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Assignment 5 solutions
(For the sketches of the functions to which the Fourier series converge in problem 1, see attached sheet.)

1(a) The coefficients of the Fourier series are given by:

Aozi 14+zdx=1,
2r .
An=1 [ ety da =0 (orn2),
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B, = -1—/ (1+ z)sin(nz) de = 2 cos(nt} (for n > 1).
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1(b) The coeflicients of the Fourier sine series are given by

B, = E/ (1 + z)sin(nz) dz
T Jo

2

- (1 — (1 4+ m)cos(nm)) (for n > 1).

1(c) The coefficients of the Fourier cosine series are given by

1 T
Aoz—/ 1+:1:dx=1+£,
0

m 2
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Ap = A (1 + z) cos(nz) de = m(cos(mr) -1} (forn>1).

2(a) A form of the ordinary differential equation for h(t) is

poh”(t) = —()\Tg + a)h(t)

2,2
2(b) The boundary conditions on ¢(z) are $(0) = 0 and ¢(L) = 0; the eigenvalues are A = % for
n=1,2,3,...; and the corresponding cigenfunctions are ¢(z) = sin(nnz/L).
2(c) The general solution of the equation for k(t), with the eigenvalues X as given in 2(b), is

h(t) = Acos(wnt) + Bsin(wnt),

where
(nw/L)?1p + a
Po ‘

Wn =
2(d) The separated solutions of the partial differential equation with the given boundary conditions are
u(z,t) = (x)h(t) = sin (%) (A cos(wat) + B sin(wnt)),

where wy, is as given in 2(c).
2(e) Take

NE

uw(z,t) = ) (Apcos(wnt) + By sin(wpt)) sin <ZL%> 2

n=1

The condition u(z,0) =0for 0 < z

IN

L gives us that

0= iflnsin ("_23) ,

n=1



and this implies that A, = 0 for every n. (Do you see why? Alternatively, you could have used the condition
u(z,0) = 0 back in step 1 of the method of separation of variables to say that A = 0 in the separated
solutions individually.)

Therefore

oc
u(z,t) = Z By, sin(wxt) sin (n_}r/ac) .
n=1
Taking the derivative with respect to ¢t gives

w(z,t) = i Bpwy, cos(wyt) sin <?) ,

n=1

and setting t = 0 and using the condition u(z,0) = g(z) for 0 < z < L, we get
- nnx
g(z) = ; Bywy, sin (T) for0<z < L.

We know well by now how to use this last equation to determine the B,. We get

2
~ Lw,
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nrz
B /gm sin|— ) dx forn=1,2,3....
" A (z) (L)

3(a) A form of the ordinary differential equation for h(t) is
pol”(t) + BK (t) + AToh(t) = 0.

3(b) Same as in 2(b): the boundary conditions on ¢(z) are ¢(0) = 0 and ¢(L) = 0; the eigenvalues are
n2r?
12
3(c) As we showed in class, the solution of the ordinary differential equation for A(f), obtained by
looking for solutions of the form e™, and taking X as in 3(b), is

A=

forn =1,2,3,...; and the corresponding eigenfunctions are ¢(z) = sin(nrz/L).

h(t) = Ae=Pt/(200) cos (wnt) + Be P4/ (270) sin (wnt)
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3(d) The separated solutions of the partial differential equation with the given boundary conditions are

where

u(z, t) = ¢(z)h(t) =sin (?) =P/ (2r0) (A cos(wnt) + Bsin(wnt)),

where w, is as given in 3(c).
3(e) Take
- nnx
u(zx,t) = Z e~ P 2r0) (A, cos(wnt) + By, sin(wt)) sin (T) :

n=1

The condition u(z,0) = f(z) for 0 < z < L gives us that

flz)= iAn sin (TLLE) ,
n=1

2



and this implies that

9 L
An = E/o f(z)sin (nLLx> dz
forn=1,2,3,....
Also, taking the derivative of u(z,t) with respect to ¢ gives

wy(z,t) = Z [——ﬁe_ﬁt/(z”")(An cos(wnt) + By sin(wnt)) + e~/ (20) (— A, w, sin(wpt) + Buws, cos(wnt))]
n=1

Po
sin (n_zz) .

Setting t = 0 and using the condition u:(z,0) = g(z) for 0 < z < L, we get

o [ —BAn . (nTT
g(x) - Z ('TIBPO_ + ann> Sin (T) for0<z < L.

n=1

Multiplying by sin{mmz/L) and integrating from x = 0 to z = L, and using orthogonality, we get,

L
. (MTT _ (—BAm L
/0 g(z)sin (_L ) dz = ( 570 + Bmwm) 7

Since we already know what A,, is from above, we can use this equation to solve for B,,. Doing so, and
replacing m by n (since m stands for an arbitrary number anyway), we get

2 [k T BA,

nm
ol ey on (12 4
Lo )y g(z) s1n( 7 z + g

2 b . /N7 155 & . /nTT
Lw?./r: g(@ysin () do+ 7 / f@)sin () da-




