Solutions to Problems 2.5.1(a,b,d,e) on Assignment 4
2.5.1(a) We have u(x,y) = P(x)Q(y) where P and @ satisfy the ODEs

2P 220
ﬁ =—-A\P and TyZ = )\Q,

and the boundary conditions

P P
d 0) = 0 d

%()— , %(L)zo, and Q(0) =0.

If A > 0, then as in section 2.4.1 of the text, we find that in order for the ODE and boundary conditions
for P(x) to have a non-trivial solution, we must have
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for some integer n > 1, and in that case the solution is given by
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P(z) = cos (T) .

Then the equation for Q(y) becomes
d?Q n2mr?

ET

Q,

whose general solution is

Q(y) — Aenﬂy/L _|_Befn7ry/L'
Now substituting y = 0 on the right-hand side, and using the condition that Q(0) = 0 on the left-hand side,
we obtain that 0 = A+ B, or B = —A. Then substituting into the formula for Q(y) gives

Q(y) _ Aenﬂ'y/L _Ae—n‘n'y/L’

or, what is the same thing,
Q(y) = 2A sinh (@) .
L
Therefore, in the case when A > 0, the separated solutions are

nmwy

u(z,y) = cos (?) sinh (T> )

where n can be any positive whole number.

If A = 0, then again as in section 2.4.1, we find that the ODE and boundary conditions for P(z) do
have a non-trivial solution, so A = 0 is an eigenvalue, and a solution is P(x) = 1 (or any other constant).
Now the equation for Q(y) becomes

d*Q

— = AQ =0,

dy? @
whose general solution is

Qly)=Ay+B.

Substituting y = 0 on the right-hand side, and using the condition that Q(0) = 0 on the left-hand side, we
obtain that 0 = B. Hence Q(y) = Ay. Therefore, in the case when A = 0, the separated solution is

u(x, y) =Y.
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Finally we have to satisfy the inhomogeneous boundary condition u(z, H) = f(z), where f(z) is assumed
to be a known (given) function. First we form a superposition of separated solutions:

u(z,y) = Aoy + ;An cos (?) sinh (%) .
Setting y = H on the right-hand side and using the condition u(z, H) = f(x) on the left-hand side, we get
fl@)=A H—i—iA cos <@> sinh nrH
— 410 o n 17 L )

an equation which is supposed to hold for all x in the interval 0 < x < L.

Now, to determine the constants Ag, Ay, Ao, ..., we multiply both sides of the preceding equation by
each of the functions 1, cos (”T”) , COS (2?) ,..., and integrate from z = 0 to x = L. Multiplying by 1 and
integrating (using Z as the variable of integration, so as not to confuse it with the variable x which appears

in the formula for u(z,y)), we get the equation

/OL F(7) di = /OLAOH di,

since the integrals of all the terms in the infinite sum are zero. Performing the integral on the right side and

solving for Aq gives
1 L
Ay = — T) dZ.
0= TH /0 f(@) di

mmTx

Similarly, multiplying the equation for f(z) by cos (™

) and using the orthogonality of cos (mg “") to all the

other functions cos (T) with n # m, we get after integrating from x = 0 to « = L that

/OL f(&) cos (m;r:?) dz = Am/OL (cos (?))2 dz = Amg,

L -
Am:%/o (&) cos (m;m:) dz,

SO

for any m > 1.

2.5.1(b) Here u(x,y) = P(x)Q(y) where

a2P a2Q
S =P, S =)
sz b) dyQ Q7

and P
“(1)=0, QO)=0, and QUH)=0.

(We decided to put A in the equation for P and —\ in the equation for @, not because we had to do it,
but just because it means having to write fewer minus signs later on.) The problem for Q(y), y € [0, H], is
a Sturm-Liouville problem, because there are two homogeneous boundary conditions. We have solved this
problem before, and obtained that non-trivial solutions only exist for A = (n7/H)?, n =1,2,3,..., and are

given by
. (nTy
Q) = sn ("),

For these values of A, the equation for P(x) becomes

oy



and we can either write the general solution as
P(IL‘) _ Aen‘n’x/H _’_‘Be—nﬂm/H7

or, what is more convenient for this problem, as

o) = oo (DY 4 p (=)

Differentiating the latter equation gives

= (57 s (TS b (5 com (TGS,

and substituting z = L and using that %2 =0 when 2 = L, we get 0 = D(nm/H), so D = 0. Therefore

Plo) = o (1757 12)

To satisfy the inhomogeneous condition g—g(o, y) = g(y), we put

u(z,y) = ni; B,, sin (%) cosh (W) 7

and take the derivative with respect to x to give

G = 3 pusin () (7)o ().

Now putting = = 0 on the right and using %(O’ y) = g(y) on the left, we get

9(y) = g B, sin (%) (%) sinh (—ZL) |

It follows by the usual procedure (multiplying both sides by sin (%) and integrating from y = 0 to y = H)

that for each m > 1,
H H my
Bm — U 3 — d~.
mm sinh(—mnL/H) /0 9(g)sin ( H ) Y

2.5.1(d) Here u(x,y) = P(x)Q(y) where

d*pP d*Q
w - AP7 TyQ - _)\Qa
and p
py=0, Cwoy—0, and Q) =0.

dy

The Sturm-Liouville problem for Q(y) was solved in the exercises for Chapter 2 (see problem 2.3.2(e)). It
2

has non-trivial solutions only when v/A H is an odd multiple of 7/2; i.e., only for \ = (%) , where

n=1,2,3,..., and the solutions are given by

00 - (2252)

2H
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For each such value of A, the corresponding general solution for the equation for P(x) is then

P(z) = Acosh ((Qn— 12)17;(3;—L)> + Bsinh ((Qn— 12)17;(33—L)) ,

and the condition P(L) = 0 gives us that A = 0. So

P(z) = Bsinh <(2” — Urlz - L)> .

2H

Now put

5 b (0 ) g (20

Letting 2 = 0 and using the boundary condition u(0,y) = g(y), we get

5% o () g, (1o

so by the usual method we find that for all m > 1,

2 a (2m — 1)7j
A = / 9(j) cos ( dj.
H sinh (7(27"_21};(_”) 0 2H

2.5.1(e) Here u(z,y) = P(z)Q(y) where

a2P a2Q
S AP, S =)
dm2 ) dy2 Q’

and
P0)=0, P(L)=0, and Q(0)— d—(()) =0.

The Sturm-Liouville problem for P(z) has non-trivial solutions only when A = (%)2, where n =1,2,3,...

and the solutions are given by
nnr

P(z) = sin (T) .

For each such value of A, the corresponding general solution for the equation for Q(y) is then

Qy) = Acosh( T )+B 1nh( Ly)'

Taking the derivative with respect to y gives

% =A (%r) sinh (Lzy) + B (%r) cosh (%) .

Now substituting y = 0 into the last two equations and subtracting gives

Qo) - G20 = 4-5 ().

so the condition that Q(0) — @(0) = 0 gives us that

)



We can then substitute this expression for A into the formula for Q(y) to get
Qly) =B (%) cosh (%) + Bsinh (%) .
Now put
= 55 (52) () o (52) ("2
Letting y = H and using the boundary condition w(z, H) = f(z), we get

flz) = i Bysin (77 {(”L”) cosh <"7TLH> +sinh (mTLH)] :

n=1

so by the usual method we find that for all m > 1,

B = 7 (G ot () - i (5] [ s () @



