) be linear maps. Then

[Ty @ Ty : Sp(Hy @2 Ha) — Sq(K1 @2 Ko
< Ty 2 Sp(Hy) — Sq(K) || [T Sp(Hz) — Sq(K2)]ly,

Proof. We will need the following properties of the right Chevet-Saphar operator space
tensor products dp,:

(a) Sp(H; ®2 Hy) is completely isometric to Sp(H1)®dpSp(H2) via the formal identity, and
similarly for the S,’s (Corollary [5.4.5]).

(b) For any operator spaces £ and F' the formal identity map F ®q, F' — E ®q, F is a

contraction (Theorem [2.2.7)).

It is now evident that the proof of Proposition [5.5.3] can be translated verbatim to this
context. H

To motivate why the completely positive case has advantages which imply the strong
multiplicativity result, let us look back at the corresponding situation for positive maps in
the classical setting. For example, it is known that for any 1 < p,q¢ < oo, any measures p
and v, any normed space X, and a positive linear map 7" : L, () — L,(v) one has

1T @ Idx = Ly(p; X) = Lo(v; X)| < [IT1].

(see [23, Thm. 7.3]), but this is not true for general (nonpositive) maps. Let us now prove
the corresponding result for a completely positive 7' : S — Si* (see [26, Lem. 5] for a
special case and the recent paper [38, Thm. 4.1] for an even more general result). Recall
that a linear map T : M,, — M, is called positive if it maps positive semidefinite matrices to
positive semidefinite matrices, and completely positive if Idy, T : My, — My, is positive
for all k£ € N. The completely positive maps have several important characterizations, see
e.g. [73 Thm. 2.22]. We will only need the Kraus representation [22]: T : M, — M,, is
completely positive if and only if there exist Ay, Ao, ..., A, € M,,, such that for all X € M,
we have

T(X) =) AXA.
j=1

Proposition 5.5.5. Let 1 <p < qg<oo. Let T : M,, — M,, be a completely positive map.
Then for any operator space F,

|7 ® Idg : SIE) — SPE]|| = ||T: Sp — S| -



86 CHAPTER 5. DUAL OPERATOR SPACE TENSOR NORMS

Proof. The inequality > is obvious, so it will suffice to check the opposite one. Consider
a Kraus representation for 7" as above. Fix x € S}'[E], and write it as z = a - y - b with
a,b e M, and y € M,,(E). It follows that

y 00 o [vA:
r 0y 0 0| |bAz
(T® ldp)e = 3 Aja-y-bAT = [Aa Asa - A | * SR
— : : :
! 000 - y| |bar
bA*
o~ ~ b4
Thus, denoting A = [Ala Asa - - Ara] and B= | 7| we have by Theorem [1.4.8
A
~ ~ e (11/2 ~ ~|1/2
(T @ de)elspn < |[A] e @ vllg,e|| B, = A2 Il | BB,
- 1/2 - 1/2
=13 Ajaa A yllag o || D A4 = 1T (aa”) 12 1Yl ) IT 07D
j=1 Sy j=1 Sy

< |72 5y = Syl laa™ 15 1]l ) 107008 = |17 = Sy = S lallsy, 19]1ar, ) 10, -

Taking the infimum over all representations z = a - y - b, by Theorem [1.4.8] we get the
desired conclusion. O

We now bootstrap the previous result to show that for the completely positive maps
Sp — Sy with p < g, the norm and the completely bounded norm coincide, which essentially
explains why in this case the weak multiplicativity result of Proposition [5.5.4] will imply
the strong one.

Proposition 5.5.6. Let 1 < p < ¢q < 0.
(a) Let T : M,, — M,, be a completely positive map. Then
1T 55 = Sl = 1T 55 = S|l
(b) More generally, if Hy, Hy are Hilbert spaces and T : S,(Hy) — Sq(Hz) is completely
positive, then

1T Sp(Hy) = Sy(H)llg, = 1T 2 Sp(Hy) = Sq(Ho)]| -
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Proof. (a) The inequality > is obvious, so it will suffice to check the opposite one. Denote
C = HT LSy — S;”H. By Theorem m, it suffices to show that for every £ € N we have

|Zd @ T : S;[Sp] — SEIS|| < C. (5.5.2)
First we will prove that for any a,b € M,
|M(a.b) @ T : S5[57] = SES7|| < Cllallgg 1ol - (5.5

Indeed, write it as the composition

kran nrok) T®Idg mioky 1dm®M(a,b) m1 gk kraom
SyISp] = Sy1Sy] —— Si'[S,] SJ1ST = 718y,
where the first and last arrows are the flip maps, which are isometries by the Fubini theorem
for Schatten spaces. Since T' is completely positive, by Proposition the second arrow

has norm C. The third arrow has norm at most ||a||55n Hb||551 by Theorems (1.4.3/ and [1.4.7]
Now, let z € S(’;[Sg]. Write = a-y-b = (M(a,b) ® Id,)y for some a,b € My,

y € Mi(S?). Then, by (5:5:3),
(I ® Tl syyspy = (M (@,5) © Thyllgyispy < Cllallsye 1ol 19555

Taking the infimum over all such representations of z, Theorem [1.4.8| implies
[(Tdk @ T)|| gr1gm) < C NIzl gpism »

yielding the desired inequality ((5.5.2)).
(b) For j = 1,2 let K; C H; be finite-dimensional subspaces, and let V; : K; — H; be
the inclusion maps. Define

T:Sy(K1) — Sy(Ka),  T(X)=Vy [T(ViXV{)]Va,

which should be understood as restricting 7" to the subspace S,(K;) C S,(H;), and then

compressing its values from S,(H;) to S,(K3). Note that T is completely positive since it
is a composition of completely positive maps. Therefore, by part (a) we have

HT“ L S,(K) — S, (Ks)

= HT LS, (K1) = S,(Ka)

Since the set Jy, g, Sp(K1) (where K ranges over all possible finite-dimensional sub-
spaces of H;) is dense in S,(H;), and a similar statement holds for (g, -y, Sq(K2), by an
approximation argument we obtain the desired conclusion. O
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Corollary 5.5.7. Let 1 < p < q < oo. Forj = 1,2, let H;, K; be Hilbert spaces and
T; : Sp(H;) = S,(K;) be completely positive linear maps. Then

Ty @ Ty 2 Sp(Hy @2 Ha) — Sy(Ky @9 Ko)l|y,
< |72 Sp(Hr) = Sg(K) | g T2 2 Sp(H2) = S(EK2) |,

Proof. From Proposition we already know [|T} ® T3|| < ||T4||, |72]|o,- Since T and
T, are completely positive so is T} ® Ts, and hence applying Proposition yields the
desired result. ]

Going back to the quantum Boolean cube, it is also clear that now one gets the com-
pletely bounded version of the “tensor product trick” in Lemma below, remembering
that L,(tr,) is completely isometrically identified with 27 #S,[(C?)®"] via the formal iden-
tity. The key is that evaluating on operators of the form o, (see equation ) shows
that one can identify

Tzn+m : M2<(C)®(n+m) N M2(C)®(n+m)

with the tensor product
TP @ T™ : My(C)®" @ My(C)®™ — My(C)*™ @ My(C)®™.
Lemma 5.5.8. Let 1 <p < q < oo and z € [0,1] be fixed. The following are equivalent:

(i) There ezists C(p,q,z) < oo such that for alln € N, ||T, : Ly(tr,) — Ly(tr)|la <
Cp,q,2).

(1) For alln € N, ||T, : Ly(tr,) = Lgy(tr,)[|ep < 1.
(111) ||T% = Ly(try) — Lg(try) || < 1.

Proof. Evaluating on the Pauli matrices shows that for any A € My(C) and any z € C we

have
1—2

THA) = zA +

z

tr(A)ly

Having z € [0, 1] thus implies that T is completely positive, since in this case T} : My(C) —
M,(C) is a linear combination with nonnegative coefficients of two maps which are com-
pletely positive: the identity and the map A +— tr(A)L.

The same proof as in Lemma [5.5.1| now applies, using Corollary instead of Propo-
sition 5.5.3 O
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Hypercontractivity in the completely bounded setting has certainly already been con-
sidered, see for example [8] where it is shown that (for certain semigroups) it is equivalent
to a completely bounded version of the log-Sobolev inequality.

While in principle it may seem too much to ask to hope for a version of Corollary
in the completely bounded case with exactly the same parameters, it turns out that this is
in fact the case.

Corollary 5.5.9. Let 1 < p < ¢ < co. Let ¢ = %. Then for any n € N, ||[T :

Ly(trn) — Lo(tra)llew < 1. If (Ay)i%=y is a matriz of d-homogeneous operators A;; €
My (C)®™, then
< (=) 1I(Ay)

”(Aij)“Mm(Lq(trn)) HMm(Lp(trn)) :

Proof. By Lemma m, it suffices to prove the result for n = 1. Since T! is completely
positive (as explained in the proof of Lemma , by Proposition it suffices to show
that [|T; : Ly(try) — Lg(try)|| < 1. This is precisely [51, Prop. 8.5].

The second part of the conclusion is obtained analogously to what was done in Corol-

lary [5.5.2] O

Beyond the application above, let us now show that the monotonicity of the Chevet-

Saphar o.s. tensor norms implies a multiplicativity result which is more general than
Proposition [5.5.4] See [23, Prop. 15.12] for the classical analogue.

Theorem 5.5.10. Let 1 <p<g<ooandTi: E— S,(H), Ty : S,(K) — F be completely
bounded, where H and K are Hilbert spaces. Then

Proof. The map under consideration can be written as the composition

T Ty B @y Sp(K) — S,(H) @a, F|| < [Tilly, 1Tl

E @y S,(K) %5 E @, 5,(K) 22 5,(H) @, F

c d
@) Sq(H) ®g;§, F Q Sq(H) ®g;, F Q Sq(H) ®n, F

where the arrows (a), (b), (c), (d) are just the formal identities. The arrow 77 ® T3 has
cb-norm less than (|73, || 73]/, by the uniformity of the o.s. tensor norm g,. The ar-

rows (a), (b) and (d) are completely contractive by the Chevet-Persson-Saphar inequalities
(Theorem [5.4.4), whereas (c) is contractive by Theorem [2.2.7] O

In particular, replacing E (resp. F') by S,[E] (resp. S,[F]) yields the following:
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Corollary 5.5.11. Let 1 < p < g < o0 and T} : S,[K1; E] — Sy,(H1) and Ty : S,(K3) —
Sq[Ha; F) be completely bounded. Then

|17 @ Ty = Syl @2 Ko E] — Sy[H1 ®2 Ho; F||
< Ty Sp[Ky; Bl = Sq(Hy) o, [1T2 = Sp(K2) = Sy[Ha; FlJl, -

We finish the section by mentioning a couple of other generalizations of multiplicativity
results in Quantum Information which follow easily from the o.s. tensor norm point of
view, and which are valid even for maps that are not necessarily completely positive. The
proofs are quite similar to those of [38], with the fundamental difference that we are using
the general theory of o.s. tensor norms to justify the steps. First, a generalization of [38]
Cor. 4.8], which in turn yields a special case of the generalized Entropy Accumulation
Theorem of [50] (see [38] for the details).

Lemma 5.5.12. Let 1 < p < oo. For any Hilbert spaces Hy, Hy, K, operator spaces E and
F, and linear maps Ty : S1(Hy) — S1(Hy) and Ty : E — F,

|7y ® Ids, ) ® Ty = Si[Hy; Sy K E)] = Si[Ha; SplI Fl|| oy < Nl 172 -

Proof. Since the vector valued S; spaces are defined by taking the proj tensor product,
using the uniformity of proj and Theorem [1.4.3| we have

”Tl ® [dsp(K) ®T5 Sl(Hl) ®proj SP[K;E] - Sl(H2) ®proj Sp[K5F]HCb
STl s, x) © Ta = Sp[K E] = Sp[E Fl| o < Tl gy (1721l -

]

Next, a generalization of a particular case of [38, Thm. 4.10]. While generalizing only
a particular case sounds limited, it is worth pointing out that the particular case which we
generalize is precisely the one used to prove the additivity of output a-Rényi conditional
entropy [38, Eqn. (2)].

Lemma 5.5.13. Let 1 < p < oo. For j = 1,2 suppose H;, K;,G; are Hilbert spaces and
T; : S1(H;) — S1[K;, Sp(Gy)| are linear maps. Then

| Ty © Ty : S1(Hy @2 Hy) = Si[Ky @ Ka; Sp(Gr @2 Go)]|| oy < Tl 1 T2l -

Proof. Once again, the two key ingredients are first that vector valued S; spaces are given
by a proj tensor product and, second identification from Theorem [1.4.5 Consider the
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composition

shuffle

S1(Hy) @yney S1(Ha) 25 (1K) @pnoy S(C1)) Opros (S1(K2) Dprey 5,(Ga) ) 55
(a)
(S1(51) @prog S1(K2)) Gpray (S5(G1) Bproy Sy(G2) )

(51(K1) R proj Sl(Kz)) Qproj (Sp(Gl) Rad, Sp(G2)) @, S1(K1 ®2 Ka) @proj 5p(G1 @2 G2),

where the arrows (a) and (b) are the formal identities. The arrow 7} ® T has cb-norm
|11, 1| 72]], by the uniformity of proj. The shuffle is a complete isometry by the commu-
tativity and associativity of proj. The arrow (a) is completely contractive because of the
uniformity of proj and the fact that d, < proj. The arrow (b) is completely contractive by
the Fubini theorem for d, (Corollary and the uniformity of proj once more. O]
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Chapter 6

The completely bounded
approximation property

Keywords: completely bounded approximation property, weak approximations, topologies
for the space of completely bounded mappings

Recall that given C' > 1, a normed operator space is said to have the C'-completely bounded
approzimation property (C-CBAP for short) if there exists a net of finite-rank mappings
¢i © E — E such that ||¢;]|,, < C for all i and for every z € E, ||¢;(z) — x| — 0.
One of the goals in this chapter is to study the CBAP via various conditions involving
tensor products, in the spirit of the characterizations for the operator space approximation
property appearing in [35], Sec. 11.2]. We also deal with a weaker version, called W*CBAP,
which carries over many of the interesting equivalences that appear in the classical theory
of tensor products [23, Sec. 16].

For a normed operator space E, recall we use the notation Ko (E) = K®mnE to
emphasize that we think of this space as consisting of infinite E-valued matrices; see [35]
Sec. 10.1] for the specific details of how to interpret K (F) as a completion of the union
of the spaces M, (F) of E-valued matrices. Note that this is exactly the same as the
vector valued Schatten space S,[E], but in this chapter we will use the notation K. (E)
to facilitate the comparison with the related results from [32]. Given normed operator
spaces E' and F, recall that a net (¢*) in CB(E, F') converges to ¢ in the stable point-norm
topology if for every x € K, (E) we have that ¢ () — ¢oo(x) in the norm topology of
Ko (F) |35, Sec. 11.2].

93
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6.1 Tensor product characterizations

Our first characterization of CBAP (Proposition below) corresponds to [35, Lem.
11.2.1], but instead of the stable point-norm topology we simply use the point-norm topology
(which we denote by 7). The reason is clarified in the following remark.

Remark 6.1.1. Observe that for a bounded net in CB(E, F'), convergence in the stable
point-norm topology coincides with convergence in the point-norm topology. Indeed, sup-
pose g%, ¢ € CB(E, F) and x € K(F). If P™: K(E) - K (F) denotes the truncation
operator,

195 (%) = Poo(0) | ey < 9% e 17 = P (@) o )
Hlom(P™(@) = em(P™ (@) ag,, ) + @l [P™(2) = 2l k)

which shows that when ¢® is bounded, convergence in the point-norm topology implies
convergence in the stable point-norm topology (the other implication is trivial and holds
in general).

Proposition 6.1.2. Suppose that E is a normed operator space and C' > 1. The following
are equivalent:

(a) E has the C-CBAP.

(b) C - Bpg,..e is T-dense in Bep(g,p) -

(c) For any normed operator space F', C' - Bpig, . r is T-dense in Bepg,p) -
(d) For any normed operator space F, C - Bpig, . g is T-dense in Bepp,p).-

Proof. (a) = (b): Suppose that E has C-CBAP, so that there exists a net of finite-rank
mappings ¢; : £ — E such that ||¢;||,, < C for all ¢ and for every z € E, ||z — ¢;z| — 0.
This precisely means that ¢; — idg, and note that each ¢; can be identified with an element
of C'- Bpig,,e- For any other ¢ € Beg(g,p), the net (¢; o ); does the job. Reversing the
argument gives (b) = (a).

Now, if (¢;) is a net in C' - Bgig_. g converging to idg in the 7 topology, then for any
Y € Bepg,r) the net 9o ¢; € C'- Bprg, ;. r converges to 1 in the 7 topology. Similarly, for
Y € Bepr,p) the net ¢, 09 € C'- Bpig, g converges to ¢ in the 7 topology. This proves
(b) = (c¢) and (b) = (d). The implications (c¢) = (b) and (d) = (b) are clear by specializing
to = F. [
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It should be noted that although completeness plays an important role in [35, Sec. 11.2],
we do not assume it. This was to be expected, as the same is true of the Banach space
case: note that in [23] the section on BAP deals with normed spaces, whereas the one on
AP deals with Banach spaces. In this regard we point out the following easy lemma, which
shows that when it comes to the CBAP it makes no difference to work with a space or with
its completion. As usual, E denotes the completion of E. Moreover, given ¢ € CB(E, F)
we denote by @ its unique extension to a map in CB(E, F).

Lemma 6.1.3. E has C-CBAP if and only if E has C-CBAP.

Proof. (=) Let (¢“) be a net of finite-rank maps in CB(E, E) of cb-norm at most C
converging to the identity of E in the point-norm topology. Let z € E. By a triangle
inequality argument, for v €

19°(%) — zl| < @17 — 2l + [l¢* () — ]| + [l — ]|,

which shows (¢%) is a net of finite-rank maps of cb-norm at most C' converging to the
identity of E in the point-norm topology.

(«=) Let (1»*) be a net of finite-rank maps in CB(E, E) of ch-norm at most C' converging
to the identity of E in the point-norm topology. For each « let E, be the range of ¢,
and for each 6 > 0 use perturbation (as in [65, Lemma 2.13.2]) to find a linear map
Ros: Eq — E with ||Ras5 — Idg, || 4, < 9. Let 0™ be the restriction to E of 11?]%,%5 o .
Then for any = € F,

0

1
o™ (@) =] < 775 1 Rast* (@) = " (@)l + T

[ (@) + ([ (z) = 2],
s0 (¢*?) is a net of finite-rank maps in CB(E, E) of cb-norm at most C' converging to the
identity of E in the point-norm topology. O

For normed operator spaces £ and F, recall that a net (¢®) in CB(E, F) converges
to ¢ in the stable point-weak topology (denoted 7,) if for every x € K.(E) we have that
0% () = Yoo(x) in the weak topology of K (F) [35, Sec. 11.2].

Let us remark that although [35, Sec. 11.2] works with Banach operator spaces, the
proof of [35, Prop. 11.2.2] applies more generally to normed operator spaces. Therefore,
the proof of [35, Cor. 11.2.3] together with Proposition yield the following result.

Corollary 6.1.4. Suppose that E is a normed operator space and C' > 1. The following
are equivalent:

(a) E has the C-CBAP.
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(b) C - Bpg,..e 5 Tw-dense in Bepg,g)-
(c) For any operator space F', C' - Bpig, . r is Ty-dense in Begg,r)-
(d) For any operator space F', C' - Bpig, . g 15 Ty-dense in Beprp)-
Consider now the natural embedding
CB(E,F) CCB(E, F") = (E Quo; F')'.

In [35, Lem. 11.2.4] it is proved that when E and F are complete, the stable point-weak
topology on CB(E, F') is just the relative weak™ topology determined by E®p0; F”, and thus
each stable point-weakly continuous functional on CB(F, F') is determined by an element
of E@mojF ’. Let us once again remark that the proof of [35, Lem. 11.2.4] applies more
generally to normed operator spaces.

The bounded approximation property, in the context of normed spaces, has many im-
portant equivalences in the tensor product realm. Indeed, a Banach space E has the
C-approximation property if and only if £ ®, FF — (E' ®. F')" is a C-isomorphism onto its
image. Moreover, these properties are also equivalent to the following inequality: 7 < C' S
on E ® F (for all normed spaces F'). At first glance the CBAP seems to be a nice exten-
sion of the bounded approximation property to operator spaces, and the literature shows a
number of examples where the analogy works very well. However, the lack of local reflexiv-
ity does not directly allow the equivalence between CBAP and the natural operator space
versions of the mentioned results related to tensor products. Nevertheless, we will see that
a weak version of CBAP introduced in [32] will allow us to translate those approximation
properties relative to tensor products of normed spaces into this context.

6.2 Weak approximations
The following is the obvious adaptation of the notion of W*MAP defined in [32].

Definition 6.2.1. An operator space E has the C-W*CBAP if there exists a net of finite-
rank maps ¢; : E — E” such that ||¢;||, < C for all i and for every x € E, ¢;(x) = kp(x)
in the weak™® topology.

Note that clearly the C-CBAP implies the C-W*CBAP, as convergence in norm implies
convergence in the weak™ topology. The same argument as in [32] shows that if E has the
C-W*CBAP, then so does M, (E).
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Remark 6.2.2. Similarly as in [32] it is easy to prove (taking adjoints) that E has the
C-CBAP if and only if there is a net of weak® continuous finite-rank maps ; : £/ — E’
such that ||¢;]|e, < C for all ¢ and ¢;(z") — 2’ in the weak™® topology for every 2’ € E'.
Instead, E has the C-W*CBAP if and only if the same condition as above holds with the
exception that the weak* continuity of the mappings v; is not assumed /required.

We now prove a variant of Corollary [6.1.4]

Proposition 6.2.3. Suppose that E is a normed operator space and C > 1. The following
are equivalent:

(a) E has the C-W*CBAP.
(b) C- Bpg,,.5 is point-weak*-dense in Bepp,pr).-
(¢c) For any operator space F', C' - Byig, ;. s point-weak*-dense in Bep(g,pr)-

Proof. The implication (a) = (c) is implicit in the proof of [32, Thm. 2.2]. Suppose that
T : E — F'is a complete contraction. Consider the commutative diagram

n T "
EF'——F

gL

/

Note that both 7" and K’ are weak™ continuous. Therefore, if ¢; : E — E” is the net of
maps in C-Bpgg_. gr converging to kg in the point-weak™ topology given by the definition of
C-W*CBAP, it is clear that K.T"¢; : E — F’ converges to T in the point-weak™ topology.
(¢) = (b) is trivial.
Finally, (b) implies that the canonical inclusion kg : E — E” can be approximated

in the point-weak™ topology by a net of finite-rank maps whose cb-norms are at most C,
which is exactly the definition of C-W*CBAP, yielding (a).
O

The following result is, in a sense, a quantitative version of [32, Thm. 2.2].
Theorem 6.2.4. Let E be an operator space and C > 1. The following are equivalent:

a) For any operator space F, the natural map E Qpro; F— (B Quin F')' is a complete
proj
C-isomorphism onto its image.
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(b) For any operator space F', the natural map E@pwoi F' — (E'®@min F") is a C-isomorphism
onto its 1mage.

(¢) E has the C-W*CBAP.

(d) For any complete contraction T : E — E" there exists a net of finite-rank maps ¢; :
E — E" such that ||¢i]l,, < C for all i and for every v € E, ¢;(x) — T(z) in the
weak* topology.

(e) For any operator space F' and any complete contraction T : E — F', there is a net
of finite-rank maps ; : E — F' such that |||, < C for all i and for every x € E,
Yi(x) = T(x) in the weak™ topology.

(f) The natural map E Qproj E' — (E' @min ") is a complete C-isomorphism onto its
1mage.

(9) The natural map E @proj B — (E' @min E")' is a C-isomorphism onto its image.

Proof. (a) = (b) is obvious. Let us assume (b), and let F' be an operator space. In order
to show that the natural map £ ®proj F' — (£ Qmin ')’ is a complete C-isomorphism onto
its image, it suffices to show that its adjoint (E' ®min )" — (£ ®Qpoj F) = CB(E, F')
is a complete C-quotient. In turn, this will follow from proving that for any n the ampli-
fication M,,((E' ®@min F")") — M, (CB(E, F')) is a C-quotient. Considering the standard
identifications

My ((E' @min F')") = (M (E' Quin F"))" = (E' @min My (F"))" = (E' @min S7[F])"

and M, (CB(E, F')) = CB(E, M, (F")) = CB(E, ST'[F]'), we need to show that the natural
map (E' Qumin (ST[F]))” — CB(E, S7[F]') is a C-quotient. This follows from (b) with S} [F]
in place of F' and taking adjoints. Thus, (a) < (b).

Now, (c) < (d) < (e) is just a restatement of Proposition [6.2.3]

Let us now prove that (b) < (e). First observe that the natural map E ®po; F —
(E' ®min )" always has cb-norm one. Therefore, (b) is equivalent to having

(E & F) N B(E’®minF’)’ cC- BE®pr0jF (621)

Let us recall the following simple fact stated in [23, p. 191]: if (V, W) is a separating
dual system, A, B C V, and C > 0, then A C C'B°° if and only if B®° C CA°. For the
choices V' = CB(E, F'), W = E ®pwoj F;, A = Bepg,ry and B = Bpig,, pr, note that
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A® = Bpg,,,r and B° = (£ ® F) N B(gg,;,ry, so by the aforementioned fact and the
bipolar theorem we get that (6.2.1)) is equivalent to

——0(CB(E,F"),EQproi F
BCB(E,F’) C O : BE,@minF,U( ( ) . )

Since the o(CB(E, F'), E ®proj F')-topology on CB(E, F”) is simply the point-weak® topol-
ogy, this is clearly equivalent to the statement of (e).

Finally, it is evident that (a) = (f) = (g) and arguing as in (b) < (e) we easily obtain
that (¢) < (d). O

Remark 6.2.5. In view of our preceding results, it seems plausible to extend the usual
concept of the bounded approximation property with respect to a tensor norm (see e.g.
[23, 21.7]) to our operator space setting. Namely, a natural definition to consider should
be the following: given an o.s. tensor norm «, an operator space E has the a-W*CBAP
(with constant C' > 0) if the natural map

F®y,E— (F' @y E"

is a complete C-isomorphism onto its image for every operator space F'. Nevertheless, we
do not tackle this here and leave it for future research.

The following two results follow similarly as [32, Prop. 2.3] and [32, Prop. 2.4]. We
include somewhat alternative proofs for completeness.

Proposition 6.2.6. If an operator space E has the C-W*CBAP and is locally reflezive,
then E has the C-CBAP.

Proof. If E has the C-W*CBAP there is a net of finite-rank maps ¢; : £ — E” such that
|@ill,, < C for all i and for every x € E, ¢;(z) — rg(z) in the weak™ topology. For each i,
let us denote the range of the mapping ¢; by F; € OFIN(E”). Since F is locally reflexive
for each i, there is a net of complete contractions (¢;), C CB(F;, E) approximating the
inclusion F; < E” in the point-weak™® topology. By composing we obtain a net of finite
rank mappings (1% o ¢;) C CB(FE, E) which converges in the point-weak topology to the
identity id : EF — F satisfying Hw% o @”Cb < C. A classical convex combinations argument
allow us to obtain a net with the same properties but which converges in the point-norm
topology to the identity; thus concluding that F has the C-CBAP. [

Proposition 6.2.7. If E is an operator space such that E' has the C-W*CBAP, then so
does E.
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Proof. 1f E' has the C-W*CBAP, by Theorem [6.2.4] (a) (applied to F' = E) we obtain that
the map E' ®proj £ — (E” @uin £')’ is a complete C-isomorphism with its image. Since
both proj and min are symmetric we can flip the spaces (by transposition) to obtain that
E ®proj ' — (£ @min £”)" is a complete C-isomorphism with its image. This is exactly
what is stated in Theorem (f). Hence, E has the C-W*CBAP. O

As a corollary we see that under local reflexivity the C-CBAP can be transferred from
the dual £’ to E.

Corollary 6.2.8. Let E be an operator space which is locally reflexive. If E' has the
C-CBAP, then so does E (in fact, if E' has the C-W*CBAP then E has C-CBAP).

As a consequence of Theorem we obtain the following analogue of [23] Thm. 16.2]:
Theorem 6.2.9. Let E be an operator space and C > 1. The following are equivalent:
(a) E has the C-W*CBAP.

(b) For every operator space F' (or only F' = E'), the identity E Db F — FE Qproj F' has
cb-norm at most C'.

(c) For every operator space F', the identity E s F — E ®proj F' has norm at most C.
In particular, E has the W*CMAP if and only if
<___
proj=proj on E®F
for every operator space F (or only F = FE’).

Proof. By the Duality Theorem we have the complete isometry F @« F — (E' ®min

e_
F")'. Also, we know that proj < proj. Therefore, £ s F — E ®proj F' has cb-norm at
most C' (resp. norm at most C) if and only if the mapping E ®pro; F' — (E' Quin F') is a
complete C-isomorphism (resp. C-isomorphism) onto its image. Now, Theorem m gives
the result. O

Now we present an operator space version of [23, Lem. 16.2] which enables us to prove
the subsequent corollary.

Lemma 6.2.10. Let o be an o.s. tensor norm, E and F be normed operator spaces, and
neN. Thena, <Cw, on EQ F if and only if

w((poary) © € Bane, i C M,(CB(E,F')) = CB (E, M,(F")).
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Proof. Let z € M,(F ® F). By the Duality Theorem [5.2.1}
Wz B, F) =sup { |((T, 2D |las.. | T € Bugy (s, i) }s
whereas clearly

on(z B, F) =sup { [((T, )|l | T € B, ((B0ary) }

By the bipolar theorem, the inclusion

Tw

M (E®aF)) C C- By, (wo.,r)

is then equivalent to a,, < C&,, on M, (E®F). O]

From Theorem and Lemma [6.2.10| we derive the following corollary. Compare to
Proposition [6.2.3

Corollary 6.2.11. Suppose that E is a normed operator space and C > 1. The following
are equivalent:

(a) E has the C-W*CBAP.
(b) C - Bpg,,.pn s Tw-dense in Bepg,pr)-
(¢c) For any operator space F, C' - Bpig,, 15 Ty-dense in Bep(p,p.

Proof. The equivalence between (a) and (c) follows from Theorem|[6.2.9] (¢) and Lemmal6.2.10]
Clearly, (c) implies (b). Assuming (b), any 7' € Bcpg,pr) is the 7,-limit of a net in
C'- Bprg,.. g, which means T is also the point-weak limit of the same net (by an argument
analogous to that of Remark, and hence also the point-weak* limit. Now Proposition

implies (a). O
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Chapter 7
Mapping ideals

Keywords: mapping ideals, completely injective hull, completely surjective hull, dual
mapping ideal

We introduce now the definition of a mapping ideal, the operator space version of Banach
operator ideals defined by Pietsch and also widely developed by Defant and Floret. The
notion in our framework comes from [35, Sec. 12.2], though we have to strengthen Effros
and Ruan’s definition in order to keep the essence of the traditional Banach space concept
and allow the natural relationship with tensor norms. As in [23] the definition of ideal is
restricted to the category of complete spaces.

7.1 Definition and examples

Definition 7.1.1. A (normed) mapping ideal (2, A) is an assignment, for each pair of
operator spaces E, F' € OBAN, of a linear space A(F, F) C CB(F, F) together with an
operator space structure A on 2((E, F') such that

(a) The identity map A(E, F') — CB(E, F') is a complete contraction.

(b) For every 2’ € M,(E") and y € M,,(F) the mapping 2’ ® y belongs to M,,,(A(E, F))
and A (2" @ ) = |12 | g, ) Y| st ).

(c¢) The ideal property: whenever T' € M, (A(E, F)), r € CB(Ep, F) and s € CB(F, Fy), it
follows that s, o T o r belongs to M, (A(Ey, Fy)) with

An(sn o T o T) S HSHCb ATL(T) Hrch .
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Remark 7.1.2. Item (b) of the previous definition is the new requirement, not considered
in [35, Sec. 12.2]. In the Banach space realm, the definition of normed operator ideal
includes that the ideal norm of the identity idc : C — C is one [57, Def. 6.1.1.]. This
requisite is in fact the key to relate normed ideals and finitely-generated tensor norms.
Unfortunately there is no immediate translation of this requirement into the operator space
framework, but nevertheless there is a way to tackle this issue. By [59, Prop. 6.1.5] the
aforementioned condition about the norm of the identity (together with the other properties
of normed operator ideals) implies that —and in fact it is equivalent to— the ideal norm of
any elementary tensor 2’ @ y (for 2/ € E' and y € F) is exactly ||2’||||y]|. This has inspired
item (b) on our definition. Note the similarity between this statement and Equation (2.1.1])
in the definition of o.s. tensor norms.

Let us show now that (b) can be somehow relaxed. First, note that since |2’ ® y||o =
2" || 2t () |Y]| My (F), condition (a) implies that Ay, (2" @ y) > [|2'||ag, e |yl a1, (7). Hence,
we can replace in (b) the symbol = by <.

Also, it is enough that this inequality is satisfied for every E, F' € OFIN. Indeed, let
us show that the inequality is valid for every Banach operator space when it is so for every
finite-dimensional operator space. Let 2’ = (7};) € M,(E') and y = (yij) € M,,(F) with
E, F € OBAN. Consider L =1, ; ker(z};) € OCOFIN(E) and v’ € M, ((£/L)") such that
¢’ = (¢f), (). Since (¢f)" is a complete isometry, we have ||o/||ar, (5/0y) = |2'||m(1)-
Choosing N € OFIN(F) such that y € M,,(N) by means of condition (c) of the definition
we obtain

A (2’ @y; B, F) < A (0 @ y; B/ L, N) < !l ag 70 19l at0 ) = 12 a0 191 010 -
Therefore, we can exchange condition (b) of the previous definition by the following:

(b’) For every E, F € OFIN, 2/ € M,,(E’) and y € M,,(F) the mapping =’ ® y belongs to
My (U(E, F)) and A (2" @ y) < |2 || ag, ) 9] 34, () -

Of course, the class of completely bounded mappings CB is obviously a mapping ideal.

Let us recall the definitions of some other mapping ideals that have already appeared
in the literature. We explain in each case (whenever it is not obvious) why condition (b’)
is satisfied. Let E' and F' be Banach operator spaces.

(i) Finite rank mappings F: the space F(F, F) consists of finite rank mappings from E
to F. This is a mapping ideal with the cb-norm.

(ii) Completely approximable mappings A: the space A(FE, F') is the closure of F(E, F)
inside CB(E, F).
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Completely nuclear mappings N [35, Sec. 12.2]: the space N (E, F) is the image of
the mapping

D : F'®pojF — E'@uinF C CB(E, F) (7.1.1)
with the quotient operator space structure given by the canonical identification
E'® o F
E, F)="—">"2"_
N(E, F) ker @

The nuclear operator space norm is denoted by v . Equation (2.1.1)) for the proj norm
shows that (b’) is satisfied for A/.

Completely integral mappings Z [35, Sec. 12.3]: the space Z(E, F) is formed by those
mappings such that

(T) =sup{(v(T|p) : M € OFIN(E)} < 0.
Given T'= (T;;) € M,,(Z(E, F)) it is defined
tn(T) = sup{(v,(T|p) : M € OFIN(E)}.

This gives an operator space structure on Z(E, F'). Since Z and N coincide on OFIN,
condition (b’) is satisfied for Z.

Completely p-summing 11, [64, Chap. 5]: For 1 < p < oo, a linear map 7' : £ — F
belongs to IL,(E, F) if the mapping

ig, @ T : Sy Qmin £ — Sp[F]

is bounded (equivalently, completely bounded), and we denote its norm by m,(T).
The operator space structure of IL,(E, F') is inherited from CB(S, @min £, Sp[F]). As
a consequence of [I8, Thm. 3.1] for any E, F' € OFIN we have the following complete
isometries:

II(E, F) = (E®a, FYy =FE R,y F. (7.1.2)

Note that Equation (2.1.1)) for the (d,y)" norm shows that (b’) is satisfied for II,,.

Ezactly integral mappings T [35, Chap. 15]: A linear map T : E — F belongs to
I*(E,F) if

LX) =sup{|lic: T : G' Quin E — G’ Qpoj F| :
G C M,, subspace,n € N} < oco. (7.1.3)
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The reader should be warned that this is not how exactly integral mappings were
originally defined in [30] or initially presented in [35, Chap. 15], but this is a charac-
terization in [35, Thm. 15.4.1] that is simpler to state.

It is mentioned in passing in [35], p. 285] that Z**(E, F') has a natural operator space
structure, but the details are left to the reader. Let us explicitly state one of the
various ways to characterize it: for T' = (T};) € M,,(Z*(E, F')), we have

wX(T) =sup{|lic: @ T : G' Quin E — My (G’ @proj F)|| -
G C M, subspace,n € N}. (7.1.4)

From this expression and the uniformity of the injective and projective tensor products
of operator spaces, it is clear that Z¢ satisfies the ideal property (c).

Comparing to an analogous expression for completely integral mappings [35, Lem.
12.3.1], where the G’ above is replaced by an arbitrary finite-dimensional operator
space, we immediately conclude that the formal identity Z(E, F) — Z®(E, F) is a
complete contraction.

It is also straightforward to check that the formal identity Z**(E, F) — II1(E, F) is
not only a contraction [35, Sec. 15.5], but in fact a complete contraction, which allows
us to conclude that conditions (a) and (b) are satisfied.

Completely right p-nuclear NP [19, Def. 2.1]: We say that a linear mapping 7' : £ — F
belongs to NP(E, F) if it is in the range of the canonical inclusion

J? E'®y F — E'@uinF C CB(E, F).

We endow NP(E, F') with the operator space quotient structure E’ @dpF / ker JP. Equa-
tion (2.1.1) for the d, norm shows that (b’) is satisfied for NP

Operator p-compact mappings IC,, [19, Def. 3.2]: A mapping T' € K,(E, F) if there ex-
ist G € OBAN, a completely right p-nuclear mapping © € N?(G, F) and a completely
bounded mapping R € CB(E, G/ ker ©) with ||R||s, < 1 such that the following dia-

gram commutes

E—L .Fr° ¢ (7.1.5)

G/ ker©,
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where 7 and © stand for the natural quotient mapping and the natural monomorphism
associated to © respectively.

For T € K,(E, F'), we also define
kp(T') := inf{"(O)},

where the infimum runs over all possible completely right p-nuclear mappings © €
NP(G, F) asin (7.1.5). It should be mentioned [19, Prop. 3.8.] that IC, is exactly the
surjective hull of AP (see Proposition below). This provides the operator space
structure of IC, and shows that condition (b’) is satisfied for this class.

Completely p-nuclear mappings N, [44]: A linear map u : E — F is completely
p-nuclear (denoted u € N,(E, F)) if there exists a factorization of u as

Sp

where a,b € Sy,, M(a,b) is the multiplication operator z — axb, and «, § completely
bounded maps. The completely p-nuclear norm of u is defined as

vp(u) = inf { [lally, lalls,, [blls,, 18]l }

where the infimum is taken over all factorizations of u as above. From [44, Cor.
3.1.3.9 ], when E,F € OBAN and 1 < p < oo, trace duality yields an isometric
isomorphism between N,(E, F')" and II,(F, E”). This allows us to endow N,(E, F)
with an operator space structure. Also, condition (b’) holds since for £, F' € OFIN,
N(E,F)=F ®q, £

Completely (q, p)-mizing mappings M, , [T7, 17]: Let 1 < p < ¢ < co. A mapping
u: E — F is said to be completely (q,p)-mizing (denoted v € M, ,(E, F')) if there
exists a constant K such that for any G € OBAN and any completely ¢-summing
map v : ' — G, the composition v o u is a completely p-summing map and m,(v o
u) < Kmy(v). The completely (q, p)-mizing norm of u is the smallest such K and is
denoted by m,,(u). By [17, Thm. 4.3], when F' C B(H) we have that v € M, ,(E, F)
if and only if for all n and all (x;;) in M, (E) we have

sup {”(a(uxzj)b) HSZT}[SQ(H)] - a, b € BSQq(H)7 a7b 2 0} S C ||(xij>||sg®minE7

so in this way 9, ,(E, F) inherits an operator space structure from CB(S, ®min
E l(Sp[S,(H)])). To verify condition (b’), suppose E,F € OFIN, 2/ € M,(E")
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and y € M,,(F). Let (z;;) € My(E), and consider a,b € Bg,, #). Observe that for
each 7, j we have a((2/ ® y)z;;)b = (z' ® ayb)(z;;). Now, since we have already ob-
served that condition (b’) is satisfied for the completely p-summing maps, the norm
of ' @ ayb in My, (CB(S, @min E, Sp[Sq(H)])) is at most ||'[|y, e [laybllas,, (s, ()
Since the multiplication map w +— awb from B(H) to S,(H) has cb-norm at most
lalls,, lI0lls,, [64, Prop. 5.6], taking the supremum over a, b yields condition (b’) for

q,p*

Mappings factoring through column (resp. row) spaces T'. (resp. ') [33]: To(E, F)
denotes the space of linear maps T : F — F admitting a factorization of the form

ZN

where H, is a column Hilbert space (that is, a Hilbert space H with the operator
space structure given by the identification with B(C, H)) and U, S are completely
bounded, endowed with the norm ~5(7T") = inf{||U]|,, |54} More generally, the
operator space structure on I'.(E, F') is defined by setting, for T € M, (I'.(E, F)),
(¥5)n(T) = inf{||U]| ;, [|S]|4,} where the infimum is now taken over all factorizations
of the form

E F

Ml,n<Hc)
/ S1,n
T

where U : E — M, ,(H.,) and S : H. — M, 1(F) are completely bounded. It is
immediate from the definition that properties (a) and (c) are satisfied. To verify (b’),
let ' € M, (E') and y € M,,(F). Recall that in the case H = (%, it is traditional
to denote the corresponding column Hilbert space by C,. From the identifications
M,(E") = CB(E,M,) and M, = M;,(C,), we can identify 2’ with an operator
U € CB(E, M1,(Cy)) satistying ||U||, = [|2/[| 5, (). Consider now the linear map
y: C — M,,(F) which sends 1 to y, which has rank at most one, hence it is completely
bounded and has norm [yl - Let S = Yo1 : My1(C) = My (F), which also
has cb-norm equal to [|yl|,; (. Since M, ;(C) = Cy, note that this yields the desired
factorization ' @ y = S1,, o U with ||U|l, 11, < |2l ar, ) 1911, ()

E

M, (F)

Analogously, one defines the space I',.(E, F') as those linear maps 7' : E — F admitting
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a factorization of the form

where H, is a row Hilbert space (that is, a Hilbert space H with the operator space
structure given by the identification H, = B(H’,C)) and U, S are completely bounded.
The operator space structure is defined by setting, for 7' € M, (I'.(E, F')), (75)n(T) =
inf{||U||, [|Sl4,} where the infimum is now taken over all factorizations of the form

Mn,l (H7">

where U : E — M, 1(H,) and S : H, — M, ,,(F) are completely bounded. Properties
(a), (b"), and (c) follow anagolously to the column case.

(xii) Completely compact mappings [(4]: A linear mapping 7' € CB(E, F) is said to be
completely compact (denoted T € CC(E, I)) if for every € > 0 there exists a finite-
dimensional F, C F such that for every x € M,(E) with ||z, ) <1 there exists
y € M, (F.) such that || T,z —y|/a, ) < €. The completely compact mappings form a
closed subspace of CB(F, F'), inheriting the corresponding operator space structure,
and it is easy to check that they satisfy the ideal property.

Naturally, the list above is not meant to be exhaustive. Without going into the de-
tails, we point out that [44] defines a number of other potential examples of mapping
ideals including: completely p-integral mappings (Def. 3.1.3.2) the completely injective
hull of the completely p-nuclear mappings (Def. 3.1.3.5), completely (p, k)-mappings and
(p, k)-integral maps (Def. 3.1.3.6), mappings admitting completely bounded factorizations
through diagonal operators from ¢, to ¢, and their noncommutative analogue, namely two-
sided multiplication operators from S, to S, (Sec. 3.1.4). While initially only a norm
is defined, characterizations are proved that allow us to obtain o.s. structures. Observe
that by Proposition the aforementioned completely injective hull of the completely
p-nuclear mappings is indeed a mapping ideal. Note that this is an operator space version
of the classical ideal of quasi p-nuclear operators (often denoted QN,) introduced in [50]
and further studied in e.g. [0, 25]. For all the other aforementioned examples from [44]
we have not verified that condition (b’) is satisfied, but we expect that to be the case.

The following definition concerns the completeness of A(E, F').
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Definition 7.1.3. A mapping ideal 2 is called a Banach mapping ideal if A(E, F) is a
Banach space, for every E, F' € OBAN.

Note that all the examples listed above are Banach mapping ideals, except for the ideal
of finite rank mappings.

As in the Banach space setting, each o.s. tensor norm allows us to construct a mapping
ideal “dual” to it. For the reader familiar with the theory connecting tensor norms and
ideals of mappings in Banach spaces, we stress that this dual construction should not
be confused with the classical association between maximal operator ideals and finitely-
generated tensor norms, which will be discussed in Chapter [§]

Example 7.1.4. Given an o.s. tensor norm «, for E, F' € OBAN let
A,(E,F):=(E®, F)NCB(E, F).
Then, A, is a mapping ideal.

Indeed, the complete contraction E ®p0; F' — E ®, F' implies that the identity map
A.(F,F) C CB(E, F) is completely contractive too. Also, for E, F € OFIN, 2(,(E, F) =
E' ®. F and therefore condition (b’) of the definition holds. On the other hand, the metric
mapping property of « readily implies the ideal property of 2,. The subscript « in the
notation indicates the a-continuity of the mappings. It is important to emphasize that,
according to Definition below, we have 2, ~ o'

7.2 Mapping procedures

We first consider ideals that “do not change when followed by a complete isometry”. To
be precise:

Definition 7.2.1. A mapping ideal 2 is said to be completely injective if for each com-
plete isometry i : F' — G and T € M,(CB(E,F)) the following equivalence holds:
T e M,(A(E,F)) if and only if i, o T € M, (A(E,G)), with A, (T) = A,(in 0 T).

It straightforward that the mapping ideal CB is completely injective. As a consequence
we also have that II, is completely injective. Indeed, let T' € M, (CB(E, F)) andi: FF — G
a complete isometry such that i, o T € M, (II,(E,G)). Since

M, (I1,(E, G)) = My (CB(Sp @min E, 5,[G]))

and ¢ induces a complete isometry from S,[F] to S,[G] by Theorem we obtain that
T € M,(I,(E, F)).
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Remark 7.2.2. Observe that to prove that a mapping ideal 2 is completely injective it is
enough to check the following two conditions:

(a) for each complete isometry i : F' — G and T' € CB(FE, F') such that io T € 2(E, G) we
have that T' € A(E, F).

(b) A,(T) < A, (i, oT) for every complete isometry i : F' — G and T € M, (A(E, F)).

A normed operator space E has the complete C-extension property if for every T €
CB(E, F) and a complete injection ¢ : £ — G there is T' € CB(G, F') such that the
following diagram commutes

G.

with | Ta, < C||T |l
Recall that B(H) has the complete 1-extension property [65, Thm. 1.6].

Given a mapping ideal (2, A), the following proposition allows us to talk about the
smallest completely injective ideal that contains it.

Proposition 7.2.3. Let (A, A) be a mapping ideal. Then there is a (unique) smallest
completely injective mapping ideal A™ which contains 2 (called the completely injective hull
of A). Moreover, if V is a completely injective operator space and i : F' — V is a complete
isometry, then T € M, (CB(E, F)) is in M,(™(E, F)) if and only if i,oT € M,(A(E,V))
with

AM(T) = A, (ipoT).

Proof. Given F' € OBAN we denote by ip : F' < B(Hp) any embedding that provides F
the operator space structure. We define

AM(E F):={T € CB(E,F) :ipoT € A(E,B(HF))},
endowed with the operator space norm defined for T' € M, (CB(E, F)) as
AN(T) := A, ((ig)n o T).

To see that this is well defined, let us prove that if « : F¥ — V is any complete isometry of F
into a completely injective space V' (which has to be complete as explained in Section [1.1.3)
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then for every n € N and T' € M,,(CB(FE, F')) such that i, 0T € M, (A(EF,V)) we have the
equality
A, (inoT)=A,((ip)poT). (7.2.1)

Indeed, by the injectivity of B(HF) there is a mapping iV B(Hp) such that ip = ipoi
with ||ip|l = 1. Then, by the ideal property

A ((ip)poT)=A((ip)poinoT) < A,(inoT).

On the other hand, by the the injectivity of V', we can argue as before to show the existence
of a mapping ¢ : B(Hr) — V such that i =i oip with ||i||c, = 1 and therefore

A(inoT)=An((D)no(ip)noT) < Au((ip)yoT).

This shows Equation (|7.2.1)).

To see that A™ is a mapping ideal, we will only prove the ideal property since the
other conditions easily follow. Let T € M, (2A™(FE, F)), r € CB(Ey, E) and s € CB(F, Fy).
Then,

AM(s,0Tor)=A,((ig)nosnoTor) < An((ig 0 8)no D)7l

Once again the injectivity of B(Hp,) provides us with a mapping s € CB(B(Hp), B(Hp,))
satisfying ig, o s = 5o ip, with |[$]|c, < ||s][en. Thus,

A (snoTor) < Au((Foip)no T)lIrlle < llsllenAn((ir)n o T)lIrlles = lIsllenAn’ (T)]I7lep-

We now see that 0™ is completely injective: let i : F — G be a complete isometry, let
T € CB(E,F) and suppose that i o T € AW (E,G). If ig : G — B(Hg) is a completely
isometric embedding, the extension property of B(H¢) shows the existence of a mapping
ip such that

iro(igoi)=ip. (7.2.2)

Now, the definition of the ideal implies igoioT € A(E, B(Hg)). Then, igo(igoi)oT = ipoT
belongs to A(FE, B(Hr)). Hence, T € AM(E, F).
Now, if T € M,,(A™(E,F)) and i : F — G is a complete isometry, we have

Aiv?j(T) = A, ((ip)noT) = An((Z;“ oigoi),oT)
<A, ((ig)po(inoT)) = AM(i, oT).
That 2" is the smallest completely injective ideal which contains 2l is trivial by definition

of A", The last part of the statement follows from what was done at the beginning of the
proof to show that AM(T') was well defined. O
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Example 7.2.4. For the mapping ideal T of completely integral mappings, the previous
proposition says that T € T™(E, F) if and only if ir o T € Z(E,B(Hr)). By [35, Prop.
15.5.1], Z(E,B(Hp)) = I, (E,B(HF)). Since we have already explained that 11, is a com-
pletely injective mapping ideal we derive that T™ =TIy (as it happens in the Banach space
framework).

The following simple result shows that the inj-procedure respects completeness.

Proposition 7.2.5. Let (U, A) be a Banach mapping ideal then (A™, AW) is also a Banach
mapping ideal.

Proof. Let E, F € OBAN, we only have to check that 2™ (E, F) is complete. Let (T} )ren be
a Cauchy sequence in 2™ (E, F). Note that (Tj)ren is also a Cauchy sequence in CB(E, F)
and then it converges (in the cb-norm) to an operator 7' € CB(E,F). On the other
hand, (i o Tk)ren is a Cauchy sequence in 2A(E, B(Hg)) which converges to an operator
S € A(E,B(Hp)). To finish, it remains to prove that S = ipoT. Indeed, note that T, — T’
pointwise and therefore ip o T}, — ip o T" pointwise as well. Now the result follows by the
uniqueness of the limit.

]

As a corollary we have an analogous version of [23 Cor. 9.7] for the operator space
setting.

Corollary 7.2.6. Let F' € OBAN with the complete C-extension property and (A, A) be
a mapping ideal. Then for every n € N and every E € OBAN we have M, (A(E, F)) =
M, (AN (E, F)). Moreover,

A,(T) < CAY(T),

for all T € M,(AM(E, F)).

Similarly, we can consider ideals that behave well when composed with complete metric
surjections.

Definition 7.2.7. A mapping ideal (2, A) is said to be completely surjective if for each
complete metric surjection ¢ : G — E and T € M,(CB(E, F)) the following equivalence
holds: T € M, (U(E, F)) if and only if T o g € M,,(A(G, F)), with A,(T) = A, (T o q).

It is immediate to see that the mapping ideal CB is completely surjective.

Given a mapping ideal (2, A), the following proposition defines the smallest completely
surjective ideal that contains it. This was already proved in [19] Prop. 3.6], we include a
detailed proof for completeness.
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Proposition 7.2.8. Let (A, A) be a mapping ideal. Then there is a (unique) smallest com-
pletely surjective mapping ideal A% which contains A (called the completely surjective hull
of A). Moreover: if G is a completely projective Banach operator space, E € OBAN and
q: G — E is a complete metric surjection, then T € M,(CB(E, F)) is in M, (A (E, F))
if and only if T o q € M,(A(G, F)) with

A(T) = A, (Toq).

Proof. We define
Q[sur<E,F) — {T c CB(E,F) :To qg € Q[(ZE7F)}7

endowed with the operator space structure defined in the statement. First we see that it
is well defined. To see this, suppose that G is a completely projective Banach operator
space and ¢ : G — FE is a complete metric surjection and 7" € M,(CB(F, F')) such that
Toqge M,(2A(G, F)), we have to see that

A, (Toqg)=A,(Toq). (7.2.3)

By the complete projectivity of Zg there is a mapping ¢ : Zrp — G such that ¢p = qoqg
with ||E]vEHCb S 1. Then,

On the other hand, by the projectivity of G there is a mapping ¢ : G — Zg such that
¢ = qg o q with ||¢][cs < 1. As before,

A, (Toq)=A,(Togeoq) <A,(Toqg).
This shows Equation ([7.2.3)).

To see that 2" is a mapping ideal, we will only prove the ideal property since the other
conditions easily follow.

Let T € M, (A" (E, F)), r € CB(Ey, F) and s € CB(F, Fy). Since Zg, is completely
projective, given € > 0, there is a lifting L. € CB(Zg,, Zg) of r o qg, with || L.l < (1 +
e)||7]|en such that the following diagram commutes

Ey,——=F F—=sF,.
QEQT TQE‘
T
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Then, for every 1 <1i,j <n we have soT;joroqg = soTjjoqgo L. € U Zg,, Fy) and
hence s o Tj; or € A" (Ey, Fy). Moreover, by the ideal property of 2,

A (s,oTor)=A,(spoToroqg)=A,(spnoToqrolL,)
< An(spoToqe)(l+e)||r|e
< (1+&)|slleAZ (T 7l eb-

We now prove that the mapping ideal A" is surjective. Let ¢ : G — E be a complete
quotient mapping and 7' € CB(E, F') such that T o g € A" (G, F). Since Zg is completely
projective and q o qq : Zg — F is a complete quotient mapping, given € > 0, there is a
lifting L. : Zgp — Zg of qg, with cb-norm less than or equal to 1 + ¢.

We have T'oqg = Toqoqgo L. € U(Zg, F) since T o qo qe € U Zg, F). Then,
T e A™(E,F). Also, if T € M, (25" (E, F')) we obtain

A(T)=A,(Toge)=A(TogoqgoL.) < (1+¢e)A,(Toqgoqq)
=(14+e)AS"(Toq) < (1+4e)AS(T).
That A°" is the smallest completely projective ideal is trivial by definition of A%"". The

last part of the statement follows from what was done at the beginning of the proof to
show that AP (7") was well defined. O

It was proven in [19, Prop. 3.8] that
’Cp = (Np)sur-

As a consequence, we obviously have that IC, is a surjective mapping ideal.
As a corollary of the previous proposition we have an analogous version of [23, Cor. 9.8]
for the operator space setting.

Corollary 7.2.9. Let E be a completely projective Banach operator space and (A, A) be a
mapping ideal. Then for every every F' € OBAN we have that A(E, F) and A" (E, F) are
completely isometric.

As for the inj-procedure, we have that the sur-procedure also respects completeness.
The proof is analogous to that of Proposition SO we omit it.

Proposition 7.2.10. Let (A, A) be a Banach mapping ideal then (A%, AS") is also a
Banach mapping ideal.

We now define the dual procedure of a mapping ideal.
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Definition 7.2.11. If (A, A) is a mapping ideal, define for F, F' € OBAN

AN (B, F) = {T € CB(E, F) : T' € A(F', E")}

and
Agual(T) — An(T/), T € Mn<Q[dual(E7 F))

It is readily seen that (Adual Adual) i5 also a mapping ideal.

It is clear from the definition that the ideal of completely approximable mappings
satisfies that 2 = A9l On the other hand, by [35, Prop. 12.2.5], if T € N'(E, F) we have
that T € N(E, F) with v%(T) = v(T") < v(T). In fact, more is true: the same proof
shows that the map N (E, F) — N(F', E') given by T — T" is a complete contraction, and
thus the identity map N'(E, F) — N(E F) is a complete contraction as well. In the
case when E’ has the operator approximation property the map ® in (7.1.1)) is injective
[35, Thm. 11.2.5], and therefore the same proof as in [35, Prop. 12.2.6] shows that the two
maps above are in fact complete isometries.

Let us also mention that mappings belonging to the ideals (I,)%"# have already been
considered in the literature. For example, [64, Thm. 6.5] characterizes mappings that
admit a completely bounded factorization through Pisier’s operator Hilbert space OH in
terms of conditions involving both Iy and (IIy)@ and [64, Cor. 7.2.2] similarly charac-
terizes mappings admitting a completely bounded factorization through finite-dimensional
Schatten p-spaces with conditions that involve IT,, and (IT,)%u.



Chapter 8

Maximal operator space mapping
ideals

Keywords: mazximal hull, Representation Theorem for maximal mapping ideals,
Embedding Theorem, Adjoint mapping ideal

In the Banach space setting there is an intrinsic relation between tensor norms and
operator ideals. As mentioned before, the same happens in the non-commutative context.
In this chapter we develop the theory of maximal mapping ideals, showing that the latter
and the theory of o.s. tensor norms are two sides of the same coin.

8.1 The Maximal hull
If (A, A) is a mapping ideal, then
M ®, N = A(M’, N)

defines an o.s. tensor norm a on OFIN; in other words, if z € M,(M ® N) and T, €
M, (CB(M', N)) is the associated matrix of linear operators, then

an(z; M,N) := A, (T, : M — N).

Since the natural maps 2A(M’',N) — CB(M’',N) and M ®uin N — CB(M',N) are
respectively a complete contraction and a complete isometry, it follows that

M Qo N — M Qupin N

117
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is a complete contraction.

Note that Equation follows immediately from condition (b) in the definition
of mapping ideals. Also, the ideal property of 2l implies the complete metric mapping
property of a: for any linear maps r € CB(M, M) and s € CB(N, Ny), note that for any
z € M,(M ® N)

Sp © TZ o 7’/ = T(T®s)(z)

and thus
an ((r®s)(2)) = An(Tres)z) = An(snoToor") < |Is]l gy An(T2) 17| = Isllap 117l n(2)-

Conversely, let o be an o.s. tensor norm on OFIN satisfying the complete metric
mapping property. Define for M, N € OFIN and T € M,,(CB(M, N))

A, (T: M — N):=ay(zr; M', N).

where zp € M,(M'" ® N) is the associated matrix of tensors. Let r € CB(My, M) and
s € CB(N, Np). Again, condition (b) is related with Equation (2.1.1). Note that

ZspoTor — (T/ ® S) ZT
and thus, by the complete metric mapping property of «,
An(spoT or) = an(zs,0r0r) < HT/”cb HSHCb an(2r) = HTch HSHCb A (T).

Therefore, in the finite-dimensional setting there is a full correspondence between map-
ping ideals and o.s. tensor norms. The rest of this chapter is devoted to the study of what
can be said in the infinite-dimensional setting. Naturally, the answer is satisfactory for
mapping ideals that can be well-approximated by finite-dimensional pieces, the idea that
motivates the next definition.

Definition 8.1.1. Assume (2, A) is a mapping ideal. For E,FF € OBAN and T €
M, (CB(E, F)), define

AP(T) =sup {A,((q )no T oiy): M € OFIN(E), L € OCOFIN(F)}
and

Amex (B, F) = {T € CB(E, F) : A™(T) < oo} .

We call (A™* A™a%) the mazimal hull of (A, A), and (A, A) is called mazimal if
(Q(, A) — (leax’Amax)_
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Proposition 8.1.2. Let (A, A) be a mapping ideal. Then (A™>* A™*>) 4s a Banach map-
ping ideal which, of course, is maximal.

Proof. 1t is clear that each A is a norm, and that A™** satisfies Ruan’s axioms (say, as
in [35, Prop. 2.3.6]).

Using that the identity 2A(E, F)) — CB(E, F) is a complete contraction, and the ideal
property for the cb-norm, for 7' € M, (CB(F, F')) we have that

An((qg)n oTo Zf/[) < H(qg)n oTo Z.J\EJ”MTL(CB(MF/L)) < ||T||Mn(CB(E,F)) 1

which implies that the identity A™*(E, F) — CB(E, F) is also a complete contraction.
Similarly, the ideal property for (2(, A) shows that all finite-rank operators belong to A™a*
since they belong to 2. Moreover, given z’ € M, (E’) and y € M,,(F') we have

Anm((qg)nm o' ®yo ZJ\E/[) = Anm(x/ © 1J\E/[ ® (qg)m(y)) = ||:L“, © Zf/f”ch(Qf'j)7m(y)||cb7

showing that AR (2’ @ y) < ||2/ || ||y ]| eb-

Suppose now that r € CB(Ep, E) and s € CB(F, Fp). Let My € OFIN(Ey) and Ly €
OCOFIN(F,). Define M = r(My) € OFIN(E) and L = s'(L,) € OCOFIN(F). Note
that r = i¥, or, and qu os =50¢qF for some 5 € CB(F/L, Fy/Lo) with |[5]|c, = ||5]]ch-

Therefore, by the ideal property for (2, A)

An((qu)n os,oTor oi]\EjO) = An(gn o(¢i), 0T oif;oro szo)

< [I5lleb A (a1 )n 0 T 0 i) 17 0 i llety < [1sllen AR (T) [ leb,

which yields the ideal property for (2ma* Amax),

Let us now check that A™**(E, F) is complete when (2, A) is a mapping ideal. For
that, let (73)72, be a sequence in A™(E, F) with Y > AP**(T}) < oo. Since A
dominates the cb-norm, the series Y - T}, converges in CB(E, F) to an operator 7. Let
us now show that the convergence also holds with respect to A"**. Fix M € OFIN(FE) and
L € OCOFIN(F). For m € N, note that

A, (qf o ( Z Tk) o ZJ\E4> < Z A, (qf o7} o ZJ\E/[) < Z AT(Ty),
k=m k=m k=m

from where AP (Y20 Ty) < Y72, AP™(T}) and therefore Y - | T}, converges to T’ with
respect to AP O

Example 8.1.3. The following mapping ideals are maximal.
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(i) Completely bounded mappings CB.
(ii) Completely integral mappings Z: See Example below.

(iii) Completely p-summing mappings II,: Let E, F € OBAN, T € M, (II,(E, F)) and
e > 0. Assume (7,),(7) = 1. Since IL,(E, F') is canonically completely isometrically
embedded into CB(S, ®@min £, Sp[F]), by a density argument there exist £k € N and
& € My(S¥ Qmin E) with [|2|| = 1 such that

1—¢,

(idsy @ T) ()|

My (SE[F])

Since S¥[F] is completely isometrically embedded into SE[F"] = (Sy[F'])’, there exists

y € My(Sy[F']) with [|y|| = 1 and such that

>1—c.
Mnl

| (4w, sy © TY@)))

Consider y as an k¢ x k{ matrix over F’, and let L be the intersection of these (kf)?
functionals in F’. Note that L € OCOFIN(F'), and that y is an k¢ x k¢ matrix over
the annihilator L of L in F. Since (F/L) = LY completely isometrically, it follows
that S%[F/L] = SN[L°] completely isometrically as well. Therefore, the norm of y
as an element of M,(SY[(F/L)]) is also equal to one. If M is the finite-dimensional
subspace of F spanned by the (nk)? vectors that constitute x, it follows that

(Wp)n((qg)n oTo 211\94) >1—c¢.

8.2 The Representation Theorem

Definition 8.2.1. A mapping ideal (2, A) and a finitely-generated o.s. tensor norm « (on
ONORM) are said to be associated, denoted (A, A) ~ « if for every M, N € OFIN we have
a complete isometry

A(M, N) = M’ @, N,

given by the canonical map T+ 2.
Remark 8.2.2. Notice that since this definition is based only on finite-dimensional spaces;

two different mapping ideals can be associated to the same o.s. tensor norm. In particular,
A ~ « if and only if A™> ~ a.
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For example, CB, A ~ min or N',Z ~ proj. Also, by the mere definition, N, ~ d,.
Additionally, by Equation (7.1.2), II, ~ (dy)' = G-

Observe that the constructions in Definitions[3.1.1]and [8.1.1]establish a one-to-one corre-
spondence between maximal mapping ideals and finitely-generated o.s. tensor norms. The
main result of this chapter is the following theorem, which shows that the finite-dimensional
duality that defines this correspondence can be extended to the infinite-dimensional setting.

Theorem 8.2.3 (Representation Theorem for maximal mapping ideals). Let (A, A) be a
maximal mapping ideal associated to a finitely-generated o.s. tensor norm «. Then for any
E,F € OBAN there is a complete isometry

A(E,F) = (E®y F') NCB(E, F). (8.2.1)

Proof. In order to prove (8.2.1]), we need to show that for T' € M, (CB(FE, F')), the following
holds: T belongs to M, (A(F, F)) if and only if the associated matrix of bilinear maps /3 .or
is in M,,((E®aq F')'), with equal norms. Note that the inequality ||8.,0r|| < C is equivalent
to

[ ({Brrors 2 lar,, < C()m(z; E, F') for all z € M,,(E ®@q F'). (8.2.2)

By the maximality of 2, it follows that T' € M, (A(E, F)) with A,,(T) < C if and only if
A, ((¢D)poToif)<C  forany M € OFIN(E) and L € OCOFIN(F).  (8.2.3)

Since A(M, F/L) = (M ®4 L°)" completely isometrically, and recalling that L° varies over
all spaces in OFIN(F”) when L varies over all spaces in OCOFIN(F'), condition (8.2.3)) is
equivalent to

Bt yoreis || < e ymlz M, L)

M mn

for any M € OFIN(E), L° € OFIN(F') and z € M,,,(M ® L°). (8.2.4)

Notice that for z € M,,(M ®4 L°),

{{Brpor, 2)) = ((Bgryaoroit, 2))-

Therefore (8.2.4)) is equivalent to (8.2.2)) because ¢/ is finitely-generated, finishing the proof.
O]

In fact the converse is also true. We write the statement in the following proposition
and leave the proof as an exercise. Recall that in Example we define a mapping ideal
“dual” to a given o.s. tensor norm.
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Proposition 8.2.4. Let o be a finitely-generated o.s. tensor norm. The mapping ideal
(Ao, Ay) (given by

Ay (E,F) = (E @y F) NCB(E, F) (8.2.5)
for any E, F € OBAN) is mazimal and its associated o.s. tensor norm is «.

We use this fact to see, in the following example, that the ideal of completely integral
mappings is maximal.

Example 8.2.5. 7 is a maximal mapping ideal.

Proof. We will give two proofs of this (for the second, we present only a sketch of it). Let’s
start with the first one.

Recall that the o.s. tensor norm associated to Z is proj. By the previous proposition,
to see that Z is maximal we need to check that for every £, F € OBAN there is a complete
isometry

Z(E, F) = (E ®min ') N CB(E, F). (8.2.6)
By [35, Lem. 12.3.3] the canonical inclusion

So:Z(E,F) <~ (FE @un F')

is a complete isometry. Thus, it remains to see that if ¥ € (E Qun F') N CB(E, F)
then U = Sy(7T), for some T € Z(E, F). Without loss of generality, we suppose that
V|| (Egmmrry < 1. By Remark the following inclusion is completely isometric:

E ®m1n F/ c_> (EI ®proj F)’ — CB(E/, F/).

Then, by the Averson-Wittstock Hahn-Banach theorem [35, Thm. 4.1.5), ¥ extends iso-
metrically to (E' ®pwo; F')”. Therefore, Goldstine’s theorem provides us of a net (¥.),
such that [|¥,| gg,,.,» < 1, which w*-converges to ¥ (that is in the topology o ((£' ®@pro;
F)' (E' @poj F)'). We consider ®(¥.), € N(E, F) with v(®(¥,)) < 1, where ® is the
mapping defined in ([7.1.1). Note that given z € F, ¢y € F’

(v, 2(¥)) = (¥, z@y).

Now, the expression (T'(z),y’) := (¥, z ® y') defines a mapping T' € CB(E, F') satisfying
that ®(W¥,) converges to T in the point-weak topology. Finally, appealing to [35, Lem.
12.3.1] we get that T is completely integral and W = Sy(T"). This concludes the first proof.

We now present a sketch of an alternative argument for the fact that Z is maximal,
whose perspective could be enriching. First, observe that [23, Ex. 17.1] also holds in
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the operator space setting. That is: suppose that for each v € T', (7, A7) is a maximal
mapping ideal. Define for £, F € OBAN and T' € M, (CB(E, F)),

A, (T)=sup{A)(T) : vel'} and A(E,F)={Se€CB(E,F): Ai(S) <o0}.

It is easy to see that (2, A) is also a maximal mapping ideal. Now observe that [35, Lem.
12.3.1] says that the ideal of completely integral mappings can be obtained by applying the
above procedure to the ideals (A%, A%) defined by the completely isometric embeddings

QIG(E, F) — CB(E S min G, F ®proj G)7

where G ranges over all Banach operator spaces (or just the finite-dimensional ones). Since
each 2 is clearly maximal, it follows that so is Z. This concludes the sketch of the second
proof. ]

Proposition 8.2.6. Let (2, A) and (B,B) be Banach mapping ideals. Suppose that for
every M, N € OFIN we have that the inclusion ||2A(M,N) < B(M,N)||s < c¢. Then
Amax C B gnd [|A™(E, F) — B"X(E, F)||a < ¢ for every E, F € OBAN.

Proof. Let T € M,(CB(E,F)). Fix M € OFIN(F) and L € OCOFIN(F). From the
assumption, note that B, ((¢}), o T o %)) < cA,((¢f), o T o if}). Taking the supremum
over all M and L yields By (T") < cAP*(T), giving the result. O

Proposition 8.2.7. Let (2, A) be a mapping ideal associated to a finitely-generated o.s.
tensor norm «. Then (A™** A™*X) s the largest mapping ideal associated to «.

Proof. The ideal property of (2, A) yields that the identity A(FE, F) — A™™(E, F) is
completely contractive for any F, F € OBAN. For M, N € OFIN we additionally get that
the identity 2A™*(M, N) — 24(M, N) is also completely contractive since for T' € CB(M, N)
we have that 7' = (qf,)n © T 0 i37. Therefore, the identity 2A™*(M,N) — (M, N) is a
complete isomorphism and thus (A™** A™*) ig associated to a.

Let (%8,B) be any mapping ideal associated to «, and let T € M,(B(E,F)). Let
M € OFIN(F) and L € OCOFIN(F). By the ideal property for (8, B) we have that

An((‘]f)n oTo Zﬁ) = Bn((qf)n oTo Zf/[) < B, (1),
from where AP*(T) < B,(T), showing that B(E, F) C A™(E,F) (and in fact the

inclusion B(E, F) — A™(E, F') is completely contractive).
[
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Remark 8.2.8. Given a finite dimensional operator space M and an arbitrary £ € OBAN
there is a canonical complete isometry:

M ®proj E— (M/ Amin E/)/.

Indeed, since M is finite dimensional we have M ®y0; E = N(M', E) = Z(M', E). Now,
the result follows through the embedding Sy referred to in Example|8.2.5, By transposition,
there is also the following complete isometry:

E ®pr0j M — (E/ S min M/>/.

Another classical version of the Representation Theorem states, in particular, that a
maximal ideal taking values in a dual space is itself a dual space. To get the operator space
version, we need the additional hypothesis of local reflexivity.

Corollary 8.2.9. Let (A, A) be a maximal mapping ideal and « its associated finitely-
generated o.s. tensor norm. If F' is locally reflexive, then

AE,F')=(E @y F)
Proof. Consider the diagram

p € (E Qo FY

|

p" € (E Qo ") — (E Qproj I)'.

(E Qproj F)) =—=CB(E, I')

The vertical arrows are complete isometries thanks to the Extension Lemma [4.2.1] whereas
the horizontal arrows are completely contractive because o/ < proj. The desired conclusion

follows from ([8.2.5)). O

Note that the hypothesis of local reflexivity cannot be omitted from the previous re-
sult. Indeed, taking 2 = Z (the mapping ideal of completely integral mappings) which is
associated to the o.s. tensor norm proj, we know by [35, Thm. 14.3.1] that the equality
Z(E,F') = (E @min F')’ holds for every E € OBAN if and only if F' is locally reflexive.

On the other hand, whenever o is an £()\)-o.s. tensor norm the Extension Lemma [4.2.1]
is valid without the hypothesis of local reflexivity. Thus, the previous corollary also holds
without this hypothesis.

Along similar lines, in this same setting we can get a version of [23, Thm. 17.15].
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Theorem 8.2.10. Let (A, A) be a mazimal mapping ideal associated to a finitely-generated
0.s. tensor norm «. Suppose that o is an E(N)-0.s. tensor norm. Then for any E, F €
OBAN and T € CB(E, F), the following are equivalent:

(a) T € A(E, F).
(b) For any G € OBAN (or only G = F’) the map
T®idg: E®y G— F Qproj G
15 bounded.
In this case,
AT)=T®idp : EQy F' = F Qpoj F'|| > [|T ®idg : E Qo G — F Qproj G| -

Proof. Suppose that T' € A(E, F). Let ¢ € (F ®poj G)' = CB(F,G’). Note that L, o
T e A(E,G') = (E®qy G)', where we are using that the previous corollary holds in general
under the present conditions on o’. We then have for z € E®Q G, using [23, Eqn. 17.15.(1)],

{0, (T @ida)(2))] = [Bryer: 2)| < A(Ly 0o T)d (5 E,G) < o] A(T)'(z; E, G).
Taking the supremum over ||¢| <1 yields
proj((T' @ ida)(2); F, G) < A(T)o'(z; E, G).

Now, assume that (b) is satisfied for G = F’. Recall that from the Representation
Theorem, A(E, F) coincides with (£ ®, F')' N CB(E, F). Since T' € CB(E, F), it will
suffice to show that B,or € (E Qo F'). If we now let z € E ® F', using [23, Eqn.
17.15.(2)],

[(Brrors 2)| = |(trp, (T @ idp:)(2))| < proj(T' ® idp)(2); I, F)
<A (zE F)|T®idp : EQuy F' — F Qproj F'| -

]

Once we have the theorem above, we get a version of [23, Prop. 17.20]. Notice that this
is a generalization of [I, Prop. 4], where the same result is obtained for some A-o.s. tensor
norms.



126 CHAPTER 8. MAXIMAL OPERATOR SPACE MAPPING IDEALS

Proposition 8.2.11. If a is an E(N)-o0.s. tensor norm and E,F € OBAN, one of which
has the OAP, then the natural map

i E@aF — E@uinF
1S injective.

Proof. Suppose that F has the OAP. Let z € E®,F be such that i(z) = 0. Observe that
we need to show that (p, 2) = 0 whenever ¢ € (E®,F) — CB(E, F'). Since a is finitely-
generated (see Definition [4.2.3), we have a = (/) and ' is associated to the maximal
mapping ideal 2,. Also, by the comments after Corollary , A (B, F') = (E®, F)
because « is an £(A)-0.s. tensor norm. Therefore the previous theorem applies, so

L, ®idp : EQoF — F'@poiF
is continuous. In the diagram
E@oF —'> EQuunF
Lq,@a,pmjidpl lL¢®minidF
F@)projF —— F'®uinF
the bottom row is injective because F' has OAP [35] Thm. 11.2.5], which implies
(Lp®aprojidp)(2) = 0 € F'@proj F.
Once again using using [23, Eqn. 17.15.(2)], we get
(p,2) = (trp, (Ly®aprojidr) (2)) = 0.
O

Example 8.2.12. For the Haagerup o.s. tensor norm h consider as in Example the
mapping ideal Ap,. Then, Ay is a mazimal mapping ideal defined as

th(E, F) = (E Sh F,)/ N CB(E,F)

for every E, F € OBAN.
Since o/ = h is a A\-0.s. tensor norm, we have

Uy (E, F') = (E @y F)'
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for every E, F € OBAN. Also, recall that the dual of E ®j F is identified with the space
MB(E x F) of multiplicatively bounded bilinear mappings (see, for instance, [35, Prop.
9.2.2]) then we have the following complete isometry:

A, (E, F') = MB(E x F).

Additionally, there is a completely isometric canonical identification (E @, F') = T'.(E, F")
[33, Eqn. (5.8)], which shows that Ay (E, F') =T.(E, F'). In the general case,

W, (E, F) := (E®, F'Y NCB(E, F) =T,(E, F") N CB(E, F)

which means that T' : E — F belongs to An(E, F) if and only if kpT € I',.(E, F"). There
are analogous results for the o.s. tensor norm h'. The mapping ideal Ay is also mazimal,
we have pe (B, F') = (E Qe F)', Upe(E, F') = MB(F x E) , and Up:(E, F') =T (E, F')
(see [33, Thm. 5.3]), so in the general case T : E — F belongs to Ap:(E, F) if and only if
kpT € To(E, F").

From the previous example and Theorem [8.2.10] we get the following:
Corollary 8.2.13. Forany E, F € OBAN and T € CB(E, F), the following are equivalent:
(a) kpT € T (E,F") (resp. kpT € T(E, F")).

(b) For any G € OBAN (or only G = F'), the map T ® id¢ : E @, G = F Qpro; G (Tesp.
T ®idg: EQp G = F Qpoj G) is bounded.

Moreover, in this case we have v (kpT) = |T ® idp : E @y, F' — F Qproj F'|| (resp. V5(kpT) =
T ® idpr : E @pe ' — F @0 F'|]).

Furthermore, similar representations are valid for h + h* and h N At.
Example 8.2.14. Recall that Appe is a mazimal mapping ideal defined as
Wyt (B, F) = (E Qpyne F'Y NCB(E, F)

for every E, F € OBAN. Since h + h is an E(\)-o0.s. tensor norm, by Corollary we
have
th—i—ht (E, F/) - (E ®h+ht F>/

for every E, F € OBAN. Furthermore, dualizing the canonical quotient

(E@hF>@1 (E@htF)—»E®h+htF
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yields a completely isometric inclusion
(E Qh4ht F)/ — A((E Xn F)/ DBoo (E Rpt F)/),

where A denotes the diagonal, which together with the identifications above produces a
completely isometric inclusion

Up it (B, F') = A(To(E, F') @0 To(E, F')).
In the general case, the same arguments yield a completely isometric inclusion
Wit (B, F) — A(FT(E, F") & T (F, F”)) NCB(E, F).
Let us verify that this is in fact an equality:
Wit (B, F) = A(L(E, F") @ T(E, F")) NCB(E, F).

Indeed, if T € CB(E,F) satisfies kgl € T'.(E,F") and kT € T'.(E,F"), by Exam-
ple we have T € (E®, F') NCB(E,F) and T € (E ®u F') NCB(E, F). If we
denote by L : EQF' — C the linear map induced by T, we then have that Ly : EQpF' — C
and Lt : E Qe F' — C are bounded, hence so is the map

Lr® Ly : (E®y F') @1 (FE Q@ F') — C,

and therefore Ly : (E Qpipt F') — C is bounded, which means T € (E Qpyipe F')' N
CB(E,F) =20 n(E,F).
Analogously, Upnnt s a maximal mapping ideal defined as

et (B, F) := (E Qpope F')' NCB(E, F)

for every E, F € OBAN. Since h N h' is an E(N)-o0.s. tensor norm, we have
pont (B, F') = (E @pant F)'
for every E, F € OBAN. Moreover, dualizing the complete injection
E @popt = (B @p F) @oo (B @pt )

yields the complete quotient

(E@n F) &1 (E @ F) — (EQpope F
which, together with the identifications above, translates to

T (B, F") @1 TAE, F') — Ao (B, F').



8.2. THE REPRESENTATION THEOREM 129

8.2.1 Consequences of the Representation Theorem

Combining the Representation Theorem [8.2.3] and Corollary with the Duality Theo-
rem £.2.1] we obtain:

Theorem 8.2.15 (Embedding Theorem). Let (A, A) be a mazimal mapping ideal associ-
ated to the o.s. tensor norm a. Then for any E, F € OBAN there are complete isometries:

E®s F < A(E,F)
EF' ®¢ F — A(E,F) whenever E is locally reflexive
E @4 F' — A(E,F") whenever E and F are locally reflexive.

Remark 8.2.16. As in the comments after the Duality Theorem [5.2.1] and Corollary
if o is an £(A)-o.s. tensor norm then the Embedding Theorem [8.2.15|is valid without the
hypothesis of local reflexivity. In particular, this holds in the cases & = min = min with

A= CBand & = o = h with 2 = 2.

In the classical setting the dual of a maximal ideal is also maximal, and their associated
tensor norms are transposes of each other. In the operator space setting, in order to get a
similar result we once again need the additional hypothesis of local reflexivity.

Corollary 8.2.17. Let (A, A) be a mazimal mapping ideal associated to the finitely-
generated o.s. tensor norm «. Then A% is associated to ot. Moreover, if (B,B) is

the mazximal mapping ideal associated to o' and E is a locally reflexive Banach operator
space, then B(E, F) = Al(E F).

Proof. If 24 ~ « and M, N are finite dimensional operator spaces then A% (M, N) =
M’ ®4: N. This shows that A% ~ af. Also, by the Representation Theorem and
Corollary we have complete isometries

B(E, F) = (E @y F') NCB(E, F) = {T € CB(E, F) : B € (E @y F')'}
={T € CB(E,F) : Br € (F' @ E)'}
= {T € CB(E,F) : T' e A(F', E")} = A"Y(E, F)

and therefore, for S € M, (B(FE, F')) we have B,,(S) = A,,(S). This is the desired conclu-
sion. [

If (A, A) is a maximal mapping ideal, it should be noted that 2148 is not necessarily
maximal as it happens in the Banach space case. Indeed, 2l = Z the maximal mapping ideal
of completely integral mappings, which is associated to the o.s. tensor norm proj, gives us
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the example. To see this, note that Z9 (M, N) = M’ ®,,0; N, for every M, N € OFIN.
Thus, if Z4"! were a maximal mapping ideal it should coincide with Z (since proj’ = proj).
If W is any non-locally reflexive o.s. then by [35, Thm. 14.3.1] there is L € OFIN such
that the inclusion N (W, L) < Z(W,L’) is not isometric. Let T € N (W, L) such that
o(T) < v(T). We have that 7" € N (L, W') = Z(L,W’) (since L is finite-dimensional) and

1 (T) = (T = v(T') = v(T) > o(T).

The situation of the previous example changes when o' is an £(\)-o0.s. tensor norm.
Indeed, in this case Corollary is valid without requiring a local reflexivity hypothesis
and hence we have the following consequence of Corollary |8.2.17}

Remark 8.2.18. If (2, A) is a maximal mapping ideal associated to the finitely-generated
0.s. tensor norm « and o is an £(\)-o.s. tensor norm, then 2A%%! is a maximal mapping
ideal associated with af.

Recall that for finite-dimensional spaces £ and F' and linear maps T : M — N, S :
N — M, their trace duality pairing is given by

(T,S) = tr(S o T).

More generally, for ' € M,(CB(M,N)) and S € M,,(CB(N,M)), their trace duality
(matrix) pairing is the matrix in M,,, given by

(T, 5)) = [tr(Ski o Ti5)]-

Definition 8.2.19. Let (2, A) be a mapping ideal. For M, N € OFIN, T' € M, (CB(M, N))
and S € M,,(CB(N, M)), we denote by S o T the induced mn x mn matrix of mappings
M — M. For T € M,,(CB(E, F)), define

ALT) = sup { [[{{(az)n o T oin, SH||,,
M € OFIN(E), L € OCOFIN(F), S € M,,(CB(F/L, M)), A,,,(S) <1}

and

WN(E,F) = {T € CB(E,F) : AX(T) < oo} .

As the following proposition shows, (20*, A*) is a maximal mapping ideal which is as-
sociated with the so-called adjoint o.s. tensor norm. Thus, we call (A*, A*) the adjoint
mapping ideal of (A, A).
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Proposition 8.2.20. Let (A, A) be a mapping ideal associated to the finitely-generated o.s.
tensor norm «. Then (A*, A*) is a maximal mapping ideal, and it is associated with the
adjoint o.s. tensor norm o := (a')’.

Proof. Let (%8,B) be the maximal mapping ideal associated to a*. Now we show that
(%, B) is in fact (*, A*). First, note that, for M, N € OFIN,

(AN, M) = (N' @6 M) = (M &4 N') = M' @aey N = M’ @+ N.

Hence,
B(M,N) = (AN, M))’

completely isometrically, where the duality pairing is given by the canonical trace duality.
This means that for T' € M, (CB(M, N)) we have

B, (T) = sup{[|({T, S)las,,,, = 5 € M (AN, M), A (S) < 1}.
Since 9B is maximal, it follows that for any £, F' € OBAN, and T' € M, (CB(E, F)),
B,,(T) = sup { ||({((ar)n 0 T o iy, S|,
M € OFIN(E), L € OCOFIN(F), S € My, (A(F/L, M)), An(S) < 1}

which coincides with the definition of A’ (7). O

As an example of the previous proposition we have II, = [(N,/)®]*. Recall that II,
is maximal (see Example 8.1.3) and therefore this follows by the fact that I, ~ g7, and
Ny ~ dyy, which implies N5** ~ (dy)" = g,
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Chapter 9

Minimal operator space mapping
ideals

Keywords: minimal hull, Representation Theorem for minimal mapping ideals,
interactions between minimal and mazimal hulls

In the theory Banach spaces another important topic regarding the interplay between
tensor products and ideals is the class of minimal operator ideals [23] Sec. 22]. In this chap-
ter we construct an operator space analogue of this concept; an instance of this procedure
already appears in the definition of nuclear mappings, as will become clear in Theorem [9.2.3]
below.

9.1 The Minimal hull

Given a Banach mapping ideal 2, we will describe the smallest Banach mapping ideal
which coincides with 2 on OFIN. This mapping ideal is called the the minimal kernel of A
and will be denoted by ™. In other words, if 2 is a Banach mapping ideal associated to
the finitely-generated o.s. tensor norm «, then A™® will be the smallest Banach mapping
ideal also associated to a.

In the Banach space framework, the representation theorem for minimal Banach ide-
als [23, 22.2] gives the connection with tensor products. In our setting, we will use this
association to provide an o.s. structure to the mapping ideal A™®.

Definition 9.1.1. Let (2, A) be a mapping ideal. For £, FF € ONORM we define the class
Amin(F. F) of all mappings T': F — F which admit a factorization of the form

133
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&

. r (9.1.1)

S

=
-

@

—A>H,
T

where GG, H € OBAN, Te 2A(G, H) and R and S are approximable mappings. In this case
we denote

A"™(T) = inf{|| Rl A (D) S v}

where the infimum runs over all the possible factorizations of T" as above.
Example 9.1.2. [t is clear that F™" = F.
We now see that 2A™1(E, F) has certain structure.

Proposition 9.1.3. Let (A, A) be a Banach mapping ideal and E; F € ONORM. Then
the class A™(E, F) is a vector space and A™" is a norm. Moreover, if E,F € OBAN
then (A™(E, F), A™™) 4s a Banach space.

Proof. Tt is clear that A™"(T") > 0, forall T € Amin(E F). Also, since for each factorization
of T as in the definition T = S o T o R we know that |7 < A(T) and ||T|le <
||R||Cb||T||Cb||S||Cb we derive that |||, < A™(T). Hence, A™"(T) = 0 implies T = 0.
Positive homogeneity is clear. Thus, to complete the first assertion we just need to check
the triangle inequality. Let Tj, Ty, € A™(E, F). For a given £ > 0 there are factorizations

E-D.F E-2.F
‘R
GlT)Hl GQT>H2
T Ty

with R; € A(E,G)), S; € A(H;, F), | Rjllav = [IS;ller = 1 and A(T}) < (1 + ) A™"(T)),
for j = 1,2. Now, consider the factorization

T1+T>

E F

"] E

G B Go T)Hl D1 Hy,
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where R(z) = (Ry(x), Re(2)), T(91,92) = (T1(g1), To(g2)) and S(hy, he) = S1(h1) + Sa(hs),
for every x € E,g; € Gj,h; € Hj, j =1,2.

Note that [[R[lc, < max{[|Ri[eb, [[R2[[cr} = 1. By duality, the same argument yields
1S1leb = 15" ]|eb < max{|| S |leb, [|[S5]|en} = 1. Writing T' = 41 0 Ty 0 q1 + ig 0 Ty © g2, where,
for each j = 1,2, 7; : H; — Hy @; Hy is the canonical inclusion and ¢; : G ©o G2 — Gj is
the canonical projection, we obtain A(T) < A(T}) + A(T3).

In order to conclude A™™(T} + T5) < (1 + &) (A™™(T}) + A™"(T3)) we just need to
check that R € A(E, G| @ G2) and S € A(H; @1 Ho, F'). The first one follows easily from
the fact that R; and Ry are approximable. The second one is derived by duality.

Now, it remains to prove that for £, F € OBAN, A™"(E | F) is complete. Let {T}}x C
Amin(E, F) such that Y, A™"(T},) < co. Take (t)r C R with 1 < 1 oo such that

ZtkAmm ()< (1+e ZA“““

Note that the inequality || - ||, < A™" tells us that a linear mapping 7' = Y o, T} is
well defined and that the series converges in CB(E, F).
For each k, take a factorization

BT, p

o

GkT)'Hk

Ty

with Ry, Sy approximable, |[Relley = [[Sklls = 1 and A(T}) < (1 4 €)A™"(T},). Then,
consider

E—T - F
s
co(Gr) —== (1 (Hy),
where R(z) = (%), T((ge)e) = ((teTh(gx))s) and S((ha)x) = o, Skﬂv), for every

r € E (gr)r € co(Gr), (h)r € €1(Hg). It is easy to check that each mapping is well
defined.
Let us see that T’ belongs to 2(c,(Gy), (1(Hy)). Note that, pointwise,

_ Z oT 0, (9.1.2)
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where, for each j, i; : H; — ¢1(H},) is the canonical inclusion and ¢; : co(Gy) — G is the
canonical projection. Since

iAtzjoT o q;) gi 1+¢ ZtAmm

j=1

we obtain T € A(co(Gy), 1(Hy)). Moreover, the series (9.1.2) converges in 2 and A(T) <
2 e HA(T).

Since t, > 1 it is clear that ||R : E — c¢o(Gk)|le» < 1. Now we prove that R €

A(E, co(Gy)). For a given € > 0 let N € N such that \} . For each 1 < j < N, take
R; € F(E,G,;) satistying ||R; — Rj|lc» < 5%. Define R : E — co(Gk) by
él(if) EN(f)
T — ey ,0,0,...].
( Vi VI

Clearly, R € F(E,co(Gy)) and |R — R||e» < . Therefore, R € A(E, co(Gy)) with ||R]|q, <
1.

Note that S" : F' — (. (H},) is given by S'(y') = (%)2) so the same argument as above
yields ||S]leb = [|9"]|en < 1. We finally check that S € A(¢1(Hy), F'). Also, analogously as
before we can prove that for each ¢ > 0 there is S € F(¢1(Hy), F) such that ||S — S|l < &.

From the arguments above we certainly obtained that T € A™(E, F) with A™(T') <
Sope A™(Ty). This implies that T = Y ;2 T}, converges in A™"(E, F'), which finishes
the proof. n

9.2 The Representation Theorem

In order to relate the tensor product E' ®, F with A™*(E, F) as in the Banach space
setting, we need the following lemma.

Lemma 9.2.1. Let (A, A) be a Banach mapping ideal associated to the finitely-generated
0.s. tensor norm «. Then for any E, F € ONORM the natural map

J:E @y, F — A" (E,F) (9.2.1)

is a contraction of normed spaces, i.e., A™(J(2)) < a(z; E',F), V2 € E'® F.



9.2. THE REPRESENTATION THEOREM 137

Proof. Let z € E'® F, M € OFIN(E"), N € OFIN(F), u € M ® N with z = (i}, @ i%)(u).
From the diagram

E ®, F —l=min(E F) £ oToqgk,
PR
M ®, N ——9%(E/°M, N) T
we get
A™R(J(2)) = A™(ik o T, 0 ¢5,) < A(T,) = au; M, N).
Since « is finitely-generated we obtain A™(J(2)) < a(z; E', F). O

A canonical argument shows that each mapping in 20™™ can be approximated (in the
norm of the ideal) by an element from 2 composed at both sides with finite-rank mappings.

Lemma 9.2.2. Let T € A™(E| F) with factorization T = S o ToR asin (9.1.1). Then,
there are sequences (R,), C F(E,G) and (S,), C F(H, F) such that S,oT o R, — T in
Amin(EF).

Proof. We can take (R,), C F(E,G) and (S,), C F(H,F) converging to R and S,
respectively, in the cb-norm. Then,

T—-S8,0ToR, = (Sn—S)OT\ORn—i-SOfO(R—Rn).
Now, a standard computation using the definition of the A™™ norm, yields the result. [

We are now ready to prove one of the main results of this chapter, which will allow us
to provide an o.s. structure for ™,

Theorem 9.2.3. Let (A, A) be a Banach mapping ideal associated to the finitely-generated
0.s. tensor norm a. Then for any E, F € OBAN the natural map

J: E'®uF — A™(E, F)
is a metric surjection (at the Banach space level).

Proof. Using Lemma we know that J is a contraction. Take R € F(E,G), T €
A(G,H)and S € F(H,F). If z € E'®Q F satisfies J(z) = SoT o R consider the factorization
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~)

where R and S are the canonical restrictions to their images. Thus, since M, N € OFIN,

a(z B F) = o((R ®ir)ory: B, F) < || ||aplizflevcr(zm,; M7, N)
= [|Rlcv A(T1) < [[Rllenl71 |co A (T[S e (9.2.2)
- HR”CbA(T)HSHCb

Now, let T € 2A™(E F). Given € > 0, find a factorization T' = S o T o R with
R e A(E,G), S € A(H,F) and ||R|wA(T)[|S|lr < (1 + &)A™"(T). By Lemma [9.2.2]
we know that there are sequences (R,)nen C F(E,G) and (S,)nen C F(H, F) such that

A~

IR, — Ry — 0, [|S, — S]|eb — 0 and thus S,, 0T o R,, converges to T in A™"(E, F). Now,
pick z, € ' ® F with J(z,) =S, 0T o R,. Then,

J(zn — 2m) = J(2n) — J(2m)
:SnOT\ORn—SmOfORm
:(Sn—Sm)OfOanLSmOfO(Rn—Rm)

By reasoning as in (9.2.2)) and using the triangle inequality we have
a(zy — 2m; E', F) < ||S, — SchbA<T\)”Ranb + Hsm”ch<T\)”Rn — Riplfen-
Therefore, (2, )nen is a Cauchy sequence in E'®.F with limit, say, 2. since .J is continuous,

J(z) = lim J(z,) = lim S, 0T o R,,

n—oo n—o0

where the limits are in A™"(E, F). We have checked above that the latter limit is in fact
T. In other words, given T' € A™"(E, F) we have found z € F'®,F such that J(z) =T



9.2. THE REPRESENTATION THEOREM 139

and, moreover, by (9.2.2) again
a(z; E' F) = lim a(z,; E', F)

n—00

~

< nlggo 1S llen A(T) || R || e
< A™NT) (1 +e).

This shows that the mapping J is a metric surjection (since we already knew that
7] <1). O

Using the previous theorem we can now provide an operator space structure for A™"(E, F).

Definition 9.2.4. Given a Banach mapping ideal (2, A), we endow A™"(E, F) with the
unique o.s. structure such that the natural map J becomes a complete quotient mapping.
Namely, given T € M, (A™"(E, F)), we define

AT = inf a,(z; B, F),
where the infimum runs all over z € M, (E'®@F) such that J,(2) = T.

With this structure we have obviously the following:

Theorem 9.2.5 (Representation Theorem for Minimal Mapping Ideals). Let (2, A) be a
Banach mapping ideal associated to the finitely-generated o.s. tensor norm «. Then for
any E, F € OBAN the natural operator

J: B'@aF — A" (E, F) (9.2.3)

is a complete quotient mapping. In particular, if M, N € OFIN then we have a complete
isometry A™ (M, N) = M'@,N.

Theorem 9.2.6. Let (A, A) be a Banach mapping ideal associated to the finitely-generated
0.s. tensor morm a. Then (A™®, A™1) js also a Banach mapping ideal associated to c.
Moreover, 2A™® s the smallest Banach mapping ideal associated to o.

Proof. To see that (™ A™n) is a mapping ideal, we first see that the identity map
Anin(F F) — CB(E, F) is a complete contraction. Consider the following commutative
diagram:

E'®yF —omin(E, F) (9.2.4)

|

E'&minF—~ CB(E, F),
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Now, by the Representation theorem for minimal mapping ideals we know that J is com-
plete quotient. On the other hand, the inclusion i is a complete isometry (see Remark
and the canonical mapping E'®.F — E'Q@mmF is a complete contraction. By simply fol-
lowing the diagram, this implies that the descending arrow 2™ (E, F) --» CB(E, F) is a
complete contraction.

Note that condition (b’) immediately follows from the last assertion of the previous
theorem: A™™ (M, N) = M'®,N.

Let us now focus on the ideal property. Consider T' € M, (A™*(E, F)), r € CB(Fy, F)
and s € CB(F, Fy). By the ideal property of A it is easy to see that s, o T o r lies in
M, (™" (Ey, Fy)). To bound the norm consider the following commutative diagram:

E'@yF —A™"(E, F) T (9.2.5)

]

E{@q o — A0 (Ey, Fy) soTor.
Since the horizontal arrows are complete quotients and the mapping
"' ®s: E®.F — E)@.Fy
has cb-norm bounded by ||s||cb||7||cb, it follows that
AP (s, 0T o1) < ||sll oy AZ(T) 7],

Appealing again to the complete isometry 2™ (M, N) = M'®,N, valid for M, N € OFIN,
we derive that the mapping ideal 2A™" is associated to a.

Finally, we show that ™" is the smallest Banach mapping ideal associated to . Since
for any Banach mapping ideal B we have B™" C B it is enough to see that if B is
also associated to a then ™ = B™in  Indeed, this is straightforward since we have the
complete quotients J : '@, F —» A™™(E, F) and J : E'®,F — B™*(E, F). ]

Now we present an operator space version of [23, Prop. 22.1].

Proposition 9.2.7. Let (A, A) be a Banach mapping ideal associated to the finitely-
generated o.s. tensor norm «. Then,

(1) AMn(M, N) = 2Am(M N) = A(M,N) = M’ ®, N holds completely isometrically for
every M, N € OFIN.

(2) lein max __ leax'
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(5)) leax min __ lein‘

(4) Given E,F € OBAN and T € M, (A™"(E, F)) there are Ty, € M,,(F(E, F)) such that
A™ (T, —T) — 0.

(5) Let B be a Banach mapping ideal. Suppose that for every M, N € OFIN we have that
the inclusion [|[A(M,N) < B(M,N)|a < c¢ then A™D C B™ gnd ||A™NE, F) <
BUYE F)||a, < ¢ for every E, F € OBAN.

Proof. (1), (2) and (3) follow directly from the Representation Theorems for maximal and
minimal ideals.

(4) This can easily be derived from Lemma [9.2.2]

(5) Let 8 be the finitely-generated o.s. tensor norm associated to B. The hypothesis
translates into || M'®@aN < M'@3N || < ¢ for every M, N € OFIN. Since both norms are
finitely-generated, this completely bounded inclusion can be extended to OBAN. Also, by
Proposition we know that Ama* C B™max Now, using (3), we have ™ C B™in, To
conclude, consider the following diagram

E'®.F —l& qmin( g, F) (9.2.6)

L :
\%

E'GsF —% gmin (B, F),
The result follows from the fact that .J, and Js are complete quotients and ||¢||c, < c. O

Definition 9.2.8. We say that a Banach mapping ideal (2(, A) is minimal whenever
(91’ A) — (mmin’Amin)'

We now provide some examples

(i) A = CB™™. Moreover, given E, F € OBAN we have the completely isometric iso-
morphism A(E, F') = E'@uinF.

Indeed, it is known that the canonical mapping i : E'®unF < CB(E, F) is com-
pletely isometric and by the Representation Theorem, J : E'®@yimF — CB™(E, F)
is a complete quotient. Then, the inclusion CB™"(E, ') < CB(E, F) has to be com-
pletely isometric. That means that the norm in CB™(E, F) is || - |l Since A is
contained in any Banach mapping ideal whose norm is the cb-norm, it should be A =
CB™". Also, J is a completely isometric isomorphism and so A(E, F) = E'®uinF.
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(i) N = Zmin,
Indeed, since Z ~ proj we have a complete quotient J : E'®ppoiF — IT™(E, F) C
CB(E, F) and this coincides with the definition of N'(E, F).

(iii) The ideal of completely right-p nuclear mappings A'? is minimal.

Indeed, it is clear from its definition that N? = (N?)™" because N? ~ d, and
JP E'®q F — NP(E,F) C CB(E, F) is a complete quotient.



Chapter 10

Completely projective/injective
operator space tensor norms

Keywords: completely projective tensor norms, completely injective tensor norms,
completely injective and projective hulls, local descriptions of injective and projective hulls

In this chapter we return to the abstract theory of o.s. tensor norms. In particular,
we study o.s. tensor norms which behave well with respect to complete injections or
projections. We know that the minimal o.s. tensor norm respects complete injections
[35, Prop. 8.1.5] whereas the projective o.s. tensor norm respects complete projections
[35, Prop. 7.1.7]. A well-known property of the Haagerup o.s. tensor norm is that it
respects both complete projections and injections [35, Prop. 9.2.5]. It should be noted
that this cannot happen in the Banach space/normed space framework as a consequence of
Grothendieck’s inequality [23, Prop. 20.20]. Based on the classical definitions, we consider
in this chapter two natural procedures on o.s. tensor norms: the completely injective hull
and the completely projective hull. Similar constructions were considered in [10].

10.1 Injectivity and Projectivity

We begin by recalling from Section the definitions of completely injective/projective
0.s. tensor norms.

Definition 10.1.1. An o.s. tensor norm a on ONORM is called completely right-injective
if for all £, F,G € ONORM and for all complete injections ¢ : F' < G the mapping

dpR1: EQ, F — F®,G

143
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is a complete injection and it is called completely right-projective if for all E, F,G €
ONORM and for all complete metric surjections g : G — F', and all spaces E the mapping

dp®q: FE®R,G— E®, F

is a complete metric surjection. Left versions are defined analogously, and we say that «
is completely injective (resp. completely projective) when it is both completely left- and

completely right-injective (resp. projective). Analogous definitions will be used for other
classes of spaces besides ONORM (OFIN, for example).

To provide some examples of these definitions, in [I8, Prop. 3.4] it is shown that
the Chevet-Saphar tensor norms d, are completely right-projective and the Chevet-Saphar
tensor norms g, are completely left-projective. Also, by [64, Prop. 6.1], the norm dy is
completely left-injective and gy is completely right-injective. It should also be mentioned
that, by [75, Prop. 6.2], any A-o.s. tensor norm is completely projective. For some
conditions implying that a A-o.s. tensor norm is completely injective, see [2, Prop. 1.2].

For M, N € OFIN, the complete isometry
M @y N = (M ®,N')
implies the following:

Remark 10.1.2. « is completely right-projective on OFIN if and only if o/ is completely
right-injective on OFIN.

In the Banach space world, the version of this relationship is valid not only in the
finite-dimensional case. Surprisingly, the situation is not the same in our framework: this
property cannot be extended into OBAN for general o.s. tensor norms as it will be shown
in Remark (c). This is an important difference between the classical and the non-
commutative theory of tensor norms. Namely, in OBAN, the fact that an o.s. tensor norm is
completely right-injective does not imply that its dual norm is completely right-projective.
Nevertheless, the converse is valid (see Corollary below).

Proposition 10.1.3. If a s finitely-generated and completely right-injective on OFIN then
a is completely right-injective on ONORM.

Proof. Let i : F — G be a complete injection and z € M,(E ® F). Since « is finitely-
generated, given € > 0, consider M € OFIN(E) and N € OFIN(G) such that

an((tdg ®i)n(2); M, N) < (1 + €)a,((idg ® i),(2); E, G).
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Given M € OFIN(E) and N € OFIN(F) such that z € Mn(]T/[/@) N) we have:

an (2 E, F) < an(z; M + M, N) = an((idg ® i)n(2); M + M, N + i(N))
= a,((idg ®1),(2); M, N) < (1 +¢€)on((idg ®i)n(2); E,G),

where equalities are due to the fact that o is completely right-injective on OFIN. This
concludes the proof since we always have «,((idg ® i),(2); E,G) < a,(z; E, F). O

As a consequence of Remark [10.1.2], Proposition [10.1.3| and the fact that o is finitely-
generated we have:

Corollary 10.1.4. If « is completely right-projective on OFIN then o’ is completely right-
ingective on ONORM.

As mentioned above, the reciprocal of the previous statement does not hold in general.
Nevertheless, under an additional hypothesis on the tensor norm we can actually get the

converse (see Proposition |11.1.1)).

Remark 10.1.5. It is clear from the definitions that if o and § are completely right-
injective o0.s. tensor norms then it is so aNB. Also, if o and 8 are completely right-projective
0.8. tensor norms then « + 3 is completely right-projective too.

On the other hand, the intersection procedure does not preserve projectivity and the
sum does not preserve injectivity. We have already commented in Example that
[53, p. 279] proves that h + h' is not completely injective, but in fact it shows that it is
not right-injective. Specifically, what is shown is that there exists a completely isometric
embedding i : £ — F between finite-dimensional operator spaces, and a tensor u € ' Q F
such that

(h+1")((Idp ® i)u; E', F) < (h+ h')(w; E', E).

As a consequence, due to Corollary [10.1.4] and Proposition [5.1.3] h N A could not be
completely right-projective.

10.2 Completely injective hulls

As in the Banach space setting we will now describe an analogous theory for the injective
hulls of a given o.s. tensor norm.

Theorem 10.2.1. Let « be an o.s. tensor norm on ONORM. Then there is a unique
completely right-injective o.s. tensor norm o\ on ONORM such that § < a\ for all
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completely right-injective o.s. tensor norms < a. For all normed operator spaces E and
F CB(H),
E®n F — E®,B(H)

15 a complete isometry.

Proof. Suppose that we have two completely isometric embeddings i; : F' — B(H,), j = 1,2
and define operator space structures o; on £ ® F' induced by

2dE®Z]E®F—>E®QB(H])

By the injectivity of B(H;), there exist completely bounded contractions Ry : B(H;) —
B(Hy) and Ry : B(Hy) — B(H;) such that iy = Ry 0oiy and iy = Ry o4;. The map
(1dg® Ry) o (idg ®11) shows that the identity £ ®,, F — E®,, F' is completely contractive,
and analogously so is £ ®,, F' — E ®,, F. Therefore, there is no ambiguity if we define a/\
on EF® I to be the operator space structure on £F'® F' induced by the particular embedding

E®F — E®,B(H).
From the injectivity of min, the fact that min < a and the diagram
E®y\ F——FE®,B(H)
|
E ®min F > E ®min B(H)
it follows that min < «/\. Similarly, from « < proj and
B @proj F—— B @prey B(H)
J
E®@y\ F——FE®,B(H)

it follows that a’\ < proj. Thus, it is clear that a/\ is a reasonable operator space cross-norm.

It is not hard to see that a\ has the complete metric mapping property. Let S €
CB(E1, E;) and T' € CB(F1, F,) and consider completely isometric embeddings F; C
B(K;). By the injectivity of B(H), there exists a completely bounded map T: B(K,) —
B(K>) such that |7l = T, and

B(K,) —L~ B(K>)

o, ]

£y Fy
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commutes. After tensorizing,

Ey ®, B(K7) LN Ey ®4 B(K>)

T |

E1 ®a\ F1 et Ey ®a\ Fo

from where we clearly see that, by the complete metric mapping property of «,
HS ® T: El ®a\ Fl — E2 ®oz\ FQch S ”SHCb ||T“cb .

Suppose that i : F — G and i¢ : G — B(H) are complete injections. Since we had
already shown that «\ does not depend on the particular embedding into a B(H) and
igoti: F — B(H) is a complete injection we have, for any n € N and z € M, (F ® F),

a\n((idg ®1),(2); E,G) < a\n(z; E, F) = a,((idg ® ig 01),(2); E, B(H))
= a\,((idp ®1),(2); E,G),
showing that o\ is completely-right injective.
Finally, if 8 is a completely right-injective o.s. tensor norm dominated by a then the

diagram
E Q@ F'——FE ®, B(H)

|

;
E®s F——FE ®3B(H)
shows 8 < a\. O

Lemma 10.2.2. Let o be a finitely-generated o.s. tensor norm then o\ is also finitely-
generated.

Proof. Let E and F' in ONORM and z € M, (F ® F'). By the definition of the o.s. tensor
norm «\ if F C B(H) we have

Since « is finitely-generated, given & > 0 there are M € OFIN(E) and N € OFIN(B(H))
such that

~ o~

an(z; M,N) < (14+¢)a,(2; E,B(H)).
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Now, given M € OFIN(E) and N € OFIN(F) such that z € M ® N we have that

(a\)n(z; (M + M), N) = (a\)n(2; (M + M), (N + N))
< ap(z; (M + M), (N + N)) < a(z; M, N)
<(I+e)an(z; E,B(H)) = (1+¢e)(a\)n(z; E, F).

This concludes the proof. O

Definition 10.2.3. The o.s. tensor norm «\ given in Theorem [10.2.1is called the com-
pletely right-injective hull of . One can define analogously the completely left-injective
hull of «, denoted /a, and the completely injective hull

ja\ = (fa)\ = /(a)).

Note that there is no ambiguity in the previous equality since (/a)\ = /(a\). Indeed,
let E,F € ONORM and suppose that £ C B(Hg) and F C B(Hp); by Theorem
and its left version, the o.s. tensor norms (/«a)\ and /(«\) can be computed on £ ® F'
through the complete isometry

ERQF — B(HE) Ra B(HF)

10.3 Completely projective hulls

Now it is time to describe the completely projective hulls of a given o.s. tensor norm. To do
this we need some preliminary results that will be useful later. Let us start by proving an
operator space version of the perturbation step in the proof of [23] Lem. 20.2.(2)] without
appealing to local reflexivity. The proof is inspired by [65, Lem. 2.13.2].

Lemma 10.3.1. Let F € ONORM, and let F be its completion. Given N € OFIN(F)
and € > 0, there exists a linear map R : N — F with |R|,, <14 ¢ and Ry =y for all
ye FNN.

Proof. Let (r;,2%)7., be a biorthogonal system for the space N, that is, a basis x1,..., 7,

of N and functionals 2}, ..., 2], € N’ satisfying ) (z,;) = 0x; (we don’t assume anything

about their norms). Without loss of generality, we may suppose that {z; ;”:01 is a basis for
FNN (withmg=0if FNN = {0}). For 1 < j < my, let y; = x;, and for mo+1 < j < m,
choose y; € I' close enough to z; so that

m

Z HZB;” |z; =yl <e.

j=mo+1
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Define R: N — F asy — »." | #(y)y;. Since the identity map I : N — F can be written
as y > y oo, ¥(y)xy, it is clear that Ry =y for ally € F'N N, and

m

1Rl < Mlley + D (|25 ey =5l < 1+e.

j=mo+1
This concludes the proof. O

Let us state an important Quotient lemma regarding metric surjections from the classi-
cal theory [23, Lem. 7.4]. This can be translated to the operator space setting canonically
adapting the proof (note that part of the argument is explained in the proof of Proposi-
tion [2.2.4] (i27)). Its statement is the following:

Lemma 10.3.2. Let E, F € ONORM, Ey C E a dense subspace, ¢ € CB(E, F) a surjective
mapping and consider qy = q|g, : Eo — q(Ey) its restriction. Then, qo is a complete metric
surjection if and only if ker gy = ker g and q is a complete metric surjection.

Another ingredient needed for the construction of the completely projective hull is the
following concept of right-finite hull of an o.s. tensor norm:

Definition 10.3.3. Given normed operator spaces E and F', an o0.s. tensor norm « on
OFIN and u € M,,(E ® F), the right-finite hull of « is given by

o, (u; B, F) = inf {a,(u; E, Fy): Fy € OFIN(F),u € M,(E ® Fy)}.

It is clear that o is an o.s. tensor norm and o < o < .
We are now ready to present the operator space version of [23, Lem. 20.2]:

Lemma 10.3.4. Let a be an o.s. tensor norm on ONORM.
(a) If a is completely right-projective on ONORM x OBAN then o = = on ONORM x OBAN.

(b) If « = a” on ONORM x OBAN then a = o™ on ONORM x ONORM and for all
E.F € ONORM with F' the completion of F, the following canonical embedding is a
complete 1sometry:

E@yF — FE®,F.

(c) If a is completely right-projective on ONORM x OBAN then it is completely right-
projective on ONORM x ONORM.
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Proof. (a) For G € OBAN, by the construction mentioned in Section there is a
complete metric surjection qg : Zg — G. Since Zg is an {1 sum of finite dimensional spaces
it is clear that it has the completely metric approximation property. By the Approximation
Lemma [£.1.T], for every normed operator space E we have that « = o™ on E ® Zg.

Hence, for z € M,,(E ® G) and € > 0 there exist N € OFIN(Zg) and v € E ® N such
that Idg ® go(u) = z and

an(u; E;N) < (1+¢)an(z; E,G).
Therefore,
on(2 B, G) < 077 (5, G) < (2 B, qa(N)) < an(u; E,N) < (1+ ) (2 E, G).

(b) Let z € M,,(E ® F). By the metric mapping property, a;’(z; B, F) < ;' (2 E, F).
For ¢ > 0 let N € OFIN(F) with z € M,(F ® N) such that a,(z;E,N) < (1 +
e)a; (z; E,F). By Lemma there is a completely bounded linear map R : N — F
with ||R||e, < 14+ and Ry =y for ally € FNN. Note that z € M,(E® (FNN)) because
each entry of the matrix can be seen as an operator from E’ to F' and also from E’ to N.
Thus, we have (Idg ® R),(2) =z € M,,(E ® R(N)). Consequently,

;) (2 E,F) < a,,(Idg @ R)n(2); B, R(N)) < (14 €)ay,(2; E,N) < (1 +¢)*a;,) (z; E, F).

(c) Let E, F,G € ONORM and ¢ : F' — G a complete metric surjection. By Lemma|10.3.2
the completion ¢ : F' — G is also a complete metric surjection with ker ¢ = ker g. We know
from (a) and (b) that the following embeddings are complete isometries:

E@,F—FE®,F and FE®,G—FE®,G,

50, Idg ® (E®4 F) = E®,G. Now, our assumption is that Idp®¢: E®,F = E®,G is
a complete metric surjection. Thus, applying again Lemma [10.3.2, in order to obtain that
ldp ® q : E®q F — E ®, G is a complete metric surjection we just need to check that

ker(Idg ® q) C ker(Idg ® q) (where the closure is considered inside E ®,, F). Indeed, this
is true because

ker(ldg ® ) = EQ@kerg= E®kerq C F® kerq = ker(Idg ® q).
[l

Remark 10.3.5. Observe that, using the previous lemma, if o is completely right-projective
on ONORM then it is finitely-generated from the right, i.e., a = a™.
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Theorem 10.3.6. Let o be an o.s. tensor norm on ONORM. Then there is a unique
completely right-projective o.s. tensor norm af on ONORM such that f > «/ for all
completely right-projective o.s. tensor norms > a.

For E € ONORM and F € OBAN, if Zy is a completely projective Banach operator
space and q : Zy — F' is a complete metric surjection, then

E®yZy— E®qy F
is a complete metric surjection.

We recall that, given a complete operator space E/, the completely projective space Zg
introduced in Section is locally reflexive (as mentioned at the end of Section [1.5.1)).
With this property at hand we can now prove Theorem [10.3.6{

Proof of Theorem [10.3.6. Let FF € OBAN. Suppose that we have two complete quotients
qj + Z4; — F, 7 = 1,2 where the spaces Z; are completely projective operator spaces, and
suppose that we have operator space structures o; on £ ® F' making

idp ®q;: E @y Z; — E @y, F

into complete quotients. Fix ¢ > 0. By the projectivity of Z;, there exist operators
Ll : Zl — ZQ and L2 : Zz — Zl such that ||L7'||Cb < 1l+4c¢ satisfying g2 © L1 = q1
and q; o Ly = ¢o. Observe that by the metric mapping property of «, idg ® L1 : F ®,
Z1 - E®,Zy and idp @ Ly : E ®, Zo — F ®, Z; have cb-norm at most 1 + . Since
idp ® q; : E®q Z; — E ®q, F is a complete quotient, it follows from [65, Prop. 2.4.1] that
the identity mappings £ ®,, F' = E ®,, F' and F ®,, ' = F ®,, I’ have cb-norm at most
1+ ¢. Letting ¢ — 0, we conclude that £ ®,, F' and F ®,, F' are canonically completely
isometric. Therefore, there is no ambiguity if we define o/ on F ® F' to be the operator
space structure on £ ® F' induced by the particular quotient

E®yZp — E®q) F

where Z is the projective space introduced in Section [1.1.3]
From the projectivity of proj, the fact that o < proj and the diagram

E ®pr0j Zp—=FL ®pr0j F

v
E®qZp—E®qy F

together with [65, Prop. 2.4.1] it follows that a/ < proj.
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Similarly, from the inequality min < « and the diagram

E®q Zp —=E®y F

|

E ®min ZF — b ®min F

it follows that min < «/. Therefore, a/ is a reasonable operator space cross-norm.

Let us now show that that a/ has the complete metric mapping property. Let S €
CB(E4, Es) and T € CB(F}, F3) and consider complete quotients Z; — F; with the spaces
Z; belng completely pl"OJeCthG Therefore, given € > 0 there exists a completely bounded

map T : Zy — Zy such that |T|e, < (1+¢) |7 -, and such that the diagram

z, L. 7,

L,

F——F,
commutes. After tensorizing, we obtain

By ®y 23 ﬁ>E2 Qo L2

| |

E1 ®ay F1 ﬂf& Rqy Fo

from where we clearly see, appealing to the complete metric mapping property of «, that

HS@T El ®o¢/ Fl _>E2 ®o¢/ F2|| 1+€> ||S||cb||T||cb

cb—

Letting ¢ — 0 yields the complete metric mapping property of «/.

Now, let G € OBAN and suppose that ¢ : F' — G is a complete quotient. If g : Zp - F
is the standard complete quotient, observe that the composition qo qr : Zp — G is also a
complete quotient. For z € M, (E ® G), by what was shown at the beginning of the proof
we have

a/n(z E,G) =inf {a,(w; E, Zr) : (qoqr)aw = 2}
= inf {an(w; E,Zr) : (qr)nw = u, g u = z}
= inf { inf{o,(w; E, ZF) : (qr)yw =u} : gu =z}
=inf{a/p(u; E, F) : gu=z}.
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That is, idp®q : E®y/ F — E®,/ G is a complete quotient and therefore o/ is completely
right-projective in ONORM x OBAN.

According to Lemma[10.3.4] (a) we know that the norm «/ is finitely-generated from the
right in ONORM x OBAN. Thus, by Lemma [10.3.4] (b) and (c) this norm can be extended
to ONORM x ONORM and this extension is completely right-projective on ONORM.
Moreover, by definition o < a/ on ONORM x OFIN, which implies that

a<a’ <(af)” =af.

Finally, let S be any completely right-projective norm that dominates . Then, o/ <
in ONORM x OFIN by definition. Remark [10.3.5| says that § = 87 on ONORM then, by

Lemma (a), we have
af =(af)7 <57 =5

]

Lemma 10.3.7. If « be a finitely-generated o.s. tensor norm in ONORM, then a/ is also
finitely-generated.

Proof. Let z € M,,(E® F). By Lemma[10.3.4| we know that «/ is finitely-generated on the
right. Then, for a given € > 0 there is a subspace N € OFIN(F) satisfying

(@/)n(2 E,N) < (1 +e)(a))n(2; E, F).

Since N is finite dimensional it is complete. Hence, there is a completely projective Banach
operator space Zy such that

Z‘dE®qNZE®aZN—»E®a/N

is a complete quotient. Then there is an element w € M, (EF® Zy) with (idp @ qn)n(w) = 2
and
an(w; E, Zy) < (14+¢)(a/)n(z; E, N).

Now, due to a being finitely-generated there exists M € OFIN(FE) such that
an(w; M, Zn) < (1 +e)an(w; E, Zy).
Note that idy ® gy : E®q Zy = E ®4/ N has norm one and (idy ® gy )n(w) = 2, therefore

() n(z; M,N) < ap(w; M, Zy) < (1 +)*an(2; E, F).
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The following lemma will be useful for our purposes. The norm \« is defined similarly
as «/ with the obvious changes of spaces.

Lemma 10.3.8. Let a be an o.s. tensor norm finitely-generated from the right then \« is
finitely-generated.

Proof. Let E,F € ONORM and z € M,(F ® F). By the left version of Remark |10.3.5
we know that \« is finitely-generated from the left. Then, given € > 0 there exists M €
OFIN(E) such that z € M, (M ® F) and

(\)n(z M, F) < (1+e)(\a)u(z; B, F).

Applying the left version of Theorem [10.3.6| (and using that M € OFIN € OBAN) we have
that there exists u € M, (Zy ® F) satistying (qu ® idp),(u) = z and

an(u; Zar, F) < (14 e)(\a)n(z; M, F).

Since « is finitely-generated from the right, there is a space N € OFIN(F') such that
u € M,(Zy ® N) and
an(u; Zar, N) < (14 €)an(u; Zag, F).
The mapping
qu @idy 2 Zy ®q N — M @\ N

satisfies (qy ® idy)n(u) = z. This implies that z € M, (M ® N) and
(\a)n(za M7 N) < Oén(U, ZM7 N>7
which completes the proof. O

Remark 10.3.9. All the previous results about completely right-injective and completely
right-projective o.s. tensor norms have left versions with analogous proofs. Specifically,
there are valid left statements of Remark [10.1.2] Proposition [I0.1.3] Corollary [10.1.4] The-
orem [10.2.1, Lemma [10.2.2] Also, after deﬁmng the left-finite hull of an o.s. tensor norm,
there are left adaptations of Lemma[10.3.4] Remark [10.3.5, Theorem [10.3.6] Lemma [10.3.7]
and Lemma [10.3.8

Definition 10.3.10. The o.s. tensor norm «/ given in Theorem [10.3.6|is called the com-
pletely right-projective hull of a. One can define analogously the completely left-projective
hull of «, denoted \« , and the completely projective hull

\a/ = (\a)/ =\(a/).
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Note that there is no ambiguity in the previous equality since \(«/) and (\«)/ are
equal. Indeed, let E, F € OBAN and Zg and Zp completely projective operator spaces
such that

g : Zp — F and qp:Zp —> F

are complete quotients then we known that both norms (\«))/ and \(a/) coincide on E® F'
and can be computed through the complete quotient

QE®QF5ZE®aZF—»E®\a/F.

Using Remark we know that o/ is finitely-generated from the right and therefore,
by Lemma [10.3.8] the o.s. tensor norm \(«/) is finitely-generated. The same argument
can be used to prove that (\«)/ is finitely-generated. Since both norms \(«/) and (\«)/
coincide on OBAN and they are finitely-generated, they must be equal on ONORM.

The operator space Si(H) is not completely projective [9], but with respect to com-
pletely right- (or left-) projective hulls of a finitely-generated o.s. tensor norm it behaves
as if it was. The reason behind this is the fact that Sy(H) is an .71, space (see
Section [L.1.1)): each finite-dimensional subspace of Si(H) is contained in a larger finite-
dimensional subspace which is “almost a copy” of S¥ for some k:

Proposition 10.3.11. [3/, Prop. 5.3] Given M € OFIN(S\(H)) and € > 0 there ezist a
subspace M € OFIN(Sy(H)), a number k € N and a complete isomorphism T : M — S¥
such that M D M, | T||a < 1+¢€ and |T7 o < 1 +e.

Now we can state and prove the result mentioned above.

Proposition 10.3.12. Let « be a finitely-generated o.s. tensor norm and let E € ONORM.
Then,
E®a81(H):E®a/ Sl(H) and Sl(H) ®aE251(H) ®\aE.

Proof. Since o« < «/ in order to prove the first identity (the other is obtained by trans-
position) we have just to show for any z € M, (F ® Si(H)) that (a/).(z; E,S1(H)) <
an(z; E,S1(H)). Given € > 0 there is M € OFIN(S,(H)) satistying z € M, (F ® M) and

an(z; B, M) < (1 +¢)ay(z; E,S1(H)). (10.3.1)

By Proposition |10.3.11| there are a finite-dimensional space M>M , a number k£ € N and
a complete isomorphism 7' : M — S¥ such that ||T||, < 1+¢ and ||T7!||a, < 1+¢. Then

an((id @ T)n(2); B, S¥) < (14 €)an(z; E, M) < (1+¢e)an(z E,M). (10.3.2)
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Now, applying 7! and using that S¥ is completely projective we have

(@) )z B, M) < (14 &) ((id @ T)y(2): E, S¥). (10.3.3)

—~

Finally, since (a/)n(z; E,S1(H)) < (a/)n(z; E, M) compounding the identities (10.3.1)),
(10.3.2) and ((10.3.3|) we arrive to

(a/)nlz B, S1(H)) < (1+e)’an(z; B, S1(H)),

which concludes the proof. O

As a consequence of the previous result we present the following operator space version
of a classical Banach space identity.

Example 10.3.13. do, = min /.

Indeed, since both norms are finitely-generated (by Proposition and Lemma
it is enough to prove that M ®4,, N = M ®un /N for every M, N € OFIN. Using that every
separable operator space is completely isometric to a quotient of Sy [65, Cor. 2.12.3] and
that both d, and min / are completely right-projective, we know that there is a complete
quotient g : S; — N which produces two other complete quotients

id®@q: Mg, St — M®q, N and 1d®q: M Qumins S1 = M Qmin/ N.

Hence, the result is obtained once we prove M ®g4,, S1 = M ®yn /S for every M € OFIN.
This is certainly true because M ®4__ S1 = M ®min S1 by Theorem and M ®pin/ S1 =

M ®mmin S1 (by Proposition |10.3.12]).

Another consequence of Propositions|10.3.11{and [10.3.12]is the following statement that
will be useful later. The proof is obtained proceeding as in Example [10.3.13| along with
Proposition [10.3.12]

Corollary 10.3.14. Let E, FF € ONORM with F' separable and let « be a finitely-generated
0.s. tensor norm. If z € M,(E ®q) F) and € > 0 there exist a number k, a mapping
R:S¥ — F and a matriz u € M,,(E ®, SY) such that (id® R),(u) = z, |R||a, < 1+¢ and

an(u; B, SY) < (1 +¢)(a))n(z; E, F).
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10.4 Local description of injective/projective hulls

A key result in the Banach space framework offers a straightforward criterion for determin-
ing whether a tensor norm [ is the projective or injective associate of a given tensor norm
a. Specifically:

Proposition 10.4.1. [23, Prop. 20.9] Let o and (3 be tensor norms.

(1) If B is right-projective, then the following statements are equivalent:

(a) B=a/

(b) For every normed space E and every n € N
E®pl] =E ®, 07 isometrically.

(2) If B is right-injective, then the following statements are equivalent:

(a) 5= a\

(b) For every normed space E and every n € N
E®sl, =FE®.l,, isometrically.

The statement in part (1) of the previous proposition extends canonically to the non-
commutative context (with S7' in the place of /1), see Proposition below. However,
an analogous result in full generality for part (2) (clearly, with M, in the place of (7)) is
unattainable, as shown in Example [10.4.3] Indeed, this example explicitly provides two
0.s. tensor norms, o and [, with # being completely right-injective, such that for every
operator space I and every n € N, the equality £ ®3 M,, = F ®, M, holds completely
isometrically, although 5 # a\. While for a Banach space specialist at first glance it may
seem counterintuitive that the theory cannot be fully transferred, the reason behind this
difference is not a complete surprise from the operator space point of view: exactness.
Indeed, the issue arises because the proof of part (2) relies on the fact that, in the Banach
space setting, the injective hull is realized by embedding into an ¢, (I) space, which is an
L1+ space (i.e., for every ¢ > 0, any finite-dimensional subspace of ¢, () is contained
in a larger subspace that is 1 4 ¢ isomorphic to an ¢ ). This allows the use of the £,
local Technique Lemma. In contrast, the argument does not carry over into the operator
space setting. While we have a local Technique Lemma (Lemma , it only applies
to 0.7, ¢ spaces (see definition in Section . Notably, 0.+ ¢ spaces are clearly
exact (see definition in Section . Since in the operator space setting, the completely
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injective hull is given by embedding into a B(H) space, and B(H) is not exact when H
is infinite-dimensional, the Banach space proof cannot be adapted to the operator space
setting.

Nevertheless, as expected, a more modest result analogous to Proposition (2)
can be obtained within our framework if we restrict its applicability to the class of 0.7 ¢

spaces (see Proposition |10.4.4] below).
Let us begin with the non-commutative counterpart of Proposition [10.4.1] (1).

Proposition 10.4.2. Let a and 8 be o.s. tensor norms with 3 completely right-projective.
The following are equivalent:

(a) B=af.

(b) For every operator space E and everyn € N, E ®5 S} = E ®, ST completely isomet-
rically.

Proof. That (a) implies (b) is clear from Theorem and the fact that ST is completely
projective.

Now, suppose that (b) holds. Since both o.s. tensor norms [ and «/ are completely
right-projective, by Remark they are finitely generated from the right. So, in order
to prove (a) it suffices to show that these o.s. tensor norms coincide on E ® F for any
E € ONORM and F € OFIN. To this end, consider a complete quotient g : S; — F.
The induced mappings

idE®a/quE®a/Sl—>E®a/F and idE®@qFZE®551—>E®5F

are complete quotients by the right-projectivity of the norms.

Now, if we establish that £ ®3 51 = E ®,/ S1 completely isometrically, we would
conclude that f = a/ on F ® F finishing the proof. For that, given the hypothesis and
the fact that S7" is completely projective, together with Theorem we obtain that for
every n,

E®gS] =FE®q ST

completely isometrically. The assertion then follows from Lemma m (and the last sen-
tence of Remark [4.5.2) since S; is an 0.7 14 space, as mentioned in Proposition [10.3.11]
O

The following example shows that we cannot expect to have an analogous version of
Proposition [10.4.1 (2) in the operator space setting.
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Example 10.4.3. There exist two o.s. tensor norms, o and 3, with [ being completely
right-injective, such that for every operator space E and every n € N, the equality £ ®3
M, = E ®, M,, holds completely isometrically, although B # a/\.

Proof. Let o := \min and 3 := (¢//)'. First, observe that by Corollary [10.1.4] 3 is
completely right-injective. Additionally, both o.s. tensor norms are finitely-generated: for
«, this follows from Lemma/10.3.8] and for 3, this is straightforward since it is a dual tensor
norm.

To verify that for every operator space E and every n € N, the equality £ ®3 M,, =
E ®, M, holds completely isometrically, it suffices to check it for every £ € OFIN and
every n € N. Indeed, for any fixed finite-dimensional operator space E and any fixed n,
the following complete isometries hold:

E ®5 My = E @y My = (E' Qu 57)' = (E' @ 87)' = E Qa My,

Nevertheless,  # «\. To see this, first note that o’/ is finitely-generated by Lemma(10.3.7]
and is therefore equal to 3. If § were equal to o\, then by taking duals, ' = o’/ would
coincide with (a/\)’. However, this is not the case, as shown in Remark|12.1.5((b) below. [

We now consider a (more limited) version of Proposition [10.4.1| (2) within our frame-
work.

Proposition 10.4.4. Let o and 3 be operator space tensor norms, with 3 completely right-
injective. If E®p M, = E ®, M, for alln € N, then for any 0.7« ¢ space F, the spaces
E®s F and E @\ F are completely isomorphic. Namely, C~'8 < a\ < Cp on EQ F.

Proof. Since both o.s. tensor norms  and «\ are completely right-injective, they are
obviously also right-finitely-generated (i.e., they coincide with their right-finite hulls).
Therefore, the result follows from Lemma taking into account the comments of Re-
mark [4.5.2 O
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Chapter 11

Injective/projective hulls and
accessibility

Keywords: accessibility and duality, accessibility and mapping procedures, accessibility of
mapping ideals

In Corollary we have shown that the dual of a completely right-projective (com-
pletely left-projective) o.s. tensor norm is completely right-injective (completely left-
injective). In the Banach space setting the reciprocal is valid but in the operator space
context this is no longer true (see Remark below). Note that all known proofs of this
fact for Banach space tensor norms use elements of the theory mentioned in Section [I.5

Hence, in order to produce a result relating completely injective/projective hulls with
duality we have to appeal for an extra hypothesis of accessibility.

11.1 The impact of acccessibility

Even if previously we presented in detail results about right hulls and obtain by analogy
the left statements, now, to see the other side of the moon, we chose to proceed first with
left hulls and to derive by similarity the right versions.

Proposition 11.1.1. Let o be a finitely-generated o.s. tensor norm.
(a) If a is left-accessible then (\/) = /a and (/o) = \/'.

(b) If v is right-accessible then (o)) = a\ and (a\) = o'/.

(c) If v is totally accessible then (\&'/) = /a\ and (/a\) = \d/'/.

161
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Proof. We will only prove (a) since (b) and (c) follow analogously. To see the first identity, it

suffices to check it in OFIN since both norms are finitely-generated. Indeed, the norm (\a/)’

is finitely-generated since it is a dual norm and /« is so by the left version of Lemma .
Let M and N be finite dimensional operator spaces. We have to see that

(M @\o N') = M' @4 N. (11.1.1)
To check (11.1.1) we consider the following diagram

(4)

(M ®\a’ N/),( (ZM ®\a’ N,)/ )

(™) (B)

M’ ®/a N;)ZJ,\/[ ®/aN (g) Z],\/[ Qa N&) (ZM Qo N/),

Note that the arrow (A) is completely isometric because it is the transpose of the
complete quotient given by

YAY: ®\a/ N’ M®\a/ N'.
Equalities in (B) and (C') hold since Zj; is completely projective and Z}, is completely
injective [65, Cor. 24.6], respectively. The mapping (D) is a complete isometry by the
Duality Theorem (recall that Z; is locally reflexive) and the equality a = o in
Z; @ N which holds since « is left-accessible. Therefore, the mapping (#) is a completely
isometric isomorphism.

The second identity of (a) follows by taking adjoints and using that, by the left version
of Lemma[10.3.7, \’ is finitely-generated. O

Remark 11.1.2. Looking at the bottom line of the previous commutative diagram, we
have that if a is a left-accessible finitely-generated o.s. tensor norm and M and N are
finite dimensional operator spaces then we have the following complete isometry:

M ®ja N = (Zy @0 N')'.
Similarly, we have for « right-accessible and finitely-generated:
M’ ®o¢\ N — (M R ZN/)I.

Example 11.1.3. Since proj is left- and right-accessible and finitely-generated, Proposi-
tion (1111 tells us that

(\min)" = /proj and (min/)" = proj\.
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It would be interesting to know whether the equality (\ min /)" = /proj\ holds. This
can not be easily derived from Proposition (a) since we do not know if proj\ is
left-accessible, or from Proposition (¢) since we know that proj is not totally acces-
sible. Later, in Remark we will see that these two norms, (\ min /)" and /proj\ are
equivalent at the Banach space level. The question about if they are equal (or, at least,
equivalent) as o0.s. tensor norms remains open.

11.2 Accessibility and mapping procedures

As we have seen, accessibility is related with the duality between injective and projective
hulls of 0.s. tensor norms. This property also appears when describing the associated norms

of surjective and injective hulls of mapping ideals (see Theorem [11.2.3| below). First, we
need the following lemma.

Lemma 11.2.1. Let (A, A) be a mapping ideal.

(a) If B is a finitely-generated o.s. tensor norm associated to A™ then [ is completely
left-injective.

(b) If B is a finitely-generated o.s. tensor morm associated associated to A™ then [ is
completely right-injective.

Proof. (a) We suppose first that E;, Es, F' are finite dimensional and i : E; — FEs is a
complete isometry. Then,

By ®5 F =A™ (B, F)
By ®5 F = A (ES, F).

Through these identifications the mapping i ® idr : 1 ®p F' — Ey ®g F' looks like

W(EF) — A (B, F)
T—Toi.

Since 2" is surjective and ¢ : E} — E] is a complete quotient mapping, we have
AM(T) = A3 (T od') for all T € M, (A (E], F)), which concludes the proof in the finite
dimensional case.

Now, the conclusion follows due to the left version of Proposition [10.1.3]
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(b) As in the previous item, we begin by assuming that E, F, F;, are finite dimensional
operator spaces and ¢ : F| — Fj is a complete isometry. Then,

E®s Fy =AM (E' F)
E®p By =AM (E ).
Through these identifications the mapping idg ® ¢ : E ®p I} = E ®g I» looks like
AMN(E | F) — AN(E'| F)
Tr——110T.

Now, the equality AN(T) = AM(j, o T) for all T € M, (AW (E’, F})) concludes the
proof in the finite dimensional case. As in the previous item the case for arbitrary operator
spaces follows from Proposition [10.1.3] n

Remark 11.2.2. Let «, 3,7 be finitely-generated o.s. tensor norms associated to the
mapping ideals A, A" and A™ respectively. By the previous lemma we have

f</a and v<a\. (11.2.1)

Theorem 11.2.3. Let (A, A) be a mapping ideal and « its associated finitely-generated
0.8. tensor norm.

(a) If v is left-accessible then the o.s. tensor norm [« is associated to AS™.
(b) If v is right-accessible then the o.s. tensor norm «a\ is associated to A™.

Proof. (a) Suppose first that 2 is a maximal mapping ideal and let M, N be finite-
dimensional operator spaces. Let qy : Zy — M be the canonical complete quotient
mapping. Then, for every T' € M, (A" (M, N)) we have

ASN(T) = An(T 0 qu) = |IT © qullanzusnryy = (fe)n(T; M, N),

where the second equality follows from the Representation Theorem and the third
comes from Remark [11.1.2] Therefore, we have the complete isometry

A (M, N) = M’ ®) N.

In particular, /« is the associate o.s. tensor norm of 2.
Now, let 2 be an arbitrary mapping ideal. Note that if 2% ~ a then A™* ~ « and thus,
by the first part of the proof (A™**)™ ~ /.
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The inclusion 26 C A™** (in the o.s. setting) implies A% C (A™**)s" " Denoting by S
the finitely-generated o.s. tensor norm associated to A" we derive that

Ja < B. (11.2.2)

Now the equality follows by Remark [11.2.2]
(b) Suppose first that 2 is a maximal mapping ideal and let M, N be finite-dimensional

operator spaces. Let gy : Zn — N’ be the canonical complete quotient mapping. Then,
for every T' € M, (2A™ (M, N)) we have

A(T) = An((gv)n 0 T) = (g )n © Tllas, (e zyiyy = (@\)n(T5 M, N),

where the second equality follows from the Representation Theorem [8.2.3] and the third
comes from Remark [11.1.2] Therefore, we have the complete isometry

A (M, N) = M' @ N.

In particular, o\ is an o.s. tensor norm associated to ™.
The proof for an arbitrary mapping ideal 2 runs as in the previous item. O]

11.3 Accessibility of mapping ideals

Now we study the relation between accessibility of a tensor norm with some properties
of its associated mapping ideal. As it is our habit in the operator space framework, we
consider local reflexivity versions of the definitions.

Definition 11.3.1. A mapping ideal (A, A) is called right-accessible (locally right-accessible)
if for all M € OFIN, F' € OBAN (F' € OLOC), n € N, T' € M,(CB(M, F)) and ¢ > 0
there are N € OFIN(F) and S € M,(CB(M, N)) such that A, (S) < (1 +¢)A,(T) and
the following diagram commutes

(A, A) is called left-accessible (locally left-accessible) if for all E € OBAN (E € OLOC),
N € OFIN, n e N, T € M,,(CB(E,N)) and ¢ > 0, there exist L € OCOFIN(E) and S €
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M, (CB(E/L,N)) such that A,(S) < (14 ¢)A,(T) and the following diagram commutes

M, (E) —X—~ M,(N)

M, (E/L)

A mapping ideal which is both left and right-accessible (locally left- and locally right-
accessible) is called accessible (locally accessible). Moreover, (2, A) is called totally acces-
sible (locally totally accessible) if for every matrix of finite-rank operators T : M, (E) —
M, (F) between complete operator spaces (complete locally reflexive operator spaces) and
e > 0, there are L € OCOFIN(E), N € OFIN(F) and S € M,(CB(E/L,N)) such that
A,(S) < (1+4¢)A,(T) and the following diagram commutes

M, (E) —~ M, (F)
(qf)nl T(iﬁ)n
Mn(E/L) 5 Mn<N)

The necessity of these local versions of the accessibility definitions is justified by Ex-
ample [11.3.6 (2), where we show that the mapping ideal Z is locally left-accessible but not
left-accessible.

Remark 11.3.2. It is clear that every completely injective mapping ideal is right-accessible,
and every completely projective mapping ideal is left-accessible. Assume T' : M, (E) —
M, (F) is a matrix of finite-rank operators. Let im(7) denote the span of the union
of the spaces (Ti;(F))};—;, and observe that im(7) € OFIN(F). Denoting ker(T) =
M= ker(T};), note ker(T) € OCOFIN(E) and moreover there is a canonical factoriza-
tion

My (E) ———— My (F)

l T

M, (E/ker(T)) —— M, (im(T))

This shows that a mapping ideal that is both completely injective and completely projective
is totally accessible.

As an example, since we have already noted that CB is both completely injective and
completely projective, we deduce that the mapping ideal CB is totally accessible.
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Remark 11.3.3. Note that if (4™, A™*) is right-accessible (left-accessible, totally ac-
cessible, locally accessible) then (A, A) is right-accessible (left-accessible, totally accessi-
ble, locally accessible). Indeed, this is clear from the definitions of the different variants
of accessibility along with the completely contractive inclusion A(E, F) C A™*(E, F)
for E,F € OBAN and the completely isometric equality A(M,N) = A™*(M,N) for
M, N € OFIN.

There is a reason why we are defining notions of accessibility for both cross-norms and
mapping ideals: in the Banach space setting, for a maximal mapping ideal 2l associated
with a (finitely-generated) cross-norm «, the two notions of accessibility coincide. We will
now show that, in the operator space world, there is a relationship between (some of) the
notions of accessibility for o.s. tensor norms and for operator ideals, but, as usual, local
reflexivity is involved. Actually, for right accessibility the equivalence is just as in the
Banach space case but for left accessibility we could only prove a weaker statement.

Proposition 11.3.4. Let (2, A) be a mapping ideal and « be its associated finitely-generated
o0.s. tensor norm. Then:

(a) « is right-accessible (locally right-accessible) if and only if (A, A) is right-accessible
(locally right-accessible).

(b) If v is left-accessible (totally accessible) then (A, A) is locally left-accessible (locally
totally accessible).

Proof. (a) Assume that « is right-accessible. Due to Remark we may consider that
(A, A) is maximal. Let M € OFIN, F' € OBAN and T € M, (CB(M, F)). Denote by
zr € M,(M'® F) the matrix of tensors corresponding to 7. By the definition of right-
accessibility and the Embedding Theorem 8.2.15| (using the fact that M is finite-dimensional
and therefore locally reflexive) we have

Az M F) = (20 M, F) = A, (T). (11.3.1)

This implies that there are M € OFIN(M'), N € OFIN(F') and u € Mn(M® N) such that

—~

ap(u; M, N) < (1+¢)A,(T) and (z]% ® 18 )n(u) = 21

moreover, note that we can assume M = M’. Hence, if T, € M, (CB(M, N)) is the matrix
of mappings corresponding to u, it satisfies A,,(T,) < (1 +¢)A,(T) and (i), 0T, = T.



168 CHAPTER 11. INJECTIVE/PROJECTIVE HULLS AND ACCESSIBILITY

Conversely, assume that (2, A) is right-accessible. Since « is finitely-generated, o = .
We always have o < a, so all we need to show is

a(M',F) <& (M F)

for finite-dimensional M and arbitrary F. Given z € M, (M’ ® F) and € > 0, by the
right-accessibility of 2 there are N € OFIN(F) and S € M,,(CB(M, N)) such that

A, (S) < (1+e)A,(T.) and (i%),0S =T,

where T, € M,,(CB(M, F)) is the matrix of mappings corresponding to z. If zg € M, (E'®
N) is the matrix of tensors corresponding to S, since M’ ®, N = 2A(M, N) completely
isometrically, it follows that

an(zg; M/ N) = Ap(S) < (1+ &), (2 E F)

and (iyy ® ik),(2s) = z, showing that « is right-accessible.

The case of local right-accessibility follows in the same way just replacing F' € OBAN
by F' € OLOC.

(b) We prove the case of left-accessibility; the other one is similar. Again, by Re-
mark we may consider that (2(, A) is maximal. Let £ € OLOC, N € OFIN and
T € M, (CB(E,N)). Denoting by zr € M,(E’'® N) the matrix of tensors corresponding to
T and applying the definition of left-accessibility and the Embedding Theorem [8.2.15| we
have

D nlzr; B N) = @ (20 E', N) = AL (T).

This implies that there is M € OFIN(E’) and v € M,,(M ® N) such that
an(u; M, N) < (14 e)Au(T) and  (i% @id),(u) = 2.

Hence, if T,, € M,,(CB(E/°M, N)) is the matrix of mappings corresponding to u, we
arrive to A, (T,,) < (1+¢)A,(T) and T, o ¢, = T, which finishes the proof. O

Remark 11.3.5. If o/ is an £(\)-o.s. tensor norm, then the conclusion of Proposition [11.3.4]
(b) is obtained without the word “locally”. This is clear following the previous argument
since, as we comment in Remark [8.2.16] in this case the Embedding Theorem [8.2.15]is valid
without the local reflexivity hypothesis. On the other hand, in general it is not possible
to obtain the conclusion of Proposition (b) without the word “locally”. Indeed,
in Example (2) we see that Z is not left-accessible even though the associated o.s.
tensor norm proj is left-accessible.
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Example 11.3.6. Applying Proposition and Remark we derive the following
examples:

(1)

(2)

(3)

The mapping ideal A, is totally accessible.

Since h is totally accessible and A’ = h is a A-0.s. tensor norm, the conclusion follows.

The mapping ideals N and T are right-accessible and locally left-accessible. The map-
ping ideal L is not left-accessible.

From the fact that proj is both right and left accessible we obtain the first assertion.
Now, suppose that Z is left-accessible. Then, for every F € OBAN, N € OFIN,
T € CB(E,N) and ¢ > 0, there exist L € OCOFIN(E) and S € CB(E/L,N) such
that T = S o ¢F and «(S) < (1 + €)(T). Due to the fact that E/L, N € OFIN we
know that v(T") < v(S) = «(S) which implies v(T") < «(T"). Since the other inequality
is always valid we obtain the isometry N(E, N) = Z(E, N). By [35, Prop. 14.3.1] this
isometry is valid for every N € OFIN if and only if F is locally reflexive. Therefore,
the mapping ideal Z can not be left-accessible.

The mapping ideal Ap, . pt 1s totally accessible and the mapping ideal Apnpe s accessible.

The norm hN At is totally accessible, the norm h+ h' is accessible and both dual norms
are £(\)-0.s. tensor norms.

We are not aware of whether there exists a locally right-accessible mapping ideal which

is not right-accessible. It would be interesting to have such an example or a proof of its
nonexistence.
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Chapter 12

Natural operator space tensor norms

Keywords: Grothendieck tensor norms, natural operator space tensor norms, proj
family, min family, two-sided natural o.s. tensor norms

Grothendieck’s Résumé contained the list of all natural tensor norms. These norms
come from applying a finite number of natural operations to the projective and injective
tensor norms. They are obtained by taking left/right projective and injective hulls in
some order (see Sections 15 and 20 in [23]). Grothendieck proved that there were at most
fourteen possible natural norms, but he did not know the exact dominations among them,
or if there was a possible reduction on the table of natural norms (this was, in fact, one of
the open problems posed in the Résumé). This was solved, several years later, thanks to
very deep ideas of Gordon and Lewis. All these results are now classical and can be found
for example in [23, Sec. 27] and |27, 4.4.2].

One of the strengths of Grothendieck’s result is that most of his fourteen tensor norms
(at least ten) are really natural, since they turn out to be equivalent to the most relevant
tensor norms: those related to the ideals of bounded, integral, absolutely r-summing (r =
1,2), r-factorable (r = 1,2,00) and 2-dominated operators. These tensor norms appear
naturally in the theory by their own interest, and it is a remarkable thing that they can be
obtained from the projective/injective norm by means of the natural operations introduced
by Grothendieck.

In the operator space setting a study of natural norms in the sense of Grothendieck was
suggested by Blecher in [10] while in [48] 68] completely injective and completely projective
hulls of tensor norms are considered in the C*-algebra framework. However, only a few
natural operator space tensor norms have been previously considered as related to mapping
ideals. That is the case of min /, \ min and / proj\. According to Example we have
that do, = min /, and this was also observed in [34] (right after Cor. 5.5). By transposing,
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Joo = \min. The o.s. tensor norm /proj\ was introduced in [29] under the name 7 and
the dual of £ ®, F' can be identified with the operator space bilinear ideal of extendible
elements (i.e. those which extend to any larger space). As can be seen in [29] the o.s. tensor
norm /proj\ is connected to deep results on noncommutative versions of Grothendieck’s
inequality [69,42], and it actually is equivalent at the Banach space level to hNA!. Similarly
\ min / is equivalent to h+ h' at the Banach space level (see Lemma for the details).

The lack of a proper tensor product version of Grothendieck’s inequality along with
(or maybe motivated by) the existence of Haagerup tensor norm which is both completely
injective and completely projective has a strong impact in the behavior of natural operator
space tensor norms.

In this chapter, we consider Grothendieck’s natural norms in the operator space frame-
work. In other words, those norms obtained from min or proj after applying left or right
injective /projective hulls finitely many times.

We present a first overview of the list, proving many dominations and non-equivalences.
We also state an interesting list of open questions about them as well. On the positive side,
we completely describe the list of all natural norms that come from applying to min or proj
two-sided symmetric operations (injective or projective hulls). Precisely, the list consists
of six o0.s. tensor norms. Again, this differs from the Banach space case where there are
four.

12.1 Similarities and Differences with the Banach Space
Framework

We begin with some results from Banach space theory that remain valid for operator spaces
and later we get into the differences between both contexts.

As in the Banach space setting the process of taking alternatively injective and pro-
jective hulls (at the same side or at both sides of a norm) finishes after three steps. This

is shown in the following lemma which is the o.s.version of [27, Prop. 2.6.3] (see also [16)
Lem. 3.3]).

Lemma 12.1.1. Let o be an o0.s. tensor norm then

(&) \(/(\(/e\))N)/ =\(J/e\)/ and [(\(/(\e/)\) )\ = /Q\@/)\-
(b) a\/\/ = a\/ and a/\/\ = a/\.
(¢) \/\/a=\/a and [\/\a = [\a.
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Proof. We just prove the first equality of (a) since all the arguments are similar. It is
clear that /(\(/a\)/)\ < \(/a\)/ so we can apply completely projective hulls to both sides
to obtain \(/(\(/a\)/)\)/ < \(/a\)/. The other inequality follows analogously: we start
from /a\ <\(/&\)/ and apply completely injective hulls to both sides and then completely

projective hulls arriving to \(/a\)/ < \(/(\(/a\)/)\)/. -

As we have seen in Definitions [10.2.3] and [10.3.10l we can commute the order when
taking completely injective (or completely projective) hulls on both sides of a norm. The
situation is different if we apply a completely injective hull on one side and a completely
projective hull on the other. The following lemma (which has an analogous statement for
the Banach space setting) provides an example of this fact through an equality of norms
which will be important for the future description of natural norms.

Lemma 12.1.2. The following o.s. tensor norms are equal:
(/ proj)/ = proj = \(proj\).

Proof. By Lemmall0.2.2/and Lemma|10.3.7} (/ proj)/ is finitely-generated. So, to prove the
first equality (the other is obtained by transposing) it is enough to work with £, F' € OFIN.

Let qr : Zrp — F be a complete quotient. Then the following two mappings are complete
quotients too:

’LdE & qr E ®/proj ZF —-» B ®(/proj)/ F  and ’LdE & qr E ®proj ZF —-» B ®pr0j F.

Since E ®proj Zr = £ Qproj ZF (because Z}. is completely injective -see Remark m
below we deduce that £ @/ proj), F' = E Qproj F.

The min counterpart of the previous lemma (which is valid in the Banach space frame-
work) is not true in the operator space world. To prove this we appeal to the following
result which can be also obtained (after dualization) as a byproduct of the proof of [35
Prop. 15.4.3] together with the fact that the set of exactly integral mappings is contained
in the set of completely 1-summing mappings.

Lemma 12.1.3. Let E € OBAN and F € OFIN with F' C E. If there exists C > 0 such
that ||id : E @min F' = E Quiny F|| < C then the operator space F' is C-ezact.

Proof. Since F' is finite-dimensional, there is a canonical completely isometric isomorphism
O FE Qun I — CB(F',E). Let z € F ®uin F such that ®(z) = id, which leads to
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min(z; £, F) = 1 and min /(z; E, F') < C. Given € > 0, by Corollary [10.3.14] there exist
keN, R:SF - Fand u € E @uin S¥ such that (id @ R)(u) = 2, |R]|a, < 1+ ¢ and

min(u; B, SF) < (1+¢)min /(z; B, F) < C(1 +¢).

Translating this through ® we obtain the following commutative diagram:

where |R||e, <14 ¢ and [|@(u)|la < C(1+¢). Hence, F' is C-exact. O

The statement of the next lemma is (maybe) a little bit stronger than the one we
have promised. We show that the norms /(min /\) and (/\ min)\ differ from min. Since
/(min /\) < /(min /) and (/\ min)\ < (\ min)\ the expected result follows.

Lemma 12.1.4. Neither /(min /\) nor (/\min)\ are equivalent to min. In particular,
neither /(min /) nor (\ min)\ are equivalent to min.

Proof. Let us consider the operator space ST for any n > 2 and a Hilbert space H such
that ST C B(H). Recall that S} = M/.

Since B(H) and M, are completely injective we know that B(H) ® /min)\) Mn =
B(H) ®min; M,. Thus, to prove that /(min /\) and min are not equivalent it is enough to
see that B(H) ®min; M, and B(H) @min M, are not uniformly completely isomorphic. By
Lemma this is true since there is no C' such that S} is C-exact for all n [35, Thm.
14.5.4].

O

Remark 12.1.5. From Lemmas [12.1.2| and [12.1.4] we derive several consequences:

(a) The o.s. tensor norm min / is not left-accessible (and the o.s. tensor norm \ min is not
right-accessible).

Indeed, since we know from Example [11.1.3] that (min /) = proj\, if min/ was
left-accessible by appealing to Proposition [11.1.1| we would have that /(min/) =
(\(proj\))" = proj’ = min which is not true.

(b) If @« = min/ and 8 = \ min since both are finitely-generated the previous item shows
that

(/o) #\a’ and (B\)' # B'/.
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Also, note that /(min /\) = /(min /)\ and (/\ min)\ = /(\ min)\. Then, by Lemma[12.1.4]
and observing that \(proj\)/ = \(/ proj)/ = proj we obtain

(/a\) #\d/ and  (/B\) #\F'/.

(¢) The o.s. tensor norm v = /(min /) is completely left-injective, but its dual +' is not
completely left-projective. Analogously, the o.s. tensor norm (\ min)\ is completely
right-injective but its dual is not completely right-projective. Also, the o.s. tensor
norms /(\ min)\ and /(min/)\ are (both sides) completely injective but their duals
are not (both sides) completely projective .

Indeed, since min < v < min / we have that proj > +' > proj\. If 7/ were completely
left-projective we would have proj >+’ > \(proj\) = proj which is not true.

The previous remark shows that the dual of a completely injective operator space tensor
norm is not necessarily completely projective, exhibiting that the definition of projective
hulls (as the dual of the injective hull) given in [I0] is not adequate.

As in the Banach space setting we obtain a smaller norm if we apply first a completely
projective hull on one side and then the completely injective hull on the other, than if we
do so the other way around.

Lemma 12.1.6. Let a be an o.s. tensor norm. Then:

/(af) <(Ja)/ and  (\)\ < \(a)).

Proof. We have just to prove the first inequality because the other is obtained by trans-
posing. Due to Remark along with a slight refinement of Lemma [10.2.2] both norms
/(a/) and (/«a)/ are finitely-generated from the right. Thus, it is enough to check the
inequality for F ® F with F € ONORM and F' € OFIN. Consider a complete isometry
ip: E — B(Hg) and a complete quotient qp : Zp — F.

By the projectivity of Zp, the mapping idpu,) ® qr : B(Hg) ®a Zr — B(Hg) ®a) F
is a complete quotient; hence a complete contraction. This implies (by the injectivity of
B(Hg)) that idg ® qr : E ®)q Zr — E ®/(ay) F' is a complete contraction.

Now the conclusion follows from the following commutative diagram:

E®(ay) F—=EQay F

|

E®oZF
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Note that the inequalities of the previous lemma are not in general equalities. Indeed,
/(proj /) = / proj is not equivalent to proj. So, from Lemma [12.1.2| we derive /(proj /) #

(/ proj)/ and (\ proj)\ # \(proj\).
The same happens in the Banach space setting: /(w/) # (/m)/ and (\m)\ # \(7\). Be

aware of a false assertion about this topic given in [27, Cor. 2.4.17] (which is deduced from
the erroneous statement of [27, Prop. 2.4.16]).

Let us denote by “proj family” (resp. “min family”) the set of all the o.s. tensor norms
produced by applying one-sided completely injective and/or completely projective hulls
any number of times to the norm proj (resp. min). Note that if we translate this to the
Banach space context we obtain that the union of both families is the set of Grothendieck’s
natural tensor norms.

It is clear that /proj\ is the largest completely injective o.s. tensor norm and \ min /
is the smallest completely projective o.s. tensor norm. The following simple lemma says
that they are also the smallest and the largest members of their respective families.

Lemma 12.1.7. (a) The smallest norm of the proj family is / proj\.
(b) The largest norm of the min family is \ min /.

Proof. The proof of (a) follows easily from the following self explanatory fact: if / proj\ < «
for some o.s. tensor norm «, then

/proj\ <@\, /proj\ </a, /proj\ <a/, /proj\ <\a.
The proof of (b) is similar. O

Remark 12.1.8. Some tensor norm consequences of Grothendieck’s inequality
that are not longer valid in the operator space framework.

(a) It follows from Grothendieck’s inequality that /7\ is dominated by \e/ (i.e. there exists
a constant C' > 0 such that /7\ < C\g/).

In the operator space setting, it is not possible for a member of the min family to
dominate a member of the proj family. Indeed, since the Haagerup tensor norm h is
both completely injective and completely projective we have that

\min/ < h < /proj\.

The lack of symmetry of h prevents it from being equivalent to any symmetric tensor
norm (as \ min / or /proj\). To check this recall [35, Prop. 9.3.4] that for any Hilbert
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space H if we denote by H. the associated column space we have that H.®, H. = K(H)
while H' @, H. = B(H).

By means of the previous lemma, we get that any member of the min family is smaller
than (and not equivalent to) any member of the proj family.

(b) As a byproduct of the inequality referred in (a) it is obtained that the norms \(/7\)/
and \e/ are equivalent; the same happens with /(\e/)\ and /7\.

The operator space version of these equivalences is clearly not valid due to the argu-
ments explained in the previous item. This fact certainly has an impact in the quantity
of natural operator space tensor norms.

(c) In the Banach space world the equivalences stated in the previous item obviously
produce that if « is an injective tensor norm then \«/ is equivalent to \e/ and if « is
a projective tensor norm then /a\ is equivalent to /m\.

In the operator space universe these equivalences are obviously not true. From our ex-
planation in (a) it is clear that \ min / < h < \(/proj\)/ are three non-equivalent com-
pletely projective hulls of completely injective norms, and /(\ min /)\ < h < /proj\
are three non-equivalent completely injective hulls of completely projective norms.

Remark 12.1.9. Open question.

In the Banach space setting the impact of Grothendieck’s inequality in the description
of natural tensor norms is decisive. We have pointed out in the previous remark several
relations that are not longer valid in the operator space framework.

There is another equivalence of Banach space tensor norms (also derived from Grothendieck’s
inequality) that is crucial for the resulting number of 14 natural tensor norms, namely:

The norms /((/7\)/) and (/7\)/ are equivalent.

To recall the sketch of the argument we use the symbol ~ to denote equivalent tensor
norms and we denote by ws, the Hilbertian tensor norm and by dF the Chevet-Saphar tensor
norm. By Grothendieck’s inequality, /7\ ~ wy and wy/ ~ d¥. Since dZ is completely left-
injective the desired equivalence is proved.

In the operator space setting we cannot follow the same path, but nevertheless we can
ask:

Are the norms /((/proj\)/) and (/proj\)/ equivalent?

Observe that clearly /((/proj\)/) < (/proj\)/ so the question can be equivalently
posed in the following way:
Is the norm (/ proj\)/ completely left-injective?
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If the answer to the open question is positive we obtain a large number of coincidences
between members of the proj family. Indeed, an affirmative answer would turn into iden-
tities the following inequalities derived from Lemma [12.1.6}

(a) /(proj\/) < (/proj\)/ and (\/proj)\ < \(/proj\).
(b) \/(proj\/) <\(/proj\)/ and (\/proj)\/ < \(/proj\)/.

Also, if there are identities in (a) the following inequalities turn out also to be identities:

(¢) /proj\ < (/proj\)/\ and /proj\ < /\(/proj\).

12.2 The proj family

Even though we are not able to give a full description of the proj family, we devote this
Subsection to present a picture of what we know.

The proj family begins of course with the proj norm. Then, we enumerate the norms tak-
ing into account how many procedures (of completely left or completely right-injective/projective
hull) we have applied to proj in order to obtain them. The list, up to four procedures is
the following:

0) proj.

(0)
(1) /proj e proj\.

(2) /proj\ e \/proj e proj\/.

(3) \(/proj\) e (/proj\)/ e (\/proj)\ e /(proj\/).

(4) \(/proj\)/ e /\(/proj\) e (/proj\)/\ e (\/proj)\/ e \/(proj\/).

The norms (derived from proj after at most four procedures) that do not appear in
the previous list are identical to one of those that do appear in the list. Indeed, from

Lemma [12.1.2] Lemma [12.1.6] Lemma and the definitions of completely injective
and completely projective hulls we have:

(2) (/proj)/ = \(proj\) = proj .
(3) (\/proj)/ = \(proj\/)) = proj.
(4) /((/proj\)/) = /(proj\/) e (\(/proj\))\ = (\/ proj)\.
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(4) (/(proj\/))/ = (/proj\)/ & \((\/proj)\) = \(/ proj\).
(4) /(\/proj)\ = /(proj\/)\ = /proj\.

Thus, the members of the proj family up to four procedures are at most 15. We do not
know whether they are all non-equivalent. In fact, as we mentioned above, if the answer of
the open question is positive we derive six identities between members of the proj family,
reducing the list from 15 to 9 members.

Moreover, an affirmative answer to the open question would also imply that there
exist no more members of the proj family: a fifth procedure produces no new elements.
Indeed, in this situation, the fourth procedure only generates one element: \(/proj\)/ =
(\/proj)\/ = \/(proj\/). And it is easily seen that a completely left or completely right-
injective hull of this element (under the present hypothesis of an affirmative answer to the
open question) yields the norm /proj\.

Now, we present the dominations valid between the 15 norms of our list and later we
will provide examples to show that many of these norms are non-equivalent. Each arrow
a — [ in the next diagram means that 5 < «. Double arrows are those where we prove
in the sequel that the dominations are strict. Tensor norms connected by doted arrows are
equivalent if the Open question has an affirmative answer. We do not know if the
dominations connected by standard arrows are in fact strict.

proj (12.2.1)

| proi\/ | [ \UproiV)/ | | \/proi |
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The dominations stated in the previous diagram are easily derived from the definitions
of completely injective and completely projective hulls plus the results already proved in
Lemmas [12.1.2] [12.1.6] and [12.1.7]

The following two remarks look into representations of elements belonging to the dual
of tensor products with particular tensor norms. They will be useful to show that some of
the previous dominations can not be turned into equivalences.

Remark 12.2.1. If ' € CB(L, F’) belongs to (£ ®/proj\ F) and ip : £ — B(Hg) and
irp : F'— B(Hp) are complete isometries then there exists a completely bounded mapping
T :B(Hg) — B(Hp)' such that the following diagram commutes:

B(H) —~ B(Hr)

Appealing to [66, Thm. 18.1] we know that T (and hence T') is weakly compact.

Remark 12.2.2. If F" is a completely injective operator space then E® proj ' = E Qproj F.

Indeed, for T € CB(E, F') we have that T' € (£ ®/ pwoj F')" if for any complete isometry
ig : B — B(Hg) there exists a completely bounded mapping T : B(Hg) — F' such that
the following diagram commutes:

B(Hg)

The injectivity of F” implies that this happens to any mapping 7' € CB(F, F’) (and
that the norm is maintained).

Of course, an analogous result holds for the completely right-injective hull: if £’ is a
completely injective operator space then £ @ppoj\ F' = E @proj F.

Example 12.2.3. The following pairs of norms are not equivalent: proj and \/ proj; proj
and proj\/; proj \ and (\/pro)\; / proj and /(proj\/).

We carry out the argument for the first and third pairs of norms. The other two are
obtained by transposing.

Let us consider the completely projective space Z = ¢1({S] : n € N}) and recall that its
dual 7' = 0o ({M,, : n € N}) is an injective space. Then we have the following identities:
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Z @proj Z' = Z @proj\ Z' and Z @\ proj\ £ = Z O\ proj Z' = Z @) proj Z' = Z @ proj\ £

Thus, the desired results are proved if we show that Z Qproj 2’ # Z @/ proj\ £

Let Kz € CB(Z,Z") be the canonical inclusion. Then, £z € (Z ®poj Z')'. Now,
Remark says that if Kz € (Z ®/proj\ Z')’ then rz would be weakly compact. Since
this is not possible because Z is not reflexive, we deduce that

Kz € (Z ®proj Z')' \ (Z ®proj\ Z')
and hence Z Qproj Z' # Z @ proj\ Z'.

Example 12.2.4. The following pairs of norms are not equivalent: \/ proj and \(/ proj\);

proj\/ and (/proj\)/.

Let us consider again the completely projective space Z = ¢1({S} : n € N}) and let
iz : Z < B(H) be a complete isometry, for a suitable Hilbert space H. Let us recall that
S1(H) is an operator space pre-dual of B(H ), and the latter is a completely injective space.

Now we have, by Remark [12.2.2]

Z @/ proj\ S1(H) = Z @\(/proj\) S1(H).

It is clear that iz € (Z ®proj S1(H))" but it cannot belong to (Z ® ) proj\ S1(H))" because
it is not weakly compact (since it is an isometry from a non reflexive space).

Example 12.2.5. The following pairs of norms are not equivalent: proj and \(/proj\)/;

\/proj and \/(proj\/); proj\/ and (\/proj)\/.
We consider the Banach space ¢1(Z) with the maximal operator space structure. This
is a completely projective space (being an ¢;-sum of the projective space C) and thus its

dual is completely injective [65, Cor. 24.6]. Then, due to Remark [12.2.2]

U(Z) @proj L1(Z) = U1 (Z) @proj L1(Z) = l1(Z) @progy €1(Z).

Also we have
U (Z) @\ () proj\yy 1(Z) = 1 (Z) ©) proj\ £1(Z).

Now we can borrow an example from Banach space theory [78, Ex. 1.1]. Let T :
0(Z) — l(Z) be given by
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Then T € ({1(Z) ®proj 11(Z))" (because in ¢1(Z) with the maximal operator space struc-
ture the proj tensor product coincides with the Banach 7 tensor product).

Once again we have that T & (¢1(Z) ®/proj\ £1(Z))" because T' is not weakly compact
[78, page 50].

12.3 The min family

Surprisingly the min family is not the mirror reflection of the proj family as it happens in
the Banach space setting. The reason, of course, comes from Lemmas [12.1.2| and [12.1.4]
Due to this fact there are probably more members in the min family than in the proj
family. Hence, in order to have a manageable set, we chose to present a diagram of the
min family just up to three procedures.
The list is the following:

0

min

1) \min e min /.

(0)
(1)
(2) \min/ e /\min e min/\ e (\min)\ e /(min/).
(3)

3 ?g\mlr/l\/)) (\min /)\ e (/\min)/ e \(min /\) e \/(min /) e (\min)\/e (/\min)\ e

The norms (derived from min after at most three procedures) that do not appear in
the previous list are identical to one of those that do appear in the list. Indeed, from
Lemma [12.1.2] and the definitions of completely injective and completely projective hulls
we have:

(3) (/(min/))/ =min/ o \((\min)\) = \ min.
(3) (/(min/)\ = /(min/\) o /((\min)\) = (/\ min)\.

Thus, the members of the min family up to three procedures are at most 16. We do
not know whether they are all non-equivalent. As in the diagram for the proj family, each
arrow a — (3 means that § < a and doubled arrows are the only ones where we can prove
that the dominations are strict.



12.3. THE MIN FAMILY 183

(12.3.1)

\(min/\) || \/(min/) Omim\/ | [ (/\min)/

Omin )\ | [ \min | | min/ | | /Qminy)

| min/\ | [ /(min)) Gmin)\ || /\min |

/(min /\) (/\ min)\

Example 12.3.1. The following pairs of norms are not equivalent: \ min and \(min /\);
(\min)\ and (\min /)\; min / and (/\ min)/; /(min /) and /(\ min /).

As usual, we just argue about the first two non-equivalences. The other two follow by
transposition. By Lemma we know that if ||id : ST @min My = ST @miny My|| < C
then ST is C-exact. Since there is no C' such that ST is C-exact for every n we derive
that ST ®min M, and ST ®min, M, are not uniformly completely isomorphic. Since ST is
completely projective and M,, is completely injective we have ST ®uwin M;, = ST @\ min M, =
ST @\ min)\ My and ST @min; My = ST @\(min ) Mn = ST @\ min /) Mp from where the
result follows.
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12.4 Two-sided natural operator space tensor norms

In this section we show that those natural o.s. tensor norms that come from applying to
min or proj two-sided hulls operations (injective / -\, or projective \ - / hulls) are exactly
six. This is somewhat of a surprise: as stated in [10], “there is no reason to suppose that
this [process| will not give a large number of inequivalent norms” (due to the lack of a
direct analog of Grothendieck’s inequality in the o.s. setting). Now, Lemma (a)
shows that there are only 6 possible members of the two-sided family and the dominations
between them are easily seen:

min < /(\min /)\ <\min/ < /proj\ < \(/proj\)/ < proj

Also, in Remark we observe that \ min / and /proj\ are not equivalent. From
Example (see also diagram ([12.2.1))) we know that \(/proj\)/ and proj are not
equivalent. We prove in Lemma that min and (/\ min)\ are not equivalent. Since
(/\min)\ = /(\min)\ < /(\min/)\ we obtain that min and /(\ min /)\ could not be
equivalent either.

To conclude that there are six two-sided natural norms all we need to show is the non-
equivalence of the following two pairs of norms: /(\ min /)\ and \ min /; \(/proj\)/ and
/proj \. In the Banach space setting this kind of statement is clear since a projective norm
could not be equivalent to an injective one. In the operator space framework this argument
is not available, so we need a different proof.

Lemma 12.4.1. The norms /proj\ and \ min / are equivalent at the Banach space level
to h N At and h + ht, respectively.

Proof. In [29, Sec. 6] it is showed, as a consequence of results from [69] and [42], that for
any operator spaces I/ and F' the spaces E @/ o5\ I and E ®@ppe F' are isomorphic. By
chasing down the constants in the proof one can see that they are universal, so we conclude
that / proj \ is equivalent to h N A* at the Banach space level. Also, [69, Cor. 0.8 (iii)] says
that there is an isomorphism between A’ ®,;, B and A’ ®y,, 4t B’ for any C*-algebras A and
B, with constants independent of the spaces involved. Now, if E' and F' are operator spaces,
we have that the completely projective spaces Zg and Zp are duals of C*-algebras (recall
that they are defined as ¢;-sums of ST spaces, so they are the duals of the corresponding
co-sums of M, spaces [65, Sec. 2.6]). Therefore, we have that £ @\ min, F' and E @pypt F
are isomorphic with constants independent of E' and F'. This means that the o.s. tensor
norms \ min / and h + h* are equivalent at the Banach space level. O

Remark 12.4.2. In Lemma [12.4.1} one cannot get an equivalence between \ min / and
h+ h' at the operator space level. Indeed, it is proved in [3, Thm. 1.1] that S} ®y;, S1 and
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S1 @pint S1 are not completely isomorphic, which together with Proposition says
that S1®\ min /S1 and S; &4t 51 are not completely isomorphic. The aforementioned result
[3, Thm. 1.1] can be understood as saying that the isomorphism /1 ®.¢; = {1 ®.; £, which is
a formulation of Grothendieck’s inequality, does not naturally extend to the operator space
setting. Of course there is no mystery in replacing ¢; and ®. by 57 and @y, respectively,
but it may not be immediately clear why h + h' is a sensible replacement for ~; in the
operator space context. First, recall that +3 is the norm which is in trace duality with the
norm of factorization through a Hilbert space. Since in the operator space setting there
are many Hilbertian operator spaces, there would appear to be many possible replacements
for v5. We will not go into the details here, and refer the reader to [3] for more on the
history of how the works of Pisier [60] and Haagerup [41] suggest that A+ A" is the “correct”
analogue of 75 in the setting of operator algebras. We just point out that as can be seen
in Example [8.2.14] the tensor norm h + h? is indeed in trace duality with a certain type of
factorization through Hilbertian operator spaces.

Remark 12.4.3. A close look at the definition of dual tensor norms reveals that if two o.s.
tensor norms are equivalent at the Banach space level, then so are their dual o.s. tensor
norms (because the norm on the dual of an operator space depends only on the norm of the
operator space, and not on the norms of the higher matricial levels). Therefore, recalling
that (h N AY) = h+ h (see Proposition [5.1.3), as a consequence of the previous lemma we
obtain that (\ min /)" is equivalent, at the Banach space level, to /proj\.

Lemma 12.4.4. The norms /(\ min /)\ and \ min / are not equivalent. The norms \(/ proj\)/
and / proj\ are not equivalent.

Proof. In [53, Rmk. 13] it is proved that h + h' is not completely injective. In fact, their
proof shows more: there is a sequence of pairs of complete isometries T, : £, — E, and
R, : F,, — F,, so that the inverses of

T ® Ry : En @nint Fy = (T, @ Ry) (B @ F,) C Ey Qpane Fy

have norms tending to infinity, so h + h' cannot be equivalent at the Banach space level to
a completely injective o.s. tensor norm. As a consequence of Lemma [12.4.1] neither can
\ min /, and therefore \ min / and /(\ min /)\ cannot be equivalent.

Also, we know from Corollary that the dual of a completely projective tensor
norm is completely injective. Thus, if A N h' were equivalent at the Banach space level
to a completely projective tensor norm, from the previous remark we would obtain that
(hNh') = h + k! would be equivalent at the Banach space level to a completely injective
tensor norm. From the previous paragraph we know that this is false, so therefore /proj\
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cannot be equivalent at the Banach space level to a completely projective tensor norm.
This, finally, means that /proj\ and \(/proj\)/ are not equivalent.
O

Hence, we can represent the two-sided family in the following diagram:

proj (12.4.1)

| \UproiV)/ |

[ /proi\ ]

| \ min / |

| /Qmin/)\ |

min

This is different from the Banach space case: those natural norms that come from
applying to € or m two-sided hulls operations are exactly four. This is how the two-sided
natural norms in the classical setting are arranged:

(12.4.2)

/\

| /= | | \e/ |

In both diagrams ({12.4.1f) and each arrow o = [ means that § < a and that
these norms are not equivalent. The norms /7\ and \€/ are not equivalent and there is no
domination between them.

Obviously this difference between these frameworks is expected; in the context of op-
erator spaces it is not valid a Grothendieck-type inequality relating the norms as in the
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classical Banach context: /7\ and /(\¢/)\ are equivalent and also their duals \e¢/ and
\(/m\)/ while /proj\ and /(\ min /)\ are not equivalent, neither \ min / and \(/ proj\)/.

Remark 12.4.5. It would be tempting to say that the diagram shows the complete
picture of all symmetric natural o.s. tensor norms. While it is clear that we can only
get symmetric o.s. tensor norms by starting with min and proj and applying two-sided
hulls finitely many times, we do not know whether these are all the symmetric natural o.s.
tensor norms. For example recall that (/proj)/ = \(proj\) = proj, so taking hulls in a
non-symmetric way can still yield a symmetric o.s. tensor norm.
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Chapter 13

Conclusions and some open questions

Keywords: \-o.s. tensor norms, weak approrimation property, accessibility, natural o.s.
tensor norms

The main goal of this work is to initiate a program for the theory of tensor products and
tensor norms in the category of operator spaces. In particular, we focus on the interplay of
these theories and the theory of mapping ideals. Of course, many definitions and results in
this framework are natural since they have a corresponding one in the context of Banach
spaces. But many of them are not! As noticed many times, the theory is not just a
straightforward translation of what is known in the classical setting and new and challenging
questions naturally arise. To start with a typical difference, we highlight the role of local
reflexivity, which seems to be crucial in many places as is well-known to experts. However,
sometimes this hypothesis can be avoided: for example, when dealing with the class of
extended A-o.s. tensor norms. An unexpected issue in this category appears when relating
the left accessibility of mapping ideals and associated tensor norms. The fact that their
relationship is weaker than the one for its right counterpart is certainly puzzling.

The most surprising finding that we realized during this work is that the min family
can not be obtained by dualizing the proj family. This, of course, is very counter intuitive
and exhibits, once again, the differences between the classical and the non-commutative
theories. All of this is related, in some sense, to the fact that accessibility plays an important
role in the duality between injective and projective hulls of a given o.s. tensor norm. This
hypothesis does not appear in the theory of Banach spaces. Moreover, these families are
completely separate: one family dominates the other. This is because the Haagerup o.s.
tensor norm is simultaneously completely injective and projective (an impossible property
in the classical realm).

Summarizing, we have begun looking with operator space eyes at some relevant prop-
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erties and results from the classical theory, and found that to fully develop the theory it
is important a different and original perspective, involving novel insights, ideas, techniques
or hypotheses. Clearly, there are plenty of unexplored paths for future research. This work
aims to contribute to a program that we believe is much vaster. To conclude we want to
explicitly recall here some unsolved issues that appeared through this monograph.

Problem 1: All along the monograph there are results where some hypotheses about
local reflexivity are not needed in the case of £(A)-o0.s. tensor norms. It would be welcome
to have more examples of A-0.s. tensor norms, in addition to the typical ones (proj, h
and h') and the ©? constructed in Section in order to expand the profitable family of
E(N)-o.s. tensor norms.

Problem 2: We see in Theorem that for 1 < p < ¢ < oo and for any operator
spaces E and F', we have

|E ®q, F = E®q, F|| < 1.

However, we do not know whether this inequality also holds with the completely bounded
norm.

Problem 3: We introduce in Chapter |5 the notions of locally right-accessible tensor
norm and locally left-accessible tensor norm, but we do not have any example that justifies
that these concepts are weaker than their non-local siblings.

Problem 4: It is an interesting question whether there exists a non-accessible o.s.
tensor norm. Recall that in the Banach space setting, the existence of such a norm was
established using non-trivial arguments (see [23, Th. 31.6]).

Problem 5: We prove in Remark[5.3.10|that the intersection of two cofinitely-generated
0.s. tensor norms is also cofinitely-generated. It would be nice to know whether the same
is true for the sum procedure. This question for the particular case of h + h! was posed in
Remark [5.3.14]

Problem 6: We consider in Chapter [6] a weak version of the complete bounded approx-
imation property, namely the W*CBAP. We do not know any example of a space without
CBAP satisfying W*CBAP. In view of Proposition such a space can not be locally
reflexive.

Problem 7: The theory of a-W*CBAP suggested in Remark seems to be an
interesting topic for future development.

Problem 8: In Chapter it would be interesting to have an example of a locally
right-accessible mapping ideal which is not right-accessible. Recall that we show in Exam-
ple that Z is an example for the left version of this question.

Problem 9: In Proposition we see that there is an equivalence between right-
accessibility of a mapping ideal and of a tensor norm associated to it. For left-accessibility
the result is much weaker and just in one direction. It would be important to know if a
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statement for the other direction is valid: if the mapping ideal is left-accessible, is it true
that the associated tensor norm is (locally) left-accessible?

Problem 10: With respect to natural tensor norms we have barely begun a classifi-
cation of them and there is a hard road ahead. It is left to be solved whether most of the
dominations in diagrams [12.2.1| and [12.3.1] are strict or not.

Problem 11: A solution to Open question [12.1.9| will shed some light on the structure
of the proj family after more than 4 procedures.

Problem 12: Our knowledge of the min family is so scarce that almost the whole
picture remains to be done.

Problem 13: The fact that the proj and min families are not a reflected copy of
one another, along with the necessity of extra conditions to ensure that the dual of the
projective hull of a norm is the injective hull of the dual norm, have as a consequence that
we do not know which are the duals for most of the natural norms. The main inquiry of
this group is whether the following identity holds: (\ min /)’ = /proj\ (see the comment
after Example [11.1.3). Recall, also, that from Remark [12.4.3, (\ min /)’ and /proj\ are
equivalent, at the Banach space level. So, it is expected that they are equivalent, or even
equal, as o.s. tensor norms.

Problem 14: Since the min family is certainly larger than the proj family, there should
exist norms in the min family whose duals do not belong to the proj family. It would be
interesting to identify these norms.

Problem 15: As stated in Remark[12.4.5] it would be nice to know if all the symmetric
natural tensor norms are the two-sided natural tensor norms (i.e. those that appear in
diagram ([12.4.1))).




192 CHAPTER 13. CONCLUSIONS AND SOME OPEN QUESTIONS



Index

Approximation Lemma, [55]
absolutely matrix convex set, [9]
Hahn-Banach separation theorem, [49]

bilinear mapping
jointly completely bounded, [9]
multiplicatively bounded, [9]
Boolean cube,

Chevet-Persson-Saphar inequalities,
cofinite hull of an o.s. tensor norm,
column spaces,
complete
injection, [§]
metric mapping property, [20]
metric surjection, [
projection, [§]
quotient, [§]
extension property, [I1]]
isometry, [§]
completely
bounded approximation property
(CBAP),
bounded Banach-Mazur distance,
injective operator space, [I]]
metric approximation property

(CMAP),

projective operator space, [I2]

193

bounded mapping,

Density Lemma, [63]
direct sum of operator spaces,
dual space

operator space structure, [J]

Duality Theorem, [67]

Embedding Lemma,
Embedding Theorem, [129
Extension Lemma

left,
right,

finite hull of an o.s. tensor norm, [3§]
Fourier-Walsh expansion,
Fubini for the Schatten spaces,

Haagerup tensor norm h,
Hermite operator, [8]]

ideal property, [103
intersection of o.s. tensor norms,

Kraus representation, @
Local Technique Lemma,

mapping ideal
accessible, [166]



194

adjoint,
associated to a tensor norm, (120
Banach,

completely (g, p)-mixing,
completely p-nuclear,

completely p-summing, [105

completely approximable,
completely compact,
completely injective,
completely injective hull,
completely integral,
completely nuclear, [105
completely right p-nuclear, [106
completely surjective, [113
completely surjective hull,

dual,

exactly integral,

factored through column and row
spaces, [I0|

finite rank,

left-accessible,

locally accessible, [166]
locally left-accessible, [165]
locally right-accessible, [165
locally totally accessible, [I66]
maximal,

maximal hull,

minimal,

minimal hull,

normed,

operator p-compact, [106]
right-accessible,

totally accessible, [166]
matrix pairing, [J]
matrix set, [49
maximal operator space structure of a
Banach space,
min family,

INDEX

minimal tensor norm min,
Minkowski inequality for the Schatten

spaces, [19]

noise operator, [80} [84]
hypercontractivity,

operator approximation property (OAP),
1 0f

operator space
Banach, [7]
exact, [22]
locally reflexive,
normed,

operator space cross-norm, [25]
reasonable,
uniform,

operator space tensor norm, 26|
A
accessible,
adjoint,
associated to a mapping ideal,
associative, 20]
Chevet-Saphar,
cofinitely-generated,
completely injective,
completely injective hull,
completely left injective, 27 [144]
completely left injective hull,
completely left projective,
completely left projective hull,
completely projective, 27,
completely projective hull,
completely right injective, [143
completely right injective hull,
completely right projective,
completely right projective hull,
dual,



INDEX

extended A,

extended Haagerup,
finitely-generated,
interpolated Haagerup, [40]
left-accessible,

locally accessible,
locally left-accessible, [70)
locally right-accessible,
locally totally accessible,
natural,

normal Haagerup,
nuclear,
right-accessible, [70]
right-finite hull,
symmetric, 26]
symmetrized Haagerup, 29
totally accessible, [70]

transpose, [26]
two-sided natural,

Pauli matrices,
positive linear mapping,
completely,

proj family,
projective tensor norm proj, [14]

Representation Theorem
for maximal mapping ideals, [121
for minimal mapping ideals, [139
row spaces, [17]
Ruan’s axioms,

Schatten spaces,
vector valued,

sum of o.s. tensor norms,

tensor contractions, [2§
tensor power trick,
topology

point-norm, [94]

stable point-norm,

stable point-weak,

Walsh function,
weak™* completely bounded
approximation property

(W*CBAP),

195



196 INDEX



List of Symbols

(A, A) ~ «a; mapping ideal associated to an o.s. tensor norm, [120)
(2, A); normed mapping ideal,

Q(dual: qual of the mapping ideal 2,

A; completely approximable mappings, [104]

2A*; adjoint of the mapping ideal 2,

2A1: injective hull of the mapping ideal 2,

A% maximal hull of the mapping ideal 2A,

A minimal kernel of the mapping ideal A,

2" surjective hull of the mapping ideal 2,

A,; a-continuous mapping ideal,

a\; completely right-injective hull of «,

a/; completely right-projective hull of «, m

a’; dual norm of a,

a; adjoint norm of «,

a'; transpose norm of «,

a; right-finite hull of «,

\a/; completely projective hull of a, [154]
\a; completely left-projective hull of «, @
& cofinite hull of a,

; finite hull of a,

/a; completely left-injective hull of «,
/a\; completely injective hull of «, [14§
Al dual norm, (116

A*; adjoint ideal norm, [130

A™; injective hull norm, [111

A™* maximal ideal norm, 118

A™®: minimal ideal norm, [134

A®": surjective hull norm, (114

197



198 LIST OF SYMBOLS

B(H); space of bounded operators on the Hilbert space H,

C'; Column space,

CB; completely bounded mappings,

|| - [|en; completely bounded norm,

xs; Walsh function with support in the set S,
CC; completely compact mappings, (109

co({E, : v €T'}); co-sum of operator spaces,
E®,F; completion of the tensor product F ®, F,

A,; operator space structure on S,(H) ® E induced from S,[H; E],
df ; right p-Chevet-Saphar (Banach space) tensor norm,
d,; right p-Chevet-Saphar tensor norm,

eh; extended Haagerup tensor norm,
1%*; exactly integral norm, [106

E(N); extended A-o.s. tensor norms,
7%, exactly integral mappings, [105

E; completion of F,

F; finite rank mappings,

I'.; mappings factoring through column spaces, [108

I',; mappings factoring through row spaces, [108

~5; mappings factoring through column spaces norm, {108
~4; mappings factoring through row spaces norm, [109

gp; left p-Chevet-Saphar tensor norm,

H.; Column Hilbert space,
H,; Row Hilbert space,
h; Haagerup tensor norm,

a N B; intersection of two o.s. tensor norm,
t; completely integral norm, (105
Z; completely integral mappings, (105

JCB; jointly completely bounded bilinear mappings, [9]
|| - [[jeb; jointly completely bounded norm, 9

K (E) = Sy|E]; E-valued oo-Schatten space,
kg; the canonical injection into the bidual,



LIST OF SYMBOLS 199

Kp; operator p-compact norm, [107]
KC; compact operators on /s,
ICp; operator p-compact mappings, [106]

E, &1 Ey; £1-sum of two operator spaces,

E @4 Es; lo-sum of two operator spaces,

L,(tr,); noncommutative L, space associated to the normalized trace tr,,
(({E, : v €T}); ¢1-sum of operator spaces,

¢%; k-dimensional Hilbert space,

l({E, © v €T}); loo-sum of operator spaces,

\; \-0.s. tensor norm,

M,,.m(E); set of n x m-matrices of elements in E,

M, (FE); set of n X n-matrices of elements in E,

MB; multiplicatively bounded bilinear mappings, [J]

Max(W); maximal operator space structure of the Banach space W,
M, »; completely (g, p)-mixing mappings, m

min; minimal tensor norm,

N; completely nuclear mappings, [105
NP; completely right p-nuclear,
Np; completely p-nuclear, [107]

oh; normal Haagerup tensor norm,
v; completely nuclear norm, {105

vp; completely p-nuclear norm,
nuc; nuclear o.s. tensor norm,

OBAN; class of all Banach operator spaces,

OCOFIN(E); set of all finite-codimensional subspaces of FE,
OFIN; class of all finite-dimensional operator spaces,
OFIN(E); set of all finite-dimensional subspaces of E,
OLOC; class of all locally reflexive operator spaces,
ONORM; class of all normed operator spaces,

0%, c+; local Sy-operator space,

0 ,.c; local Sy-operator space,

®o; Hilbert space tensor product,

IT,; completely p-summing mappings, [105]
©; standard matrix product,



200 LIST OF SYMBOLS

®%: interpolated Haagerup o.s. tensor norm,
Tp; completely p-summing norm, [105

proj; projective tensor norm, [I4]

((-,-)); matrix pairing, [9]

R; Row space, [17]

Sp; the p-Schatten space,
Sp|E]; E-valued p-Schatten space,
a + §; sum of two o.s. tensor norm,

T,; n-th amplification of the mapping T,
T.; noise operator of z,

T; point-norm topology,

Tw; stable point-weak topology,

tr,; normalized trace,

x @ y; sum matrix, [7]

Z; completely projective cover of E,



Bibliography

[1] Antony, J., Kumar, A.: Spectra of elements in operator space tensor products
of Cr*-algebras. Positivity 25(5), 1973-1987 (2021), https://doi.org/10.1007/
s11117-021-00856-z

[2] Antony, J., Kumar, A., Luthra, P.: Operator space tensor products and inductive
limits. J. Math. Anal. Appl. 470(1), 235-250 (2019), https://doi.org/10.1016/j.
jmaa.2018.09.067

[3] Araiza, R., Junge, M., Palazuelos, C.: On a question of Blecher, Pisier, Shlyakhtenko
(2024), https://arxiv.org/abs/2406.05302

[4] Arhancet, C.: Entanglement-assisted classical capacities of some channels acting as
radial multipliers on fermion algebras. J. Funct. Anal. 288(5), Paper No. 110790, 47
(2025), https://doi.org/10.1016/7.jfa.2024.110790

[5] Arhancet, C.: Quantum information theory and Fourier multipliers on quantum
groups (2025), https://arxiv.org/abs/2008.12019

[6] Beckner, W.: Inequalities in Fourier analysis. Ann. of Math. (2) 102(1), 159-182
(1975), https://doi.org/10.2307/1970980

[7] Beigi, S., Goodarzi, M.M.: Operator-valued Schatten spaces and quantum entropies.
Lett. Math. Phys. 113(5), Paper No. 91, 54 (2023), https://doi.org/10.1007/
s11005-023-01712-9

[8] Beigi, S., King, C.: Hypercontractivity and the logarithmic Sobolev inequality for the
completely bounded norm. J. Math. Phys. 57(1), 015206, 20 (2016), https://doi.
org/10.1063/1.4934729

[9] Blecher, D.P.: The standard dual of an operator space. Pacific J. Math. 153(1), 15-30
(1992), http://projecteuclid.org/euclid.pjm/1102635970

201


https://doi.org/10.1007/s11117-021-00856-z
https://doi.org/10.1007/s11117-021-00856-z
https://doi.org/10.1016/j.jmaa.2018.09.067
https://doi.org/10.1016/j.jmaa.2018.09.067
https://arxiv.org/abs/2406.05302
https://doi.org/10.1016/j.jfa.2024.110790
https://arxiv.org/abs/2008.12019
https://doi.org/10.2307/1970980
https://doi.org/10.1007/s11005-023-01712-9
https://doi.org/10.1007/s11005-023-01712-9
https://doi.org/10.1063/1.4934729
https://doi.org/10.1063/1.4934729
http://projecteuclid.org/euclid.pjm/1102635970

202

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

BIBLIOGRAPHY

Blecher, D.P.: Tensor products of operator spaces. II. Canad. J. Math. 44(1), 75-90
(1992),https://doi.Org/lO.4153/CJM-1992-OO4—5

Blecher, D.P., Gao, L., Xu, B.: Geometric influences on quantum boolean cubes
(2024), https://arxiv.org/abs/2409.00224

Blecher, D.P., Le Merdy, C.: Operator algebras and their modules—an operator space
approach, London Mathematical Society Monographs. New Series, vol. 30. The Claren-
don Press Oxford University Press, Oxford (2004), http://dx.doi.org/10.1093/
acprof:0s0/9780198526599.001.0001

Blecher, D.P., Paulsen, V.I.: Tensor products of operator spaces. J. Funct. Anal. 99(2),
2627292(1991),http://dX.doi.org/lo.1016/0022—1236(91)90042—4

Blecher, D.P., Smith, R.R.: The dual of the haagerup tensor product. Journal of the
London Mathematical Society 45(1), 126-144 (1992), https://doi.org/10.1112/
jlms/s2-45.1.126

Bonami, A.: Etude des coefficients de Fourier des fonctions de LP(G). Ann.
Inst. Fourier (Grenoble) 20, 335-402 (1970), http://www.numdam.org/item?id=AIF_
1970__20_2_335_0

Carando, D., Galicer, D.: Natural symmetric tensor norms. J. Math. Anal. Appl.
387(2), 568-581 (2012), https://doi.org/10.1016/3.jmaa.2011.09.027

Chéavez-Dominguez, J.A.: Completely (g, p)-mixing maps. Illinois J. Math. 56(4),
1169-1183 (2012), http://projecteuclid.org/euclid.ijm/1399395827

Chévez-Dominguez, J.A.: The Chevet-Saphar tensor norms for operator spaces. Hous-
ton J. Math. 42(2), 577-596 (2016)

Chéavez-Dominguez, J.A., Dimant, V., Galicer, D.: Operator p-compact mappings. J.
Funct. Anal. 277(8), 2865-2891 (2019), https://doi.org/10.1016/j.jfa.2019.03.
001

Chavez-Dominguez, J.A., Dimant, V., Galicer, D.: Revisiting operator p-compact
mappings (2024), https://arxiv.org/abs/2008.12019

Chevet, S.: Sur certains produits tensoriels topologiques d’espaces de Banach. Z.
Wahrscheinlichkeitstheorie und Verw. Gebiete 11, 120-138 (1969)


https://doi.org/10.4153/CJM-1992-004-5
https://arxiv.org/abs/2409.00224
http://dx.doi.org/10.1093/acprof:oso/9780198526599.001.0001
http://dx.doi.org/10.1093/acprof:oso/9780198526599.001.0001
http://dx.doi.org/10.1016/0022-1236(91)90042-4
https://doi.org/10.1112/jlms/s2-45.1.126
https://doi.org/10.1112/jlms/s2-45.1.126
http://www.numdam.org/item?id=AIF_1970__20_2_335_0
http://www.numdam.org/item?id=AIF_1970__20_2_335_0
https://doi.org/10.1016/j.jmaa.2011.09.027
http://projecteuclid.org/euclid.ijm/1399395827
https://doi.org/10.1016/j.jfa.2019.03.001
https://doi.org/10.1016/j.jfa.2019.03.001
https://arxiv.org/abs/2008.12019

BIBLIOGRAPHY 203

22]

23]

[24]

[27]

28]

[29]

Choi, M.D.: Completely positive linear maps on complex matrices. Linear Algebra
Appl. 10, 285-290 (1975), https://doi.org/10.1016/0024-3795(75)90075-0

Defant, A., Floret, K.: Tensor norms and operator ideals, North-Holland Mathematics
Studies, vol. 176. North-Holland Publishing Co., Amsterdam (1993)

Defant, A., Wiesner, D.: Polynomials in operator space theory. J. Funct. Anal. 266(9),
54935525 (2014), https://doi.org/10.1016/5.jfa.2014.02.018

Delgado, J.M., Pineiro, C., Serrano, E.: Operators whose adjoints are quasi p-nuclear.
Studia Math. 197(3), 291-304 (2010), https://doi.org/10.4064/sm197-3-6

Devetak, I., Junge, M., King, C., Ruskai, M.B.: Multiplicativity of completely bounded
p-norms implies a new additivity result. Comm. Math. Phys. 266(1), 37-63 (2006),
https://doi.org/10.1007/s00220-006-0034-0

Diestel, J., Fourie, J.H., Swart, J.: The metric theory of tensor products:
Grothendieck’s résumé revisited. American Mathematical Society, Providence, RI
(2008), https://doi.org/10.1090/mbk/052

Dimant, V., Fernandez-Unzueta, M.: Biduals of tensor products in operator spaces.
Studia Math. 230(2), 167-187 (2015), https://doi.org/10.4064/sm8292-1-2016

Dimant, V., Fernandez-Unzueta, M.: Bilinear ideals in operator spaces. J. Math. Anal.
Appl. 429(1), 57-80 (2015), https://doi.org/10.1016/j.jmaa.2015.03.070

Effros, E.G., Junge, M., Ruan, Z.J.: Integral mappings and the principle of local
reflexivity for noncommutative L'-spaces. Ann. of Math. (2) 151(1), 59-92 (2000),
http://dx.doi.org/10.2307/121112

Effros, E.G., Kishimoto, A.: Module maps and Hochschild-Johnson cohomology. Indi-
ana Univ. Math. J. 36(2), 257-276 (1987), https://doi.org/10.1512/iumj.1987.
36.36015

Effros, E.G., Ruan, Z.J.: On approximation properties for operator spaces. Internat.
J. Math. 1(2), 163-187 (1990), https://doi.org/10.1142/50129167X90000113

Effros, E.G., Ruan, Z.J.: Self-duality for the Haagerup tensor product and Hilbert
space factorizations. J. Funct. Anal. 100(2), 257-284 (1991), https://doi.org/10.
1016/0022-1236(91)90111-H


https://doi.org/10.1016/0024-3795(75)90075-0
https://doi.org/10.1016/j.jfa.2014.02.018
https://doi.org/10.4064/sm197-3-6
https://doi.org/10.1007/s00220-006-0034-0
https://doi.org/10.1090/mbk/052
https://doi.org/10.4064/sm8292-1-2016
https://doi.org/10.1016/j.jmaa.2015.03.070
http://dx.doi.org/10.2307/121112
https://doi.org/10.1512/iumj.1987.36.36015
https://doi.org/10.1512/iumj.1987.36.36015
https://doi.org/10.1142/S0129167X90000113
https://doi.org/10.1016/0022-1236(91)90111-H
https://doi.org/10.1016/0022-1236(91)90111-H

204

[34]

BIBLIOGRAPHY

Effros, E.G., Ruan, Z.J.: The Grothendieck-Pietsch and Dvoretzky-Rogers theorems
for operator spaces. J. Funct. Anal. 122(2), 428-450 (1994), http://dx.doi.org/10.
1006/jfan.1994.1075

Effros, E.G., Ruan, Z.J.: Operator spaces, London Mathematical Society Monographs.
New Series, vol. 23. The Clarendon Press Oxford University Press, New York (2000)

Effros, E.G., Ruan, Z.J.: Operator space tensor products and Hopf convolution alge-
bras. J. Operator Theory 50(1), 131-156 (2003)

Effros, E.G., Webster, C.: Operator analogues of locally convex spaces. In: Operator
algebras and applications (Samos, 1996), NATO Adv. Sci. Inst. Ser. C: Math. Phys.
Sci., vol. 495, pp. 163-207. Kluwer Acad. Publ., Dordrecht (1997)

Fawzi, O., Kochanowski, J., Rouzé, C., Van Himbeeck, T.: Additivity and chain rules
for quantum entropies via multi-index schatten norms (2025), https://arxiv.org/
abs/2502.01611

Gross, L.: Logarithmic Sobolev inequalities. Amer. J. Math. 97(4), 1061-1083 (1975),
https://doi.org/10.2307/2373688

Grothendieck, A.: Résumé de la théorie métrique des produits tensoriels topologiques.
Bol. Soc. Mat. Sao Paulo 8, 1-79 (1953)

Haagerup, U.: The Grothendieck inequality for bilinear forms on C*-algebras. Adv. in
Math. 56(2), 93-116 (1985). https://doi.org/10.1016/0001-8708(85)90026-X, https:
//doi.org/10.1016/0001-8708(85)90026-X

Haagerup, U., Musat, M.. The Effros-Ruan conjecture for bilinear forms on
C*-algebras. Invent. Math. 174(1), 139-163 (2008), https://doi.org/10.1007/
s00222-008-0137-7

Ivanisvili, P., Nazarov, F.: On Weissler’s conjecture on the Hamming cube I. Int. Math.
Res. Not. IMRN (9), 6991-7020 (2022), https://doi.org/10.1093/imrn/rnaa363

Junge, M.: Factorization theory for spaces of operators. Habilitation Thesis. Kiel
(1996)

Junge, M., Nielsen, N.J., Ruan, Z.J., Xu, Q.: COL, spaces—the local structure of
non-commutative L, spaces. Adv. Math. 187(2), 257-319 (2004), http://dx.doi.
org/10.1016/7.aim.2003.08.010


http://dx.doi.org/10.1006/jfan.1994.1075
http://dx.doi.org/10.1006/jfan.1994.1075
https://arxiv.org/abs/2502.01611
https://arxiv.org/abs/2502.01611
https://doi.org/10.2307/2373688
https://doi.org/10.1016/0001-8708(85)90026-X
https://doi.org/10.1016/0001-8708(85)90026-X
https://doi.org/10.1007/s00222-008-0137-7
https://doi.org/10.1007/s00222-008-0137-7
https://doi.org/10.1093/imrn/rnaa363
http://dx.doi.org/10.1016/j.aim.2003.08.010
http://dx.doi.org/10.1016/j.aim.2003.08.010

BIBLIOGRAPHY 205

[46]

[47]

[48]

[49]

[50]

Junge, M., Parcet, J.: Maurey’s factorization theory for operator spaces. Math. Ann.
347(2), 299-338 (2010), http://dx.doi.org/10.1007/500208-009-0440-7

King, C.: Hypercontractivity for semigroups of unital qubit channels. Comm. Math.
Phys. 328(1), 285-301 (2014), https://doi.org/10.1007/s00220-014-1982-4

Kirchberg, E.: Exact C*-algebras, tensor products, and the classification of purely
infinite algebras. In: Proceedings of the International Congress of Mathematicians,
Vol. 1, 2 (Ziirich, 1994). pp. 943-954. Birkh&user, Basel (1995)

Lindenstrauss, J., Pelczynski, A.: Absolutely summing operators in L,-spaces and
their applications. Studia Math. 29, 275-326 (1968), https://doi.org/10.4064/
sm-29-3-275-326

Metger, T., Fawzi, O., Sutter, D., Renner, R.: Generalised entropy accumulation.
Comm. Math. Phys. 405(11), Paper No. 261, 43 (2024), https://doi.org/10.1007/
s00220-024-05121-4

Montanaro, A., Osborne, T.J.: Quantum boolean functions. Chicago Journal Of The-
oretical Computer Science 1, 1-45 (2010)

Oikhberg, T.: Completely bounded and ideal norms of multiplication operators and
Schur multipliers. Integral Equations Operator Theory 66(3), 425-440 (2010), http:
//dx.doi.org/10.1007/s00020-010-1751-5

Oikhberg, T., Pisier, G.: The “maximal” tensor product of operator spaces.
Proc. Edinburgh Math. Soc. (2) 42(2), 267-284 (1999), https://doi.org/10.1017/
S50013091500020241

Paulsen, V.: Completely bounded maps and operator algebras, Cambridge Studies in
Advanced Mathematics, vol. 78. Cambridge University Press, Cambridge (2002)

Persson, A.: On some properties of p-nuclear and p-integral operators. Studia Math.
33, 213-222 (1969)

Persson, A., Pietsch, A.: p-nukleare und p-integrale Abbildungen in Banachraumen.
Studia Math. 33, 19-62 (1969)

Pietsch, A.: Absolut p-summierende Abbildungen in normierten Raumen. Studia
Math. 28, 333-353 (1966/1967)


http://dx.doi.org/10.1007/s00208-009-0440-7
https://doi.org/10.1007/s00220-014-1982-4
https://doi.org/10.4064/sm-29-3-275-326
https://doi.org/10.4064/sm-29-3-275-326
https://doi.org/10.1007/s00220-024-05121-4
https://doi.org/10.1007/s00220-024-05121-4
http://dx.doi.org/10.1007/s00020-010-1751-5
http://dx.doi.org/10.1007/s00020-010-1751-5
https://doi.org/10.1017/S0013091500020241
https://doi.org/10.1017/S0013091500020241

206

[58]

[59]

[60]

[61]

[62]

BIBLIOGRAPHY

Pietsch, A.: Operator ideals, Mathematische Monographien [Mathematical Mono-
graphs|, vol. 16. VEB Deutscher Verlag der Wissenschaften, Berlin (1978)

Pietsch, A.: Operator ideals, North-Holland Mathematical Library, vol. 20. North-
Holland Publishing Co., Amsterdam (1980), translated from German by the author

Pisier, G.: Grothendieck’s theorem for noncommutative C*-algebras, with an
appendix on Grothendieck’s constants. J. Functional Analysis 29(3), 397-415
(1978). https://doi.org/10.1016,/0022-1236(78)90038-1, https://doi.org/10.1016/
0022-1236(78)90038-1

Pisier, G.: Counterexamples to a conjecture of Grothendieck. Acta Math. 151(3-4),
181-208 (1983), https://doi.org/10.1007/BF02393206

Pisier, G.: Factorization of linear operators and geometry of Banach spaces, CBMS
Regional Conference Series in Mathematics, vol. 60. Published for the Conference
Board of the Mathematical Sciences, Washington, DC; by the American Mathematical
Society, Providence, RI (1986), https://doi.org/10.1090/cbms/060

Pisier, G.: Exact operator spaces. Astérisque (232), 159-186 (1995), recent advances
in operator algebras (Orléans, 1992)

Pisier, G.: Non-commutative vector valued L,-spaces and completely p-summing
maps. Astérisque (247), vi+131 (1998)

Pisier, G.: Introduction to operator space theory, London Mathematical Society Lec-
ture Note Series, vol. 294. Cambridge University Press, Cambridge (2003)

Pisier, G.: Grothendieck’s theorem, past and present. Bull. Amer. Math. Soc. (N.S.)
49(2), 237-323 (2012), https://doi.org/10.1090/80273-0979-2011-01348-9

Pisier, G.: Tensor products of C*-algebras and operator spaces—the Connes-Kirchberg
problem, London Mathematical Society Student Texts, vol. 96. Cambridge University
Press, Cambridge (2020), https://doi.org/10.1017/9781108782081

Pisier, G.: Tensor products of C*-algebras and operator spaces—the Connes-Kirchberg
problem, London Mathematical Society Student Texts, vol. 96. Cambridge University
Press, Cambridge (2020), https://doi.org/10.1017/9781108782081

Pisier, G., Shlyakhtenko, D.: Grothendieck’s theorem for operator spaces. Invent.
Math. 150(1), 185-217 (2002), https://doi.org/10.1007/s00222-002-0235-x


https://doi.org/10.1016/0022-1236(78)90038-1
https://doi.org/10.1016/0022-1236(78)90038-1
https://doi.org/10.1007/BF02393206
https://doi.org/10.1090/cbms/060
https://doi.org/10.1090/S0273-0979-2011-01348-9
https://doi.org/10.1017/9781108782081
https://doi.org/10.1017/9781108782081
https://doi.org/10.1007/s00222-002-0235-x

BIBLIOGRAPHY 207

[70] Reinov, O.1.: Approximation properties of order p and the existence of non-p-nuclear
operators with p-nuclear second adjoints. Math. Nachr. 109, 125-134 (1982), https:
//doi.org/10.1002/mana. 19821090112

[71] Ryan, R.A.: Introduction to tensor products of Banach spaces. Springer Monographs
in Mathematics, Springer-Verlag London Ltd., London (2002)

[72] Saphar, P.: Applications p décomposantes et p absolument sommantes. Israel J. Math.
11, 164-179 (1972)

[73] Watrous, J.: The theory of quantum information. Cambridge university press (2018)

[74] Webster, C.J.: Local operator spaces and applications. Ph.D. thesis, University of
California (1997)

[75] Wiesner, D.: Polynomials in operator space theory. Ph.D. thesis, Carl von Ossietzky
Universitat Oldenburg (2009)

[76] Wittstock, G., Betz, B., Fischer, H.J., Lambert, A., Louis, K., Neufang, M., Zimmer-
mann, [.: What are operator spaces? https://www.math.uni-sb.de/ag/wittstock/
OperatorSpace.pdf], accessed: 2019-10-19

[77] Yew, K.L.: Completely p-summing maps on the operator Hilbert space OH. J. Funct.
Anal. 255(6), 1362-1402 (2008), http://dx.doi.org/10.1016/].jfa.2008.06.019

[78] Zalduendo, I.: Extending polynomials on Banach spaces—a survey. Rev. Un. Mat.
Argentina 46(2), 45-72 (2006) (2005)


https://doi.org/10.1002/mana.19821090112
https://doi.org/10.1002/mana.19821090112
https://www.math.uni-sb.de/ag/wittstock/OperatorSpace.pdf
https://www.math.uni-sb.de/ag/wittstock/OperatorSpace.pdf
http://dx.doi.org/10.1016/j.jfa.2008.06.019

	Introduction
	Preliminaries
	The basics
	Some usual notation
	Direct sums
	Injections and projections

	Classical operator space tensor norms
	The Minimal operator space tensor norm
	The Projective operator space tensor norm
	The Haagerup operator space tensor norm

	Operator approximation property
	Vector-valued versions of the Schatten spaces
	Relevant differences with the Banach space setting
	Local reflexivity
	Exactness
	Approximation properties of completely injective spaces


	Introduction to operator space tensor norms
	Definition of operator space tensor norms
	Basic properties of operator space tensor norms

	Examples of operator space tensor norms
	The nuclear tensor product
	The symmetrized Haagerup tensor norms
	The Chevet-Saphar tensor products
	-tensor products
	A general procedure

	Other related tensor norm constructions
	The extended Haagerup tensor product 
	The normal Haagerup tensor product 


	Finite and cofinite hulls
	Definitions and examples
	More examples


	The five basic lemmas
	The Approximation Lemma
	The Extension Lemma
	The Embedding Lemma
	The Density Lemma
	The OSp-local Technique Lemma

	Dual operator space tensor norms
	Duality properties
	The Duality Theorem
	Accessible operator space tensor norms
	Chevet-Persson-Saphar inequalities
	Connections with Quantum Analysis

	The completely bounded approximation property
	Tensor product characterizations
	Weak approximations

	Mapping ideals
	Definition and examples
	Mapping procedures

	Maximal operator space mapping ideals
	The Maximal hull
	The Representation Theorem
	Consequences of the Representation Theorem


	Minimal operator space mapping ideals
	The Minimal hull
	The Representation Theorem

	Completely projective/injective tensor norms
	Injectivity and Projectivity
	Completely injective hulls
	Completely projective hulls
	Local description of injective/projective hulls

	Injective/projective hulls and accessibility
	The impact of acccessibility
	Accessibility and mapping procedures
	Accessibility of mapping ideals

	Natural operator space tensor norms
	Similarities and Differences with the classical theory
	The `39`42`"613A``45`47`"603Aproj family
	The min family
	Two-sided natural operator space tensor norms

	Conclusions and some open questions
	Index
	List of Symbols
	Bibliography

