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Instructions Work all of the following problems in the space provided. If there is not enough room, you may
write on the back sides of the pages. Give thorough explanations to receive full credit.

You may use any formula that has been derived in the text or in class without having to rederive it.
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for u(r,0) on the half-disc 0 < 7 < 2, 0 < # < 7, with the boundary conditions

1. (80 points) Solve Laplace’s equation,

Ou Ou
89(TO) 0 and %(T’/T) 0

for 0 <r <2, and

u(2,0) = f(6)

for 0 < 8 < 7, where f(0) is a given function. You may assume that u is bounded near r = 0.
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2. (15 points) The function f(z) is defined for —7m < z < & by

. 0 for—m<zxz<0
flz) =
1 forO0<z <.

a) Find the coefficients of the Foyrier series for f(z).
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b) Sketch the graph of the function to which the Fourier series converges on —d7 < x < 57. Use x’s to
mark points showing what the Fourier series converges to at jump discontinuities.
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3. (5 points) The graph of a function g(z) defined for 0 < z < L is drawn in the diagram. Sketch the function

to which the Fourier sine series of g converges on —3L < z < 3L. Use x’s to mark points showing what
the Fourier cosine series converges to at jump discontinuities.
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4. (25 points) Solve the wave equation
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for u(z,t) on 0 < z < 1, ¢t > 0, with the boundary conditions

©(0,t) =0 and wu(1,t) =0

for ¢ > 0, and the initial conditions

u(z,0) =0 and %(x,O) =1

for0 <z <1.
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5. (25 points) Consider the Sturm-Liouville problem
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for 0 < z < 1, with boundary conditions

$(0) - @(0) —0 and (1) =0.

a) Find an equation for the square roots v/A of the eigenvalues (you can assume that all the eigenvalues
are positive). Sketch a graph on which the first few values of v/X are marked as coordinates of intersection
points of curves
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b) Using A, to denote the nth eigenvalue, write a formula for the nth eigenfunction ¢, (z).
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¢) How many zeros does ¢,,(z) have in the interval (0, L)?
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d) If m # n, what is the value of fOL On(2)Om(z) dz? Why?
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