16 CHAPTER 1 PRELIMINARIES

13. Prove that n < 2" for all neN.

14. Prove that 2" < n! for alln>4,nelN

15. Prove that 2n—3 < 2" > foralln 2 5,n € N.

16. Find all natural numbers # such that n* < 2". Prove your assertion.

17. Find the largest natural number m such that  — nis divisible by m for all n € N. Prove your
assertion.

18. Provethatl/ﬁ+1/\,/§+-~~+1/\/ﬁ>\/ﬁforallneN,n>l.
19. Let S be a subset of N such that (a) 2k < § for all k € N, and (b) if k € Sand k > 2, then
k—leS.ProvethatS:N.

20. Let the numbers X, be defined as follows: x; = 1, Xp = 2, and Xpq2 = %(x,,ﬂ + x,) for all
1 € N. Use the Principle of Strong Induction (1.2.5) to show that 1<x,<2forallrne N.

Section 1.3 Finite and Infinite Sets

When we count the elements in a set, we say “one, two, three, . . . J’ stopping when we
have exhausted the set. From a mathematical perspective, what we are doing is defining a
bijective mapping between the set and a portion of the set of natural numbers. If the set is
such that the counting does not terminate, such as the set of natural numbers itself, then we
describe the set as being infinite.

The notions of “finite” and “infinite” are extremely primitive, and it is very likely that
the reader has never examined these notions very carefully. In this section we will define
these terms precisely and establish a few basic results and state some other important
results that seem obvious but whose proofs are a bit tricky. These proofs can be found in

Appendix B and can be read later.

1.3.1 Definition (a) The empty set 0 is said to have O elements.

M) Ifrne N, a set S is said to have n elements if there exists a bijection from the set
N, := {1, 2,..., n} onto S.

(¢) AsetSissaid to be finite if it is either empty or it has 7 elements for some 1 € N.

(d) AsetSis said to be infinite if it is not finite.

Since the inverse of a bijection is a bijection, it is easy to see€ that a set S has n
elements if and only if there is a bijection from S onto the set {1,2, ..., n}. Also,
since the composition of two bijections is a bijection, we see that a set Sy has n
elements if and only if there is a bijection from §; onto another set S, that has n
clements. Further, a set T1 is finite if and only if there is 2 bijection from Ty onto
another set T, that is finite.

It is now necessary to establish some basic properties of finite sets to be sure that the
definitions do not lead to conclusions that conflict with our experience of counting. From
the definitions, it is not entirely clear that a finite set might not have elements for more
than one value of n. Alsoitis conceivably possible that the set N:= {1, 2, 3,...} might be
a finite set according to this definition. The reader will be relieved that these possibilities do
not occur, as the next two theorems state. The proofs of these assertions, which use the
fundamental properties of N described in Section 1.2, are given in Appendix B.

1.3.2 Uniqueness Theorem If S is a finite set, then the number of elements in S is a
unique number in N.




