FINAL EXAM Nanie /&%

Math 4163 ~
4-26-13

Instructions Work all of the following problems in the space provided. If there is not enough room. you may
write on the back sides of the pages. Give thorough explanations to receive full credit.

1. (20 points) Consider the heat equation
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ot Oz?’
for 0 < 2 < 2, t > 0, subject to the boundary conditions
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—(0.t) = 1 —(2.¢) =0.
o (0.t) =0 and 8:1:( ) =0

a) Find, in series form, the solution u(z,t) satisfying the initial condition

0 for0<z <1
(x,0) =
10 forl<a <2

®
Separeling  uly,t) = €x) 4l6) Giuvls © (g} = - @(x)  end YIRSV
Ut KF"(’OS = ‘(”(2):0 . So '}\ :@E )1 el ‘(m(\():m(ﬂ%} [év‘\ n=o,1,2
2

L (et @

() < ZA @t ) e
¢ O, 0%
Pq{"‘*“d £:0 WO é(ﬁ) = :- A w(”ﬁ)@w&w g(x -}(O j2xed,
S)o Ao by _21: 5;2{(\()&)( _ S!Z IOO'LX {IOK] = 2<9 (o @ @

3
Mé‘ﬂ N3 0 , |
(40a (M Yl = 0 ("5 ) i

) @ x=2 | . .
= 0 (&) [H(F] = 22 (e e

b) Write out explicitly the first three non-zero terms of the series for u(x t).
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2. (20 points) Consider the heat equation
ou  9%u

ot 0x?

for u(x.t) on 0 < z < 1, t > 0, with boundary conditions

u(0,t) =0 and %(lt) —2u(l,t) =0

for ¢t > 0. Separated solutions are of the form u(z,t) = ¢(z)G(t) where

% ="AG, ¢ (z) = — ¢

(¢] a) Find an equation for the positive eigenvalues (A > 0) and solve it graphically, using the graph below.
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_b) If A >0, what is the limit of G(t) as t — co? Briefly explain your answer.
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1> ¢) Find an equation for the negative eigenvalue(s) (A < 0) and solve it graphically, using the graph below.
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for0<z <7 0<y<7, t>0, with the boundary conditions
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3. (20 points) Solve the wave equation

u(0,y,t) =0 u(z,0,1) =0
u(m,y,t) =0 u(z,m,t) =0

and the initial conditions
u(z,y,0) =1

Ou

You do not need to rederive the formulas for the eigenvalues A and eigenfunctions ¢, if you remember

them.
Be as explicit as you can in giving the formulas for the coefficients in the series for u.
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4. (20 points) Solve the equation
Pu 10 Ou 1 0%u  O%u
Viut w5 = - (T |+ 575 + 25 =0
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for 0 < 7 < a, -7 <8 <7, 0 < z< H, with boundary conditions

u(a,8,2) =0, u(r,0,0)=0, wu(r,8,H)=arb).
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5. (20 points) Solve the inhomogeneous heat equation

ov v

— == +1
ot 9x2

for 0 < z < 7, t > 0, with homogeneous boundary conditions

v(0,t) =0 and ov(w.t)=0,
and initial data
v(z,0) = 0.

Use the method of eigenfunction expansions. Write the solution as explicitly as you can (the answer should
be a series in which the terms are elementary functions of z and t).
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