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Abstract

In the present paper, we introduce a new concept of positive p-majorizing operators as
a dual notion of positive p-summing operators and generalize the concept of majoriz-
ing operators introduced by Schaefer (Isr J] Math 13:400—415, 1972). We introduce
the concept of positive (p, g)-dominated operators and prove a positive version of the
famous Kwapient’s factorization theorem for (p, ¢g)-dominated operators via positive
p-majorizing operators. We also introduce the notion of disjoint p-summing opera-
tors which is a new larger class of operators than positive p-summing operators and
use it to characterize the Radon—Nikodym property. Finally, we investigate the max-
imal properties of these four classes of operators and prove that they are maximal in
corresponding sense.
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1 Introduction

Abstract M-spaces (briefly, AM-spaces) and abstract L-spaces (briefly, A L-spaces)
are the most important examples of Banach lattices. In 1971, Schlotterbeck [21] (see
also [20]) presented characterizations of A M- and A L-spaces which are quite different
from the classical Kakutani’s representation theorems for A M-spaces with a unit and
AL-spaces: A Banach lattice X is isometric lattice isomorphic to an A L-space (AM-
space, respectively) if and only if every positive unconditionally summable sequence
in X is absolutely summable (resp. every norm null sequence in X is order bounded),
that s, the identity map Iy on X takes positive unconditionally summable sequences in
X to absolutely summable sequences (resp. Ix takes norm null sequences in X to order
bounded sequences). In 1972, Schaefer [19] generalized these properties of the iden-
tity map on AL- and AM-spaces in a natural way and introduced the concept of cone
absolutely summing operators and majorizing operators, respectively. Furthermore,
Schaefer [19] characterized cone absolutely summing operators (majorizing opera-
tors, respectively) by factoring positively through A L-spaces (resp. AM-spaces). On
the other hand, by introducing the /-norm on the class of all cone absolutely summing
operators (resp. the m-norm on the class of all majorizing operators), Schaefer [19]
extended Schlotterbeck’s characterizations of AL-spaces (resp. AM-spaces). Cone
absolutely summing operators are also called order summing [9]. In [9], the rela-
tionships among order summing operators on L, (u), the Radon-Nikodym property
and compact operators are studied. It was shown [9, Theorem 8,p.110] and [9, Notes
and remarks,p.119] that a Banach space E has the Radon—Nikodym property if and
only if every order summing operator 7 : L,(u) — E is representable by a func-
tion f in Lp«(u, E)(1 < p < 00). Consequently, every order summing operator
T : Ly(nw) — E is compact whenever E has the Radon-Nikodym property. In
1971, Krsteva [13] (written in Russian) (see also [10]) extended the concept of cone
absolutely summing operators and introduced the concept of latticially p-summing
operators. It was shown [10] that an operator 7 is latticially p-summing if and only
if 7** is. Being unaware of [10,13], Blasco [3] introduced the concept of positive
p-summing operators from L ,+(T)(T denotes the torus)(% + # = 1) to a Banach
space E and interpreted the space of boundary values of harmonic E-valued func-
tions in & Z(D) as the space of all positive p-summing operators from L ,«(T) to E.
Subsequently, Blasco [4] formally introduced the concept of positive p-summing oper-
ators which is exactly the same as latticially p-summing operators. It was shown [4]
that every positive p-summing operator from L ,+ (1) to any Banach space E is cone
absolutely summing. Blasco [4] generalized, strengthened [9, Theorem 8,p.110] and
characterized the Radon—Nikodym property in terms of positive p-summing operators:
A Banach space E has the Radon-Nikodym property if and only if every positive p*-
summing operator T : L,(u) — E is representable by a function f € L+ (u, E).
Therefore, every positive p*-summing operator 7 : L,(u) — E is compact pro-
vided that E has the Radon—Nikodym property. In 1998, Zhukova [22] investigated
some simple properties of latticially p-summing operators and established the Pietsch
domination theorem for latticially p-summing operators. Blasco [5] generalized the
concept of positive p-summing operators to positive (p, ¢)-summing operators and
related this class of operators to (p, g)-concave operators. Achour and Belacel [1]
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introduced the notion of positive strongly (p, ¢)-summing operators and presented
the Pietsch domination/factorization theorems for positive strongly p-summing oper-
ators. Furthermore, the duality relations between positive p-summing operators and
positive strongly p*-summing operators are proved [1].

The aim of this paper is to continue to develop the theory of positive p-summing
operators. The present paper is organized as follows.

Section 2 begins with a new characterization of majorizing operators. Based on this
characterization, we extend the notion of majorizing operators to more general case and
introduce the concept of positive p-majorizing operators. Furthermore, we generalize
the duality relationships between cone absolutely summing operators and majoriz-
ing operators ([19, Propositon 3]) and prove the duality relations between positive
p-summing operators and positive p*-majorizing operators. It should be mentioned
that Schaefer [19] established the duality relationships between cone absolutely sum-
ming operators and majorizing operators by means of the well-known duality between
AL- and AM-spaces. However, we establish the duality relations between positive p-
summing operators and positive p*-majorizing operators by using the principle of
local reflexivity in Banach lattices together with the principle of local reflexivity in
Banach spaces. Hence our technique seems to be new and different. By the end of
this section, we describe positive p-summing operators and positive p-majorizing
operators in terms of tensor products equipped with suitable reasonable cross norms.
Labuschagne [15] constructed isometric preduals of the space of positive p-summing
operators acting between Banach lattices and conjugate Banach spaces via |€|-norm
and ‘M -norm. In this section, we introduce positive analogues |d| ,, |g|, of the Chevet-
Saphar norms d,, g, and use them to construct isomorphic preduals of the space of
positive p-summing operators acting between Banach lattices and general Banach
spaces (resp. the space of positive p-majorizing operators).

The definition of (p, g)-dominated operators goes back to Kwapien [14] ([7,18])
who proved the famous factorization theorem for (p, g)-dominated operators. In
Sect. 3, we introduce the concept of positive (p, q)-dominated operators that are posi-
tive analogues of (p, ¢)-dominated operators. By using a function space introduced by
Achour and Belacel [1] and the concept of positive p-majorizing operators introduced
in Sect. 2, we establish a positive version of Kwapieni’s factorization theorem for posi-
tive (p, g)-dominated operators. Our method seems to be new. As an application of this
factorization theorem, we prove that an operator T is positive (p, g)-dominated if and
only if T* is positive (¢, p)-dominated if and only if 7** is positive (p, g)-dominated.
In this section, we also introduce a positive analogue |«| 4 of the Lapresté norm «, 4
and use it to construct an isomorphic predual of the space of positive (p, ¢)-dominated
operators.

Section 4 deals with a new larger class of operators than positive p-summing oper-
ators: disjoint p-summing operators. The main result of this section is Theorem 4.5,
which states that every disjoint p-summing operator from L ,+ (i) to any Banach space
E is also cone absolutely summing. As an application, we characterize the Radon—
Nikodym property in terms of disjoint p-summing operators. Another application of
Theorem 4.5 is to characterize disjoint p-summing operators in terms of cone abso-
lutely summing operators and disjointness preserving operators. Finally, we prove that
an operator 7 is disjoint p-summing if and only if 7** is.

@ Springer



1048 D.Chenetal.

The final section is devoted to investigating the maximal properties of the various
classes of operators introduced in the paper. It is well-known that minimality and
maximality are two extremely important properties in the theory of Banach operator
ideals. With respect to a natural partial order in the family of Banach operator ideals, a
maximal Banach operator ideal (2, A) is the largest of all the Banach operator ideals
which coincide with (2(, A) for finite dimensional spaces. The most important ingredi-
ent in Banach operator ideals is the ideal property, that is, two-sided compositions by
operators. However, the classes of operators investigated in this paper are less general
than Banach operator ideals in that one-sided compositions by positive operators, even
by disjointness preserving operators, are required. Therefore, the maximality proper-
ties of the classes of operators at the present paper have to be dealt with differently.
In this section, we first introduce the concept of the maximal hull (Ag‘a", II - ||r1‘\‘2") of
the class (Ap, | - [ ,) of positive p-summing operators by finite dimensional sublat-
tices rather than finite dimensional subspaces. We not only characterize the maximal
hull (Ag‘ax, I - ||r[‘\12x) by means of the right side composition by positive finite rank
operators, but also prove that the class of positive p-summing operators is maximal
under the condition of order completeness. As for the class (I'p, || - [Ir,) of disjoint
p-summing operators, we also introduce the maximal hull (I';**, || - ||‘IPI‘:X) by finite
dimensional sublattices and characterize it in terms of disjointness preserving finite
rank operators. It is proved that the class of disjoint p-summing operators is maxi-
mal. Since the maximal hull of Banach operator ideals can be restated by finite rank
operators [18, Theorem 8.7.4], we introduce the maximal hull of the class of posi-
tive p-majorizing operators by means of the left side composition by positive finite
rank operators and show that the class of positive p-majorizing operators is maximal.
Finally, we introduce the maximal hull of the class of positive (p, ¢)-dominated oper-
ators in terms of the two-sided composition by positive finite rank operators and prove
that the class of positive (p, g)-dominated operators is maximal under the hypothesis
of order completeness.

1.1 Notation and preliminary

Our notation and terminology are standard as may be found in [17,18]. Throughout the
paper, X, Y, Z will always denote real Banach lattices, whereas E, F', G will denote
real Banach spaces. By an operator, we always mean a bounded linear operator. For a
Banach lattice X, we denote by X the positive cone of X,ie., X; :={x € X : x >
0}. Two elements x1, xo € X are called disjoint(denoted by x| Lx) if [x1]| A |x2] = 0.
We write L Dim(X) for the collection of all finite dimensional sublattices of X. If N is
a closed subspace of E, we denote by iy the canonical inclusion from N into E and by
Q y the natural quotient map from E onto E/N. Welet N* := {u* € E* : (u*,u) =0
forallu € N}. We write F' I N (E) for the collection of all finite-dimensional subspaces
of E and COFIN(FE) for the collection of all finite co-dimensional subspaces of E.
An operator T : X — Y which preserves the lattice operations is called lattice
homomorphism, that is, T (x1 V x2) = Tx; V Tx, for all x;, x> € X. An one-to-
one, surjective lattice homomorphism is called lattice isomorphism. As customary,
BE denotes the closed unit ball of E, E* its linear dual and /g the identity map on
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E. We denote by L(E, F) (resp. F(E, F)) the space of all operators (resp. finite rank
operators) from E to F. For Banach lattices X and Y, F (X, Y) stands for the set of
all positive finite rank operators from X to Y. The letters p, g will designate elements
of [1, +00], and p* denotes the exponent conjugate to p (i.e., % + # = 1). For
Ui, uy, ..., u, in E, we let

n v
| @iz, = (Z ||ui||P) :
i=1

A sequence (i), in E is called weakly p-summable if the scalar sequence ({(u™*, uy)),
is in [, for every u*™ € E*. We denote by lll;’ (E) the space of all weakly p-summable
sequences in E, endowed with the norm

L
P

1@a)allly == sup (Z|<u*,un>|">

*
u GBE* n=1

Itis a well-known result of Grothendieck ([11], [8, Proposition 2.2]) that the canonical
correspondence T+ (T'e,), provides an isometric isomorphism of L(I,+, E) onto
lpw(E) when 1 < p < oo; For p = 1, the isometric isomorphism is from L(cp, E)
onto /{’(E); For p = oo, the isometric isomorphism is from L(l1, E) onto I (E).

Consider the case where Banach space E is replaced by a Banach lattice X. Let
x)n € ll’f(X) and each x, € X. It follows from the basic inequality |{(x*, x)| <
(Ix*], |x|)(x* € X*, x € X) that

X*E(BX*)+

1
1Ge)ally = sup (Dx*,xnw’), (1.1)
1

n=

where (Bx+)4 = {x* € Bxx : x* > 0}.
Given positive elements xp, x2, ..., x, in X, a simple use of the usual duality
between [, and ll’;* yields the following useful equality:

n
w
il = s D aix
ae B[n i=1
p* +
where (BIZ*)+ ={a=(a)]_, € Blf:* ca; >0,i=1,2,...,n}.

The reader is referred to [8,17,18] for any unexplained notation or terminology.
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1050 D.Chen etal.

2 Positive p-summing operators and positive p-majorizing operators

Definition 2.1 [19] An operator T : X — E is called cone absolutely summing(c.a.s
for short) if for every positive unconditionally summable sequences (x;), in X, the
sequence (Tx,), is absolutely summable in E.

Schaefer ([20, Lemma 3.2,Proposition 3.3] and [19, Proposition 1]) characterized
c.a.s operators by various equivalences, in particular, an operator T : X — Eisc.a.s
if and only if there exists a constant C > 0 such that

Z||Tx,|<C sup Z|x X;)

X*€Byx ;|

for all finite families (x;)7_; in X .

Definition 2.2 [19] An operator S : E — X is called majorizing if for every norm
null sequence (u,), in E, the sequence (Su,), is order bounded.

From the well-known duality between AL-spaces and AM-spaces and from the
factoring characterizations given in [19, Proposition 1,Proposition 2], Schaefer [19]
deduced the duality relationship between c.a.s operators and majorizing operators as
follows.

Theorem 2.3 [19] Let X, Y be Banach lattices and E, F be Banach spaces. Then

(a) An operator T : X — E is c.a.s if and only if T* is majorizing.
(b) An operator S : F — Y is majorizing if and only if S* is c.a.s.

We give a new characterization of majorizing operators as follows. Although this
characterization is a reformulation of Theorem 2.3, we present a proof here for the
sake of completeness.

Theorem 2.4 The following statements are equivalent for an operator S : E — X:

(a) S is majorizing.
(b) There exists a constant C > 0 such that

n

D Iy, Suj)l <C sup Z| x5,

j=1 X** e By j=1

for all finite families (Ltj)’j’.:l in Bg and (xf)'}:l in (X*)4.

Proof (a) = (b). Suppose that S is majorizing. It follows from [20, Proposition 3.4]
that there exist a constant C > 0 and xj* € (X™), with ||xj*| < C such that
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SBg C [—x;*, x3*]. For any finite families (uj);?zl in Bg and (x;‘);?:l in (X*)y, we
get

D Ik, Suj)l Z 1Sujl) Zxo X5 <Cosup Y|t ah)l.

j=1 j=1 X** e By j=1

(b) = (a). By Theorem 2.3(b), it suffices to show that $* is c.a.s.

Given any finite sequence (x*)” _, in (X*)4. For each 1 < j < n, we choose
uj* € Bps with ||S*x;’.‘|| = (u 7*,5* *) Let M = span{u** 1 <j<n}l,N=
span{S*x;‘ 11 <j<n}ande > 0.1t follows from the pr1n01ple of local reflexivity

in Banach spaces that there exists an operator R : M — E such that

() Rlmne = Iune;
(i) (I —elu™ | < [[Ru™|| < (1 + e)llu™|, u™ € M;
(iii) (u*, Ru™) = (u™*, u*),u* € N,u** € M.

Consequently,

—Z|x SRu¥*)| < C(1+e€) sup Z|(x** x5

X**EBX** ] 1

Letting € — 0, we finish the proof.
O

Theorem 2.4 leads to the following natural generalization of majorizing operators.

Definition 2.5 We say that an operator S : E — X is positive p-majorizing if there
exists a constant C > 0 such that

]T

n
Dol Supl” | < Cle I I Q.1)

for all finite families (uj);?zl in Br and (x;’f);le in (X*),.

We denote by T, (£, X) the space of all positive p-majorizing operators from E to
X. Itis easy to see that Y, (E, X) becomes a Banach space with the norm || - ||y, given
by the infimum of the constants satisfying (2.1). Obviously, Y| (E, X) = L(E, X)
and [[Slly, = (IS < 20181l -

The following easy lemma will be used at the end of this section and its proof is
straightforward.
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1052 D.Chen etal.

Lemma 2.6 Anoperator S : E — X is positive p-majorizing if and only if there exists
a constant K > 0 so that

for all finite choices (uj);?zl in Bg and (x;‘);?zl in X*.

Definition 2.7 [4] An operator T : X — E is said to be positive p-summing if there
exists a constant C > 0 such that

(Z ITxi17)7 < cu(x,-) 13 (22)

i=1 i=1
for any choice of finitely many vectors x1, x2, ..., X, in X4.

The space of all positive p-summing operators from X to E is denoted by A , (X, E).
This space becomes a Banach space with the norm || - || o, given by the infimum of the
constants satisfying (2.2). For p = 00, Axo(X, E) = L(X, E) and ||T||a,, < IT| <
2|IT || As- A standard argument shows that A, € A, whenever p < q.

To extend Theorem 2.3, we need the principle of local reflexivity in Banach lattices
due to Conroy and Moore [6] and Bernau [2], which plays a crucial role in Banach
lattice theory.

Theorem 2.8 [2, Theorem 2] Let X be a Banach lattice and let M be a finite-
dimensional sublattice of X**. Then for every finite-dimensional subspace N of X*
and every € > 0, there exists a lattice isomorphism R from M into X such that

@ IR IR <1+e
(11) [{(x™*, x*) — (x*, Rx**)| < e||lx™||x*||, for all x** € M and x* € N.

We also need a lemma due to Lissitsin and Oja [16] that demonstrates the connec-
tion between finite-dimensional subspaces and finite-dimensional sublattices in order
complete Banach lattices. This lemma will be used frequently throughout this paper.

Lemma 2.9 [16, Lemma 5.5] Let N be a finite-dimensional subspace of an order com-
plete Banach lattice X and let € > 0. Then there exist a sublattice Z of X containing
N, a finite-dimensional sublattice G of Z, and a positive projection P from Z onto G
such that ||Px — x|| < €||x]|| forall x € N.

Now we are in a position to give the main result of this section.

Theorem 2.10 An operator T : X — E is positive p-summing if and only if T* is
positive p*-majorizing. In this case, ||T s, = ||T*||yp*.

Proof Suppose that T : X — E is positive p-summing with constant C as stated in
Definition 2.7. Given any finite sequences (uj);le in Bg+ and (x}‘*);le in (X*),.
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Let M = span{x;‘* 1 <j<n}land N = span{T*uj 1 <j <n} Lete > 0.
It follows from Lemma 2.9 that there exist a sublattice Z of X** containing M, a
finite-dimensional sublattice G of Z and a positive projection P from Z onto G such
that

|Px™ — x™|| < e|lx™], x™ e M. (2.3)

By Theorem 2.8, we get a lattice isomorphism R from G into X such that
IR, IR <1+eand

[, Rx™) — (7, x%) < ellx™|lllx™]l, x™ € G,x" € N. (2.4)

Foreach j = 1,2,...,n, we set x; = RPx;’f* > 0. Combining (2.3) and (2.4), we
get

|, TM) = . Ta)| = |, T*) = (T"wf, RPx)

J ’ J
(T* * RPx**)|
< el ||T*u7|| + el P T |
< el T w ] + e (1 + Ol 1 T*u|
= e+ Ol INT ujll 2.5

By (2.5) and (2.3), we get

n

1

n

+ [ D1 TP
Jj=1

n
<e@+o) [ DI IPIT T |+l 1Y
Jj=1

=

n
<e@+eo [ DI P IT ) ”
j=1
+CA+ I 1Y
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Letting ¢ — 0, we get
n
Z| ST < Ol I
j=1
This means that T* is positive p*-majorizing and ||T*||yp* <|ITa,-
Conversely, assume that 7* is positive p*-majorizing with constant C as describe

in Definition 2.5. Let ()cj)’]’,=1 be a finite sequence in X . Foreach j = 1,2,...,n,
we choose uj € Bpx such that || T'x || = (uj, Tx;). Then, we have

n n n
> ITxj 1P Dol TP | o= D0 Wxxj, Tus)|?
j=1 j=1 j=1

< CllG) I

A

This implies that T is positive p-summing and [|T[|a, < 7%l .. O

Theorem 2.11 An operator S . F — Y is positive p-majorizing if and only if S* is
positive p*-summing. In this case, ||S|y, = ||S*||Ap*.

Proof Assume that S : F — Y is positive p-majorizing with || S|y, < C. Given any
finite families (y;’f)’}.zl in (Y*),. Foreach 1 < j < n, we choose v;‘f* in Bp+ with
(v;‘*, S*y;f) = ||S*y}‘.‘||. Let M = span{v;’.‘* 1 <j<n}and N = span{S*y;‘ 1<
Jj < n}. Lete > 0. It follows from the principal of local reflexivity in Banach spaces
that there exists an operator R : M — F such that

() Rlmnr = Iunr;

(i) (1 —e)flv™| < [Rv™| < (1 + e)l[v™|l, v*™ € M;

(iil) (v*, Rv™) = (v**, v*),v* € N, v* € M.

Letv; = Rvj*(j =1,2,...,n). Then we have

S

1
¥

n
dSTustyir| = Z| LSy = D15 svp””
j=1

C<1 Ol 1%,

IA

Letting ¢ — 0, we get

€L
F

n
z ZnS*y;fn"* < IOy 1

Hence S* is positive p*-summing and ||S*||Ap* < ISlr,-
The converse follows from Theorem 2.10 and [|S]ly, < [IS™[ly, = ||S*||Ap*.

O
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The following two corollaries are immediate combinations of Theorems 2.10 and
2.11.

Corollary 2.12 [10] An operator T : X — E is positive p-summing if and only if T**
is positive p-summing. In this case, | T|a, = IT** ||,

Corollary 2.13 An operator S : E — X is positive p-majorizing if and only if S** is
positive p-majorizing. In this case, ||S|lx, = [IS*|r,-

At the rest of this section, we describe positive p-summing operators and positive
p-majorizing operators in terms of suitable tensor products. Let us first recall the
definition of reasonable cross norms.

Definition 2.14 [9] Let E, F be Banach spaces. A norm « on the algebraic tensor
product E ® F is called a reasonable cross norm if a satisfies the following conditions:

@ a(u®v) <|ulllv|] forallu € E,v € F;
) u* @ v* € (E ®y F)* and |Ju* ® v*|| < |lu*||||v*| for all u™ € E*, v* € F*.

Let E be a Banach space and let X be a Banach lattice. We define
n
181p(2) 1= inf {n(ui),’-;I L I D 1Y 2= > i @ x,»}
i=1
forallz € E ® X, and

ld]p(2) == inf{ll(lXiI)?zl 1Nl iz =) x ® u,-}

i=1

forallze X @ E.

Arguments analogous to that of [7, Proposition 12.5] show thatboth |g| , and |d| , are
reasonable cross norms. For ¢ € (E®jq, X*)*, the associated operator S, : E — X™*
defined by (S,u, x*) = (¢, u @ x*)(u € E, x* € X*) has norm ||S,| < |¢l|l. Hence
(E ®jg|, X*)* can be considered to be a linear subspace of L(E, X**). Similarly, the
space (X ®jq|, E*)* can also be considered to be a linear subspace of L(X, E**).

Theorem 2,15 Y,(E, X) = (E Rlgl X*Y*N L(E, X) holds isomorphically.

Proof Let S € Y,(E, X). We define 95 € (E Rlgl,» X*)* by ¢os(u ® x*) =
(x*,Su)(u € E,x* € X*). Letz = > i u; ® xF € E® X*. By Lemma 2.6,
n
lps(2)| < (Z

we get
1 1
u; P\ PF [N P
<x,-*,s(—)>' > lull”?
£ I o

< 2018l 11 D7y e H )iy -
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Therefore, |ps(z)| < 2|Sllv,|glp+(z) and hence (sl < 2[|S|y,. Clearly, s €
L(E, X).

On the other hand, for ¢ € (E ®lgl X*)* N L(E, X), there exists an operator
S : E — X such that (p,u ® x*) = (x*, Su) for all u € E,x* € X*. Given
any uy,u,...,u, € Bp and x{,x3,...,x; € (X*)4. We choose (1;)7_; with

e L
Yoii 1Ail? = 1 such that 7, [(x*, Su;)|P)»" = 7' Ai(x}, Su;). Hence, we
get

(le Su;) *)” =‘P<Zkiui®x;k>
< M@l Zy Ip e e = @l Gy N -

This implies that S is positive p-majorizing and || S|y, < ll¢l|.

A proof similar to that of Theorem 2.15 yields the following theorem.
Theorem 2.16 A, (X, E) = (X ®q|, E*)* N L(X, E) holds isomorphically.

3 Positive (p, g)-dominated operators
Definition 3.1 Let 1 < p, ¢ < oo and let % = % + %. We say that an operator 7 from

a Banach lattice X to a Banach lattice Y is positive (p, q)-dominated if there exists a
constant C > 0 such that

~ =

(ZH)’{*,T}Q)V) < ClGa = I, 1=y 1l
i=1

for all finite families of x1, x2,...,x, € Xy and y{, y3, ..., yp € (Y*)4.
We put

1Ty, = inf C.

The class of all positive (p, g)-dominated operators from X to Y is denoted by
Vi (X,Y).

In the sequel, we need the following simple, but useful result.

Theorem 3.2 Anoperator T : X — Y is positive (p, q)-dominated if and only if there
exists a constant K > 0 such that

1
(ZI(y?,TXi)Ir) < KN (xi Dz I 1Ay7 Dy Il
i=1

forallxi,x2,...,x, € X, y],¥5,...,ys € Y and alln € N.

@ Springer



Positive p-summing operators and disjoint p-summing... 1057

Proof The sufficiency is trivial.
For the necessity, suppose that 7 : X — Y is positive (p, g)-dominated. Given
any xi,x2,...,%, € X and y{, y5,..., yi € Y'*. Then one has
<Z |7 Ty )

(Zlwax:> (Zuyl,rx )

<Z OO Tx,-+>|’)
1

1

~ =

1

+ (Z OO Tx,-‘>|r)

i=1

~|—

+ (Z D™ Tx,-+>|f)
i=1

+ (Z D™ Tx,-‘w)
i=1

< AT Ny g 1 D D 1

~|—

This completes the proof.
]

The following theorem is a positive analogue of [18, Theorem 17.4.2]. Since its

proof is similar to that of [18, Theorem 17.4.2], we make a sketch of the proof for the
sake of completeness.

Theorem3.3 Let 1 < p,q < o0. An operator T : X — Y is positive (p, q)-
dominated with constant C if and only if there exist a probability measure |v on
(Bx+)+ and a probability measure v on (By=+)y such that

|<y*,Tx>|sC[ / <x*,x>"du<x*)]”[ / <y**,y*>qdv(y**>]q
(Bx*)+ (By+)+

forallx € X4 and y* € (Y*) 4.

Proof Since the sufficiency is evident, we only sketch the necessity.

We denote by P((Bx+)+) (resp. P((By++)4)) the family of all probability measures
on (Bxx) 4+ (resp. (By++)4). Then P((Bx*)+) X P((By*+)4) is acompact convex subset
of the Hausdorff topological vector space (C((Bx+)+)*, w*) x (C((By=)+)*, w*).
For any finite families of x1, x2,...,x, € Xy and y{, y3, ..., y;y € (Y*)4, we let

n r

1 C
R 11 (/2 v)=Z[—|<y}th,->|f—— / (x*, xj)Pdp(x*)
j=1 r p (Bx*)+

Cr

4 J(Bys)+

v, y}‘)qu(y**)]-
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for (u, v) € P((Bx+)+) x P((By*)4).

Clearly, each @ is convex and continuous. Furthermore, the collection F of all such
functions @ is convex. Given x1, x2, ..., x, € Xy and y{, ¥, ..., yi € (Y*),. Since
T : X — Y is positive (p, g)-dominated with constant C, we get

1

r

n
(Z IS8 Txi>|f> < ClGD NG 1Y
i=1

By (1.1), there exist x; € (Bx:)y and yg* € (By=)4 so that ||(xi)f‘:1||;’ =

1 1
(ZL_] (xg,xi)") 7 and ()i lly = (.2?21()7{;*, )9 @ If 8, and §yex denotes
the Dirac measure at xg and y;*, respectively, then we have

1 n
o 2 i Tl
i=1

n n

(", xi>1’dax*<x*>] ! [ /
|: /(BX*)+ ; 0 (Bys)+ ;

1

IA

i
(7, ¥ d8 e (y**)}

n
.
< - (x*, x;)Pd8y (x™)
p /(me ,; o

n
r

+ —f (™, )Y d 8y (™).
q (By**)+§ ' 0

Hence, ®(x; x5, x0iyt, 5,y Bxg s Oypx) < 0. It follows from Ky Fan’s Lemma that
thereexistu € P((Bx+)+)andv € P((By#)y)sothat @y, o, XYY s yo (s v) =

0 for any finite sequences x1, x2, ..., x, € X4 and y{, y5,..., yp € (Y*)1. In par-
ticular,
1 *k r r 1 * * 1 kK *k K3k
—|* T =C7| = (o, x)Pdp(x™) + - (L Yy dv(y™)
r P J(Bxx)+ 4 J(Byw)+

3.

forallx € X4, y* € (Y*)4.

_1
Finally, applying [f(p ) (x*, x)Pdu(x*)]" P xand [,
to (3.1), we obtain

(O, y¥ ) du(y™)] T y*

)y

1 1
(", Tx)| < c[ / <x*,x>de(X*)]p [ / (™, y*>’fdv(y**)}q
(By=)+ (Byw)+

forall x € X and y* € (Y*)4.

@ Springer



Positive p-summing operators and disjoint p-summing... 1059

The following is an immediate consequence of Theorem 3.3. We omit the straight-
forward proof.

Corollary3.4 Let 1 < p,q < oo. An operator T : X — Y is positive (p, q)-
dominated if and only if there exist a constant K > 0, a probability measure |1 on
(Bx+)+ and a probability measure v on (By=+)y such that

1

L 1
(V" Tx)| < K[/ (x¥, le)de(X*)} ’ [/ (v Iy*l)qdv(y**)} 1
(By*)+ (By#*)+

orallx € X and y* € Y*.
i y

To prove the main result of this section, we need a function space introduced by
Achour and Belacel [1].

Let X be a Banach lattice and let « be a regular Borel probability measure on
(Bx*)+. We denote by iy the canonical embedding X — C((Bx*)+) given by
(ix(x), x*y = (x*, x)(x € X, x™ € (Bx+)4+). Itis easy to see that

1 .
gllxll < lixl < llxll, x € X.
Let us define a seminorm ||| - |||, on vector space ix (X) by

1
Iz

N fxlllp = |:/ (x*, |x|)”du(x*)i| , fr=ix(x) € ix(X).
(Bx*)+

We set

Ry ={fx € ix(X) Il fxlll, = 0}.

Then ix (X)/R, becomes a normed space under the norm

1L = s fr € ix(X).

Let L(’)’ (1) be the completion of the normed space (ix(X)/Rp, ||| - [llp).
We define

Jpotix(X) = L), fo = [fxl.
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Then J), o is linear and bounded. Indeed, for x € X, we get

[/ <x*,|x|>Pdu(x*>}ps sup  (x*, |x|)
(Bx+)+ XFe(Bys)4

= sup sup{|(y*,x)|: [y*] <x¥,y* € X¥})
x*e(By# )4

= sup{|(z*, x)| : ¥ € By}
<2 sup |{x*, x)

x*€(By#)4

=2[lix ()l

Furthermore, Achour and Belacel [1, Lemma3.5] proved that the operator J, oix :
X —ix(X)— L(")’ (u) is positive p-summing with constant 1.

We also need the Pietsch domination theorem for positive p-summing operators
due to O. 1. Zhukova [22].

Theorem 3.5 [22] An operator T : X — E is positive p-summing with ITlIa, =C
if and only if there exist a probability measure u on (Bx+)4+ such that

ITx|| < € [/ (x*, x)”du(x*)} !
(Bx*)+

forallx € X4.
Achour and Belacel [1] made a slight improvement of Theorem 3.5.

Theorem 3.6 [1] An operator T : X — E is positive p-summing if and only if there
exist a constant K > 0 and a probability measure | on (Bx+)y such that

ITx] < KU (", IXI>PdM(X*)]p
(By+)+

forall x € X.
We are now in a position to prove the main result of this section.
Theorem 3.7 W(, ;) = Yy+ 0 A ).

Proof Suppose that T : X — FE is positive p-summing and S : E — Y is posi-
tive g*-majorizing. Given any x1, x2, ..., X, in X1 and y{, y5, ..., y; in (Y*);. By
Theorem 2.11, we have

(o) (o) ()

=< IITIIApII(xl')L]IlpIIS*IIA,,II(y, Jizillg -
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This implies that ST is positive (p, g)-dominated. Hence Yy« 0 Ap € Wy g).

Conversely, assume that T : X — Y is positive (p, g)-dominated. It follows from
Corollary 3.4 that there exist a constant K > 0, a probability measure w on (By=)4
and a probability measure v on (By=+) such that

1 1
|<y*,Tx>|5K[/ <x*,|x|>"du(x*>]p[/ <y**,|y*|>‘fdv<y**)]"
(By*)+ (By)+
(3.2)

forall x € X and y* € Y*.
We define an operator

R:ix(X)/Rp = Y, [fxl=> Tx, fx =ix(x),x € X.

By (3.2), we see that R is well-defined and bounded with |R|| < K. We extend R
to an operator defined on Lé’ (), which is still denoted by R. It is clear that T =
Ro (Jp,0o0ix). Since the operator J, o oix is positive p-summing, it remains to prove
that R is positive ¢*-majorizing.

Let y* € Y*. By (3.2), we obtain

IR*y* |l = sup{[(R*y*, [fx)] : [fx] € Biy(x)/r,»* € X}

1
= sup{|[(y*, Tx)| : [/ (x*, |X|)de(X*)j|] <lLxeX}
(Bx)+

1
< K[ / (5™, |y*|>qdv<y**>}q
(By#x) 4

Theorem 3.6 ensures that R* is positive g-summing. Again by Theorem 2.11, R is
positive ¢ *-majorizing. This completes the proof.
O

Theorem 3.7 teamed with Theorems 2.10 and 2.11 results in

Corollary 3.8 Let T : X — Y be an operator. The following are equivalent:

(1) T is positive (p, q)-dominated;
(2) T* is positive (q, p)-dominated;
(3) T** is positive (p, q)-dominated.

Proof (1) = (2). Suppose that T is positive (p, ¢)-dominated. By Theorem 3.7, there
exist a Banach space E, a positive p-summing operator R : X — E and a positive
g*-majorizing operator S : E — Y such that T = SR. An appeal to Theorem 2.10
shows that R* is positive p*-majorizing. By virtue of Theorem 2.11, S* is positive
g-summing. Again by Theorem 3.7, T* = R*S™ is positive (¢, p)-dominated.

(2) = (3) clearly follows from (1) = (2).
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(3) = (1). Assume that 7** is positive (p, g)-dominated. It is obvious that Jy T =
T**Jx is positive (p, g)-dominated. Then there exists a constant C > 0 such that

7

T

n n
DT = [ Doy Tl | < ClG) i IOyl
j=1 j=I
for any finitely many x1, x2, ..., x, € Xy and y{, y5,..., yp € (Y") 4.
Hence T is positive (p, g)-dominated and the proof is completed.
]

Next we describe the positive (p, g)-dominated operators in terms of a tensor
product, for which we introduce the following reasonable cross norm.
Suppose that % + [ll > 1. Letr € [1, 400] be such that % = % + % — 1. We set

n
ltl p.g (z) = inf { DT I D I i Dy 1 2= D hixi ® y,-}
i=1

forze X®Y.

An argument similar to that of [7, Proposition 12.5] shows that ||, 4 is areasonable
crossnormon X ® Y. For ¢ € (X ®jq,,, Y™)*, we define an operator Sy, : X — Y**
by (Spx, y*) = (¢, x @ y*) forall x € X, y* € Y*. Clearly, ||S,|| < ll¢ll. Thus the
space (X ®jql,, ¥Y™*)* can be considered to be a linear subspace of L(X, Y**).

Theorem3.9 ¥, ,(X,Y) = (X Rlal s Y*)* N L(X,Y) holds isomorphically.

Proof Let us define the operator

ViVpgX,Y) > (X Blojpe « YI"NLX,Y), T+ or,

where @7 (z) = Y i Ai(yF. Txi), 2 =Y ;| Aixi ® ¥} € X ® Y*. By Theorem 3.2,
we get

lor @)1 < D Il Txi)l

i=1

1
< (Z |Ai|’*> <Z I8 Tx,->|’>
i=1 i=1

1

r

Y=

n r
< (ZM ) AT Ny 1o D= 1 YD 11
i=1

This means that |¢7(2)| < 4T ||y, , lelg*, p=(2). Hence llor]l < 41T [, ,,-
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For the converse, let ¢ € (X ®|q| - Y*)*NL(X, Y). Then there exists an operator
T : X — Y such that (¢, x ® y*) = (y*, Tx) forall x € X, y* € Y*. Thus, we get
@1 = ¢. Itremains to prove that 7' is positive (p, g)-dominated and || T ||y ,, ,, < ll¢]l.
Indeed, given any xi,x2,...,x, € X4 and y{,y5,...,yi € (Y*)4. We choose

(OX = By, such that Qoiy 1, Tx,-)|’)»l- =Y i Ay, Tx;). Thus, we get

n rl n
(Z (37 Tx,->|’> = <<p, > hixi ® yz‘> <l 1 )Py 1Y
i=1

i=1

Therefore T is positive (p, ¢)-dominated and |7, ,, < ll@ll.

4 Disjoint p-summing operators

Definition 4.1 We say that an operator T : X — E is disjoint p-summing if there
exists a constant C > 0 such that for any choice of finitely many pairwise disjoint
elements xj, x2, ..., x, in X, we have

(Z ||Txi||p> < CllGxa)izy Il - 4.1)
i=1

We denote by I, (X, E) the space of all disjoint p-summing operators from X to
E. A standard argument shows that I'),(X, E) becomes a Banach space with the
norm || - |[r, given by the infimum of the constants satisfying (4.1). For p = oo,
IF'o(X,E) = L(X,E) and ||T|Ir,, = IIT|l. Using the same proof as that of [8,
Theorem 2.8], we easily get the inclusion result of disjoint p-summing operators:
r,cr,ifp<gq.

The following characterization of disjoint p-summing operators is straightforward.

Proposition 4.2 An operator T : X — E is disjoint p-summing if and only if
there exists a constant K > 0 such that for all pairwise disjoint positive elements
X1,X2, ..., X, in X, we have

. ; )
(Z ||Txl-||f’) < K|, -
i=1

Proof 1t suffices to prove the sufficient part. Given any pairwise disjoint elements

X1,X2,...,X, in X. Then xr, x;', el xn+ are pairwise disjoint and hence, we get

n 3
(Z ||Txﬁ||f’> < K611
i=1
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Similarly, we get

: : )
(Z ||Tx;||f’) = K[,
i=1

Thus

14

<Z||Tx,-||"> §<Z||Tx,~+ll”> +(Z||Tx;||">
i=1 i=1 i=1

< KA1 + 16 1)

n n
=K sup X:aixi+ + sup aix; “4.2)
aeBn )+ |2y acBm )+ |ioy
4 P
Since x1, x2, ..., X, are pairwise disjoint, we have
n n n n
Zaix,- = Za,-|x,-| = Zaix;' + Zaixl.—, Ya = (a;)]_, € (BZZ*)+.
i=1 i=1 i=1 i=1
This implies
n n
sup Za,'xfr < sup a; x; “4.3)
P +
and
n n
sup Z aix; || < sup Z a; x; “4.4)
a€<Bln ) i=1 aE(Bln ) i=1
P*) 4 P/ 4+
Combining inequalities (4.2), (4.3) and (4.4), we get
1
n ? n
(Z 1T x; ||P) <2K sup |y aixi| = 2K[(x)y Y.
i=1 acBm lli=1
The conclusion follows. m]

An easy consequence of Proposition 4.2 is the following relationship between pos-
itive p-summing operators and disjoint p-summing operators.
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Corollary4.3 A, C T,

Remark 4.4 We do not know whether the above inclusion is strict in general. But,
when we look at operators on L, (i), we at least have the following partial result that
is inspired by [4, Theorem 1].

Theorem 4.5 Let (2, X, ) be a finite measure space and 1 < p < o0o. Then

A1(Lp=(n), E) = T (Lp=(n), E)
for every Banach space E and every s € [1, p].

Proof By Corollary 4.3, it suffices to prove that I', (L« (), E) € A(L (1), E) if
l < p<oo.

Let T € I'p(Lp+(), E) and define a vector measure G : ¥ — E by G(A) =
T(xa) for A € X. Lebesgue’s dominated convergence theorem ensures that G is
countably additive. Let A € ¥ and let m = (A;)_, be a partition of A. Then we have

D UIGANI =Y 1T (xa)l
i=1 i=1

S TG A ) A

i=1

*"“

< (ZHT(IL(Ai) *x,nn”) (ZM(A ))

i=1
= ||T||F,,||(M(A) " xa)izilly M(A)’

= IITIIFpM(A)IT*

1
Hence |G[(A) < [|T|r,u(A)?" forall A € . Thisimplies that |G| is a finite measure
and is absolutely continuous with respect to n. The Radon—-Nikodym theorem yields a
¥ -measurable function g : Q — [0, +00) such that |G|(A) = fA gdpforall A € X.

Claim1 g e L,(n).
Indeed, for each n € N, we set B, = {w € Q : g(w) < n}. By the monotone
convergence theorem, we get

lim / (gxB,)’du = f gldu. 4.5)
Q
Foreachn € N, we set h,, = (gxgn)f’_l. Then one has

fhn(gXBn)du=/(gXBn)”du (4.6)
Q Q
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and
/hﬁ du=f(gXB,,)”du- 4.7
Q Q

Let € > 0. We choose a simple X-measurable function f,, = Z, 1 l( n) X A(n), where

(AE")):.":”l are pairwise disjoint measurable subsets, such that ||h, — f, ||, < €. By
(4.6), we get

/(SXB,,)deZ/ hu(gxB,)dm
Q Q

< / o — ful(gs,)du + / Ll e xs,)di

< Nhn = fullpeligxs,lp + Y la”| / Xaw8XB,d1
i=1

my
<ellgxs, lp+ Y la”1IGI(A{" N By)
i=1

mp
<elgxs,llp + Y la IGI(A™) 4.8)
i=1

Next we’ll prove that

Mp
Y 1 IGIAM) < (e + lhall ) I T I, -
i=1

First note that

1
(n)
(4l )) < €+ lhallr.

Let § > O be arbitrary. Foreachi = 1, 2, ..., m,, we choose a partition (C ('))
A(”) such that

”fn”p* = (Zn: a

i=1

> J6 (c?)] > 161(a) -
j=1

Since T is disjoint p-summing, we get

n; m, n;

Zm(")lZnG(c‘”)n = 23l IT () ol

i=1 j=1
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-

my N
= DI (o)
i=1 j=1
1
m, n; ) | p
ST @) xpa?
i=1 j=1 /

*"_‘

My 7
- (Swrruar)
i=1

Il He(C) ™ el
< (e + lhall ) IT I, 4.10)
Combining (4.9) with (4.10), we get
my

2

=

a™ a | + (€ + Il p)IT I, -

ai(a) =05

Letting § — 0, we get

my
> g 1IGIA™) < (e + Il )T I, - (4.11)

i=1

By (4.8) and (4.11), we have

/ (gxs,)’dw < €llgxs,llp + (€ + hnll p)ITIr,.
Q

Again letting € — 0, we get

/Q(gXB,,)”dM < 12nllp= 1T NI, -
By (4.7), we get

lexs,lp = ITlr,-
By (4.5), we conclude that g € L, (u) with [Igll, < [ITlr,-

Claim2 [|Tf]| < [o | flgdp forall f € Ly (u).
Let f € L,«(u). We may assume that f > 0. Then, for every € > 0, there exists

n
a non-negative simple Y-measurable 7 = ) c¢jxp ;» where (D j);le are pairwise
Jj=1
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disjoint, such that || f — &|| ,» < €. By Claim 1, we get
ITfI = ITf —Thll + IThl

n
<elTl+ ) cIIGD)ll
Jj=1

n
<elmi+Y e [ ean
j=t 7P

=e||T||+f ghdy

Q

=e||T||+/ gfdu+/ g(h — f)du
Q Q

senrn+ngfdu+||gnpnh—fnp*

< €T +/ gfdu +e€ligllp
Q

Letting € — 0, we conclude Claim 2.
Finally, we’ll prove that T is positive 1-summing. Given any positive elements
S1s f20 .-, fuin Ly« (). By Claim 2, we get

; ITf: fQ (222 ﬁ) gdp
> fillprlg
i= p

= 1= 17 18l
< AT lr, I 1Y

IA

A

This completes the proof. O
Combining [4, Theorem 2] with Theorem 4.5, we derive the following corollary.

Corollary 4.6 Let (2, X, ) be a finite measure space and 1 < p < oo. Then a
Banach space E has the Radon—Nikodym property with respect to (2, X, 0) if and

only if T'p (L (1), E) = Lp(z, E).

To characterize disjoint p-summing operators, we recall [17] that an operator T :
X — Y is called disjointness preserving if Tx1 LT x, for all x1, xp € X satisfying
x1Lx>.[17, Theorem 3.15] states that every disjointness preserving operator is regular.

Corollary 4.7 Let1 < p < ocoand C > 0. The following statements about an operator
T : X — E are equivalent:
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(1) T is disjoint p-summing with | T |Ir, < C;
(2) ITRlla;, = CIR]| for each n € N and each disjointness preserving operator
R:IZ*—>X(R:CS—>Xforp=1).

Proof (1) = (2). Suppose that T is disjoint p-summing with |T|lr, < C. Let
R : l;* — X be disjointness preserving. It follows immediately that TR : [, — E
is disjoint p-summing. By Theorem 4.5, we get [|TR|A, < ITR|r, < C|IR].

(2) = (1). Given any choice of finitely many pairwise disjoint elements
X1,X2,..., X, in X. Let us define an operator R : lg* — X by Re; = x;(i =
1,2,...,n). Let (@)?_,, b)7_, € l;* be disjoint. This means that a;b; = 0 for all
i =1,2,...,n. Then we have

A

n
E aiXxi
i=1

n
2 bixi
i=1

< (Z |a,~x,-|) A (Z bixf|> < DY laillbjllxil Alxjl =0.
i=1

i=1 i=1 j=I

Hence (37—, aixi)!'_; L(Q_i; bix;)!_,. This implies that R is disjointness preserv-
ing. By (2), we get T'R is positive 1-summing and [T R| s, < C||R| = Cl|(x)}_, ||$.
Thus T R is positive p-summing and [T R, < [T R|la, < Cll(x)i, ||$. Therefore
we get

" L 5
(Z ||Txi||"> = (Z ||TRel~||f’) < ITRIa, e Iy < Clx)_ 11y -
i=1 i=l
O

We end this section by discovering the relationship between disjoint p-summing
operator T and its second dual 7**,

Theorem 4.8 An operator T : X — E is disjoint p-summing if and only if so is T**.
In this case, | T |lr, = IT*|Ir,.

Proof Suppose that T is disjoint p-summing. Given any y{, y3,...,y, in E* and
any pairwise disjoint elements xJ*, x3*, ..., x* in X** Let M be the subspace
generated by (x7*)*, (x3)F, ..., ()T, ()T, (5%, ..., (1) 7. Then M is a

2n-dimensional sublattice of X**. We set N = span{T*y;‘ :j=1,2,...,n}. Let
€ > 0. Theorem 2.8 produces a lattice isomorphism R from M into X such that
IR IR <1+ e€and

[, x%) — (2, Rx™)] < ellx™ [ Ix™l, V2™ € M, Vx* € N.

Let x; = Rx;.‘*(j = 1,2,...,n). Then x1, x3, ..., x, are pairwise disjoint and
hence
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1

<=

n
P
*kk ** * .k kk
= ZKT ’Y/> <T yj’ij>
j=1

n P

+ D107, TP
j=1

=

e | DI Ty
J=1

+ T e, G )i I sup (17l
1<j<n

1

P

n

P Ty | P
> I I IT
j=1

T le, L+l Iy sup [1y5]
I<j<n

Letting € — 0, we get

<ITlr,

n
Z ‘<T** **’ y]>
j=I

w
it sup 1y

1<j<n
Since y, y3. ..., y, are arbitrary, we get

1
P

n

sk Kk || D
E 177 x57 =ITlr,
=1

(x** Hw
1
7=ty

Thus 7** is disjoint p-summing and ||7**||r, < | T|r,,.
The converse is obvious and || T ||r, < [I7**||r,, just reminding that the canonical

Jx : X — X™* is an isometric lattice isomorphism into.
O

5 The maximal properties of the classes of operators

Let us begin this section with recalling the definition of maximal Banach operator
ideals.

Definition 5.1 [7] Let (2, A) be a Banach operator ideal.
(1) For T € L(E, F) define

A™X(T) := sup{A(QOnTiy) : M € FIN(E), N e COFIN(F)}

@ Springer



Positive p-summing operators and disjoint p-summing... 1071

A (E F) = {T € L(E, F) : A™(T) < oo}

and call (2, A)™3X .= (AM3X A™M3X) the maximal hull of (A, A).
(2) (A, A) is called maximal if (A, A) = (AMax Amaxy,

There is another criterion for the maximal hull (2(, A)™a*,

Theorem 5.2 [18] Let (A, A) be a Banach operator ideal. An operator T € L(E, F)
belongs to A™* (E, F) if and only if there exists a constant C > 0 such that

A(RTS) < C|R|IS| forallS € F(G, E)andR € F(F, H),

where G, H are arbitrary Banach spaces.
In this case,

A™X(T) = inf C.

Replacing the finite-dimensional subspaces in Definition 5.1 by finite-dimensional
sublattices, we introduce the maximal hull of the class of positive p-summing operators
in a natural way as follows.

Definition 5.3 For an operator 7 : X — E, we define

||T||r}[\1;‘;X = sup{|OnTimlla, : M € LDim(X), N € COFIN(E)}
AY(X,E) :={T € LX,E) : ||T||‘1‘\“j‘7X < oo}

It is easy to see that positive p-summing operators have the right positive ideal
property, thatis, if T € A,(X, E),S € L(E,F)and R : Y — X is positive, then
STR is positive p-summing and [|[STR|[a, < ST, lIR]. According to this
simple fact and Theorem 5.2, the maximal hull of the class of positive p-summing
operators can be characterized by the right side composition via positive finite rank
operators as expected.

Theorem 5.4 Let X be an order complete Banach lattice and E be a Banach space.
The following statements are equivalent for an operator T : X — E:

(a) T is positive p-summing.
(b) There exists a constant C > 0 such that

ISTRIA, = CISIIR| forallR € F(Y,X)+,S € F(E, F),

where Y is arbitrary Banach lattice and F is arbitrary Banach space.
() T € AY™(X, E).

In this case, | T||a, = inf{C : as in (b)} = ||T||f/‘\‘*;X.
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Proof The implication (a¢) = (b) is obvious and inf{C : asin (b)} < ||T||a ,- The
implication (b) = (c) is trivial and ||T||r[’f\“;‘7X <inf{C :asin (b)}.

Let T € A‘;}a"(X, E). Given any finite families (xj)7:1 in X,. For each j =
1,2,...,n, we choose uj € Bpx with | Tx;|| = (u’]’f, Txj).Let M = span{x; : j =

n
1,2,...,n}and N = Ker(ujf). Let € > 0. It follows from Lemma 2.9 that there
j=1
exist a sublattice Z of X containing M, a finite-dimensional sublattice G of Z and a

positive projection P from Z onto G such that || Px — x|| < €||x|| for all x € M. For
each j, we take ¢; € (E/N)* such that [|¢; || = ||u’]’f|| and Qy¢; = u;f. Then one has

1

n
> k. Txj)P
Jj=1

n
> TP
Jj=1

1

n ¢ n
S T — Pxp)P |+ [ D1k TRy
j=1

j=1

Sl

IA

1

1
P P

IA

n
+ D lej. OnTiG Px))I”
j=1

n
T | D lx17
j=1

=

IA

n
T D7 | + T IR UCPx Yy 11
j=1

3
S|

<elTI [ DIl | + TR A+l o)yl

Letting ¢ — 0, we get

n

max n w
Z||ij||p < T, G Ml -
j=1

This implies that T is positive p-summing and [|T[[a, < ||T||‘}\‘ix, which completes
the proof. O

As to the class of disjoint p-summing operators, we introduce the maximal hull in
a similar manner.

Definition 5.5 For an operator 7 : X — E, we define

IT P == sup{ @ Tin v, : M € LDim(X), N € COFIN(E))
Fglax(X, E)={T € L(X,E): ||T||1111§x < o0},
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It easily follows from Definition 4.1 that disjoint p-summing operators have the
right disjointness-preserving ideal property, that is, if T € I',(X, E), S € L(E, F)
and R : Y — X is disjointness preserving, then ST R is disjoint p-summing and
ISTRIr, =< ISINITIr,|IRI]l. According to this observation, we characterize the
maximal hull of the class of disjoint p-summing operators in terms of disjointness
preserving finite rank operators.

Theorem 5.6 The following statements are equivalent for an operator T : X — E:

(a) T is disjoint p-summing.

(b) There exists a constant C > 0 such that ||STR|lr, < CISIIIR]| for all S €
F(E, F) and every disjointness preserving operator R € F (Y, X).

© TEe€ I‘g‘a"(X, E).

In this case, | T |lr, = inf{C : as in (b)} = ||T||r111;’x.

Proof (a) = (D) is clear and inf{C : asin (b)} < ||T||r,. The implication (b) = (c)
is trivial and ||T||IIPI"7lx <inf{C :asin (b)}.

Let T € FglaX(X, E). Given pairwise disjoint elements xp, x3,...,x, in X.
Then M = span{x?', x;', el x,*l', X|,X5,...,X,} is a finite dimensional sublat-
tice of X. For each j, we choose y’l'.‘ € Bp+ with (y;f, Txj) = |Tx;|l. We put

N = ﬂ?zl Ker(yj). Note that Q% : (E/N)* — N~ is a surjective isometry. Let
@j € B(g/n)+ be such that Q% (¢;) = y;’f forall j =1,2,...,n. Then we have

1

P

n n
DATxIP | = D107 TP
j=1 j=1

1
P

1
P

=D lej OnTimx))I?

Jj=1

IA

n
> NONTinx;||?

J=1

ITIE ) 11 -

IA

Hence T is disjoint p-summing and |||, < ||T||r111;"‘.
O

Evidently, positive p-majorizing operators have the left positive ideal property, that
is,if S € Y,(E, X), T € L(F,E)and R : X — Y is positive, then RST is positive
p-majorizing and |RST [y, < [IR[IIISlx,|IT . This elementary observation makes
us introduce the maximal hull of the class of p-majorizing operators in the following
natural manner.

Definition 5.7 We say that an operator S : £ — X belongs to Y**(E, X) if there
exists a constant C > O such that [|[RSU ||y, < C||U||||R]| forall U € F(F, E),R €

F(X,Y);. Welet ||S||r¥ix be the infimum of all such constants C.
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The following result suggests that the class of positive p-majorizing operators is
maximal in our sense.

Theorem 5.8 [, || - ] = [V, I| - [l ]

Proof 1t is obvious that Y, Tgm and || - ||$2X <,

Let S € T;“aX(E , X). Let C be described as in Definition 5.7. By Theorem 2.11,
it suffices to prove that S* is positive p*-summing. Given any U € F(E*, F) and
R € F(Y, X*)4+. We may assume that F is finite dimensional. Let € > 0. It follows
from [12, Lemma 3.1] that there is a weak*-continuous operator V : E* — F such
that U|sxgy = V|s+gy and ||V] < (1 + €)||U]|. Let B : F* — E be an operator
such that B* = V. We set A = R*Jx. Then A is positive and finite rank. It follows
from the definition of TE‘”(E, X) that |[ASB|ly, < C|AlllIB]|. By Theorem 2.11,
B*S*A* = (ASB)* is positive p*-summing and ||B*S*A*||Ap* < C||A|ll|B]|. This
yields that B*S*A* Jy is positive p*-summing. Note that B*S*A*Jy = VS*R =
US*R. Hence U S*R is positive p*-summing and satisfies

IUS*RIA,. < IB*S*A%|a,. < CIAIBI < CIRIIVI < CIRI(L+ U

Letting € — 0, we get ||US*R||AP* < C||R|||IU]|. By Theorem 5.4, we see that S*
is positive p*-summing and ||S*|| Ap = C. Hence S is positive p-majorizing and
I1Sly, < ||S||$2X. This completes the proof.

]

It is clear that positive (p, g)-dominated operators have the (two-sided) posi-
tive ideal property, that is, if T € W, »(X,Y),S : Y — Z is positive and
R : Z — X is positive, then ST R is positive (p, g)-dominated and ISTRlw,,, =
ISIIT lw,,,, IRIl. This elementary fact leads to the following definition in a natural
way.

Definition 5.9 We say that an operator 7 : X — Y belongs to \Iln;ax (X, Y) if there
exists a constant C > 0 such that RT S is positive (p, g)-dominated and

IRT Sllw,,, < CIRIISI

forall S € F(Z, X))y and R € F(Y, W)4.
We put

I T||\p(n:2) = inf C.

The following result shows that the class of positive (p, g)-dominated operators is
maximal in our sense under the hypothesis of order completeness.

Theorem 5.10 Let X be an order complete Banach lattice. Then

[Yipp (X, D). I - ||\I'(,,,q>] ["yfrzl?dz)(x’ Y. H‘I’F;fé)]’
for every Banach lattice Y.
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Proof Obviously, W(p,q)(X,Y) S W™ (X, Y) and | - ||\11$“"(§> =0T

LetT € \Ilgfz)(X, Y) withconstant C. Givenxy, x2, ..., X, € X1, Y], y3. ..., Vi €
(Y*)4. Let ¢ > 0. By Lemma 2.9, there exist a sublattice Z of X containing
M = span{x; : 1 < j < n}, a finite-dimensional sublattice G of Z and a posi-
tive projection P from Z onto G such that

[Px — x|l < €llx]| (.1

forallx € M.

Similarly, there exist a sublattice W of Y* containing N = span{ y;‘ 1 <j<n},
a finite-dimensional sublattice H of W and a positive projection Q from W onto H
such that

10y" — y*Il < €lly™| (5.2)

for all y* € N.
By (5.1), we get

1

! 1
(Dy,,Txl ) (Zuy,,T(x,—Px, |’> +(Z|yl,Tle )
i=1

i=1

1
n n
<e|T|| (Zuy;“n’nxin) +<Z|y,,TPx, )
i=1

i=1

1
-

(5.3)

By (5.1) and (5.2), we obtain

<=
+
o~
hgh
S
=
ﬂ
~
=2
~——
<=

1
(Dy,,TPx,) (Dyl Qy;‘,Tle-M’)
<e+o|T| (Z ||y;“||r||x,-||r)

i=1
1

+ (Z Q7 TPx»I’) . (5.4)

i=1

Note that foreachi =1, 2, ..., n, we have

(Qyi', TPx;) = (Qy;, Tig Px;)

= (ig Qy;, TiGg Px;)

= ((i5; Jy)" Ju Oy}, Tig Px;)
= (

Ju Oy, (i5Jy)TiG Px;).
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Since P, Q are positive, we see that Px; > 0, Jg le.* > () for each i. It follows from
(5.1) and (5.2) that

1

~l—

> WOy TPx)I Y Iy}, (5 Jy)TiG Pxi)|”

i=1 i=1

Cllig iy Iy IPxi);_y I 1T Qv g
< CI(Px)iy 1, 1Ry g
< CL+ i Iy T+l g (5.5

IA

Combining (5.3), (5.4) with (5.5), we get

7

r

n n
YOI Tx)) <e@+lTI | D Iy Il

i=1 i=1

w
00+ @I noN ]

Letting ¢ — 0, we get

1

SE Tl | < i Y loni ]
i=l1

Thus T is positive (p, g)-dominated and 17w, = ||T||q,$az). The proof is com-
pleted.
O
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