Math 4163
Final Exam
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NOTE: On this exam, you may use any solution formula from class, without having
to rederive it.

1. (20 points) Consider the heat equation with source term:

Ezkw—l-au,

for 0 <z < L and t > 0. Suppose « is a constant and o < 0. Use separation of variables
to find the solution that satisfies the boundary conditions

u(0,£) =0 and wu(L,t)=0 (for t > 0)
and the initial condition
u(z,0) = f(z) (for 0 <z < L).

Remember to give a formula for the coefficients in your series solution in terms of f.
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2. (14 points) Consider the heat equation with source term:
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for 0 <z < 7 and t > 0. Suppose u satisfies the boundary conditions

u(0,t) =0 and wu(m,t)=0 (for ¢ > 0).

[8] a. This problem has non—zsro equili@ium solutions. Find them. o{ > @
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b. Graph one of the solutions you found in part a, and for the solution you graphed,
answer the following questions (with a brief explanation):

(i) is heat flowing to the right or to the left at z = 0?7 X Y
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(ii) is heat flowing to the right or to the left at z = #? . o
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3. (20 points) Consider the function f(0) defined for —m < 6 < 7 by
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a. Find the coefficients of the Fourier series for f on [—m, 7). Write out the first three
Do] non-zero terms of the series.
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b. Sketch the graph of the function to which the Fourier series converges on [—3, 37].
{i—l ] Use an X to mark the values of the function at the points where it is discontinuous.
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c. Find, in series form, the solution u(r, #) of Laplace’s equation V2u = 0 in the circle
T}{] 0 <r <1, -7 < 0 < 7 that satisfies the boundary condition u(1,8) = f(6). (You do not
need to rederive the series form for the solution of Laplace’s equation on the circle.) Write

out the first three non-zero terms of the series.
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i;] b. Give the value of u at r = 0.
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4. (22 points) Consider the wave equation for an elastic string,
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for0<z<Landt>0.

) . a. Use separation of variables to find the solution which satisfies the boundary con-

[(8] ditions p u
U u

52 (0,t)=0 and 9 (L,t) =0 (fort > 0)

and the initial conditions
ou
u(z,0) = f(z) and E—(x, 0)=0 (for 0 <z < L).

Remember to give formulas for the coefﬁments 1wour series solution in terms of f.
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D‘l] b. Give the explicit solution in the case when f(z) =1 for 0 < x < L. How would
you describe the motion of the string which this solution represents'?
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5. (12 points) Suppose f is piecewise smooth on [0,L] and A, = fOL J(w) cos 222 dw.

Show that . L
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(Hint: use integration by parts.) @ , @
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6. (12 points) Suppose u solves 5
0 < y < 5, and the normal derivative Vu - n is zero at all points on the boundary, for all

¢t > 0. Find (with explanation) 2 [ [, u dz dy.
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