‘Math 5463 — Spring 2013
Exam 1

(Note: For these problems, you may cite any result that we have done in class, without having to prove

Suppose {fx} is a sequence of functions in LP(F), where 1 < p < o0, and suppose g is a function in L9,

where ¢ is the conjugate to p. Show that if { fi} converges to f in LP(E) norm, then klim / frg = / fg.

. Let X be the set of all differentiable functions on [0, 1], and for f in X, define

I71=( [ ' fa? i) "

For each of the following statements, either give a (short) proof that the statement is true, or give an
example showing that the statement is false.

(i) For all f and g in X, ||f + gl < || f] + [lg]-

(ii) Forall ce R and f in X, |lefi] = I¢| - || f]I-

(iii) For all f in X, || ]| > 0.

(iv) If fisin X and || f|| =0, then f is the zero function in X.

Consider the following statement: If f is in LP(FE) and f g fg=0forall g in L9, where g is the conjugate
to p, then f = 0 almost everywhere on E.

" a. Prove the statement in the case 1 < p < 0.

b. Prove the statement in the case p = 1.

. Suppose T'is a map from LP(R) to R such that (i) T(f + ¢) = T(f) + T'(g) for all f and g in LP(R)

and (ii) |T(f)] < ||f]lp for all f in LP(R). Show that if T'(f) = 0 for every continuous function f with
compact support, then T(f) = 0 for all f in LP(R). (e (£ p <o ).

. Suppose {fx} is a sequence of functions in LP(E), where 1 < p < 0o. Suppose {fx} converges pointwise

on E to a function g, and {fi} converges in LP(F) norm to a function h. Show that g = h almost
everywhere on E.
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