Introduction to Analysis
Exam 2

1. (5 points) State the Bolzano-Weierstrass theorem.

2. (5 points) Define “Cauchy sequence”. What is the relationship between Cauchy se-
quences and convergent sequences?

3. (5 points) Give the definition of limit of a function at a point.

4. (25 points) Let () be defined recursively by: z; = 1, and Zn41 = (2, + 3)/8 for all
n &€ N.

" a. Prove that (z,) converges.
b. Find its limit.

5. (10 points) Suppose lim(z,) = 3 and lim(y,,) = 4. Let (z,,) be defined by

{mk if n =2k
2n =
ye ifn=2k+1.

Show that (z,) diverges.
6. (15 points) Suppose that () is an increasing sequence. Prove that either (x,) con-

verges, or lim(z,) = +oo.

n
7. (15 points) Let (s,) be the sequence defined by s, = Z % :é_‘ .
k=1 y

a. Prove that (s,) is bounded above. (Hint: can you_ﬁnd a larger sequence that you
know to be bounded?)

b. Deduce from part a that (s,) converges.

8. (20 points) Let f(x) be defined for all z € R by f(z) = 5z + 7.

a. Prove that liné f(z) = 22 using the definition of limit of a function at a point.
T—>

b. Prove that lir% f(z) = 22 using the sequential criterion for limits.
T—
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