Introduction to Analysis
Exam 3

1. (5 points) Give the definition of a continuous function.
2. (10 points) Prove that the composition of continuous functions is continuous.
|z|

3. (15 points) Let f(z) be defined by f(z) =

prove that it does not exist.

for all x # 0. Either find lim f(z), or
z—0

T

4. (15 points) Suppose f : [0,1] — R is continuous on [0, 1], and f(z) > 0 for all z € [0, 1].
Prove that if g(x) = 1/f(x), then g(z) is bounded on [0, 1].

5. (15 points) Prove that there exists a real number z such that 1 + 3z — z* = 0.

6. (20 points)
a. Give the definition of derivative.
b. If f: R — R is defined by

z ifzeQ

f(x):{o ifz¢Q,

show that f is not differentiable at 0.
7. (20 points)

a. State the mean value theorem.
b. Use the mean value theorem to prove that /z < %(ac + 1) for all z > 1.
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