Four Color Problem                                   Jeffrey Monroe and Christopher Nguyen
History
· First recorded statement of the problem by Francis Guthrie (1852)

· In 1878, Arthur Cayley discovered Guthrie’s four color problem and brought it to the London mathematical society for further review.

· In 1879, Alfred Kempe provided the first proof that showed four colors were sufficient. 

· In 1889, PJ Heawood discovered an error in one of Kempe’s proof and showed that 5 colors were sufficient.

· In 1976, Kenneth Appel and Wolfgang Haken proved the Four Color problem with the aid of a computer.

Kempe’s Proof
Degree = 4

This is the first difficult case, and the place where Kempe needed to invent the idea of what is now called a Kempe chain.  In this case, there are four nodes incident to x.  As before, remove x, and color the remaining graph by induction with four colors.  If the four nodes are colored with fewer than four colors, then we can use the fourth color to color x.  But if the nodes are colored  with four different colors, B, G, Y, R  then this would not work because x would require a fifth color.  For this worst case scenario, Kempe suggested the following clever trick:  Start from the node colored B and create a subgraph by following the edges from this node through all nodes colored B or Y.  Note that the edges between the nodes in this subgraph and the rest of the original graph connect nodes colored B or Y with nodes colored G or R.  This subgraph is known as a Kempe Chain.

Now there are two cases:  


Case 1:  The subgraph does not include the node adjacent to x colored Y.

Kempe instructs us to change the color of all the nodes in the subgraph from B to Y, and from Y to B.  This remains a legal coloring because all edges within the subgraph are still connecting B to Y, and all edges between the subgraph and the orignal graph are between nodes colored B or Y, and nodes colored G or R.   Now x is adjacent to nodes colored Y, G, and R.  Hence x can be colored B and the graph is four-colorable.  


Case 2:  The subgraph includes the node adjacent to x colored Y.  This is called a cyclical Kempe Chain. 

Now Kempe's idea does not work because the two nodes adjacent to x colored B and Y simply switch colors, and x is still adjacent to four different colors.  Kempe fixes the problem by pointing out that if there is a path between the nodes adjacent to x colored B and Y, then there cannot be a path between the nodes colored G and R.  The existance of one cyclical Kempe chain rules out the other, because one acts as a "barrier" between the nodes of the other.  
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If there is no path between the nodes colored R or G, then instead of creating the Kempe chain starting from the node colored B, we start it from R.  That is, create a subgraph by following the edges from R through all nodes colored R or G.   Then we can toggle the colors R and G in this subgraph, and x ends up adjacent to three colors: B, Y, and G. 
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Degree = 5

We create a Kempe chain starting from the node colored B, by following all edges that connect to nodes colored B or Y.  As before, if this chain does not contain  the node adjacent to x that is colored Y, then we toggle the colors of the chain, resulting in B being colored Y, and that allows us to color x with B.  However, if the chain does contain the node colored Y, then we give up on that chain, and create a new Kempe chain starting from the node colored B, but this time by following all edges that connect to nodes colored B or G.  If this chain does not contain the node colored G, then we can toggle the colors of this chain and then we can color x with B.  If the chain does contain the node colored G, then we have the hardest case.  Kempe's solution in this case was to start at each of the two nodes colored R and create two Kempe chains.  From the node colored R that is surrounded by the B-Y Kempe chain, we create a Kempe chain with colors R and G.  From the node colored R that is surrounded by the B-G Kempe chain, we create a Kempe chain with colors R and Y.  The new Kempe chain with colors R and G cannot reach the node adjacent to x colored G, so the colors can be toggled and R becomes G.  The new Kempe chain with colors R and Y cannot reach the node adjacent to x colored Y, so R becomes Y.  This leaves the color R for x, which is now adjacent to colors  Y-G-Y-G-B.  
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PJ Heawood’s Counter Proof of Kempe’s degree = 5
The flaw in Kempe's proof found by Heawood is in case 2 when degree = 5.  The problem is with the implication of the two sentences below.   

"The new Kempe chain with colors R and G cannot reach the node adjacent to x colored G, so the colors can be toggled and R becomes G.  The new Kempe chain with colors R and Y cannot reach the node adjacent to x colored Y, so R becomes Y." 

The claim explains correctly why we can color all the nodes adjacent to x without using R, but there is an unexpected problem.  It is possible to have edges between Y nodes in the R-Y Kempe chain and G nodes in the R-G Kempe chain.  
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If we change the colors according to Kempe's methods, then the top nodes (not adjacent to x) colored Y and G both get changed to R. The picture above misleads into thinking that the G nodes surrounded by the B-Y chain cannot be adjacent to any Y nodes surrounded by the B-G chain.  

Appel/Haken 
· Kenneth Appel and Wolfgang Haken proved the four Color problem in 1976 with the aid of a computer.

· Proof provided about 10,000 pages of printouts

· It took the computer 1200 hours to solve the proof.

· 1476 unavoidable set configurations and over 300 discharginf rules (produced configurations that were more likely to reduce)

Notes:
· Reducibility – Reducing to a smaller case, which is four colorable and then use induction
· Unavoidable – Kemper used Euler’s formual to show that every planar graph has a vertex of degree at most 5, therefore it is unavoidable because every graph contains at least one of them.

· If we denote the number of nodes, edges, and faces (i.e., the bounded regions) of a planar graph by V, E, and F respectively, then Euler's theorem for a plane (or a sphere) is V  E + F = 2 (the outside face counts too).  Each face of a maximal planar graph is bounded by three edges, and each edge is on the boundary of two faces, so we have F = 2E/3.  Euler's formula for a complete planar graph then becomes simply E = 3V  6.  The degree of a node is the number of edges incident to it.  Now each edge is connected to two nodes, so the sum of the degrees of all the nodes 2E = 6V  12, and hence the average degree per node is 6  12/V < 6,  (assuming the graph is finite).  This implies that at least one vertex has degree five or less.

· Flaw – The unavoidable set is not a subset of the reducible set.
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