Chapter 3

L? Classes

1. Definition of I?

If £ is a measurable subset of R" and p satisfies 0 < p < oo, then LP(E)
denotes the collection of measurable f for which jE | £1? is finite, that is,

LYE) = {f: L|f1" < +oo}, 0<p< .

Here, f may be complex-valued. (See Exercise 3 of Chapter 4 for the defini-
tion of measurability of vector-valued functions.) In this case, if f = f; + if;
for measurable real-valued f; and f5, we have | f|? = f? + f3, so that

I ALl < IfI < 1AL+ £l

It follows that fe LP(E) if and only if both f1, f5 € L?(E). (See Exercise 1.)
We shall write

T (j m*’)l”’ ©<p< o)

thus, LP(E) is the class of measurable f for which || f|, ¢ is finite. Whenever
it is clear from context what E is, we will write L? for LP(E) and | f, for
If1l,,z- Note that L' = L.

In order to define L®(E), let f be real-valued and measurable on a set E
of positive measure. Define the essential supremum of f on E as follows:
If |{x € E : f(x) > a}| > 0 for all real «, let essgsup /= + o0; otherwise, let

ess sup f = inf {o : |{x € E : f(x) > a}| = 0}.
5 .
Since the distribution function w(a) = |{x € E : f(x) > a}| is continuous from
the right [see (5.39)], it follows that w(essgsup f) = 0 if esssup f is finite.

Therefore, essgsup f'is the smallest number M, —ow0 < M < + oo, such that
f(x) < M except for a subset of E of measure zero.
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120 . L*” Classes (8.1)

A real- or complex-valued measurable fis said to be essentially bounded,
or simply bounded, on E if essgsup | f] is finite. The class of all functions that
are essentially bounded on E is denoted by L*(E). Clearly, f belongs to L®(E)
if and only if its real and imaginary parts do. We shall write

Nflle = 1flo,e = €88 sup /1.

Thus, || ]|, is the smallest M such that |f| < M a.e. in E, and
L® = L™(E) = {f: fllo < +00}.

The following theorem gives some motivation for this notation.

(8.1) Theorem If|E| < + oo, then |f|, = lim ., [|If],.

Proof. Let M = || f]| .. If M' < M, thentheset 4 = {xe E: |f(x)| > M’}
has positive measure. Moreover, | f], = ([, |fI")'? = M’|4|*'?. Since
|4|'" -1 as p— oo, it follows that liminf,., ||/, = M’, so that
liminf,., [ fll, = M. However, we also have | [, < ([ MP)'/? = M|E|'/>.
Therefore, lim sup,_, || /]|, < M, which completes the proof.

Remark: This result may fail if |E| = + co. Consider, for example, the con-
stant function f(x) = ¢, ¢ #0, in (0,00). Clearly, fe L* but f¢ L” for 0 < p< 0.
We will now study some basic properties of the L7 classes.

(8.2) Theorem If0 <p, <p, < wand |E| < + 0, then LP* = LP,

Proof. Write E = E, u E,, E, being the set where |f| < 1, and E, the
set where | f| > 1. Then

Lm*’ = L. 1117 + sz, 0<p<w.

The first term on the right is majorized by |E,|; the second increases with p
since its integrand exceeds 1. It follows that if fe L”?, p, < o, then fe L™,
p1 < py- If p; = oo, then fis a bounded function on a set of finite measure,
and so belongs to L.

Remarks:

(i) The hypothesis above that E have finite measure cannot be omitted:
for example, x~ /7! belongs to L?*(1,00) if p, > p,, but does not belong
to LP!(1,00). Again, any nonzero constant is in L*, but is not in L"'(E)
if |E|] = +o0 and p, < c0.

(ii) A function may belong to all L°* with p,”< p, and vet not belong to L2,
In fact, if p, < oo, x~ /72 belongs to LP(0,1), p, < p,, but does not
belong to L7*(0,1); log 1/xisin L?Y(0,1) for p, < o0, butis notin L*(0,1).

(i) We leave it to the reader to show that any function which is bounded on
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E (|E| < +00 or not) and which belongs to L”* also belongs to L2
P2 > Py
The next theorem states that the L? classes are vector (i.e., linear) spaces.
Its proof is left as an exercise.

(8.3) Theorem Iff,gelP(E),p> 0, then f+ g€ L*(E) and cf e LF*(E) for
any constant c.

2. Hblder’s Inequality ; Minkowski’s Inequality

In order to discuss the integrability of the product of two functions, we will
use the following basic result.

(8.4) Theorem (Young’s Inequality) Let y = ¢(x) be continuous, real-
valued, and strictly increasing for x = 0, and let $0) = 0. If x =
Y(p) is the inverse of ¢, then for a,b > 0,

a b
ab < I d(x) dx +j Y(y) dy.
(4] 0
Equality holds if and only if b = ¢(a).

Proof. A geometric proof is immediate if we interpret each term as an
area and remember that the graph of ¢ also serves as that of i if we inter-
change the x and y axes. Equality holds if and only if the point (a,b) lies on
the graph of ¢.

¥

y=¢(x)

If ¢(x) = x%, a > 0, then Y(y) = y'/%, and Young’s inequality becomes
ab < a1 + o) + BTVl + 1/a). Settingp = o + landp’ = 1 + 1/a,
we obtain

P P . 1 1
G5, e D abs b1 cp e ain ot I,
PP PP

Two numbers p and p* which satisfy 1/p + 1/p’ = 1, p,p’ > 1, are called
conjugate exponents. Note that p* = p/(p — 1), and that 2 is self-conjugate.
We will adopt the conventions that p* = co if p = 1, and p’ = 1 if p = 0.
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(8.6) Theorem (Holder’s Inequality) If 1 <p < oo and ifp + 1/p’ = 1,
then || fglly < IS lgl,; that is,

NE (L ) (L) a <o <o
Llfgl < (ess sup If])L 9. '

Proof. The last inequality, which corresponds to the case p = oo, is
obvious. Let us suppose then that 1 < p < co. In case || f], = lgl, = L,
(8.5) implies that

P P P P
[ < [ (10 L0 Dol
E E P P p P

| 1
=ghg=l= A1,

For the general case, we may assume that neither | ||, nor |g|l . is zero;
otherwise fg is zero a.e. in E, and the result is immediate. We may also
assume that neither || f[|, nor [g| - is infinite. If we set f; = f/|| f],and g; =
g/llgll,~ then |fill, = lg.ll,» = 1. Therefore, by the case above, we have

felfigil < 1;ie, Jelfal < 1F1,0gll,, as desired.
The case p = p’ = 2 is a classical inequality.

(8.7) Corollary (Schwarz’s Inequality)

L= (1) (L)

The theorem which follows is usually referred to as the ‘““‘converse of
Holder’s inequality.” (See also Exercise 15 in Chapter 10.)

(8.8) Theorem Let f be real-valued and measurable on E, let 1 < p < oo
and l/p + 1/p" = 1. Then

®.9) 171, = sup Lfg,

where the supremum is taken over all real-valued g such that |glf,. < 1
and (g fg exists.

Proof. That the left-hand side of (8.9), majorizes the right-hand side
follows from Hélder’s inequality. To show the opposite inequality, let us
consider first the case of /= 0, 1 < p < 0.

If [, =0, then f= 0 a.e. in E, and the result is obvious. If 0 < [ f]|, <
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+ o0, we may further assume that || f]|, = 1 by dividing both sides of (8.9) by
Ifll,- Now let g = f?/*". It is easy to verify that ||g|,, = 1 and [pfg = 1,
which completes the proof in this case.

If | fll, = + oo, define functions f; on E by setting

fix) = 0if |x| > k, fi(x) = min [f(x),k] if |x| < k.

Then each f; belongs to L? and [ £, = I /], = + 0. By the case already con-
sidered, we have || fill, = [g/igx for some g, > O with ||g|l,» = 1. Since
f = fi, it follows that

g Jax = j Jegx = +o0.
E E
This shows that '

mp§ﬁ=+m=wh

ligllp-=1 JE

To dispose of the restriction /> 0, apply the result above to |f]. Thus,
there exist g, with |gy/[,» = 1 such that

Mm=nmLum=ﬁmLﬁb

where §, = g, (signf). (By sign x, we mean the function equal to +1 for
x > 0and to —1 for x < 0.) Since [|g,]l,» = 1, the result follows.

The cases p = | and co are left as exercises.

We have already observed that the sum of two L” functions is again in L?.
The next theorem gives a more specific result when 1 < p < oo.

(8.10) Theorem (Minkowski’s Inequality) If 1 < p < oo, then |f + g|, <
11, + gll,; that is,

1/p 1/p i/p
([rrear)”<([rr)"+ ()" asp<wo.
esssup | f + g| < esssup |f| + ess sup |g]. ’

E E E

Proof. 1If p = 1, the result is obvious. If p = oo, we have | f| < || /]|, a.e.
in £ and |g| < |gll, a.e. in E. Therefore, |/ + g] < || fll, + 9]l a.c. in E,

so that [|f + glle < I/l + 9]
Forl < p < 0,

Hf+mw=LU+gP=LU+gPﬂf+m
sju+gwﬂﬂ+¢Wf+mrww
E E
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In the last integral, apply Holder’s inequality to [f + g|P~! and |g| with
exponents p’ = p/(p — 1) and p, respectively. This gives

Llf+ gl*~"lgl < If + g2~ gll,.

Since a similar result holds for [ |f + g|"~'|f|, we obtain || f + glly <
I|.f+ _t;'llgh1 (£, + ligll,), and the theorem follows by dividing both sides by
If+gl5~". [Note that if ||f+ g|l, =0, there is nothing to prove; if
Il f+ gll, = + oo, then either | f]|, = +o0 or [|g], = + oo by (8.3), and the
result is obvious again.]

Remark: Minkowski’s inequality fails for 0 < p < 1. To see this, take

E = 0,1), f= %0, and g = y1)- Then | f+ g, = 1, while | f], + lgll,
=27Ur 4 27Ur = 217 UP < |, [See also (8.17).]

3. Classes I?

Let @ = {a,} be a sequence of real or complex numbers, and let
lall, = (; lal?)'?,0 <p < o0;  Jal, = L |l

Then a is said to belong to /7, 0 < p < oo, if [af, < +o00, and to belong to
[*if |a, < +oc0.

Let us show that if 0 < p, < p, < oo, then /' < [P?. [The opposite
inclusion holds for LP(E), |E| < + o0, by (8.2).] For p, = co, this is clear,
and for p, < oo, it follows from the fact that if |a] < 1, then |g;|?? < |a,|P".
An example of a sequence which is in /7? for a given p, < oo but which is not
in [7 for p, < p, is {(1/k log? k)"/?* : k = 2}. Any constant sequence {a,},
a, = ¢ # 0, belongs to /* but not to /? for p < co. The same is true for
{1/log k : k = 2}, whose terms even tend to zero.

(8.11) Theorem Ifa = {a,} belongs to I” for some p < oo, then lim,_,, |a|,
= i|a”w

Proof. If ael™, then ael” for p, < p < 0. Since |q;] — 0, there is a
largest lagl, say |ay|. Thus, al, = la,|. Write ¥ a7 = lay,|” ¥ la/ay|".
Since |ay/a,,| < 1, we see that ) |a,/a,,|” decreases (and so is bounded) as
p — . Hence, there is a constant ¢ such that |q |7 < |al/} < c|a|”. Since
¢'/? - 1 as p — oo, the theorem follows.

The next two results are analogues for series of Hélder’s and Minkowski’s
inequalities. Their proofs are left as exercises. If @ = {a,} and b = {b,}, we
use the notation

ab = {ab}, a+ b= {a + b}, etc.
(8.12) Theorem (Holder’s Inequality) Suppose that 1 < p < oo, 1/p + 1/p’
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=1, a = {a}, b = {b}, and ab = {a;b;}. Then |ab|, < lla|,lb],;
that is,

Ylabl < G lal) (X 157" (1 < p < );
> lady| < (sup |ﬂk|}z 1By |-

(8.13) Theorem (Minkowski’s Inequality) Suppose that 1 < p < o, a =
{a,},b = {b},anda + b = {a, + by}. Then|la + b, < |al, + |bll,;
that is,

Clag + b")Y? < (X la)'” + X 1D (1 < p < 0);
sup |ay + b| < sup |a| + sup |by].

Even though Minkowski’s inequality fails when p < 1 (see Exercise 3),
/7 is still a vector space for 0 < p < 1; thatis, a + b e!” and va = {aa,} €l”
if a,b € I” and o is any constant.

4. Banach and Metric Space Properties

We now define a notion which incorporates the main properties of L? and /7
when p = 1. A set X is called a Banach space over the complex numbers if it
satisfies the following conditions:

(B,) X is a linear space over the complex numbers C; that is, if x,y € X and

, e C, then x + ye X and ax e X.

(B,) X is a normed space; that is, for every x € X there is a non-negative
number [ x| such that

(a) ||x|| = 0 if and only if x is the zero element of X.
(b) |loex|| = |«]]|x]| for xe C; xe X.
© lx +pI < x|l + Iyl

If these conditions are fulfilled, |x|| is called the norm of x.

(B3) X is complete with respect to its norm; that is, every Cauchy sequence
in X converges in X, or if ||x, — x,|| — 0 as k,m — oo, then there is an
x € X such that || x, — x| = 0.

A set X which satisfies (B,) and (B,), but not necessarily (B;), is called a
normed linear space over the complex numbers. A sequence {x,} such that
| x, — x|l — 0 as k — oo is said to converge in norm to x.

Restricting the scalars « in (B,) and (B,) to be real numbers, we obtain
definitions for a Banach space over the real numbers and for a normed linear
space over the real numbers. Unless specifically stated to the contrary, we will
take the scalar ficld to be the complex numbers.

If X is a Banach space, deline ¢(x,y) = |lx — y| to be the distance between
x and y. Then,
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(M,) d(x,y) = 0; d(x,y) = 0if and only if x = y.
(My) d(x,y) = d(y,x).
(M,) d(x,}’) < d(x,z) + d(z,p) (triangle inequality).

Any set which has a distance function d(x,y) satisfying (M,), (M,),
and (M;) is called a metric space with metric d. Therefore, a Banach space
is a metric space whose metric is the norm. Moreover, by (B;), a Banach
space X is a complete metric space; that is, if d(x;,x,,) = 0 as k,m — oo, then
there is an x € X such that d(x,,x) — 0.

(8.14) Theorem For 1 < p < oo, L"(E) is a Banach space with norm
A1 =111,

Proof. Parts (B,) and (B,) in the definition of a Banach space are clearly
fulfilled by LP(E), parts (a) and (c) of (B,) being (5.11) and Minkowski’s
inequality, respectively. [Regarding part (a), we do not distinguish between
two LF functions which are equal a.e.; thus, the zero element of LP(E) means
any function equal to zero a.e. in E.]

To verify (B;), suppose that { f;} is a Cauchy sequence in LP(E). If p = co,
then | fi — /il < I fx — fulls except for a set Z ,, of measure zero. If Z =
(Uk.m Zi.m» then Z has measure zero, and |f; — f,| < || /i — full outside Z
for all k and m. Hence, { f,} converges uniformly outside Z to a bounded limit
f, and it follows that || f;, — f|, — 0. (Note that convergence in L™ is equiva-
lent to uniform convergence outside a set of measure zero.)

In case 1 < p < oo, Tschebyshev’s inequality (5.49) implies that

{xeE:|A(X) — fu®)] > e} <&7" Llfk = fl®-

Hence, {f,} is a Cauchy sequence in measure. By (4.22) and (4.23), there is a
subsequence {fi} and a function f such that f; — fa.e. in E. Given ¢ > 0,
there is a K such that

1/p
(Lm, —fkl") = fi, —fill, < ifkj,kl > K.

Letting k; — co, we obtain by Fatou’s lemma that | f — fi||, < ¢ if k > K.
Hence, || f — fill, = 0 as k — oo. Finally, since |[fll, < [f — fill, + 1 fill, <
+ oo, it follows that fe L?(E), which completes the proof.

A metric space X is said to be separable if it has a countable dense subset;
that is, X is separable if there exists a countable set {x;} in X with the property
that for every x € X and every ¢ > 0, there is an x; with d(x,x) < ¢. In the
next theorem, we will show that L is separable if | < p < co. Note that L*
is not separable: take L%(0,1), for example, and consider the functions
f{(x) = x0,0(x), 0 < 1 < L. There are an uncountable number of these, and
Ife —fille = 1ift # t'. See also Exercise 10.
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(8.15) Theorem If| < p < oo, L(E) is separable.

Proof. Suppose first that E = R", and consider a class of dyadic cubes
in R". Let D be the set of all (finite) linear combinations of characteristic
functions of these cubes, the coefficients being complex numbers with rational
real and imaginary parts. Then D is a countable subset of L?(R"). To see that
D is dense, use the method of successively approximating more and more
general functions: First, consider characteristic functions of open sets [every
open set is the countable union of nonoverlapping dyadic cubes by (1.11)],
of Gy sets, and of measurable sets with finite measure; then consider simple
functions whose supports have finite measure, nonnegative functions in
LP(R"), and, finally, arbitrary functions in LP(R"). The details are left to the
reader [cf. lemma (7.3)]. This proves the case £ = R".

For an arbitrary measurable E, let D’ denote the restrictions to E of
the functions in D. Then D’ is dense in LP(E), 1 < p < co. In fact, given
pand fe LP(E), let f; = f on E and f; = 0 off E. Then f; e L(R"), so
that given & > 0, there exists g € D with ([ga | f; — g|” dx)!/? < &. Therefore,
(e |f — glPdx)!? < e. This shows that D’ is dense in LP(E) and completes

the proof. :

As we have already noted, Minkowski’s inequality fails when 0 < p < 1.
Therefore, |||, £ is not a norm for such p. However, we still have the follow-
ing facts.

(8.16) Theorem If0 < p < 1, LP(E) is a complete, separable metric space,
with distance defined by

d(f.9) = I/ = 9l}.e

Proof. With d(f,g) so defined, properties (M,) and (M,) of a metric space
are clear. To verify (M3), which is the triangle inequality, we first claim that

(a+ by <a”+bifab=0,0<p<l.

If both a and b are zero, this is obvious. If, say, a # 0, then dividing by a”,
—we reduce the inequality to (I + ¢)? < 1 + 7, t > 0 (¢t = b/a). This is clear

since both sides are equal when # = 0 and the derivative of the right side
majorizes that of the left for 1 > 0.

It follows that |f(x) — g(x)|” < |f(x) — A(X)|” + |A(X) — g(x)|” if 0 <
p < 1. Integrating, we obtain | f— gllf < [[f— A} + [[A — gl|5, which is
just the triangle inequality. The proofs that L? is complete and separable with
respect to |- ||, are the same as in (8.14) and (8.15).

It is worth noting that the triangle inequality is equivalent to the basic
estimate

(8.17) If+ gl < IFIE + gl  ©<p <.
The analogous results for series are listed in the following theorem.
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(8.18) Theorem

() If 1 < p < oo, I” is a Banach space with |a| = |a|,. For 1 <
© p < o0, I[P is separable; [® is not separable.
(i) If0 < p < 1,17 is a complete, separable metric space, with distance
d(a,b) = la — b], -

Proof. We will show that /? is complete and separable when 1 < p < @
and that /* is not separable. The rest of the proof of (i) and the proof of (ii)
are left to the reader.

Suppose that 1 <p< 0, a? = {a’}el? for i=1,2,..., and

la®? — aP||, —» 0 as i,j — co. Since [a? — a?|, > |a{? — ai’| for every k,
it follows that |a{” — a{’| — O for every k as i,j —» 0. Let a, = lim,, , a”

and a = {a,}. We will show that ae/” and |a'” — 4|, - 0. Given ¢ > 0,
there exists N such that,

(Zk: lal? — aPP)1P = [la? — aV|, <e if i,j> N.
Restricting the summation to k < M and letting j — oo, we obtain
M 1/p
(Z laf? — akl”) < ¢forany M, if i > N.
k=1

Letting M — o0, we get |a” — a|, < ¢ if i > N; that is, la” — af, - 0.
The fact that |la], < [la — a®||, + [a?], shows that a e [”.

To prove that /7 is separable when p < oo, let D be the set of all sequences
{d,} such that (a) the real and imaginary parts of d, are rational, and (b) d, =
0 for k = N (N may vary from sequence to sequence). Then D is a countable
subset of /7. If @ = {a,} € I” and & > 0, choose N so that ) 2y, la? < /2.
Choose dy, ..., dy with rational real and imaginary parts such that
Yi-1lay — d)? < ¢2. Then d={d,,...,dy,0,...} belongs to D and
lla — d|lf < . It follows that D is dense in /7, and therefore that /”is separable.

To see that /™ is not separable, consider the subclass of sequences a =
{a,} for which each g, is 0 or 1. The number of such sequences is uncountable,
and |l@a — a'||, = 1 for any two different such sequences. Hence, /* cannot
be separable.

We know from Lusin’s theorem that measurable functions have continuity
properties. The next theorem gives a useful continuity property of functions
in LP. :

(8.19) Theorem (Continuity in IY) If fe LP(R"), 1 < p < oo, then
lim || f(x + h) — f(x)|, = 0.

[h]=0

Proof. Let C, denote the class of fe L” such that || f(x + h) — f(x)[|, = 0
as [h| - 0. We claim that (a) a finite linear combination of functions in C, is
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in C,, and (b) if fye C, and [|fy — f[, = O, then fe C,. Both of these facts
follow easily from Minkowski’s inequality; for (b), for example, note that

I/x + h) = f(0),
< If&x+h) = filx + W, + [ fx + b) = A, + | /x) — X,
= [ A& +h) — ], + 2] AE) — ],

Since fy € C,, we have limsupp~o /(X + ) — f(0)ll, < 21£®) — fX),,
and (b) follows by letting k — oo.

Clearly, the characteristic function of a cube belongs to C,. Hence, in
view of the fact that linear combinations of characteristic functions of cubes
are dense in LP(R") [see (8.15)], it follows from (a) and (b) that L” is contained
in C,. '

Vt'e remark without proof that this result is also true for 0 < p < 1.
(Use the same ideas for |[-||%.) It fails, however, for p = oo, as shown by the
function x = y(0,m)(x) on (—o0,+00). In fact, ye L*(—oc0,+00) but
lxCe + h) — x(x)||, = 1 for all & # 0.

5. The Space I?; Orthogonality

For complex-valued measurable f, f= f, + if;, with f, and f, real-valued
and measurable, we have [of = [z f; + i [/, (see p. 76). We will use the
fact that | f] < [¢|f|. (See Exercise 1.)

Among the L? spaces, L* has the special property that the product of any
two of its elements is integrable (Schwarz’s inequality). This simple fact leads
to some important extra structure in L? which we will now discuss.

Consider L?* = L*(E), where E is a fixed subset of R" of positive measure,
and write [ f| = | fll2.e [ef = | f, etc. For f,g € L?, define the inner product
of fand g by

(8.20) fgd = jfg,

where g denotes the complex conjugate of g. Note that by Schwarz’s in-
equality,
IKAg1 < 11f Mgl

Moreover, the inner product has the following properties:

@) <g.f> = {fi9)-

b) i + 1290 = {f1:g> + {290, <L 90+ 920 = {fig1) + {fig2)-
() Lofig> = alfig), {firg) = a{f,g), xe C.

(d) <AV = IS

If {f,g> = 0, then [ and g are said to be orthogonal. A set {¢(,},c4 18
orthogonal if any two of its elements are orthogonal; {¢,} is orthonormal if
it is oFthogonal and ||¢,]| = 1 for all «. Note that if {¢,} is orthogonal and
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bl # O for every o, then {¢./|l¢.]|} is orthonormal. Henceforth, we will
assume that |¢,]| # O for all « for an orthogonal system {¢,}. This implies
that no element is zero and that no two elements are equal.

(8.21) Theorem Any orthogonal system {¢,} in L* is countable.

~ Proof. We may assume that {¢,} is orthonormal. Then for « # f, we have

I6s — boll” = [(m )@, — B) = I6al® + 16517 = 2,

so that ||, — ¢,ll = /2. Since L? is separable, it follows that {¢,} must be
countable.

A collection Yy, . . ., Yy is said to be linearly independent if Y -, ar(x)
= 0 (a.e.) implies that every a, is zero. An infinite collection of functions is
called linearly independent if each finite subcollection is. No function in a
linearly independent set can be zero a.e.

(8.22) Theorem If {y} is orthogonal, it is linearly independent.

Proof. Suppose that ag,, + - + ayf,,, = 0. Multiplying both sides
by ¥y, and integrating, we obtain by orthogonality that a; = 0. Similarly,
a, =" =ay=0.

The converse of (8.22) is not true. However, the next result shows that if
{if,} is linearly independent, then the system formed from suitable linear
combinations of its elements is orthogonal.

(8.23) Theorem (Gram-Schmidt Process) If {} is linearly independent,
then the system {¢,} defined by

b= Y,
9’?2 = az_ﬂ”r + ¥,

b= + 0+ QW1 + Ui

is orthogonal for proper selection of the a;;.

Proof. Having ¢, = i, we proceed by induction, assuming that ¢, . . .,
¢y—, have been chosen as required. We will determine constants by, .. .,
by x— 1 so that the function ¢, defined by

G = by + 0 + bk.k—|¢k—1 + Yy
is orthogonal to ¢, ..., ¢p—y. Ifj < k, -
{pudip = bikdpd> + Wi
by orthogonality. Since {(¢;,¢;> # 0, b; can be chosen so that {¢,,¢;> = 0,
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J < k. Since each ¢; with j < k is a linear combination of ¥, ..., ¥;, the
theorem follows.

When the ¢, are selected by the Gram-Schmidt process, we shall say that
they are generated from the . Note that the triangular character of the
matrix in (8.23) means that each i, can also be written as a linear combina-
tion of the ¢;, j < k.

We call an orthogonal system {¢,} complete if the only function which
is orthogonal to every ¢, is zero; that is, {¢,} is complete if {f,¢,> = 0 for
all k& implies that f = 0 a.e. Thus, a complete orthogonal system is one
which is maximal in the sense that it is not properly contained in any larger
orthogonal system.

The span of a set of functions {y,} is the collection of all finite linear
combinations of the ;. In speaking of the span of {i);}, we may always
assume that {if,} is orthogonal by discarding any dependent functions and
applying the Gram-Schmidt process to the resulting linearly independent set.

A set {ifs,} is called a basis for L* if its span is dense in L2; that is, {y,}
is a basis if given fe L? and & > 0, there exist N and {a,} such that ||/ —
Y ¥-1 aall < e. The g, can always be chosen with rational real and imaginary
parts. Any countable dense set in L? is of course a basis. It follows that L? has
an orthogonal basis.

(8.24) Theorem Any orthogonal basis in L* is complete. In particular, there
exists a complete orthonormal basis for L?.

Proof. Let {{,} be an orthogonal basis for L?>. We may assume that {i,}
is orthonormal. To show that it is complete, let (/> = O for all k. Then
> =Lff— Y1 ayyy for any N and a,. By Schwarz’s inequality,
IKAM < IF LS = YA=1 aill, and so, since the term on the right can be
chosen arbitrarily small, {f,f> = 0. Therefore, f = 0 a.e., which completes
the proof.

6. Fourier Series; Parseval’s Formula
s
Let {¢} be any orthonormal system for L2, If fe€ L?, the numbers defined by

e =l f) = {fid> = j;f&k

are called the Fourier coefficients of f with respect to {¢,}. The series ), ¢,
is called the Fourier series of f with respect to {¢,}, and denoted S[f] =
'k cur. We also write :

[~ Z Cxhy-

k

The first question we ask is how well S[f], or more precisely, the sequence
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of its partial sums, approximates f. Fix N and let L = }'_, y,¢, be a linear
combination of ¢,, ..., ¢y. We wish to know what choice of y,,..., 7y
makes | f — L| a minimum. Note that since {¢,} is orthonormal, ||L|? =
(L,Ly =)~ Inl* Hence,

N N
1= 2 = [(r= 27 - L 08)
= =1
N N
= [l fII? —kzl (e + M) + 2. Il
= k=1
where the ¢, are the Fourier coefficients of f. Since
lew — 7l = (e — 1@ — ) = led® — Gacr + 1) + el
we obtain
N N
I/ = LIP = I1F + % le = ml* = 3 led®
s k=
Therefore,
N
(8.25) min || f— L|* = | fI? - kzl lex
Y1 YN =

that is, the minimum is achieved when y, = ¢, fork = 1,..., N, or equiva-
lently, when L is the Nth partial sum of S[f]. Writing sy = sy(f) = ) 0=, P
we have from (8.25) that

N
(8.26) ILf— s> = I1F1% - k;lcklz-

(8.27) Theorem Let {¢,} be an orthonormal system in L*, and let fe L>.

() Of all linear combinations Y Y y.py with N fixed, the best L*-
approximation to f is given by the partial sum sy = Y e,y of the
Fourier series of f.

(i) (Bessel’s inequality) The sequence {c.} of Fourier coefficients of f
belongs to 1> and "

(£1ar)" <

Proof. Part (i) has been proved. Note that since || f — syl|> = 0, Bessel’s
inequality follows from (8.26) by letting N — oco.
If fis a function for which equality holds in Bessel’s inequality, that is, if

6 (£ 1ar)" =11,

then f'is said to satisly Parseval’s formula. From (8.26), we immediately obtain
the next result. '
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(8.29) Theorem Parseval’s formula holds for f if and only if ||sy — f]| — 0,
i.e., if and only if S[f)] converges to fin L* norm.

The following theorem is of great importance.

(8 30) Theorem (Riesz-Fischer Theorem) Let {¢,} be any orthonormal
system, and let {c,} be any sequence in I*. Then there is an f e L* such
that S[f] =Y. ¢y, i.e., such that {c;} is the sequence of Fourier coeffi-
cients of f with respect to {¢,}. Moreover, f can be chosen to satisfy
Parseval’s formula.

Proof. Let ty = Y 0=, ¢x¢r. Thenif M < N,

2 N

== Z [Ck|2-
MT1

The fact that {c,} € /* implies that {zy} is a Cauchy sequence in L2. Since
L? is complete, there is an fe L? such that || f — ty] = 0. If N > k,

[ﬁ?ik - j(f— (e + [mﬂ = j(f— £38 % o

Since the integral on the right is bounded in absolute value by || f — ty| ¢l =
I — tyll, we obtain by letting N — oo that [ /¢, = ¢,. Thus, S[f]= Y i
so that 7y = sy(/f), and it follows from (8.29) that Parseval’s formula holds
for /. This completes the proof.

There is no guarantee that the Fourier coefficients of a function uniquely
determine the function. However, if {¢,} is complete, we can show that the
correspondence between a function and its Fourier coefficients is unique;
that is, if fand g have the same Fourier coefficients with respect to a complete
system, then /= g a.e. This is simple, since the vanishing of all the Fourier
coefficients of /' — g implies that f — g = 0 a.e. An important related fact is
the following.

Ity — tyll® =

N
Z i
M+1

(8.31) Theorem Let {¢,} be an orthonormal system. Then {¢,} is complete
if and only if Parseval’s formula holds for every fe L*.

Proof. Suppose that {¢,} is complete. If fe L?, Bessel’s inequality implies
that its Fourier coefficients {¢,} belong to /*>. Hence, by the Riesz-Fischer
theorem, there exists a g in L? with S[g] = ). a¢; and |lgl| = O le|®)"/2.
Since fand g have the same Fourier coefficients and {¢,} is complete, we see
that f = g a.e. Hence, | ]| = llgll = (. |ei/*)*/?, which is Parseval’s formula.

Conversely, suppose that Parseval’s formula holds with respect to {t,bk
for every fe L2 If {fi) = 0 forall k, then | ]| = O [KfipDIDV? =
Therefore, /= 0 a.c., which proves that {¢,} is complete.

Suppose that {¢,} is orthonormal and complete and that f,g € L?. Let
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= {fib» & = -9, ¢ = {Ck} d = {dg}, lcll = (¥ lal®'? and (c,d) =
2 ¢ d,. We claim that -

(8.32) (fig) = (c.d).

To prove this, observe that by Parseval’s formula, {f+ g,/ + g) =
(¢c +d, ¢+ d),or

L) +49.9) + 2Re{f,g> = (¢c,¢) + (dd) + 2 Re (c,d),

where Re z denotes the real part of z. Cancelling equal terms, we see that
Re {f,g> = Re(c,d). Applying this to the function if gives Re (if,g) =
Re (ie,d). But Re {if,g> = Re i{f,g> = —Im {f,g)>. Similarly, Re (ic,d)
= —Im (¢,d). Therefore, Im {f,g> = Im (c,d), and (8.32) is proved.

Another corollary of (8.31) is given in the next result. First, we make
several definitions. Let X, and X, be metric spaces with metrics d; and d,,
respectively. Then X and X, are said to be isometric if there is a mapping T’
of X, onto X, such that

d(f,9) = dx(11.T9)

forall f,g € X,. Such a T'is called an isometry. Thus, an isometry is a mapping
which preserves distances. An isometry is automatically one-to-one, and two
isometric metric spaces may be regarded as the same space with a relabeling
of the points. For example, two L? spaces, L*(E) and L*(E’), are isometric if
there is a mapping T of L*(E) onto L*(E’) such that | f — g, = |Tf —
Tgl, g forall fige L*(E). The isometries we shall encounter will be linear,
i.e., will satisfy

T(of + Bg) = «Tf + BTy for all scalars o, f5.

If T is a linear map of L*(E) onto L*(E’), then since Tf — Tg = T(f — g),
it follows that 7"is an isometry if and only if

A2z = 1T Naer

for all fe L*(E). Similarly, a linear map of L?(E) onto /? is an isometry if
and only if | f|l,.z = [|Tf|l;2 for all fe L*(E).

(8.33) Theorem All spaces L*(E) are linearly isometric with I*, and so with
one another.

Proof. For a given E, define a linear correspondence between L*(E) and
I? by choosing a complete orthonormal system {¢,} in L*(E) and mapping
an fe L*(E) onto the sequence {{f,¢,>}, of its Fourier coefficients. This
mapping is onto all of /? by the Riesz-Fischer theorem, and is an isometry
by (8.31).
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7. Hilbert Spaces

A set H is called a Hilbert space over the complex numbers C if it satisfies the
following three conditions:

(H,) His a vector space over C; thatis,if fge Handa e C, thenf + ge H
and of € f.

. (H,) For every pair f,g € H, there is a complex number ( f,g), called the inner

product of fand g, which satisfies

@ (9./) = (f.9).

®) (fi + 12, 9) = (f1.9) + (/2,9)-

©) (¢f.9) = a(f.g) for a e C.

@) (f.f) = 0, and (f,f) = 0 if and only if f = 0.

Notice that (a), (b) and (c) imply that (f, g, + g,) = (£,9,) + (f.g>) and
(fieg) = &(f,g). Define

LA = (LN
Before stating the third condition, we claim that
(8.34) (59| < I/1gl  (Schwarz’s inequality).

If ||g|| = O, this is obvious. Otherwise, letting 1 = —(f,9)/lgl|>, we obtain

(02 S () S ()
g7 gtz = VI g

and Schwarz’s inequality follows at once.
We will show that |- || is a norm on H by proving the triangle inequality.
In fact,

If+gl>=(f+ag.f+9) =fI*+2Re(fg) + gl

Since |[Re (£,9)] < |(/;9)l = || flllgll, it follows that the right side is at most
(If]l + lgl)* Taking square roots, we obtain [/ + gl < [ /]l + llgll, as
desired. Hence, H is a normed linear space.

We also require

0<(f+ 49,/ +4g) = |IfI*> -2

(H;) H is complete with respect to |||

In particular, a Hilbert space is a Banach space.

As for L? spaces, a linear map T of a Hilbert space H onto a Hilbert
space H'is an isometry if and only if || ||, = | Tf ||, for all fe H.

A Hilbert space is called infinite dimensional if it cannot be spanned by a
finite number of elements; hence, an infinite dimensional Hilbert space has
an infinite linearly independent subset. The space L* with inner product
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(f,.9) = | /g and the space /* with (c,d) = ¥, c,d; are examples of separable
infinite dimensional Hilbert spaces. In fact, there are essentially no other
examples, as the following theorem shows.

(8.35) Theorem All separable infinite dimensional Hilbert spaces are linearly
isometric with I*, and so with one another.

Proof. The proof is a repetition of the ideas leading to (8.33), so we shall
be brief. Let H be a separable infinite dimensional Hilbert space, and let
{e.} be a countable dense subset. Discarding those e, which are spanned by
other ¢}, we obtain a linearly independent set {e,} with the same dense span
as {e;}. Since H is infinite dimensional, {e,} is infinite. Using the Gram-
Schmidt process, we may assume that {e,} is orthonormal: (e;e,) = O for
i # k and |le,]] = 1 for all k. It follows that {e;} is complete; in fact, if
(f,e,) = 0 for all k, then
2

N
= 1712+ ¥ la® = 111

N
Joi= Z a6y
k=1

If f'were not zero, the span of the ¢, could not be dense. Hence, f = 0, which
shows that H has a complete orthonormal system {e;}.

Next, we will show that Bessel’s inequality and the Riesz-Fischer theorem
hold for {e,}. If f€ H, let ¢, = (f,¢,). Then

N N
f_k;l Ceerll = "J“n2 - Z ff'k|2-

k=1

2
0<

Letting N — oo, we obtain Bessel’s inequality (3 [¢|*)'/? < | f]. In par-
ticular, {c,} belongs to /2.

To derive the Riesz-Fischer theorem, let {y,} be a sequence in /2, and set
Iy = D k=1 Ve Then

N
”tM_tN"2= Z+1|7k|2—+035M,N-—> OO,M{N.

Since H is complete, there is a g € H such that [|g — fy] — 0. We have
(9.e0) = (9 — tn, &) + (&) = (9 — tny &) + Wi (k < N).

Letting N — oo, it follows from Schwarz’s inequality that (g,e,) = y,. Hence,
ty = sy(g) and |lg — tylI* = |lgll®> — Y§-; Inl?. Letting N — oo in the last
equation, we see that g satisfies Parseval’s formula [|g]| = (O Iy.*)"/?. This
gives the analogue of the Riesz-Fischer theorem.

Now let fe H, and let ¢, = (f.¢;). TaKing 7, = ¢, above, we see by the
completeness of {¢,} that g = f; so that Parseval’s formula holds: | f]| =
(3 |exl®)'/?. The fact that H is linearly isometric with /* now follows as in the
proof of (8.33).
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Exercises

. For complex-valued, measurable £, f = f; + if; with f and f; real-valued and
measurable, we have [ f = [¢ fi + i [¢fs. Prove that [, fis finite if and only if
Je1f| s finite, and |[¢ f] < [e|f]. (Note that [[¢f] = [(Jef)? + (Je /221",
and use the fact that (a? + b*)'/2 = acos « + bsin « for an appropriate a,
while (a? + b*)''? = |acos « + b sin «f for all «.)

. Prove the converse of Hoélder’s inequality for p = 1 and co. Show also that

for real-valued f¢ L°(E), there exists a function g€ LP(E), 1/p + 1/p" = 1,

such that fg ¢ L'(E). (Construct g of the form }; a.g, for appropriate a, and

g, With g, satisfying [¢ fg, — +o0.)

. Prove Theorems (8.12) and (8.13). Show that Minkowski’s inequality for series

fails when p < 1.

. Let fand g be real-valued, and let 1 < p < oo. Prove that equality holds in

the inequality |f fg| < || fllsllgll,- if and only if fg has constant sign a.e. and

| £17 is a multiple of |g|* a.e.

If |[f+gle=|fl,+ lgl, and g # 0 in Minkowski’s inequality, show

that fis a multiple of g.

.Forl <p < ocoand 0 < |E|] < 400, define

N1 = (i, L)

Prove that if p, < p,, then N, [f] < N, [f].

Prove also that N,[f + g] < N,[f]1 + N,lgl, Q/IE]) [e|fg|l < N,[fINy [g],
1/p + 1/p* = 1, and that lim,_. . N,[f] = || f||«. Thus, N, behaves like | - ||,,
but has the advantage of being monotone in p.

. Prove the following generalization of Hoélder’s inequality. If 3%, 1/p, = 1/r,
Pt = 1, then

e

Ifie=fille < Wfallpy ==« 1 fillpye
(See also Exercise 12 of Chapter 7.)

. Show that when 0 < p < 1, the neighborhoods {f: | f|, <&} of zero in
L?(0,1) are not convex. (Let £ = x..»y and g = xr, 2.r). Show that || /]|, = [l gll»
= ¢, but that ||}/ + dg]l, > &)

. Prove the following integral version of Minkowski's inequality for 1 < p < oo:

U | _[f(x.y) dx|” dy]”p < J U [fCep)|P dy]w dx.

[For 1 < p < oo, note that the pth power of the left-hand side is majorized by
[T /) dz1P=1 | f(x,p)| dx dy. Integrate first with respect to y and apply
Haolder’s inequality.]

. If fis real-valued and measurable on E, define its essential infimum on E by

cssﬁinff = sup {&: |{x€ E : f(x) < a}| == 0}

If £ > 0, show that essg inf f = (essg sup 1/f) 1.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19:
20.

21.

22.

=g L' wiaoDcD

Prove that L=(E) is not separable for any E with |E| > 0. (Construct a sequence
of decreasing subsets of E whose measures strictly decrease. Consider the
characteristic functions of the class of sets obtained by taking all possnble
unions of the differences of these subsets.)

If fp—fin L?, 1 < p < co, gx — ¢ pointwise, and | gl < M for all &,
prove that fig, — fg in L".

Let f,{fi} € L?. Show that if |f— f,‘ll,,—aﬂ then || fll, — || £1l,- Conversely,
if o — fa.e.and || fill, — I fllp, 1 £ p < oo, show that || £ — £, — 0.
Suppose that f — fa.e. and that f;,feL?, 1 <p < co. If | fill, £ M < + 0o,
show that [ fig — [fg forall ge L”, 1fp + 1/p’ = 1.

Verify that the following systems are orthogonal:

(a) {3, cosx,sinx,...,coskx, sin kx, ...} on any interval of length 2r;

(b) {e?mikxit=a. k=0, 41, +2,...} on (a,b).

If fe L?(0,2n), show that

lim j“ b cos e =Thn f 00 sin ke de =0,
k= JO

k= J 0

Prove that the same is true if f € L'(0,27) (This last statement is the Riemann-
Lebesgue lemma. To prove it, approximate fin L' norm by L? functions. See
(12.21).)
A sequence {fi} in L” is said to converge weakly to a function fin L* if [ fig
— [ fg for all g € L*". Prove that if fy — fin L? norm, 1 < p < oo, then {fi}
converges weakly to fin L”. Note by Exercise 15 that the converse is not true.
Suppose that fi, fe L? and that | fg — [ fg forall g € L* (that is, {f;} converges
weakly to fin L2). If | il — || fll2, show that f; — fin L? norm.

Prove the parallelogram law for L?:

IWf+ gll* + ILf— all* = 2[I711* + 2ligll*

Is this true for L” when p # 2? The geometric interpretation is that the sum
of the squares of the diagonals of a parallelogram equals the sum of the squares
of the sides.

Prove that a finite dimensional Hilbert space is isometric with R” for some .
Construct a function in L*(— co,-}-c0) which is not in L3*(a,b) for any a < b.
(Let g(x) = x~ Y2 on (0,1) and g(x) = 0 elsewhere, so that [+2 g = 2. Consider
the function f(x) = 2] axg(x — r,), where {r;} is the rational numbers and
{a,} satisfies ax > 0, }; @y < +00.)

If fe LP(R™), 0 < p < oo, show that

1=m|Q|J [f(y) —fX®)|°dy = 0 ae.

Note by Exercise 5 that this condition for a given p implies it for all smaller p.
Let {¢:} be a complete orthonormal system in L?, and let m = {m,} be a
given sequence of numbers. If fe L2, f ~ 3] cudy, define Tf by Tf ~ 3 nicir.
Show that T is bounded on L2, i.c., that there is a constant ¢ independent of /
such that ||7f]|2 < ¢||f||2 for all fe L2, if and only if m € /®. Show that the
smallest possible choice for ¢ is ||m];=.



