Math 4163 — Spring 2015
Assignment 5

1.(a) Determine the coefficients of the Fourier series for the function defined by f(z) = 14z on [—m, 7],
and sketch the function that the Fourier series converges to on [—3, 37].
(b) Determine the coefficients of the Fourier sine series for the function defined by f(z) =1+ z on
[0, 7], and sketch the function that the Fourier sine series converges to on [—3, 37].
(c) Determine the coefficients of the Fourier cosine series for the function defined by f(z) =1+« on
[0, 7], and sketch the function that the Fourier series converges to on [—3m, 37].

2. Consider the following initial-boundary-value problem for the function u(zx,t) defined for 0 < x < L
and t > 0:
potsr +au = Touy, forO<z<L,t>0
u(0,t) =0 fort>0
u(L,t) =0 fort>0
u(z,0)=0 for0<z<L
ug(2,0) =g(x) for 0 <z <L,

where a is a constant, and f(z) is a known (given) function of z.

(a) Put u(z,t) = ¢(x)h(t) and separate variables to get ordinary differential equations for ¢(z) and
h(t). If you do this in the same way as the text does it for the wave equation on pages 137-138, then you
should be able to get the same equation for ¢ as in (4.4.8); that is, ¢”(x) + A¢(x) = 0. The equation for h(t)
will be different than (4.4.7), however. What is it?

(b) What boundary conditions on ¢(x) does the problem determine? What are the eigenvalues and
eigenfunctions for the boundary-value problem for ¢? (You can just give the answer, no need to re-derive it
here.)

(c) Find the general solution of the equation for h(t) that you obtained in part (a). Since it is an
equation with constant coefficients, you can find the general solution using the characteristic equation. In
this step, you can assume that a > 0. This should guarantee that the roots of the characteristic equation will
be imaginary numbers, so the general solution can be written using sines and cosines. In fact, the general
solution should be of the form

h(t) = Acos(wnt) + Bsin(wnt),

where the numbers w,, are constants which depend on n, called the frequencies of vibration of the system.
Give the correct formula for the frequencies of vibration.

(d) What are the separated solutions of the partial differential equation with the boundary conditions
given?

(e) Find a linear combination of the separated solutions from (d) which satisfies the given initial condi-
tions. Write your answer as a series, and give formulas for the coefficients in the series in terms of integrals
involving g(x).

3. Consider the following initial-boundary-value problem for the function u(zx,t) defined for 0 < x < L
and t > 0:
pourt + Bur = Toug, forO<z < L,t>0
u(0,t) =0 fort>0
u(L,t)=0 fort>0
u(z,0) = f(z) for0<z<L
ug(z,0) =g(x) for 0 <z <L,

where f(z) and g(z) are assumed to be known (given) functions of z.

(a) Put u(z,t) = ¢(x)h(t) and separate variables to get ordinary differential equations for ¢(z) and
h(t). If you do this in the same way as the text does it for the wave equation on pages 137-138, then you
should be able to get the same equation for ¢ as in (4.4.8); that is, ¢"(x) + A¢(x) = 0. The equation for h(t)
will be different than (4.4.7), however. What is it?



(b) What boundary conditions on ¢(z) does the problem determine? What are the eigenvalues and
eigenfunctions for the boundary-value problem for ¢? (You can just give the answer, no need to re-derive it
here.)

(c) Find the general solution of the equation for h(t) that you obtained in part (a). Since it is an
equation with constant coefficients, you can find the gegeral solution using the chalzfaczteristic equation. In
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numbers n, as well). That will mean that the roots of the characteristic equation will be complex numbers,
with both real and imaginary parts, so the general solution can be written using exponentials, sines and
cosines.

(d) What are the separated solutions of the partial differential equation with the boundary conditions
given?

(e) Find a linear combination of the separated solutions from (d) which satisfies the given initial condi-
tions. Write your answer as a series, and give formulas for the coefficients in the series in terms of integrals
involving f(z) and g(z).
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