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0. Introduction

Alexander Grothendieck, one of the most influential mathematicians of the 20th cen-
tury, took his first steps in research in the area of functional analysis. In his early work,
he developed a systematic theory of tensor products and norms [18], where he set the
basis of what was later known as local theory — that is, the study of Banach spaces in
terms of their finite-dimensional subspaces — and exhibited the importance of the use
of tensor products in the theory of Banach (and locally convex) spaces. Grothendieck’s
approach, although at first it received little notice given its complexity and the language
in which it was written, was rediscovered at the end of the sixties by Lindenstrauss and
Pelczyniski [23] and inspired huge developments in Banach space theory. In particular, it
inspired the creation of a whole new theory: the study of operator ideals (systematized
by Pietsch and the German school [28,29]). In order to develop the metric theory of
tensor products, Grothendieck gave a characterization of compactness in Banach spaces
of independent interest [17, Chap. I, p. 112]: relatively compact sets are precisely those
that lie within the absolutely convex hull of a null sequence. That is, a set K in a Banach
space X is relatively compact if and only if there is a sequence (z,),en in X such that

(oo} oo
K C {Zanxn: > anl < 1} and lim |z, = 0. (1)
n=1 n=1

Inspired by Grothendieck’s result, Sinha and Karn [37] introduced the notion of rela-
tively p-compact sets. This definition describes relatively p-compact sets as those which
are determined in a way similar to (1), but by p-summable sequences instead of null
ones. That is, if 1 < p < oo and %4— % =1, a subset K C X is called relatively p-compact
if there exists a sequence (x,), in X such that

K C {Z QT : Z | < 1} and Z |zn||? < 0. (2)
n=1 n=1 n=1

Of course, in the limiting case p = 1 we replace the definition above by K C
{00 L any: Jayn| <1} and 3007 ||| < co. Thus, classical compact sets can then
be seen as “oo-compact”. Moreover, the following monotonicity relation holds: if 1 <
g < p < oo, any relatively g-compact set is in fact relatively p-compact. Therefore,
p-compactness reveals “finer and subtle” structures on compact sets.

Having this definition at hand, it is natural to think about extending the notion of
compactness to linear mappings. By simple analogy, p-compact mappings arise as those
which map the unit ball into a relatively p-compact set. This definition, which comes
from Sinha and Karn’s original paper [37], turns out to yield a normed operator ideal,
denoted by /C, (see the precise definition in Section 3). In recent years there has been
great interest in this class — and in some notions that naturally relate to it — from
a variety of perspectives including the theory of operator ideals, the theory of tensor
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norms, the interplay with various approximation properties, structural properties of sets
and sequences and infinite dimensional complex analysis (see, e.g. [9,7,26,16,22,31,24,1,
14] and the references therein).

The main goal of the present paper is to initiate the study of a noncommutative
version of p-compact mappings, specifically in the context of operator spaces. Recall
that an operator space is a Banach space X with an extra “matricial norm structure”:
in addition to the norm on X, we have norms on all the spaces M,,(X) of n x n matrices
with entries from X (and these norms must satisfy certain consistency requirements).
The morphisms are no longer just bounded maps, but the completely bounded ones: they
are required to be uniformly bounded on all the matricial levels. Operator spaces are
thus a quantized or noncommutative version of Banach spaces, giving rise to a theory
that not only is mathematically attractive but it is also naturally well-positioned to have
applications to quantum physics. The systematic study of operator spaces started with
Ruan’s thesis, and was developed mainly by Effros and Ruan, Blecher and Paulsen, Pisier
and Junge (see the monographs [20,33,3,12,34] and the references therein).

Due to their very definition, it is natural to investigate to what extent the classical
theory of Banach spaces can be translated to the noncommutative context of operator
spaces. Though some properties do carry over, many do not and these differences are
one of the reasons making the new theory so interesting. In particular, both ideals of
operators and tensor norms have inspired important developments in the operator space
setting. Noncommutative versions of nuclear, integral, summing, and other ideals of
operators have played significant roles in, e.g., [12,33,19,13,21], whereas in addition to
the usefulness of various specific tensor norms for operator spaces (most notably the
Haagerup one), Blecher and Paulsen [4] have showed that the elementary theory of
tensor norms of Banach spaces carries over to operator spaces, initiating a “tensor norm
program” for operator spaces further developed in [2]. However, the abstract tool of
associating ideals of operators and tensor norms in the sense of [8, Chap. 17] does not
appear to have been developed yet. In the present paper we take some small steps in
this direction, which we need throughout our definition and study of the new class of
operator p-compact mappings (which we denote by IC;). A much more thorough study
of the relationships between tensor norms and ideals of mappings in the operator space
category will appear in [6].

One way to define this class is to rely on certain factorizations that characterize
p-compact mappings via right p-nuclear maps. To this end, we study and define the ideal
of completely right p-nuclear mappings, NP (which are, in some way, a transposed version
of the class given in [19, Def. 3.1.3.1.] called p-nuclear operators). In particular, Ky is the
surjective hull of N as shown by Delgado, Pifieiro and Serrano [9, Prop. 3.11] and by
Pietsch [31, Thm. 1] in the Banach space context. This relation among these two classes
enables us to give an appropriate operator space structure to Kp.

At the end of the nineties, Webster (a student of Effros) proposed in his doctoral thesis
[38] several ways to extend the notion of compactness to the operator space framework
(see also [39]). One of these notions, which he called operator compactness, is in effect a
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noncommutative version of Grothendieck’s characterization (being in the absolute convex
hull of a null sequence as in Equation (1)). This also gave raise to the notion of operator
compact mappings. Therefore, another path to translate the concept of p-compactness
to the category of operator spaces is based on Webster’s ideas. We show that these
two possible ways to define p-compactness in the operator space setting (the one which
involves the factorization through completely right p-nuclear mappings and the one based
on Webster’s work) in fact coincide. This allows us to endow Webster’s class (of operator
compact mappings) with an operator space structure.

The article is organized as follows. In Section 1 we present the notation and some
basic concepts in the theory of operator spaces. In Section 2 we introduce the notion of
completely right p-nuclear mappings, first in tensor terms and then proving a character-
ization in terms of factorizations. It should be mentioned that for p = 1, this concept
coincides with the completely nuclear mappings already studied in [12, Sec. 12.2]. In
Section 3 we introduce a notion of operator p-compact mappings based on factorization
schemes, and give an operator space structure to this class by relating it to the afore-
mentioned right p-nuclear mappings. Additionally, we characterize operator p-compact
mappings in terms of a noncommutative notion of p-compact sets. We end the article
with some open questions.

1. Preliminaries

Our Banach space notation is quite standard, and follows closely that of [8,36]. The
injective tensor product of Banach spaces will be denoted by ®.. For a Banach space X
and 1 < p < oo, we denote by £,(X) and £ (X) the spaces of p-summable and weakly
p-summable sequences in X, respectively, with their usual norms

1/p 1/p
l@lle, 0 = (annn”) el = s <2|x (2) )

z/||<1

where z’ is taken in X', the dual of X. The obvious modifications are adapted to the
case p = oo. The unit ball of X is denoted by Bx.

We only assume familiarity with the basic theory of operator spaces; the books [34]
and [12] are excellent references. Our notation follows closely that from [33,34], with one
main exception: we denote the dual of a space E by E’.

Throughout the article £ and F' will be operator spaces. For each n, M, (F) will
denote the space of n x n matrices of elements of £. We will just write M,, when F is
the scalar field. The spaces M, xm(E) and M, «,, are defined analogously. For a linear
mapping T : E — F, we will denote its n-amplification by T}, : M, (E) — M, (F). The
space of completely bounded linear mappings from E into F' will be noted by CB(E, F).
The corresponding bilinear notion is the following: a bilinear map T : F; X Fy — F' is
jointly completely bounded if there exists a constant C' > 0 such that for any matrices
(xij)ﬁjzl € M, (E;) and (ykg)’,;fzzl € M,,(E2) we have
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H(T(miﬂ"ykf»HMnm(F) < H(xij)?,j:lHMn(El) H(ykf)g?leuMm(EQ)'

The least such C' is denoted [T[|;,. As in [12, Sec. 10.1] we will denote by Me(E)
the (operator) space of all infinite matrices (z;;) with coefficients in E such that the
truncated matrices are uniformly bounded, i.e., sup,en [[(%i;)7 j=1llar, () < oo. This
supremum corresponds to the norm of the element (z;;) in M (E). The space My, of
bounded scalar infinite matrices is naturally identified with B(¢3); more generally, if F
is concretely realized as a subspace of B(H), then M. (E) is realized as a subspace of
B(¢y ®3 H) where ®9 denotes the Hilbertian tensor product (the latter is the approach
taken in [33]).

Our notation for the minimal and the projective operator space tensor products will
be, respectively, ®min and ®proj. By an operator space cross norm « we mean an assign-
ment of an operator space E ®, F to each pair (E, F) of operator spaces, in such a way
that E®,F is the algebraic tensor product F®F together with a matricial norm structure
on E®F that we write as o, or |||, , and such that cu (2®@y) = (|2l o, () Y]l s, () fOr
every & € My (E), y € M,,(F). This implies that the identity map E®pro; F' = E®q F is
completely contractive [4, Thm. 5.5]. If in addition the identity map E®qy F — E Qumin F'
is also completely contractive, we say that « is an operator space tensor norm. Moreover,
an operator space tensor norm « is called uniform if additionally for any operator spaces
Ey, Es, Fy, Fy, the map ®,, : CB(E1, E2) x CB(F1, Fy) = CB(E1 Q4 Ea, F1 ®4, F») given
by (S,T) — S ®, T is jointly completely contractive.

If a is an operator space tensor norm, the completion of the tensor product F ®, F'
will be denoted by E®,F. A degree of caution is required when consulting differ-
ent works dealing with operator space tensor products, since the term “tensor norm”
is not always taken to have the exact same meaning. We point out that the def-
inition we use was introduced in [4] and it is slightly different than those of [12,
11], though not in any significant way. An operator space tensor norm « is said
to be finitely generated if for any operator spaces E and F and u € M,(FE ® F),
an(u; B, F) = inf {a,(u; Ey, Fo): u € M, (Ey ® Fy)}, where the infimum is taken over
finite-dimensional subspaces Ey C E and Fy C F. For operator space tensor norms «
and 8 and a constant ¢, we write “a < ¢S on E® F” to indicate that the identity map
E®pF — E®qF has cb-norm at most c. If no reference to spaces is made, we mean that
the inequality holds for any pair of operator spaces. A linear map @ : E — F between
operator spaces is called a complete 1-quotient if it is onto and the associated map from
E/ker (Q) to F' is a completely isometric isomorphism. These maps are called complete
metric surjections in [34, Sec. 2.4], where it is proved that a linear map v : E — F' is
a complete 1-quotient if and only if its adjoint v’ : F/ — E’ is a completely isometric
embedding.

As can already be seen in the introduction, the ¢, spaces play a fundamental role
in defining and studying the notion of p-compactness in Banach spaces. The noncom-
mutative analog of £, is the Schatten class Sp, which is defined for 1 < p < oo as the
space of all compact operators T' on £2 such that tr |T|? < oo equipped with the norm
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ITls, = (tr\T|p)1/p; in the case p = oo, we denote by S the space of all compact
operators on £ endowed with the operator norm. Of course the reason for this analogy
is that ¢, can be identified with the diagonal operators in S), and the commutative /non-
commutative distinction comes from the fact that any two diagonal operators commute.
However, to fully realize S, as the noncommutative analog of ¢, we additionally need an
operator space structure on S,. The case of So, poses no issue, as any C*-algebra has a
canonical operator space structure [12, p. 21]; using the duality S7 = B(¢2) we can also
get a natural operator space structure on S;. Pisier’s theory of complex interpolation
for operator spaces [32, Sec. 2], [34, Sec. 2.7] then allows us to give an operator space
structure to each of the intermediate S, spaces; as remarked in [34, p. 141], this abstract
approach realizes S), as a subspace of a B(H) space in a highly nonstandard way. More
generally, following [33], for an operator space F and 1 < p < oo we can define an
operator space which is an E-valued version of S, and will be denoted by S,[E]: Seo[E]
is the minimal operator space tensor product of So, and F, S1[E] as the operator space
projective tensor product of S; and E, and once again in the case 1 < p < oo we define
Sp[E] via complex interpolation between Sy [E] and S;[E]. For 1 < p < oo, the dual of
Sp[E] can be canonically identified with S,/ [E’], where p’ satisfies 1/p 4+ 1/p’ = 1 [33,
Cor. 1.8]. In the discussion above, if we replace S; by the space ST of n x n matrices
with the trace norm, and S, by the space M,,, we can analogously construct operator
spaces S and Sp[E].

Finally, a remark about our use of the word operator. In the Banach space literature it
is usual to speak of p-compact operators rather than p-compact mappings, and similarly
for other various classes of bounded linear transformations between normed spaces. In
order to avoid confusions, throughout this paper we reserve the word operator for notions
that are noncommutative in nature (as in operator space), and use the word mapping to
refer to bounded linear transformations.

2. Completely right p-nuclear mappings

In this section we introduce the notion of completely right p-nuclear mappings, in-
spired by the definitions in the Banach space setting. For p = 1, this concept coincides
with the completely nuclear mappings studied in [12, Sec. 12.2]. Recall that in the Ba-
nach space setting a linear mapping T : X — Y is right p-nuclear ([35], [36, Sec. 6.2]) if
T can be written as

T= Z xln®yna
n=1

where (z7,) € £(X'), (yn) € £,(Y). Moreover, the right p-nuclear norm of T is defined
as

vP(T) = inf{|(27,)llew, x) - 1) lle, )}
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where the infimum is taken all over possible representations of T' as above. The class of
all right p-nuclear mappings is denoted by NP. This definition is known to be equivalent
to having a factorization

E/Hel
P Dy ’

where U and V' are bounded mappings, A € £,, and D, stands for the diagonal mul-
tiplication mapping (x,) — (An2y). Indeed, if T = VD,\U then defining z/, := e, o U
and y,, := Ve, we have that T' =Y | 2/ ®y,, where (e},) and (e,) are the canonical
unit vectors of £, and ¢; respectively. Reciprocally, if T" is written as y | 7, ®y, then
defining U : X — £,y by U(z) := (2),(z)) and V : {4 = Y by V((an)) = >0e | anyn, we
have a factorization as in (3). Moreover, v?(T') = inf{||U||||Dxl|[|V'||} where the infimum
runs over all factorizations as above.

Recall that, given Banach spaces X and Y and 1 < p < oo, the p-right Chevet-Saphar
tensor norm ([36, Chap. 6], [8, Chap. 12]) d,, of a tensor u € X ® Y is defined by

dy(u) = nf 3 (@) e, o x N W)l s u =D a; @5 0, (4)
J

where the infimum runs over all the possible ways in which the tensor u can be written
as a finite sum as above.

From the definition it follows that right p-nuclear mappings between the Banach
spaces X and Y are exactly those mappings which are in the range of the canonical
inclusion X’ @de — X’®.Y, and the right p-nuclear norm coincides with the quotient
norm inherited from this inclusion (see also the analogous results given in [8, 22.3], [36,
Sec. 6.2] and [10, Prop. 5.23]).

Moving to the operator space realm, for 1 < p < oo, in [5] the p-right Chevet-Saphar
operator space tensor norm dy is defined in the following way: given operator spaces E
and F, forue EQ F,

n
dp(u) = inf ¢ [[(ij) 57 @ e (Wil spe) - w = Z Tij @ Yij ¢ (5)
ij—=1

where the infimum runs over all the possible ways in which the tensor u can be written
as a finite sum as above.

The operator space structure of the tensor E@dgF is given by the following 1-quotient
(see [5, Sec. 3])
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Q" : (Sp Omin ) Bproj Sp[F] — E®d§iF’

where ® means the completion of the corresponding tensor product.
Motivated by the definition given in the Banach setting, we introduce a corresponding
notion of p-nuclear mappings in the category of operator spaces.

Definition 2.1. Let 1 < p < oco. We say that a linear mapping T : E — F between
operator spaces F and F' is completely right p-nuclear if it corresponds to an element in
the range of the canonical inclusion

JP E'@)dgF — E'®@minF.

We denote the space of all such mappings by N?(E, F), and we endow it with the
quotient structure (E’@dg F)/ker JP. In particular, its norm — that we denote by v? — is
the quotient norm.

For future reference, it is important to remark that since the operator space structure
on E' @d;F is itself coming from a quotient, the above definition is equivalent to being
in the range of

JPo Q;D : (Sp’®minE/)®projSp[F] — El@minFy

and this still induces the same quotient structure.

Following [12, Sec. 12.2], a mapping ideal (A, A) is an assignment, for each pair of
operator spaces F, I, of a linear space 2A(E, F') C CB(E, F) together with an operator
space matrix norm A on A(FE, F') such that

(i) The identity map A(F,F) — CB(E, F) is a complete contraction.
(ii) The ideal property: whenever T' € M, (2(E, F)), r € CB(Ey, E) and s € CB(F, F),
it follows that A, (s, 0T or) < |||, An(T) ||I7]]p-

Let us start by proving that AP is a mapping ideal. We observe, also, that each space
NP(E,F) is complete.

Proposition 2.2. N? is a mapping ideal, for 1 < p < oo.

Proof. Given T € M, (NP(E;F)), the definition of right p-nuclearity yields
||T||Mn(CB(E,F)) < ||T||M7L(N5(E,F)) Also for S € CB(E(),E) and R € CB(F,F()) we
have R, TS € M,, (N?(Ey, Fy)) and

IR TS s, N2 (o, o)) < IR e 1T as, v (2359 1Sl -

Indeed, by definition there exists ¢ € Mn(E’®dgF) such that (J?),(t) = T. Since dj is a
uniform operator space tensor norm,
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dp (8”@ R)n(t)) < 18" lat, () [ Bl ety = 1S 1], A (t) | Bl -

Note that (J?),((S' ® R)n(t)) = R,TS, so R, TS € M,(N?(Ey, Fy)) and

1B TS a1, (w2 (0, 70)) < IS]len, dp(E) 1Ry, -

Taking the infimum over all ¢ we get the desired conclusion. 0O

The next result shows that the formula given in Equation (5) can be extended for
tensors that lie in the completion E@dgF. To that end, we will want to consider the
elements of the spaces S, @min £ and Sp[E] as infinite matrices with entries in E. In
the first case the meaning is clear: since S, ®min £ completely isometrically embeds into
CB(S]’D, E), we identify X € S, @uin F with the infinite F-valued matrix that arises from
applying X (considered as a map S), — E) to the matrix units in S,,. For Y € S,[E] the
identification as an infinite matrix is not immediately clear, since S,[E] was constructed
using complex interpolation. The reader is invited to check [33, p. 18-20] for the full
details, but in a nutshell the idea is as follows. If R and C are the row and column
Hilbert spaces, respectively, and ®;, is the Haagerup tensor product, it is known that
there are identifications Si[E] = R ®, QF ®p, C and S[F] = C @, ®F ®p, R. This
yields the identifications as infinite matrices with values in E for the elements of the
spaces S1[E] and S [F], and these identifications are compatible with the interpolation
procedure that generates the rest of the S,[E] spaces: [33, Thm. 1.1] states that S,[E]
can be canonically identified with a space of the form R(1 — 0) ®, @FE @, R(0), where
R(#) = (R,C)p. When thinking of the elements of S,[E] as infinite matrices in this
way, an important feature of the identification is the fact that (z;;)75_, € Sp[E] is the

limit (in S,[E]) of its truncations (z;;)}

=1 [33, Lemma 1.12] (of course, we think of

the truncations as infinite matrices by padding them with zeros). Let us now consider
(zij)5521 € Sy @min E and (Yij)55=1 € Sp[F], where E and F are operator spaces. From
the definition of QP it is clear that QP ((2i)%=, @ (yi;)}j=1) = doij—1Tij @ yij. Since
(Yij)i =1 converges to (yi;)75_; in Sp[F], by continuity of QP we get QP((xl-j);?)cjzl ®
(yij)io;:l) = lim, 0o szzl ;5 ®y;;. For simplicity, this limit will sometimes be denoted
by >, Tij © Yij-

Theorem 2.3. Let 1 < p < o0, let E and F' be operator spaces, and u € E@dgF, Then

ullgg = it $ il g, Wil iy = 6= Q7 ((225) © (9:7)) Zzw%

Proof. Let u € E@sz. It is clear that Hu||dg < @ills 6 . & ||(yij)||sp[F], for any
o/ Omin
representation of u = QP ((z;;) ® (yi5)), since QP is a complete contraction.
Also, for every n > 0 there is a sequence (up,) € F ® F such that

u =
Do Um € E@sz with df(u1) < dj(u) +n and df(u,,) < for every m > 2.

4m
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: - k1 k1
Now, we can write u1 := >, zi; ® y;; where H(mij)i,jzl

o < dg(u) + 7 and

k K
H(yij)ifj:lHS . < 1. Also, for m > 2, we may represent u,, := Zi,j:km,1+1 Tij @ Yij

with ’

< L and H(y)k"_ H < sL. Padding with
S5 Gmin 2 Vobi=km s, ey T2

zeros, we construct infinite matrices (xz;;) and (y;;). By the triangle inequality we derive
Hiills, i < 1+ 02 m—p 2™ and also [[(@ij)lls 5,6 < dplw) +n+n30 527
To conclude the proof we just need to observe that QP ((z;;) ® (ys;)) = u, which follows
from QP ((z4;) ® (y”)fgzl) =" _, unm and the fact that (y”)fgzl converges to (y;;) in
Sp[Flasn —o0. O

k
C DI ‘

We now introduce a non-commutative version of the sequence space £,’(E), namely

SPIE] = {2 € Moo (E) : sup||(2i) =1 | sy a6 < 00}
N N Omin

It can be easily seen that this is an operator space endowed with the matricial norm

structure given by
Kl n o EL\N  \7
1(@)is) ki ot stz = sup (@) T=1) i s, (5 G

Recall that £}’(E) can be identified with the space of bounded linear mappings from

ly to E [8, Prop. 8.2.(1)]. The following is the analogous statement for S;’[E].

Lemma 2.4. For 1 < p < oo, we have the following completely isometric identification

Sy [E] = CB(Sy, E).
Proof. Let us see first that the spaces S;’[E] and CB(Sy, E) are isometrically isomor-
phic. For each N € N, we denote py : My (FE) = My(E) the N-truncation given by
PN ((Z‘U)”) = (xij)gj:l. For each X € S;)[E],

1 X || 5wz = sup lon (X538 oz = sup lon (X)lles(sy . by

since the spaces Sg@minE and CB(SII,Y,E) are isometric. Thus, the mapping Ty :
Un=15) — E is well defined (given A € S]] for some N € N, Tx(A) := py(X)(A))
and uniquely extends to S, by density. The same holds with the n-amplification
(Tx)n + Ma(UR=1 Sp) — Myn(E) (whose norm is obviously bounded by [|X||swg)),
and extends to M, (Sy ). Hence, Tx € CB(Sy, E) with || Tx|lcs(s,, . 5) < [ X sw(m)-
Conversely, for T € CB(Sy, E), denoting by iy : SII)\,/ — S,y the canonical com-
pletely isometric inclusion, we derive that T'o iy € CB(S), E) with ||T o iN”CB(Sé\i,E) <
||T||CB(SP,,E), for each N € N. Now, defining X7 € M, (F) by X1 = (Teij)i’j it is plain,
through the identity SY®minE = CB(S), E), that
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[ X7l swim) = sup lon (X1)lsn g, 6 =suP T e inllessy. gy < I Tlles(s,, B)-
N P N P

Hence, we have proved the isometry Sy’[E] = CB(S,/, E). To see that this isometry is
complete, we need to show that, for each n, the spaces M, (S;“ [E]) and M,, (CB(S,, E))
are isometric. Recall that

M, (CB(Sy, E)) = CB(Sy, M (E)) = SP[M,(E)),

where the last equality follows from the first part of the proof. To finish it only remains
to see that S}’[M,,(E)] < M, (S¥[E]). Indeed, by [12, Cor. 8.1.3 and Cor. 8.1.7], for all
N the spaces S} Omin M, (E) and M, (s @minE) are completely isometric. Therefore,
for cach X € M, (S¥[E]), it holds

1€ g, (s12) =52 WOl (5375, ) = 52 1M 555,00,
= ||X|\Sg[Mn(E)]~ o

As in the Banach space setting, we can replace Sp/®minE by Sz’,”/ [E] in the quotient
description of the norm dj. Indeed, let

Qv Sy [E)®pr0jSp[F] — Eé’dgF

be the canonical mapping given by QP((z;) ® (yi;)) = >0 Tij ® Yij, for (x45) € Sp[E]
and (y;;) € Sp[F]. To see that this is well defined, denote by 7% : SYIE] = S;f, ®min F
the truncation mapping given by 7% ((x;);,;) = (xij)ﬁjzl. It is plain, due to the operator
space structure of 57 [E], that 7% is a complete contraction. We note by 7% the “same”
truncation mapping (that is, given by the same formula as 7%) but on a different space,
7k SL[F] — Sp[F).

Let (2i;) € Sp[E] and (y;5) € Sp[F]. To see that } -, ;x5 ® y;; converges in E@d;F
we prove that (ug) is a Cauchy sequence, where uj = Zﬁjzl Z;ij ® yi;. By definition, if
k>1,

dp(u = w) < [[7*(@s3) = 7 @i 51,0 17 Wi3) = 7 Wi,
Note that [|7*(xi;) = 7(215)| gt 0 < 21511 A0 [F(wig) = 7wl g,y < €
for k, [ sufficiently large, by [33, Lemma 1.12]. So, (ux), converges tou =), ; Tij @ Yij

and dj(u) < ||(93ij)||5;f/[E] ||(yij)HSP[F]~ Thus, QP is well defined.

Theorem 2.5. For 1 < p < oo, the mapping QP : S;‘i[E]@projSp[F] — E@dZF is a
complete 1-quotient.
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Proof. We have just to prove that @p is a complete contraction: since QP is a complete
1-quotient and Sp/@)minE < S[E] is a complete isometry, the desired conclusion follows.
Let n € N be fixed. We need to prove that

(@) Mo (SN sy ) — My (BB F)|| < 1.

Denote by 7% and 7% the truncation mappings defined before the theorem and recall
that, given r € N and Y € M,.(S,[F1]), by [33, Lemma 1.12], it holds

(7). () - YHMT(SP[F]) — 0.

k—o0

For A € My, (S%[E]®pro;Sp [F]) take any representation of the form 4 = a(X ® V)8,
with X € M, (S;ji [E]), Y € M, (Sp[F]), « € M, .y B € My . By arguing as in the
paragraph preceding the statement of the theorem, we obtain

(@) @), (A) = (@)u( @ 7)(A) — (@P)u(A), in M, (Eys F).

k—o0

Also, the fact that QP is a complete 1-quotient implies, for each k,

1@n(r* @ 7)1, 5 = (@D (@l () @ FEENB) 3y, 55,

<, ,., - ||Tf(X)||Mq(s§,®mmE) NFEO) N ag, (s, 171
1Bl g

< ot 1 g 5 ) IOt
S Y.

Taking limit as k — oo we obtain

|@na)|

< ipe Y . .
inagry <10 WX () IV sty U3l

Since this holds for every representation of A it is clear that

@) 0

<A .

Mn(E@sz) - H ||M” (S;;U/ [E]®pr0jSP[F])
Two direct consequences of the previous theorem are stated in the next corollary.
Recall that limit in the first item below exists by the discussion immediately preceding

Theorem 2.5.

Corollary 2.6. Let 1 < p < oo then:
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(1) The bilinear mapping associated to QP, BP SPIE] x Sp[F] — E@dgF given by

BY ((x45), (yi5)) = nlgrolo Z Tij & Yij
ij=1
is jointly completely bounded with || BP||jcp = 1.
(2) For each u € E@d;F,

lellgy = 0 i)y i)y + 0= QP (2g) @ (i) }-

Now we show that certain two-sided multiplication operators are completely right
p-nuclear. This is closely related to the results in [25], and the argument here follows
closely [12, Prop. 12.2.2]. As in [33, p. 21], if F is an operator space, x € M (E) and
a € My, we denote by a -z (resp. x - a) the matrix product, that is,

(a-x)y = Z i Ty, (resp. (z-a)y = Z :vikakj).
k k

Ifbe My, wedenotea-z-b=a-(x-b) =(a-x)-b

Proposition 2.7. Let 1 < p < 0o and a,b € Sap. Then the multiplication operator M (a, b) :
x— a-x-b belongs to NP(Sy,S1) and satisfies vP (M (a,b)) < lalls,, lIblls,, -

Proof. Write a = (a;;) and b = (b;;). Let us first observe that we may assume that only
finitely many entries in each of these two infinite matrices are nonzero. To that effect,
suppose that we know the result for finitely supported matrices, and let a,b € S,,. We
can find sequences (a¥), (b*) in Sa, of finitely supported matrices converging to a and b,
respectively, in the Sy, norm. Since for x € S,y we have

akxbt — aleb! = (aF — ab)zb® + alx(bF — bl),

it follows that (M (a®,b*)) ., is a Cauchy sequence in N7 (S, S1) and therefore converges
in the same space. Since the norm in CB(S,,S1) is dominated by that of N?(S,/, S1),
it follows that the limit of (M (a",b%)), has to be M(a,b), and therefore M(a,b) €
NEP(Sy, S1) with v2(M(a,b)) < Jlals,, bl -

Therefore, from now on we assume a = (a;;);';—; and b = (bi;)7;_;. Let € = [e;5]},_;
be the matrix of matrix units. For x = (z;;) € Sy,

(axb)z-j = E €ij & aikxklblj
ol

= €ij @ amen()by.
ol
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From the above calculation
M(a,b)(z) = QP (¢ ® (a- - b)) (),
hence M(a,b) = QP (¢ ® (a-¢ - b)) and
vh(M(a,b)) < lell s s, lla - € - Dl sy -
Note that
e = [eijli =1 € Sy [Sp] = CB(Sp, Sp)

is just the projection onto an initial block Sy, and thus [|e|| g is,] = L
p/
On the other hand, by [33, Thm. 1.5 and Lemma 1.6],

la-e-bllgnis,) < lallsy lella, (s, M0llsg, -
Now,
€= [51'1']?,3‘:1 € M, (S1) = My(S.,) € CB(Sac, My)

is once again just a projection onto an initial block, so |||, (s,) = 1. Therefore, we
conclude that v%(M(a,b)) < |lallg, [blls, - O

The multiplication operators defined in the previous proposition are the canonical
prototypes of completely right p-nuclear mappings: we show below that a mapping is
completely right p-nuclear if and only if it admits a factorization through one such
multiplication operator (similar to the Banach space framework as in (3)).

Theorem 2.8. For a linear map T : E — F and 1 < p < oo, the following are equivalent:

(a) T is completely right p-nuclear.
(b) There exist a,b € Sap such that T admits a factorization

EL-F
oy
Sp/]\mS1

Moreover, in this case

vp(T) = inf { |Ullg [Vlles, llall s, 18]l }
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where the infimum is taken over all factorizations as in (b).
Proof. (b) = (a): This follows from Propositions 2.2 and 2.7.

(a) = (b): Let 1 < p < oo, assume that T € NP(E; F) with v#(T) < 1. Then there
exists u € E’@d;F such that JP(u) = T and ||“||d; < 1. By Theorem 2.3, we can in
turn find X € Sy @minE’, Y € Sp[F] such that u = QP(X ® Y), ”X”Sp@m;nE/ < 1 and
1Yl s,(7) < 1. On the one hand, the representation of the minimal tensor product and
its symmetry allows us to think of X as a mapping U in CB(E, S,/) with ||U]|., < 1. On
the other hand, by [33, Thm. 1.5, we can write Y = a-Y - b with lalls,, <1, [1blls,, <1
and HY”SOQ[F} < 1. Also, since Sy, [F] = S0 @minF completely isometrically embeds into
CB(S1,F), Y canonically induces a linear map V : Sy — F with ||V, = HY”SOO[F].
Chasing down the formulas it is easy to see that T'=V o M(a,b) o U (in the spirit of
[12, Prop. 12.2.3]), giving us the desired factorization. Finally, for p = co this is derived
directly from the definition of right co-nuclear with M (a,b) = Id. O

3. Operator p-compact mappings

Following [37,9] we say that a linear mapping between Banach spaces T : X — Y
is p-compact if T(Bx) is a relatively p-compact set. That is, there exists a sequence
(Yn)n € Y such that

T(Bx) C {Z QnYn : Z lan|? < 1} and Z lynllP < 0. (6)
n=1 n=1

n=1

The class of p-compact mappings is denoted by K, and endowed with the norm

Fp(T) := (]| (yn)nlle, 00} (7)

where the infimum runs all over the sequences (yn)., € Y as in Equation (6).

This notion should not be confused with the homonymous concept studied in the late
seventies and early eighties by [30] and [15] (see also [8]). Nowadays, this older class is
sometimes referred to as “classical p-compact” mappings (as proposed in [27]). We will
not deal with such mappings in this paper.

The following characterization of p-compactness in terms of commutative diagrams is
well-known to experts, but we were unable to find an explicit reference for it. Thus, we
include a sketch of its proof for completeness.

Proposition 3.1. Let X and Y be Banach spaces, and T : X — Y a linear mapping. The
following are equivalent:

(1) T: X =Y is p-compact
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(2) There exist a Banach space Z, a mapping © € NP(Z;Y) and a bounded mapping
R € L(X, Z/ker ©) with |R|| <1 such that the following diagram commutes

Z/ker O,

where T and © stand for the natural quotient mapping and the natural monomor-
phism associated to © respectively.

Moreover,
kp(T) = inf{?(0) : © € NP(Z;Y) as in (8)}.
Proof. (1) = (2): This is essentially contained in the proof of [16, Prop. 2.9.] (which is

based on [37, Thm. 3.2.]) but we anyway outline the idea. Given € > 0, let (yn), € Y
such that

e’} e} o) 1/p
T(Bx) C {Z Wy Y Janl” < 1} and (Z ||an|”> <rp(T)(L+2)- (9)
n=1 n=1 n=1

Then, we can find a factorization

X sy ° 4,

el A

Ly [ker ©,

where O((an)n) = >, anyn and for x € By the element R(x) in £, /ker © is the class
of the sequence (a;,(x)),, such that Tz = > an(x)y,. It is easy to see that © and R are
well defined, || R|| < 1 and © is p-nuclear. Also, v?(0) < (3200, [lyn|IP)Y/? < kp(T)(1+e).
So, item (2) holds with Z = ¢,, and

inf{?(©) : © e NP({,;Y) as in (8)} < k,(T).

(2) = (1): Given € > 0 we have the following representation for ©:

0= Z:C;L@ynv

neN

where (27, )nen € £ (Z), (yn)nen € £p(Y) and [|(27)lles, @) - [(Wn)lle,cv) < (1+)vP(O).
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Thus, there is z € Z such that 7z = Rz, |2z < 14¢. Then, T = ORz = Onz = Oz =
Y nenN T (2)Yn. Since

Let us show that T = OR is p-compact. Indeed, if z € Bx then |Rz||z/ker0 < 1.

I (Dle, < (@) llew, @ ll2llz < (1 + )l (@) e, @),

this shows that Tz lies in the p-convex hull of the sequence (y,, - (14 ¢)||(z},)

e2,(2) JneN-
This implies that T is p-compact and moreover, x(T) < (1+¢)*/P(©). O

We now look for a definition of p-compact mappings in the noncommutative frame-
work. We choose to define it as in Equation (8) since this will allow us to provide the ideal
with an operator space structure. Later on, we will see an equivalent description which
is more obviously similar to the original Banach space definition (see Theorem 3.11).

Definition 3.2. Let E and F be operator spaces. A mapping T" € CB(E, F) is called
operator p-compact if there exist an operator space G, a completely right p-nuclear
mapping © € NP(G, F) and a completely bounded mapping R € CB(E, G/ker ©) with
|R||cb < 1 such that the following diagram commutes

E F G (10)

el A7

G /ker ©,

where 7 and © stand for the natural 1-quotient mapping and the natural monomorphism
associated to © respectively.

The set of all operator p-compact mappings from E to F' is denoted by ICZ(E ,F). For
T € Ky(E, F), we also define
Ky(T) = inf{2(0)},

where the infimum runs over all possible completely right p-nuclear mappings © €
NP(G, F) as in (10).

Proposition 3.3. Let E and F' be operator spaces. The set IC;(E7 F) is a linear subspace
of CB(E, F) and k5, defines a norm for this space.

Proof. It is clear that (7)) > 0, for all T' € Kp(E, F'). Also, 3 (T) = 0 implies, for each
€ > 0, the existence of a commutative diagram as (10) with ©?(0) < . Then, ||O||, < &
and so0 [|©||a, < € from which it is derived that T = 0.

If T € K(E, F) and X is a scalar, it is easy to see that \T' € K5 (E, I) with k9 (AT) =
[Alw5(T).
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Now, let us consider 73,75 € ICZ(E,F ). For each ¢ = 1,2 we have a commutative
diagram:

Gi/ker C")l

where G; is an operator space, R; € CB(E,G;) with |R;||co < 1 and ©; € NP(G;, F).
Define G := G B G2, where G1 @ G2 stands for the direct sum of G; and Gy (see
the first two paragraphs of [34, Sec. 2.6]) and consider © : G — F given by O(g1, g2) =
©191 + Ozg5. If we denote, for each i = 1,2, p; : G — G; the canonical restriction
mapping we can write ® = ©1p; + Oapa. Since NP is a mapping ideal, we derive that
© € NP(G, F) with v2(0) < vP(01) + 1P (0s).

We define A : G /ker ©1@,,Ga/ker O9 — G /ker © by A(m191, m2g2) = m(g1, g2), where
7 : G — G/ker © is the natural 1-quotient mapping. It is clear that A is well defined
and (due to the operator space structure of the direct sum @) that it is completely
bounded with ||A]|cb < 1. The same is true for the mapping R : F — G /ker O, given by
Rz = A(Ryz, Rox), for any = € E.

Now, we can assemble the following diagram:

E T1+T> F €] Ie

el A

G /ker ©

Note that for each x € E and ¢ = 1,2 we have R;x = m;g; for certain g; € G;. Then,

O(Rz) = O(A(Riz, Ryz)) = O(A(m191, T292)) = O(7 (91, 92))
= 0(g1,92) = O191 + O292 = (:)1(71'191) + (:)2(77292)
= él(le) + éQ(sz) = (Tl + Tg)l’.

Therefore, the diagram is commutative and hence 77 + 75 belongs to ICZ(E , F). Also,
HZ(Tl +Ty) < vP(O) < VP(O41) + vE(O3), for every ©; and Oy “admissible” for the
factorization of T1 and Ty. Therefore, x5 (T1 + T) < wg(T1) + K (T2). O

From the definition, it is straightforward to show that any T' € N?(E, F) belongs to
Ko(E, F) with £ (T) < v2(T).

We are now interested in giving an operator space structure to Kp based on the
relation, in the Banach space setting, of the right p-nuclear and p-compact ideals.
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Definition 3.4. A mapping ideal A is surjective if for each completely 1-quotient mapping
Q: G — E we have T € A(E, F) whenever TQ € A(G, F) and the following condition
is fulfilled ||T'|| 4 = ||TQ]| 4 for every matrix T € M, (A(E, F)).

Definition 3.5. Given a mapping ideal A, its surjective hull A%"" is the smallest surjective
mapping ideal that contains A.

An operator space E is called projective if, for any € > 0, any completely bounded
map T : E — F/S into a quotient space (here F' is any operator space and S C F' any
closed space) admits a lifting T : E — F with ||T|ep < (1 + &)||T|cb-

We recall [34, Prop. 2.12.2] that for every operator space E there is a set I and a
family (n;);er C N such that E is the quotient of ¢1({ST* : i € I}). We denote the latter
space by Zg and Qg : Zg — E the corresponding completely 1-quotient mapping. The
space Zp is projective (see for example [34, Chap. 24]).

Proposition 3.6. For every E and F operator spaces we have the following characteriza-
tion of the surjective hull

A(E,F)={T € CB(E,F): TQg € A(E, F)},
with ||T|| 4ser = | TQE| 4-
Proof. We define
U(E,F) = {T € CB(E,F): TQp € A(E, F)},
endowed with the operator space norm given by |[|T|y = ||[TQEr|4, for every T €
M, (U(E,F)).

We now show that U is a mapping ideal. Indeed, if T' € M, (U(E, F')) we obviously
have

ITllue,r) = 1TQellA = [TQElcb = T]cb-

Let T € M,(U(E,F)), R € CB(Ey,F), S € CB(E, Fy). Since Zg, is projective, given
e > 0, there is a lifting L. € CB(Zg,, Zg) of RQg, with || Lcller < (1 + €)||R||ch such
that the following diagram commutes

TL',J'
Ey— o E F—22F .
QE() T TQE
ZO > ZE
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Then, for every 1 < 4,5 < n we have ST; ;RQg, = ST; jQrL. € A(Zg,, Fy) and
hence ST; ;R € U(Ey, Fy). Moreover, by the ideal property of A,

[SnT R ar,, (B0, Foy) = S TRQE, |01, (A28, Fo)) = IS0 T QELe M, (A2, . o))
< ST QE| M, (Az5,70)) (1 +E) | R|en
< A+ )SlevlI T, @, 7)) | Rllcb-

We now prove that the mapping ideal U is surjective. Let @ : G — E be a complete
1-quotient mapping and T' € CB(FE, F) such that TQ € U(G, F). Since Zg is projective
and QQ¢ : Zg — E is a complete 1-quotient mapping, given € > 0, there is a lifting of
Qg, L. : Zg — Zg with cb-norm less than or equal to 1 + €.

We have TQr = TQQc L. € A(Zg, F) since TQQs € A(Zg, F). Then, T € U(E, F).
Also, if T € M, (U(E, F)) we obtain

1Tl = TQEll 4 = ITQRQGLe[| 4 < (1 +¢)
=1 +9)TRllu < (1 + &) Tfer-

ITQQ:| A

Note that, by the definition, U(E, F) C A*"(E,F): it T e U(E, F), we have TQg €
A(Zg,F) C A (Zg, F). Since A®*"" is surjective we obtain that T € A*“"(E, F).

We have shown that U is a surjective mapping ideal (which obviously contains A).
Then, by minimality we have the reverse inclusion. 0O

Proposition 3.7. Let E be a projective operator space. Then, T € ICZ(E, F) if and only if
T e N)(E,F) and x9(T) = vB(T).

Proof. Let T' € IC5(E, F), and consider a factorization as in (10). Given € > 0, since £
is projective, there is a lifting of R, R. € CB(E,G) with |R.|| < 1 + ¢, such that the
following diagram commutes

R,
AL
E_— T . p.° "¢
\QT/
R s
G /ker ©.

Then, T = OR. € N?(E,F) and v2(T) < (1 + £)v?(©). Observe that this holds
for every © verifying Equation (10). Thus, by definition of the norm x5 (7'), we obtain
vE(T) < (1 +¢)xg(T) and the result follows. O

Proposition 3.8. Let £/ and F' be operator spaces. Then T € Ko(E, F) if and only if
TQr € NY(Zg, F) and x5(T) = vB(TQE).
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Proof. If T € K5(E, F), then TQr € Kj(Zg, F). Now by Proposition 3.7, TQr €
N2(Zg, F) and also v2(TQp) = k5(TQr) < x5(T), since Zg is projective.

Reciprocally, if TQg € N?(Zg, F), we define R € CB(E, Zg /ker ©) in the following
way: Rz := wy where Qgy = x. It is not difficult to check that R is well defined and also
IR||ep < 1. If we denote © := TQg we have ORz = 7y = Oy = TQpy = Tx for every
x € E. Thus, the following diagram commutes

Zg [ker ©.

Therefore, T'is an operator p-compact mapping and (7") < v7(TQg). This concludes
the proof. O

We have shown that for every E and F operator spaces, we have the equality (as
Banach spaces)

Ko(E, F) = (N2)**"(E, F).

This induces a natural operator space structure for Kp(E,F). Indeed, if T €
M, (K5(E, F)), we define

TN s, e 8.7y = 1T ar, (w2 ysur (2,7 = ITQEN M, (N2 (25, F))-

As a consequence we can say that K is a mapping ideal through the following iden-
tification:

Ko = (N2)™. (1)

In the Banach space setting, a continuous linear mapping is compact if it sends the
unit ball into a relatively compact set. Equivalently, it sends the unit ball into the closure
of the convex hull of a null sequence. In the operator space framework, if we look at how a
mapping acts on the “matrix unit ball” (see definition below) the previous conditions are
not equivalent. Webster [38,39] noticed this and studied several notions of compactness:
operator compactness, strong operator compactness, and matrix compactness. Let us
recall the definition of “operator compactness” that later we will naturally extend to the
case of p-compactness.

If F is an operator space, a matriz set is a sequence of sets K = (K,), where K,, C
M, (E), for all n. The closure of a matrix set means the closure of each set of the sequence
in the corresponding matrix space. The matriz unit ball is the matrix set (B M ( E)).

Given X € S, [E], Webster defined the absolutely matriz convex hull of X to be the
matrix set co(X) where
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(co(X))k = {v € My(E) : 30 € Mp(ML™), ||o]lrs, (s,) < 1 such that (0 ®id)X = v}.

A mapping T € CB(E, F) is operator compact if the image by T of the matrix unit
ball of E is contained in co(Y'), for some Y € S [F].

Based on the work of Webster we now define the notion of p-absolutely matrix convex
hull.

Definition 3.9. Let E be an operator space and X € S,[E], for 1 < p < oo, we define the
p-absolutely matrix convex hull of X to be the matrix set co,(X) where

(cop(X)), ={ve My(E):30 € My, (M), lollare(s,,) < 1 such that (o ®id)X = v}.

We say that a matrix set K = (K,) in F is operator p-compact if K is contained in
co,(X), for some X € S,[E].

We are using the term “operator p-compact” for two seemingly different notions, but
they will turn out to be the same. If we denote by Br the matrix unit ball of FE, we
will prove that T : E — F is operator p-compact if and only if the image under T of the
matrix unit ball of F is an operator p-compact matrix set in F'.

Note that the oo-absolutely matrix convex hull is Webster’s absolutely matrix con-
vex hull, and thus operator oo-compact mappings are the same as operator compact
mappings.

Remark 3.10. Given 1 < p < oo, for any X € S,[E] and k € N we have
(cop(X))k = {v € My(E) : 30 € My(Sy), [lollar(s,) < 1 such that (o ®id)X = v},
where, in the case p = 1 the space S should be replaced by M.

Proof. Indeed, let us denote by C} the set on the right hand side. For 1 < p < oo,
it is enough to show that Cj is closed. Consider ¥ : My(S,) — My(E) defined by
o+ (0 ®id)(X). Note that the image by W of By, (s,,), the closed unit ball of My (S,),
is exactly Ck. Take a sequence (01); € B, (s,,) such that ¥(o;) — v € My(E). We
have to see that v = W(o) for certain o € My(S},) with [of|ar,(s,,) < 1. Since Bas(s,,)
is weak* sequentially compact (since the predual of My (S,/) is separable) there is a
subsequence (0y;); weak™ convergent to an element o € By, ( S, By uniqueness of the
limit our conclusion follows once proving that for all matrices v/ € M (E’) we have the
convergence of the scalar pairing (in the sense of [12, 1.1.24])

(U(0y,),0") = (¥(0),).
Now,

(¥(01,),0") = (o1, @ id) (X)) = (o1, (id @ V') (X)) — (0, (id ©v")(X)) = (¥(0), ).
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For p = 1, the previous argument (replacing S, by M) shows that (c01 (X))k C Cg.
The other inclusion runs as follows. Recall, using the notation as in Theorem 2.5, that any
X € S1[E] can be approximated by its “truncations” {7"(X)},, [33, Lemma 1.12] and
denote by p™ : My, — M,, the truncated mapping between these matrix spaces. Now, for
v = (o®id)X € Cf with o0 € My (M), we have to see that {((p™)ro®id)X },, C co1(X)
approximates v. Indeed,

v — (™o @ id) X || a2y = || (0 = (p™)k0) @ id) X || s, ()
= [l(o @ id)(X — (T™)1(X) | ()
<X = (X as(saey —2 0. O

The following result shows that the first definition of p-compactness (the one which
involves the factorization through completely right p-nuclear mappings) and the defini-
tion based on Webster’s work are the same. We highlight the analogy presented between
Equations (7) and (12), below.

Theorem 3.11. Let T : E — F be a completely bounded mapping and 1 < p < oco. Then
T is operator p-compact if and only if T(Bg) is an operator p-compact matriz set in F.
Moreover,

rip(T) = nf{[[Y[s,(r) : T(B) C cop(Y)}. (12)

Proof. Suppose T is operator p-compact. Without loss of generality we may assume
that k(7)) < 1. By the commutative diagram given in (10) there is a completely right
p-nuclear mapping © : G — F with v2-norm less than 1. It suffices to see that © is
operator p-compact, since T(Bg) is contained in ©(Bg). By Theorem 2.3 we can write
0 =JPoQP(X®Y) where ”XHS,,/@mmG/ <1land [|Y|s,[r < 1. For g € M,(G) of norm

less than one, we will show that ©,g9 € (co,(Y)),. Indeed, for 1 < p < oo, denoting

by t¢ : G — G” the canonical complete isometry, since X € Spr®minG’ we derive
X'o1g € CB(G, Sp). For p =1, being X € So@minG’ we obtain X’ o1g € CB(G, M.,).
Consider 0 := (X' 01g), 9 € M, (Sy) (replacing S,y by My in the case p = 1), then,
lollar,(s,) <1 and it is not hard to check that

0,9 = (o ®@id)(Y).
Then, T(Bg) C ©(Bg) C co,(Y) and hence inf{||Y||s ) : T(Bg) C co,(Y)} < 1.

For the converse, let T : E — F be an operator p-compact mapping with
inf{||Yls,F : T(Bg) C co,(Y)} < 1. We begin by considering the case 1 < p < oc.
Denote by © : S, — F, the operator given by J? o BP(id,Y’), which by definition is
in NV} since id € Sy[Sy] = CB(S), Sp). Observe that by Corollary 2.6 (1), v5(0) < 1.
Remark 3.10 asserts that for each x € E there is 0 € S} such that Tz = (o ® id)(Y).
Defining Rz := [0] we have the following commutative diagram
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E—1 - Fr-—°% 3, .

el A

Sy /ker ©,

Note that R is well defined. Moreover, if x € By, (g) by hypothesis Tyz = (¢ @ id)(Y),
for certain ¢ with [|o([ar,(s,,) < 1. Checking coordinates we have T'(z;;) = (0;,; ® id)(Y')
and therefore R(z;;) = [0, ;]. Hence, Ryx = ([0:,;])i,;) and then || R||o, < 1. We conclude
that T € K (E; F) and xo(T) <vB(0) < 1.

For p = 1, we have Y € S[F] = Sl®projF. Since the projective tensor norm
satisfies the Embedding Lemma (see [11] or [6]), there is a completely isometric em-
bedding & : S1@projF — S @projF- Now, © = J' 0 k(Y) belongs to N} (M, F), where
Jt sy ®pr0jF — Sy @minF is the canonical mapping. The rest of the argument follows
as in the previous case.

For p = oo, we have Y € Sy [F] and so B*(id,Y") belongs to Swc®q0 F. Since dg
is finitely generated and S, is locally reflexive, we can appeal again to the Embedding
Lemma [6] to get a completely isometric embedding k& : SooéA@dgo F — Mooéédgo F'. Hence,
© = J® ok o B>®(id,Y) belongs to N>°(S1, F) and the proof finishes as in the two
previous cases. O

The previous theorem, together with the relation presented in Equation (11), allows
us to endow Webster’s class (of operator compact mappings) with a natural operator
space structure, showing that this class is indeed a mapping ideal. Namely, it is exactly
the ideal KZ.

4. Some final questions

We present some open questions regarding the mapping ideal 7.

In parallel to the Banach space case, we say that a mapping ideal (2, A) and an
operator space tensor norm « are associated, denoted (2, A) ~ « if for every pair of finite-
dimensional operator spaces (E, F') we have a complete isometry A(E, F) = E' ®, F,
given by the canonical map. Notice that since this definition is based only on finite-
dimensional spaces, two different mapping ideals can be associated to the same tensor
norm (and vice versa). For example, from Definition 2.1 it is clear that df is associated
to the mapping ideal NP.

Recall that an operator space tensor norm « is called left-injective if for any operator
spaces F1, Eo, F' and a complete isometry i : F; — FEs, the mapping

i®idFZE1®aF—>E2®aF

is completely isometric. Given an operator space tensor norm we denote by /a the
greatest left-injective tensor norm that is dominated by «. This essentially mimics the
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notion given in the context of normed spaces deeply described in [8;, Chap. 20] and [36,
Sec. 7.2].

In the Banach space setting, it is shown in [16, Thm. 3.3] that /d, is the tensor norm
associated to IC,. Therefore, is natural to ask if an analogous result holds in the operator
space framework.

Question 4.1. Is the operator space tensor norm /dg associated to the mapping ideal Kp ¢

This question is a particular case of the following more general one (whose statement
is valid in the Banach space context):

Question 4.2. Let A be a mapping ideal and « its associated operator space tensor norm.
Is /a associated to A" ?

Note that dj ~ N? and, by Equation (11), we have K = (N?)**". Thus an affirmative
answer to this question would provide also an answer to the first one. Results of this
kind for the Banach space setting, although sometimes hard to see it at first glance, are
based on local techniques (e.g., [8, Prop. 20.9]) which are no longer valid in the operator
space framework.

In [6] it is shown that if 5 ~ A%%" then j is left-injective. Therefore, since A C A"
we have that 8 < /a. An affirmative answer to Question 4.2 is obtained in [6] for the
particular case where « is left accessible (definition similar to the Banach space case).
It is known in the Banach space setting that d,, satisfies this property ([8, Thm. 21.5],
[36, Prop. 7.21.]), but unfortunately we do not know yet whether this also holds for the

operator space counterpart dp.

o
00

Another interesting question, which involves the mapping ideal K
Webster in his thesis [38, Sec. 4.1]:

was posed by

Problem 4.3. Webster: “It is an open question as to whether the space of operator com-
pact maps must be closed in the cb-norm topology”.

In other words, if a sequence of operator compact mappings (T},),en converges to
T in the completely bounded norm (|7 — Ty |lcb — 0), does it imply that T is also an
operator compact map?

By Theorem 3.11, as a direct consequence of the Open Mapping Theorem we see that
Problem 4.3 can be reformulated in terms of the following question.

Question 4.4. Are the norms k%, and || - ||cb equivalent on K2 %
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