EXAM 2 Name /B—Q;Lr/.

Math 4163 ==
3-27-15

There are four problems totalling 100 points. You may write on the back sides of the pages if you need
more Toom.

1.

X (20 points) Consider the wave equation
8u 4, O*u

a2~ ¢ 0z2
for 0 <z < 1, t > 0, subject to the boundary conditions
w(0,t) =0 and wu(l,t)=0 for ¢t > 0

and the initial conditions

@—(CE,O) =g(z) for0<z <1

= d
u(z,0) =0 an 50

Give a series for the solution u(z,t) of the problem. (You do not have to explain where the series comes
from.) Include formulas for the coefficients in the series, in terms of the given data.
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2. (40 points) Consider Laplace’s equation
0%u N 0%u
0z? = Oy?
for 0 <z < L and 0 < y < H, subject to the boundary conditions

=0,

0
OU0,9) =0 and YL, y) =0 for0<y<H, and
oz oz
ou
w(z,0) =0 and 8y(a: H)=f(z) for0<z<L.
a) Find all the separated solutions u(z,y) = ¢(z)h(y) of Laplace’s equation with the three homogeneous
boundary conditions. (You do not have to give all the details, if they repeat results we’ve already
Lze] done in class. But be careful to find all separated solutions.)

e ﬂ)oqv\iarx condliona !W\@(;( ¢((@ ~O e ¢7L so

#'+ads0 [ A=0 wd Bzl o
As(r) ond P)e cos(mIKY (r2G23,0 ) 6,

%M Wb O ap MEFTH ot A0)= Oawo
A=O M L) A+By 50 O=A
Tg{ % ¢ /5\[3)‘- Bé( @
z\ Az Wf"‘j’\ (m=t253,0 ) ‘
8 (ﬂm« Ao = AM(M)#BM(‘%*)/M
O = A/go xgt(tf BM(MJ @

(HHU SEQaW solufiows M U(Xl L 10'{ o [i(y’tj;: m(ﬂ%ﬂ) M (1'%3

3
£ 7-0') b) Write out the solution u(z, y) of Laplace’s equation with all four boundary conditions. Include formulas O
for any coefficients which appear. in terms of the given data.
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3. (20 points) Consider Laplace’s equation for a function u(r,8) defined outside a disc of radius 2 (r > 2),
subject to the boundary condition

ou

5(2,0) = f(0) for —mn<O<7

and the condition that lim w(r,8) is not infinite.
T 0

a) In class we found the following separated solutions of Laplace’s equation in polar coordinates:
ES—] r™cos(nf), r"sin(nf), r~"cos(nd), r "sin(nd),

forn=10,1,2,3,.... Which of these solutions satisfy the condition that lim u(r,8) is not infinite?
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D 5’} b) Using your answer to part a), give a series for the solution u(r,8) of the above problem. Include
formulas for any coeflicients which appear, in terms of M“ﬂl dat:
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4. (20 points) For the function f(z) defined for 0 <z < 5 by

0 ifo<z<1
flzy=<¢ 3 ifl<z<2
0 if2<z <5,

a) Sketch the graph of the function to which the Fourier sine series for f(x) converges for —15 < z < 15.
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b) Compute the coefficients of the Fourier sine series for f(z) on [0,5]. You need not evaluate the trig
{L 0] functions which appear in your answer.
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