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Math 4163 Section 002 Practice Final Exam April 17, 2014

Follow the instructions for each question and show enough of your work so that I can follow
your thought process. If I can’t read your work or answer, you will receive little or no credit!

1. Solve the following PDE subject to the following boundary and initial conditions:

U = klpy
u(—=L,t) =u(L,t) and u,(—L,t) = u,(L,t)
u(z,0) = f(x)

You do not need to derive what the coefficients are in the resulting series solution, just state
the formulas for them if you can.

2. Solve the following PDE subject to the following boundary and initial conditions:

U = kg,
u(0,t) =u(L,t) =0
u(z,0) = f(x)

You do not need to derive what the coefficients are in the resulting series solution, just state
the formulas for them if you can.



3. Given the following Sturm-Liouville problem
{ L(h) 4+ Ao(z)h =0
h(a) = h(b) =0
with

" dr dx
Show that the eigenfunctions are orthogonal, i.e. show that for m # n,

Lt = - (v ) +ato)h

/ On(2)om(x)o(x)de =0

’ dv  d
HINT: You will need Lagrange’s identity, / (uL(v)—vL(u))dz = p(z) <u—v — v—u) and
. T

consider for m # n the two Sturm-Liouville problems for A, associated to the solution ¢, (z)
and A, associated to the solution ¢,,(x).

4. Given the following Sturm-Liouville problem

with

Lt = - () ) +atoh

Show that the eigenvalues are real, i.e. show that for A = .

b
HINT: You will need Lagrange’s identity, / (uL(v) — vL(u))dx = p(z) (u@ - vd—u)
u x

and consider the two Sturm-Liouville problems for A associated to the solution ¢(x) and A
associated to the solution @(z).



5. Using the eigenfunction expansion method, solve the following PDE subject to the fol-
lowing boundary and initial conditions:

up = kg, + Q(x,t)
u(0,t) = A(t), u(L,t) = B(t)
u(z,0) = f(z)

L 2 2
HINT: You will need Lagrange’s identity, / (cd—z — hd—z) dx = (c@ — h@)
0 dx dz dx dz

6. Using the eigenfunction expansion method, solve the following PDE subject to the fol-
lowing boundary and initial conditions:

up = kg, + Q(x,t)
uz(0,t) = A(t), u,(L,t) = B(t)
u(z,0) = f(x)

L 2 2
HINT: You will need Lagrange’s identity, / (cd—z — hd—Z) dx = (cd—h — hﬁ)
0 dx dx dx dx

L

0



7. Using the Fourier transform, solve the following PDE subject to the following initial
condition on the unbounded domain:

U = kgy + CUy
u(z,0) = f(z), z€R

8. Using the Fourier transform, solve the following PDE subject to the following initial
condition on the unbounded domain:

U = KUy, — CU
uw(z,0) = f(z), z€R



9. Using the Fourier transform, solve the following PDE subject to the following initial
condition on the unbounded domain:

up = kug, + q(x,t)
u(z,0) = f(z), z€R

HINT: After you solved the first order ODE, use the fact that e%e’ = ¢*** and when com-
puting the inverse Fourier transform use the fact that

F! {/F(w,s) ds} = /]—"_1 [F(w,s)] ds

10. Using the Fourier transform, solve the following PDE subject to the following initial
condition on the unbounded domain:

Uy = kuxmm
u(z,0) = f(z) , R

HINT: You will need the definition of the Airy function, Ai(z):

1 Wl 1 [~ 3
Ai(z) = o / e 'se " dw = —/ Ccos (w_ + xw) dw
T Jr T Jo 3



11. Consider the following Schrodinger equation:

d*y

— +A=V(z))y=0

g2 T (z))y

y(0)=0, y—>0asz — ftoo
Show that the eigenfunctions from the discrete spectrum are orthogonal to the eigenfunc-
tions from the continuous spectrum. That is if —2 is from the discrete spectrum with
eigenfunctions ¢, (z) and if p? is from the continuous spectrum with eigenfunctions v(z)

then

/R on(2)(z) dz =0

d*h d? dh de\ |
HINT: You will need Lagrange’s identity, / c—5 — h—c dr = | c— — h—c
r \ dx? dz? dx dx

12. Consider the following Schrodinger equation:

d?y
@‘F(/\—V(ZE))?J:O

y(0)=0, y—>0asx — ftoo

Show that the eigenfunctions from the discrete spectrum are orthogonal. That is if —«2 has
the eigenfunction @, (x) and if —x2 has the eigenfunction ¢,,(x) then

/R nl2)pm(z) do =0

d*h d? dh de\ |
HINT: You will need Lagrange’s identity, / LA A I M (P L
r \ dx? dz? dx dx

—00



13. Let x be a vector in R", that is x = (21, 29, ...,x,) and denote the norm(lentgh) of x
by ||x|| = \/2? + 22 + - - - + 22. For ¢t a real number and y also a vector in R", define:

_ lx—y?

e t) = o [ alye = ay

Show that u(x,t) solves the heat equation u; = Au where

_ %u N 0%u P 0%u
- 023
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